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Introduction

• QCD: nonperturbative at low energy scale

• Nonperturbative problem limits us: 
• Understand Quark confinement

• Indirectly search for new physics

• Nonperturbative method:
• First principle Lattice QCD: requires huge computing resources

• QCDSR, Dyson-Schwinger equation …: Model dependence

• New nonperturbative method: Inverse problem approach
• Combined with the methods to explore the nonperturbative QCD

Nonperturbative

Perturbative
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• Proposed by profs. Li and Yu. etl.

• Based on the analyticity in QFT: dispersion relation an inverse problem

• Ill-posedness: solution has existence, uniqueness, but instability

• Tikhonov Regularization:

• The regularization constant 𝛼: determined by  L-curve method

• No artificial assumptions and parameters.

• Regularization solution converge to true solution with the input error approaches zero.

Introduction:  Inverse problem approach

A.S.Xiong, T.Wei, F.S.Yu, arXiv:2211.13753
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• Correlation function:

• Dispersion relation:

• Decay constant and continuum spectrum can be calculated simultaneously.

Inverse problem approach for pion decay constant
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• The pion state and spectrum are solved 

• The non-trivial structure of solutions will tell that there must be some resonances at 1-2 GeV.

• Form PDG, there are 𝑎1 1260 and 𝑎1 1640 .

Inverse problem approach for pion decay constant
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Resonance？



• Resonances emergences

• The non-trivial structure of solutions will tell that there must be some resonances.

• Our method is powerful.

Inverse problem approach for pion decay constant
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𝑎1 1260 𝑎𝑠 𝑎 𝑝𝑟𝑖𝑜𝑟𝑖 𝑎1 1640 𝑎𝑠 𝑎 𝑝𝑟𝑖𝑜𝑟𝑖



• Decay constants of excited states can be extracted well.

• The result for decay constant and spectrum are consistent with experiment!

Inverse problem approach for pion decay constant

(𝑓𝜋)𝑒𝑥𝑝 = 130.4 ± 0.2  MeV

Eur. Phys. J., C74(3):2803, 2014.

arXiv:hep-ex/0506072

Precision physics in Hadronic Tau Decays
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https://arxiv.org/abs/hep-ex/0506072
https://inspirehep.net/literature/1704453
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• LCDA describes the inner structure of hadron, which is important nonperturbative input for 
factorization mothed 

• For pion LCDA:

• The results given by different methods very greatly vary.

• The endpoint region is difficult for Lattice.

• LCDA is trivial in inverse problem approach.

• As long as known moments 𝜉𝑛 is large, we can capture 

enough information about LCDA.

Inverse problem approach for LCDA
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(Lattice Parton Collaboration) PRL 129, 132001



• Moment problem: 𝝃𝒏 → 𝝓𝝅 𝒙

• Moment problem encountered in physics: 

• QCDSR for LCDA, Dyson-Schwinger for LCDA (PDF) ……

• Moment problem in mathematic: an inverse problem

• Ill-posedness: solution has existence, uniqueness, but instability

• Standard scheme: Tikhonov regularization

• Regulation constant 𝛼: selected by mathematical method

Inverse problem approach for LCDA: Moment problem
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arXiv:2403.01937 [hep-ph], 2308.14871 [hep-ph]arXiv:2102.03989v2

https://arxiv.org/abs/2403.01937
https://arxiv.org/abs/2308.14871
https://arxiv.org/pdf/2102.03989v2


Inverse problem approach for LCDA: Moment problem

• Real pion LCDA can be reconstructed.

• Whole complete form is obtained.

• Broader than the asymptotic and relatively flat 
in the central region.

• The central region is consistent with Lattice.

• Smooth in the endpoint: Can be complementary 
to Lattice.
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(Lattice Parton Collaboration) PRL 129, 132001

Difficult for the endpoint region in Lattice
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• Pion LCDA can be expressed by gegenbauer polynomial.

• Our result is consistent with Lattice QCD calculated by OPE.

JHEP (2019) [RQCD]

PRD (2015) [V. M. Braun…]

PRD (2011) [R. Arthur …]

PRL 129, 132001

arXiv:2205.06746

arXiv:2102.03989v2

arXiv:1405.0959 [hep-ph]

arXiv:hep-ph/0103119

https://arxiv.org/pdf/2102.03989v2


• Asymptotic LCDA’s moments: be reproduced perfectly, 𝑛 → ∞

• It is due to the input is exact completely.

• Solution converge to true solution as long as the input error approaches zero.

• Inverse problem approach can be improved systematically by considering higher 
precision in OPE calculation.

Inverse problem approach for asymptotic LCDA: Moments
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Inverse problem approach for asymptotic LCDA: Moment problem

• Asymptotic LCDA can be reproduced perfectly, indicates our approach is self-
consistency

Direct brute-force solving Inverse problem approach 16
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Conclusion

• First, we solved the complete spectral function of the pion system using a 
rigorous inverse problem approach.
• The spectral function consistent with the experiments. 

• The errors therein can be systematically estimated.

• We consider the ‘moments problem’ as an inverse problem, then the pion 
LCDA can be obtained well.

• Asymptotic LCDA and its moments are reproduced very well.
• Indicates that the inverse problem approach can be systematically improved by 

enhancing the accuracy of the input.

• Inverse problem provides a new perspective to explore nonperturbative QCD.

Thank you for your attention! 18
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2102.03989v2 [Tao Zhong ...]2205.06746 [Hsiang-nan Li]

OPE   calculation

https://arxiv.org/pdf/2102.03989v2
https://arxiv.org/pdf/2205.06746




22



23



Leading Twist LCDA of Meson 𝝓(𝒙): 
can be expanded by Gegenbauer polynomial 





• The expansion is generic and is valid for all leading twist quark 

antiquark meson distribution amplitudes, albeit with different 

coefficients and anomalous dimensions.

• The Gegenbauer polynomials also naturally in this context, as a 

consequence of the residual conformal symmetry of QCD at short 

distances.

The Uses of conformal symmetry in QCD. 

[Prog. Part. Nucl. Phys., 51:311–398, 2003.]





(Lattice Parton Collaboration) PRL 129, 132001 Hsiang-nan Li [arXiv: 2205.06746]
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https://arxiv.org/pdf/2205.06746
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