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Introduction

Many resonances decay into three-body states
LHCb discovered a tetraquark candidate Tcc(3875) → DD∗ → DDπ in 20221
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Previous lattice studies lifted the pion mass and study the two-body DD∗ scattering2 and found the
corresponding pole
The real three-body scattering problem relies on the two-body Dπ scattering amplitudes as an input
Lattice QCD is the only way to calculate observables at low energy from the first principle
We need to know how to solve 1. two-body and 2. three-body problems

1LHCb collaboration, NP 18 (2022) 751
2Padmanath et al., PRL 129 (2022) 032002; Chen et al., PLB 833 (2022) 137391; Lyu et al., PRL 131 (2023) 161901; Collins et al.,

PRD 109 (2024) 094509
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Introduction 1: Two-body: D∗
0 → Dπ

A broad resonance D∗
0 → Dπ was found by Belle collboration3 in 2004
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Puzzles on D∗
0(2300)

▶ mD∗
0
≈ mD∗

s0
▶ mChPT

D∗
0

≪ mexp.
D∗

0

could be explained by UChPT where the two-pole structure is proposed4

Should be tested on the lattice at a series of mπ
5

3Satpathy et al., PRB 159 (2003) 553.
4For e.g., Albaladejo et al., PLB 767 (2017) 465.
5See previous lattice works in [Moir:2016srx, Gayer:2021xzv]
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Short introduction to lattice QCD

Turn off the weak and electromagnetic interactions,

LQCD = ψ̄ (i (γµDµ)− m)ψ − 1

4
Ga
µνGµν

a → discretizing

Two-point function is calculated by

⟨Ω|O(t)O†(0)|Ω⟩ = 1

Z

∫
D[ψ, ψ̄]D[U]e−SF[ψ,ψ̄,U]−SG[U](O(t)O†(0))[ψ, ψ̄,U]

On the other hand,
⟨Ω|O(t)O†(0)|Ω⟩ = ⟨Ω|O(t)

∑
n

1

2En
|En⟩⟨En|O†(0)|Ω⟩

=
1

2E1
|⟨Ω|O(t)|E1⟩|2e−E1t + exited states

Towers of finite-volume energy levels En encode the interactions
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Short introduction to lattice QCD – Operator construction

Now, how to build these operators O, so that we create Dπ from the vacuum?
Symmetry broken O(3) → Oh or even smaller group
A package OpTion6 (Operator construcTion) has been developed to construct general N-hadron operators.
It is widely used and has become a routine tool in the CLQCD collaboration

e.g. D(+pz)π(−pz)− D(−pz)π(+pz) transforms as the T−
1 irrep

6https://github.com/wittscien/OpTion
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Lattice setup

configuration volume a/fm mπ/MeV Ncfgs

C48P14 483 × 96 0.10530(18) 135.5(1.6) 259
F32P21 323 × 64 0.07746(18) 210.9(2.2) 459
F48P21 483 × 96 0.07746(18) 207.2(1.1) 222
F32P30 323 × 96 0.07746(18) 303.2(1.3) 567
F48P30 483 × 96 0.07746(18) 303.4(9) 201
H48P32 483 × 144 0.05187(26) 317.2(0.9) 274

CLQCD ensembles with Nf = 2 + 1 Clover fermions [CLQCD, 2024]
4 different pion masses to track the chiral behavior
3 lattice spacings to estimate the discretization error
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Finite-volume spectra at mπ ≈ 208 MeV

32 48
L/a

0.80

0.85

0.90

0.95

a
E

cm

000 A+
1

32 48
L/a

000 T−1

32 48
L/a

001 A1

32 48
L/a

001 E2

32 48
L/a

011 A1

32 48
L/a

011 B1

32 48
L/a

011 B2

32 48
L/a

111 A1

32 48
L/a

111 E2

32 48
L/a

002 A1

32 48
L/a

Dπ

Dππ

D∗π

002 E2

Strong attraction in S-wave
The levels are interpreted by quantization conditions: f(energy levels, amplitude) = 0
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Pole positions of D∗
0(2300) as a function of mπ

Using the scattering amplitude, we perform an analytic continuation to find poles
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Only one pole is found → two-pole structure is to be found in coupled channel scattering
An clear trend for the motion of one D∗

0 pole is identified

bound state → virtual state → resonance
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Introduction 2: Three-body: ω → πππ

Now we have the two-body input – we want to approach the
three-body channel
However, 3bd is too much more complicated (only one lattice
calculation considered resonance in the historya)
We take a challenge on the ω meson
crucial for Tcc

b, Roper, ...
Why is this problem difficult?

Three-body problem with resonances in two-body problem
▶ πππ → ω
▶ ππ → ρ

Computationally most complicated among all isospin channel
Complicated quantization conditions

aMai:2021nul
bHansen:2024ffk
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ω: the first neutral vector meson (1961)1
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FIG. 1. Number of pion triplets versus effective
mass (M3) of the triplets for reaction p+p —2Ir+ +2II
+ Ir . (A) is the distribution for the combination (4'),
lQ[ =1; (B}is for the combination (4 ), ~(IIl =2; and (C)
for (4), Q=O, with 3200, 1600, and 3200 triplets, re-
spectively. Full width of one interval is 20 Mev. In
(D), the combined distributions (A) and (B) (shaded
area) are contrasted with distribution (C) (heavy line).
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FIG. 2. (A) M3 spectrum of the pion triplets in the
combined distributions 1(A) and l(B), with the smooth
curve subtracted. (B}M& spectrum of the neutral pion
triplets in distribution 1(C), again with the smooth back-
ground subtracted; a resonance curve is drawn through
the peak at 787 Mev with I'/2=15 Mev. The error flags
are EN, where N is the total number of triplets per 20-
Mev interval before subtraction of the smooth back-
ground curve.

I'/2&15 Mev. (5)

By using the uncertainty principle, we see that
this half-width implies a mean life z& 4 x10 2'
sec. Our &'s are produced with a typical c.m.

(2). The missing-mass distributions in the two
regions also agree with each other, thus support-
ing the above conclusion.
The peak in Fig. 2(B) appears to have a half-

width I'/2&15 Mev. This is so close to our reso-
lution, 1"resoi/2, of 12 Mev that we cannot unfold
it without further study and at present can only
conclude that

M =787 Mev,
and

momentum of 800 Mev/c, so that in a mean life
they travel farther than 13 f.
We now assume that the & peak is real, and

want to estimate how many + mesons it contains.
As shown in Fig. 1(C), 191 triplets have Ms val-
ues between 740 and 820 Mev. (We call this the
"peak region. ") However, these 191 triplets
come from only 170 different four-prong events
[i.e., 21 Reactions (2) have two values of M, in
the peak region]. We use the charged M, distri-
bution to estimate the background in the interval
as 98 triplets, and then calculate a production of
83+16 u mesons out of 800 Reactions (2); i.e. ,

179

The lightest hadron decaying into three particles: ω → 3π

Phenomenologically interesting, for instance in the N − N interaction, muon g − 2, dark matter...8

7Maglic et al. (1961).
8Sakurai (1960); Erkelenz (1974); Brown and Jackson (1976); Barkov et al., 1985; Connell et al. (1997); Bazavov et al. (2021).
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The methodology

LQCD

Finite-volume spectra Resonance parameters Riemann sheet poleOperator set

EFT
𝓛 =

𝑭𝟐

𝟒
𝐭𝐫 𝝏𝝁𝑼𝝏𝝁𝑼#

+⋯

FVU

𝑺#𝑺 = 𝟏 ∞𝑺#𝑺 = 𝟏

IVU

	𝜋

	𝜋 	𝜋

ω, ρπ, πππ operator from OpTion2

2bd and 3bd spectra
Develop FVU and the pertinent EFT to parametrize the three-body force
Solve the integral equations and search for the ω poles

2https://github.com/wittscien/OpTion
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Contraction & quantization conditions

Insanely many diagrams (202 for only πππ → πππ, only 9 for the two-body problem)
The topologies for πππ → πππ
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Quantization conditions: FVU (Finite-Volume Unitarity){
K̃−1(σ)− ΣFV(σ) = 0

det[(K̃−1(s)− ΣFV(s))EL − (B̃(s) + C̃(s))] = 0

Combined fit for ππ and πππ spectra for all Mπ’s (EFT4)3
∼ σ−M2

ρ

g2

∼ s(M2
ρ−σq+6g2f2π)(M2

ρ−σp+6g2f2π)

g2f6π(s−M2
ω)

3For a review of the EFT form, see Meißner (1988).
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Finite-volume spectra revisited
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Strong attraction in both the
ππ and πππ channels
Restricted to be below the
ω(1420) region, but high-lying
energies are also well-predicted
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Finite-volume spectra revisited
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Pole positions of ω(782) as a function of mπ
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Mπ = 208MeV
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Solve the integral equation
ω is a bound state at Mπ ≈ 305MeV and a resonance at Mπ ≈ 208MeV
Extrapolate to the physical pion mass, the poles agree well with the PDG values4

4See related discussions in Hoferichter (2023), Hoferichter (2019), Hoid (2020), Colangelo (2022), Colangelo (2018).
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@Maxim Mai and Marco Garofalo

Summary

For D∗
0(2300),

An clear trend for the motion of one D∗
0 pole is identified

bound state → virtual state → resonance

Coupled Dπ−Dη−DsK̄ analysis is expected soon
The package OpTion is developed

For ω(782),
First-ever determination of the ω-meson pole from lattice QCD
Development of the FVU, matching EFT and FVU
Paved the way to study heavier three-hadron resonances
The ρ and ω pole positions at the physical point

√sρ = (748.9(10.0)− i 63.5(1.8))MeV
√

sω = (778.0(11.2)− i 3.0(5)) MeV

Thank you!
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