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Historical reviews

@ GUTs were proposed in terms of the simple Lie algebras of su(5) with
3 x [BF @ 10F] by ['74, Georgi-Glashow] (GG), or 50(10) with 3 x 16F by
[‘75, Fritzsch-Minkowski]. The main ingredients: (i) local Lie algebras
gsm = s5u(3). @ su(2)w ®u(l)y C ggur, AF of the QCD [‘73, Gross,
Wilczek, Politzer], (ii) the two-generational chiral fermions (with charm quark
theorized in ‘70 by Glashow-lliopoulos-Maiani, and discovered in late ‘74).

@ The SUSY extension to the su(5) can unify three SM gauge couplings at
p ~ 1016 GeV [‘81, Dimopoulos-Georgi], with sparticle masses ~ O(1) TeV.
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Historical reviews

@ The chiral fermions in the su(5) are decomposed as

_ _ 1 — 1
5F:(3,1,+*)F@(1,2,—§)F and

3
dr* 137
10p = (3.2, 40 )r @ (8.1, )r& (1.1, +Dr.
6 3 N
qL UR® ent
@ The SUSY su(5) theory contains Higgs fields of 24y & 5 ® 5y, with the

GUT symmetry breaking of su(5) (24, gsM.-
@ The Yukawa couplings come from the holomorphic superpotential of
Wy = Yp5rl0p5u + Yy 10r10p5y . (1)
At the EW scale, the Higgs spectrum is a type-Il 2HDM of
®,=(1,2,+%)u C5u and &4 =(1,2,—3)u C 5n.
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Historical reviews

@ Besides of the well-acknowledged challenges within the minimal GUTs, there
are two longstanding problems within the SM that have never been solved
with /without the susy extension, which are: (i) the SM flavor puzzle, (ii) the
PQ quality problem of the QCD axion.

@ My understanding: the flavor sector is the “rough water” sector of the SM
(according to S. Weinberg) where every BSM builder must confront with in
your preferred framework.

@ The formulation of the QM solved several fundamental puzzles in the late
19" century: (i) blackbody radiation [1900, Max Planck], (ii) photoelectric
effects [1905, Albert Einstein], (iii) hydrogen spectrum [1913, Niels Bohr], by
hypothesizing the quantized energies/angular momenta of particles.
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The flavor puzzle: origin

@ The SM flavor puzzle: (i) inter-generational mass hierarchies, (ii)
intra-generational mass hierarchies with non-universal splitting patterns, and
(iii) the CKM mixing pattern of the quarks and the PMNS mixing pattern of

the neutrinos.

o Why/how ng, = 37 Both the SM and the minimal GUTs exhibit the simple
repetitive structure in terms of their chiral irreducible anomaly-free fermion

sets (IRAFFSs).
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Figure: The SM fermion mass spectrum, [1909.09610, Z.Z. Xing].
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The flavor puzzle: Yukawa couplings
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Figure: The LHC measurements of the SM Higgs boson, [2207.00092].

@ The hierarchical /non-universal Yukawa couplings of the single SM Higgs
boson y; = v/2m; /vgw for all SM quarks/leptons.

e Symmetry dictates interactions [‘80, Chen-Ning Yang].
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The flavor puzzle

Running of the SM couplings @ Two-loop
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Figure: The RGEs of SM couplings, by PyROTE.

@ The RGEs cannot generate large mass hierarchies [‘78, Froggatt, Nielsen].
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The origin of generations

@ The main conjecture [79, Georgi, ‘80, Nanopolous]: no three repetitive
generations in the UV (GUT), but they emerge in the IR (SM).

@ This was first considered by [‘79, Georgi] based on a unified Lie algebra of
su(N), with the anti-symmetric chiral fermions of

{frlsuawy = an [N ,klp, np €Z. (2)
k
No exotic fermions in the spectrum with the [NV, k).

@ The anomaly-free condition can be expressed in terms of a Diophantine
equation

an Anom([N ,k]g) =0, 3)
k

(N — 2k) (N — 3)!

Anom([N ,k]gp) = N—F-D) (k-1 (4)
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Georgi's counting of the SM generations

@ To decompose the su(N) irreps into the su(5), e.g.,
Ng = (N —5) x 1 ® 5%, and other irreps are decomposed by tensor
products, [‘79, Georgil.

@ All fermion irreps in Eq. (2) are decomposed into the su(5) irreps of
(1g ,5F ,10F , 10F , 5F), and we denote their multiplicities as
(l/]-F y Vsp » V10F » V10g » Vﬁ)

@ Their multiplicities should satisfy vs, + 10, = Vg, + V15, from the
anomaly-free condition.

@ The total SM fermion generations are determined by the net 5g's or net
]_OF’S

Ng = Vggy — Vsp = V1op — V103 - (5)

o The SM 5g's are from the [N, 1], and the SM 10g's are from the
[N,k >2]p.
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Georgi's counting of the SM generations in GUTs

@ The net 10g's from a particular su(N) irrep [2209.11446]

(N — 2k)(N — 5)!

viop [N, kg — viop [N, kg = (k—2!(N—k—2)" (6)

@ The usual rank-2 GG models can only give v10. [N, 2]g — vig- [V, 2] = 1.
This means one can only repeat the set of anomaly-free fermion irreps to
form multiple generations in rank-2 GG models.

@ Alternatively, to embed multiple generations non-trivially in the GUTs, one
must consider at least the rank-3 GG models. The leading candidate group
must be su(7), [‘79, Frampton], since the [6, 3] irrep of su(6) is
self-conjugate.
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Georgi's counting of the SM generations in GUTs

@ 50(2N) cannot embed multiple generations non-trivially, e.g., spinor irrep of
64F in the so0(14) is decomposed into s0(10) as

64F — ... = 2 x [16p @ 16F] , (7)

16r = 1p © 5% @ 10F, and 16g = 1y @ 5 @ 10r. One can only obtain
ng =2 — 2 =0 at the EW scale.

@ The realistic symmetry breaking patterns of the su(N) usually do not follow

the su(N) — ... — su(5) — gsm sequence, which is dangerous in terms of
the proton decay. ng is independent of the symmetry breaking patterns.

@ The zeroth stage would better be achieved by the su(/N) adjoint Higgs field
[74, L.F.Li] as su(N) — su(ki)s @ su(ke)w S u(l)x , ki = [§] in the
non-SUSY theories, since we wish to set the proton decay scale as high as
possible. Currently, 7, > 103* yr [20, SuperK].
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Georgi's counting of the SM generations in GUTs

o Georgi's “third law” of GUT [*79]: no repetition of a particular irrep of
su(N), i.e., n =0 or ni =1 in Eq. (2). Georgi's minimal solution is

{frisuay = [11,4p & [11,8]p & [11,9]p & [11,10] , (8)

with dimg = 561.
@ The [5F @ 10g| is one chiral irreducible anomaly-free fermion set (IRAFFS)
of the SU(5), so do one-generational SM fermions. They simply repeat.

® My understanding: no 3 x [5 ® 10| rather than no 3 x 55 @ 3 x 10p in
order to prevent the simple repetitions of one chiral IRAFFS, such as in an

su(5) chiral theory.
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The su(8) theory

@ A chiral IRAFFS is a set of left-handed anti-symmetric fermions of

Y= mr FL(R), with mz being the multiplicities of a particular fermion

representation of R. The anomaly-free condition reads

> r MR Anom(FL(R)) = 0. We also require the following conditions:
Q@ GCD{mg}=1.
@ The fermions in a chiral IRAFFS can no longer be removed, which would

otherwise bring non-vanishing gauge anomalies.

@ No singlet, self-conjugate, or adjoint fermions in a chiral IRAFFS.

e My “third law" [2307.07921]: only distinctive chiral IRAFFSs without simple
repetitions and can lead to ny = 3 at the EW scale are allowed in an su(N)
chiral theory.
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The su(8) theory

@ The su(8) theory with rank-2 and rank-3 chiral IRAFFSs of

(f}e = 87 @ 28¢| €D [8¢” @ 56p |, dime = 156,
Q= (w,w), w=(3,IV,V,VI), w=(i,2,VII,VII,IX). (9)

@ Georgi's decompositions:

gﬂ :SX]-FQ@gQa

28r = 3 X 1p@® 3 X 5 @ 10,
56p = lp ®3 X B5p @3 X 10 & 10 . (10)

Six (E'i’ 5F) pairs, one (10, 10F) pair from the 56§, and
3% [Bp ®10g]g,,.
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The su(8) theory

@ The global symmetries of the su(8) theory:
Gatobar [50(8)] = [SU() © U(1)z, ® U(L)rg,

® [SU6)s © U1z, @ T(Lrg,
[su(®)]*- ULz, , =0, [su®)]” - U(l)eq, , #0. (11)
@ The Higgs fields and the Yukawa couplings:

— Ly = Yi8F ZSFEM + Y7285 28570y

+ YpBp 565285 , + ]\27456F56F28Htw63}1 Y He. (12)
pl

NB: 56r56r28y = 0 ['08, S. Barr], d = 5 operator suppressed by 1/My; is
possible, with M) = (871G )2 = 2.4 x 10'® GeV.

@ Gravity breaks global symmetries.
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Global symmetries in the su(8) theory

Fermions @Q:w “ 28F 56F
U)r —3t +2t +t
INj(l)PQ p q2 a3
Higgs 8H 28y 70g 63n
U(l)r +t +2t -4t 0
Ul)pq | ~(p+a@) —(p+as) -2 0

Table: The U(1)7 and the U(1)pq charges, p:ga # —3: +2 and p: g3 # —3 : +1.

@ One possible (maximally) symmetry breaking pattern [‘74, L.F.Li] of
SU(8) — gaa1 — G341 — 9331 — gsm — 5U(3)c © u(1)Em-
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Global symmetries in the su(8) theory

@ The global f](l)T symmetries at different stages

511(8) — @441 T/ =7 — 4tX0 s
gaa1 —> g1 = T =T +8tXy,
g341 = 0331 : T =T", 9331 — gsm

: B—L=T".
Consistent relations of (B — £)(qr) = 3t, (B — £)(¢1) = —4t, and etc.
Higgs | 9441 — @341 @341 — 9331 9331 — gsm gsm —
s5u(3) ® u(l)em
81 ., v v v v
284 X v v v
70x X X X v
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Symmetry breaking pattern in the s1(8) theory

@ The vectorlike fermions of six (55 , 5 )-pairs and one (10f , 10F )-pair
become massive through Eq. (12) as follows

635 . .
0 : su(8) — gaa1, all fermions remain massless.

8H v —-— .
1 : gaa1 —— @341, one (5F , 5r)-pair.
84 v 281 VI
2 @341 —————— @331, two (

5F , 5F)-pairs and one (10F , 10F)-pair.
@,B,VI 28y 211X, IX

gsum, three (5F , 5F)-pairs.
Each can be precisely counted by anomaly-free conditions.

3 : gs3

@ 23 out of 27 left-handed sterile neutrinos remain massless by the ‘t Hooft
anomaly matching of [U(1)7]? = ... = [U(1)p_L]>.
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Symmetry breaking pattern in the su(8) theory

@ The VEV assignments
_ 1 1
gasn = gaar ¢ (4,1, +)mav) = *2WZ,1v, (14a)
_ 1 1
9341 — @331 <(1’4’_Z)H‘V> = oD A
(L3, ~ Dt i) = a1 v (140)
) ) 4 H, 1 ,VIIl/ — \/i 4.,1,VII>»
N (1,3 _1) ) = Lv, .
9331 gsMm Y H,3,VI,IX/ = \/5 3,3,VI,IX
= 1, _ 1,
(1,3, _g)H 2 ,vin) = ﬁvé,é it (14c)
1 1
(14d)

. Ly L
EWSB : <(172,+2)H>—\/§UEW-

The VEVs in black are the minimal set to integrate out the massive
vectorlike fermions. The VEVs in red are necessary for the (d*, ¢") masses.
Hangzhou, 2025.04.18 21/39
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Some remarks on the Higgs VEVs

o If the 8y w=3 and the 28H o—i » developed the EWSB VEVs, one expects a
total of four Higgs doublets at the EW scale together with the
(1,2,+1){ C 70g, which then lead to thirteen physical Higgs bosons. This
is experimentally challenging with the current LHC results.

o If the 8; ,,—3 and the 28y ,_; 5 to develop intermediate VEVs, it is
possible to assign them so that the inter-generational down-type quark and
charge lepton masses become hierarchical.

@ Dimensionless parameters

¢ = WZ,IV L G= Wz v 7 é2 _ Wz i ,viI 7
My My My
3= V3 3,VI (f’ _ VE/,Q 11X (s = V§,1x
= Mpl ) 3 Mpl ) = Mpl B
G>Crl>GrE~EG. (15)
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The su(8) Higgs fields

e Decompositions of 8y /28y

-— — 1 - 1 = 1
SH,u) o (4,1,+*)H,w@(1,4,7*)H,w3(173,7*)H,w,
4 4 3
J— 1 - 1
28,0 (1,6, —5)me ® (1,4, —Jne
1, 2 1
i) (17377§)H,w®(17377§)H7@ ®(17377§)H7W (16)

e The global U(1)p_1, according to Eq. (13)

_ 1 — 1
704 D (474,+§)H@(4,47—§)H ..

Y 1 i 1 i
3(172,+§)H@(172,—§)HA 17)

B—L=0 B—-L=-8t

Conjecture: the (1,2, +1){ C 70y is the only SM Higgs doublet.
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Top quark mass in the su(8) theory

@ The natural top quark mass from the tree level

1 _ 1
Y728¢28r70y O Y7 (6,1, —§)F ®(4,4,0)r ® (4,4, +§)H
_ 2 1 — 1
1
= EYTtLtRCUEW- (18)

e With (3,2,4+%)r = (tz,br)” and (3,1, —2)p = tz° coming from the
28y, it is straightforward to infer that (1,1,+1)r = 7€ also lives in the
28. The third-generational SM 10 reside in the 28, while the first- and
second-generational SM 10g’s must reside in the 56.

@ Top quark mass conjecture: a rank-2 chiral IRAFFS is necessary so that only
the top quark obtains mass with the natural Yukawa coupling at the EW
scale. The su(9) with 9 x 9 & 84y is ruled out [2307.07921].
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The su(8) fermions

SU(8) Gan Gaa1 Ga31 Gsm
& [@1,+DE]G.1L,+DE] 6.1, +)8 (3.1, +3)F : DF
(1,1,08 | (1,1,08 (1,1,008 : N
(1,4, -DF | (1,4, -DF | (1,3, -9F | (1,2,-9)F « £ = (-~
(1,1,00¢ : N
(1,1,08" (1,1,008" « NP”
SU(8) Gaa1 Gan1 G331 Gsm
28r | (6,1,—0r | (3.1,-0)rF | 3,1,-)r (3.1,-DrF : D1
(3,1,-)r | (3,1,-2)F (3,1,-%)F : tp°
(1,6,+3)r | (1,6,+3)r | (1,3,+3)r | (1.2,+3)F : (er®,ng")T

(1,1,0)p : i
(1,3, 49)r | (1,2,4+5)% : (p",—)"
(1,1,+)p : ¢
(4,4,00r | (3,4,—35)r | (3,3,0)r (3,2, +8)r ¢ (tr,br)”
(3.1,-5)k : D),
(3.1,-3)% (B 1,-9% : D
(14, 4+Dr | (13,45)5 | (1,2,49)F « (50T
(1,1,0)p : w%
(1,1,0% (1,1,0)f : ag°
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The su(8) fermions

SU8) Gan Gsa1 Ga31 Gsm
56 [ (1,4, +Dr [ 0,4, +Dr | 03,435 [ (1.2,+0)F :+ 0F°, —gO)7
(1,1,+1)p : pr®
(1,1,+1)% (1,1,+41)% : €g°
(4,1,-Dr | B,1,-9F | B,1,-3)F (3,1,-)p : ur®
(1,1,-r | (1,1,-p (1,1,-1)r : €
(4,6, +))r | (3,6,+9)r | (3,3,0% (3,2, +5)F : (cr,s)"
(3,1, 2 DY
(3,3,+3r (3,2, +)% = (r,—u)"
(3,1,+3)r : Y
1,6,+1), 1,8, 41, 1,240 (e T
2)F 3)F R
(1, 1 L0)F : Age
(13,420 | (12,402 (e, —epre)”
(1,1,+1)f : er®
(6,4,-Dr | 3,4, —1)r | (3,3,0% (3.2, +)F : (wr,di)”
@B.1,-Ly oy
1y . gy
(3,1,-3)¥ (3,1, —3)" : DY
(3,4,-3)F | (3,3,-})r (3,2,-r : (0r°,ur")"
3,1,- : UR©
(3,1,-9F (3,1,- : cR®
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Vectorlike fermions in the su(8) theory

stages ‘ Qe:_% ‘ Qe:+% ‘ Qe =-1 ‘ Qe=0
Vad1 D N (2” ’ n//) {ﬁ/ ,ﬁ"}
{Q} v v v’ . 1v"}
Vaa1 2, {@// 7@/////} w, il ¢, (2 7 tl) 7 (6”" ’n////) {ﬁ 7 ﬁ///}

. . ot

{Q} {V,VII} {V,VII} V', vir'}y
’U331 {@/ 7:9/// 7@/H/} _ (e/ , n/) , (e/l/ , n///) , (e///// , n/l///) _
{Q} | {VI,IIX,IX} {VI, 11X, 1X}

Table: The vectorlike fermions at different intermediate symmetry breaking scales in the

su(8) theory.
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SM fermion masses in the su(8) theory

@ To generate other lighter SM fermion masses: the gravitational effects
through d = 5 operators, which break the global symmetries in Eq. (11)
explicitly.

@ The direct Yukawa couplings of Odf:5:

5087 = 385 565 - 285 ;. - 70w’

= ¢35 [G(s.DE° — ELur®) + (§(dLDRe — 52"61?,6)} VEW ,
04(9_(;—171) = 456 56F - 28 W T0q = C4é2(CL'U,RC + M)UEW R
;0% = ¢528p565 - 8n ,, - TOH

= cj5 [Cl (uLtRC + tLuRC) + CQ(CLtRC + tLCRC)] VEW - (19)

@ All (u,c,t) obtain hierarchical masses, while all (d’, ¢*) are massless.
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SM fermion masses in the su(8) theory

(®2) (®3)

‘A\ v ’A’
~u-
1
! /
A P
FL Fif

Figure: The indirect Yukawa couplings.

(d", (") obtain masses through the EWSB components in renormalizable Yukawa

couplings of WZSFEM and 8p " 565285 o with the d = 5 Higgs mixing
operators.
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SM fermion masses in the su(8) theory

@ There are two indirect Yukawa couplings with the irreducible Higgs mixing
operators of O4®:

O% = €41500sBH o, BH w0, BH 0, BH 0, TOm
PQ =2(2p+3q2) #0, (20a)

0L > (28x' 281 vir) - 28HfII-X28Hf- 705",

(281 1281 vyy) - 281 15281 570w,
PQ=2(p+a2+qs)- (20b)

@ Each operator of O;lff’
1 breaks the global symmetries explicitly;
2 can not be further partitioned into subset of renormalizable operators, among
which any of them can be allowed by both the gauge and the global
symmetries. This relies on the VEV assignments in Eqgs. (14).
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SM fermion masses in the su(8) theory

@ The (u,c,t) masses

vEw 0 0 oG/V2
M, = /2 cala/V2 0 esla/V2 | . (21)
esC1/V2 esC2/V2 Y7

@ The (d,s,b) masses

Ve (23 + Ypda)(s (203 + YpdaAs)(h 0
My =~ e (2¢3 + Ypdas A})Cs (2c3 + Ypdas(sy)(s 0 (22)
0 0 Yidar (o' G

The charged lepton masses are My = (./\/ld)T.

@ Natural fermion mass textures by following the gravity-induced d =5
operators.
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SM fermion masses in the su(8) theory

@ The (u,c,t) masses

Y;
my = 7’%’[}}3\7\/ . (23)

My, =~ C47UEWa ~ C5

2¢; 2\[ YT

@ The (d,s,b) and (e, u,7) masses

—_

c3Cs

mg = Me ~ —| tan A|vpw , ms=m, ~ 1(263 + Ypdggcgf)éngw,
d

my =m, = YB dC1€2 VEW - (24)

4G
@ The CKM mixing:
1-22/2 e <2
VCKM . (8) ~ —>\ 1 — )\2/2 — . (25)

: = (AG+ &) -G 1
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SM fermion masses in the su(8) theory: benchmark

C1 G2 C3 Yp Y5 Yr
6.0x1072 20x10~% 20x107° 0.5 0.5 0.8
c3 Cy4 Ccs dey da A
1.0 0.2 1.0 0.01 0.01 0.22
My, Me o mqg = Me ms =my, my = M,
1.6 x 1073 0.6 139.2 0.5%x 1073 6.4x 1072 1.5
‘Vud| |Vu8| |Vub|
0.98 0.22 3.0x 1073
|Vcd| |VCS| ‘V::b|
0.22 0.98 7.5 x 1072
[Vidl Vs [Vip|
0.019 7.5 x 1072 1

Table: The parameters of the su(8) benchmark point and the predicted SM quark/lepton
masses (in unit of GeV) as well as the CKM mixings.
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—
Flavor non-universality in the su(8)

U c t
VML 72 T T2 LT3
f 21 T 2259c 21 T 2259 21 T 2159,
AM i, 3 1T 14 32
9 g T 8% 8 T 859¢ 8 T 850c

d s b
VM| _1 — 5.2 I 1.2 I 5.2
gf 24 ~ 24%9¢ 12— 1259¢ 12 ~ 24%9¢
AM I_ 12 _12 12
9r 8 — 8%¢ 1590 359¢

e 1% T VeL/V,uL/VTL
VM T 3.2 — 1.3 — 3.2 12
9 8 7 859¢ 259 ¢ 850¢c 850¢c
A M 1_ 12 12 _1g2 1g2
9r g8 — 8%¢ 1590 859¢ 859c

Table: The couplings of the neutral currents mediated by the neutral G441 gauge boson
M, in the V — A basis, tan9c = gx,/(v/6gas). [2406.09970].
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-
The RGE of the minimal s1(8) theory

The minimal setup
G

HiGeV]

@ No gauge coupling unification within the minimal su(8) theory [2406.09970],
and the large discrepancy cannot be compensated by the threshold effects.
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-]
The RGE of the V' =1 s1(8)j,,—1 theory

SUSY $u(8)k, =1
}

wo| G Ga G Gun

-

ulGev]

o In the su(8)y, =1 theory [2411.12979], we find the conformal embedding of
SU(4)k,—1 ® 51(4) k=1 @ U(1)p, —1/4. The gauge coupling unification is
achieved through the relation of

1 2 87TGN

gis = giw = ngo T o (26)
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-
The N/ =1 su(8)y,—1 theory

@ To ensure [su(8)]* = 0 and [su(8)]* - U(1)r = 0, the SUSY extension with
chiral superfields of {H} = 84" ® 28~ ® 70y.
—_— e~~~
—t -2t +at
o Constraints to the affine Lie algebra: ¢(gg, ) = kudim(g) < 99 and

ku+gY
h(R) = G anan) <

Figure: The unitarity allowed region (green shaded) to the rank-k anti-symmetric irreps
of the §U(N)k, =1 theories. The blue circles and red triangles represent the allowed and
the excluded irreps, respectively.
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Summary

@ We propose an su(8) theory to address the SM flavor puzzle. Different
generations transform differently in the UV-complete theory and their
repetitive structure only emerge in the IR, which lead to the flavor
non-universality of SM quarks/leptons.

@ Our construction relaxes Georgi's “third law” in 1979, and we avoid the
repetitions of one IRAFFS. The global symmetries based on the chiral
IRAFFSs are vital to: (i) determine one single SM Higgs doublet through the
non-anomalous U(1)5_ 1, symmetry, (i) count the massless left-handed
sterile neutrinos precisely through the ‘t Hooft anomaly matching, (iii)
organize the d = 5 operators for the SM fermion mass (mixing) terms.

@ The symmetry-breaking pattern of the su(8) theory is described, and all light
SM fermion masses besides of the top quark are due to the inevitable
gravitational effects that break the emergent global symmetries explicitly.
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Summary

@ Crucial assumptions: (i) the VEV assignments of three intermediate
symmetry-breaking scales in Eq. (15), (ii) the SM flavor IDs in the 28 and
56F, and (iii) the d = 5 operators of direct and indirect Yukawa couplings
containing the SM Higgs doublet.

@ Main results: all SM quark/lepton masses, as well as the CKM mixing
pattern can be quantitatively recovered with 0(0.1) — O(1) direct Yukawa
couplings and O(0.01) Higgs mixing coefficients.

o All SM quark/leptons are flavor non-universal under the extended
strong/weak symmetries, while the SM neutrinos vy, € 8¢  are flavor
universal. Neutrino masses and mixings are to be determined.

@ The degenerate my: = my: will be further probed based on the RGEs of

d _ T
) — s (), Yoy (0T) = S0 (RY).
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