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Introduction
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* Nonperturbative method: Q[cey

* First principle Lattice QCD: requires huge computing resources
* QCDSR, Dyson-Schwinger equation ...: Model dependence

* New nonperturbative method: Inverse problem approach
« Combined with the methods to explore the nonperturbative QCD



Introduction: Inverse problem approach

Proposed by profs. Li and Yu. etl.

Based on the analyticity in QFT: dispersion relation an inverse problem

To be solved
Caleulable (2 —oy) [ ImL(s) ds
L(q°) — [n(ffoﬂ = - /0 (s — 00)(s — ¢°) ;
Kf =g, K‘l — 00

l11-posedness: solution has existence, uniqueness, but instability

Tikhonov Regularization:

The regularization constant a: determined by L-curve method

No artificial assumptions and parameters.

fo=(K'K+al)

1
KTg,
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Regularization solution converge to true solution with the input error approaches zero.
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* Inverse problem approach for pion decay constant: dispersion relation



Inverse problem approach for pion decay constant

e Correlation function:

iy (220) = i [ daei® 0|7 {Ou(@Of0)} 10) = (- 0" 1u(a?)

(0] On() = d(z)y5(iz - D)'ulx) |n(q)) = iz - )" fr (€7)

\_\/_/

« Dispersion relation:
To be solved

Calculable 2 o) 0 | n\S S
big) = e = 2 [T

%Im[o(s) = fgé(s — m?r) + po(s)é’(/\ —s)+ 7TImI(pefmt)( 0(s — A),

« Decay constant and continuum spectrum can be calculated simultaneously.



Inverse problem approach for pion decay constant

%Im[o(s) = [70(s —mz) + p'(s)0(A — ) + %Im]épm)(s)e(s —A),

 The pion state and spectrum are solved
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* The non-trivial structure of solutions will tell that there must be some resonances at 1-2 GeV.
* Form PDG, there are a,(1260) and a,(1640).



* Resonances emergences

0.045
0.04 F
0.035
0.03F

0025 F
w

0.02

0015 F

0.01F

0.005

-0.005

Inverse problem approach for pion decay constant
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* The non-trivial structure of solutions will tell that there must be some resonances.

« Our method is powerful.



Inverse problem approach for pion decay constant

« Decay constants of excited states can be extracted well.
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Eur. Phys. J., C74(3):2803, 2014.

arXiv:hep-ex/0506072

Precision physics in Hadronic Tau Decays
 The result for decay constant and spectrum are consistent with experiment!



https://arxiv.org/abs/hep-ex/0506072
https://inspirehep.net/literature/1704453
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* Inverse problem approach for LCDA: moment problem
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Inverse problem approach for LCDA

« LCDA describes the inner structure of hadron, which is important nonperturbative input for
factorization mothed

» For pion LCDA:
» The results given by different methods very greatly vary.
« The endpoint region is difficult for Lattice.

« LCDA s trivial in inverse problem approach.

To besolved
(q2 — 00) /OC |mIn(S) ds
T Jo (s—oo)(s—¢)

My (s) = f2(€7) s —m2) + ") — 5) + ImIP(s)o(s — )

Calculable
[n(CIQ) - [n(UO)‘ =

1
(€ = /0 dr(2 — 1)"¢(z)

(€ (€7 (€0,  (€0), (€)1 (€7),
« As long as known moments ™ is large, we can capture = <0§'P45>5 &?%3 &986)0 &8%5 0.051
enough information about LCDA. 0.042 | 0.028 | 0.017 0.0066
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Inverse problem approach for LCDA: Moment problem

« Moment problem: " — ¢, (x)

1
() = /O dx(2x — 1)"(x)

« Moment problem encountered in physics:
* QCDSR for LCDA, Dyson-Schwinger for LCDA (PDF) ......

« Moment problem in mathematic: an inverse problem
* Ill-posedness: solution has existence, unigueness, but instability
 Standard scheme: Tikhonov regularization
» Regulation constant a: selected by mathematical method

¢ = (KTK +al)~ KT (e
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https://arxiv.org/abs/2403.01937
https://arxiv.org/abs/2308.14871
https://arxiv.org/pdf/2102.03989v2

Inverse problem approach for LCDA: Moment problem

 Real pion LCDA can be reconstructed.
* Whole complete form is obtained.

 Broader than the asymptotic and relatively flat
In the central region.

 The central region is consistent with Lattice.
« Smooth in the endpoint: Can be complementary

to Lattice.

1
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Difficult for the endpoint region in Lattice
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* Pion LCDA can be expressed by gegenbauer polynomial.

op(x, 1) = 6x(1 —x) !1+2 cPox-1)|,  an= 6(3??)22 5

Methods a% (2GeV) ay (2GeV)

Our result 0.123 0.010

Lattice QCD (OPE) [76] 0.1161 05,0 ——

Lattice QCD (OPE) [77] 0.136 £0.021 ——

Lattice QCD (OPE) [78] 0.233 +0.065 —

Lattice QCD (LaMET) [75] | 0.258 +0.087 0.122+0.055
Inverse Matrix Method [70] | 0.17751500.8  0.095715001

QCD sum rules [65] 0.157+0.029  0.032+0.007

QCD sum rules [79]
QCD sum rules [30]

0.024
0057 Cos
0.1497 013

0.022
Pyt
—0.096" 5 53

« Our result is consistent with Lattice QCD calculated by OPE.

Jl dxq)n(x)C2/2(2x— 1).

14


https://arxiv.org/pdf/2102.03989v2

Inverse problem approach for asymptotic LCDA: Moments

* Asymptotic LCDA’s moments: be reproduced perfectly, n — oo
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* It is due to the input is exact completely.

To be solved 27 9
Calculable 2 o o | I,(s) ds 2y 3 lﬂ(—q //'L )
Tld) = Do) = ! | /o (s —mao)((s) — %)’ fuld) = dm(n+1)(n+3)°

« Solution converge to true solution as long as the input error approaches zero.

* Inverse problem approach can be improved systematically by considering higher
precision in OPE calculation.
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Inverse problem approach for asymptotic LCDA: Moment problem
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« Asymptotic LCDA can be reproduced perfectly, indicates our approach is self-
consistency
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e Conclusion

Outline
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Conclusion

* First, we solved the complete spectral function of the pion system using a
rigorous inverse problem approach.

* The spectral function consistent with the experiments.
 The errors therein can be systematically estimated.

* \We consider the “‘moments problem’ as an inverse problem, then the pion
LCDA can be obtained well.

« Asymptotic LCDA and its moments are reproduced very well.

* Indicates that the inverse problem approach can be systematically improved by
enhancing the accuracy of the input.

* Inverse problem provides a new perspective to explore nonperturbative QCD.

Thank you for your attention! 18
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OPE calculation

my, (iau) +mg (dd) 1 {(a,G?)
(4*)? T2z (4%)?
8n + 1 my, (gsucTGu) +my <g_;JGTGd> N nl(n— 2)| <g§’fG3>
Y (4*) 247> (¢%)?
420+ 1) {gyi)? + (gdd)”  [Cy+ P] Dyymuas (820V)°

31 (4%)3 24372 (4%)3 !
(13.13)

13 (q?) =

where C P, are respectively,

4922 + 1 1
Cn=3(17n+35)+9(n—2){ ot :0”+56—25(2n+1) w(n; )—w(g)ﬂmn,

P,=[2(5ln+25)—2n6(n—2)|In (;—qj) ;


https://arxiv.org/pdf/2102.03989v2
https://arxiv.org/pdf/2205.06746
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2. ill-posedness of the inverse problem

*Most of inverse problems are ill-posed

2 3%, =35
X1 + 2%, - =1, x,=
1.9999x, + 3.0001x, =5

2x, + 35, = 5
R - X =-5 x,=5
1.9999x, + 3.0001x, = 5.001

A very small noise might cause a large change of solutions



2. ill-posedness of the inverse problem

2 —
)C1+3.?C2 . * JC1=1, JC2=1
1.9999x, + 3.0001x, =5

2x;+3x, =5
XI xz * x1=—5, X2=5
1.9999x, + 3.0001x, = 5.001

A very small noise might cause a large change of solutions

Ax =y, x=A"y
2 3 o AF 6000.2  —6000

A= —_— A = —
(1.9999 3.0001)’ A1 = 0.0005, A (—3999.8 4000

A~1 enhances the errors



_eading Twist LCDA of Meson ¢(x):
can be expanded by Gegenbauer polynomial

i 7 C'S{Q?} V(a:,y) _ T
Qagd® @) = =% {o/d ¥y $6 Q) 2 ,Q)} (90)

where the evolution potential is

T l—z
Viz,y) = 4Cp{$(1—y)9(y-—m) (‘S—h,i+ %) + (y o "y) } = V(y,z).

(91)
Operator A in the potential is defined by

ASQ) | #5.Q) _ #Q) (92)

y(l—) y(l—y) =(l-2)




1
0 _ ﬂs(Qz) Viz,y) — 9( 7
Q54(.Q) = 2% O/d Y 0(0.Q) - 20(2,Q)y (90

#8 The evolution potential V(z,y) can be treated as an integral operator. Being synimetrsc

it has real eigenvalues %, and eigensolutions ¢,(y) that satisfy [ dyV(z, ¥) w(y) ¢ (¥) =

Yn dn{z) where integration weight wi(y) = 1/(¥{l — y)). The eigensolutions must be

orthogonal with respect to weight w(z), from which it immediately follows that ¢.{xr) x

z(l — x) C’J'(ZI — 1) where C'n is a Gegenbauer polynomial. It is a siraightforward

exercise to now extract analytic expressions for the eigenvalues. Given the eigenvalues a

general solution of the evolution equation can be written down as an expansion on the
complete set of eigensolutions, as we do here.



o« 5\ —n/2Bo
¢($~Q)=r(1—ﬂzﬂn0§"ﬂ(ﬂi—'U (1‘93 . ) | (93)

2
n={_ ﬁQCD
whue:r«a\:iﬁa9
n+1
l 26__&5
— 901 4+4yN Z— : > 0. 94
" ‘L{ i ;k (n+ D(n+2}{ = (54)

* The expansion is generic and is valid for all leading twist quark
antiquark meson distribution amplitudes, albeit with different

coefficients and anomalous dimensions.  The Uses of conformal symmetry in QCD.
[Prog. Part. Nucl. Phys., 51:311-398, 2003.]

* The Gegenbauer polynomials also naturally in this context, as a
consequence of the residual conformal symmetry of QCD at short
distances.
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Hsiang-nan Li [arXiv: 2205.06746]
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