
Lorenzo Calibbi

Workshop on Grand Unified Theory, Phenomenology and Cosmology

HIAS, UCAS, Hangzhou, April 18th 2025

Testing Froggatt-Nielsen flavour 

models with gravitational waves


mainly based on arXiv:2410.08668

with S. Blasi, A. Mariotti, K. Turbang

https://arxiv.org/pdf/2410.08668


Warning

Lorenzo Calibbi (Nankai U) GW and flavour models

•  Flavour charge assignments compatible with a GUT embedding 

(e.g. SU(5)-invariant) are possible in the FN models I will discuss


•  A similar analysis could be done and similar results are expected for 
non-abelian flavour symmetries explicitly compatible with GUT


•  The following is another illustration of the capability of GW searches to 
test very large scales including those related to GUT breaking


I won’t actually mention the word “GUT” in the following (sorry!)

but

e.g. Linster Ziegler '18

see for instance Dunsky et al '21, Zhou Ye-Ling and collaborators ’20, ’21, ‘23

e.g. Chankowski et al '05

https://arxiv.org/abs/1805.07341
https://arxiv.org/abs/2111.08750
https://arxiv.org/abs/2009.01903
https://arxiv.org/abs/2106.15634
https://arxiv.org/abs/2308.05799
http://arxiv.org/abs/hep-ph/0501071


3 fermion generations (or families) Hierarchical fermion masses

see e.g. J. Zupan’s review arXiv:1903.05062

The flavour sector of the SM

Lorenzo Calibbi (Nankai U) GW and flavour models

You are here (why?) (why?)

https://arxiv.org/abs/1903.05062


The flavour puzzle

Lorenzo Calibbi (Nankai U) GW and flavour models

courtesy of O. Sumensari

(even w/o considering neutrinos)



• SM fermions charged under a new horizontal symmetry GF 


• GF forbids Yukawa couplings at the renormalisable level


• GF spontaneously broken by the vev(s) of one or more scalars (the “flavons”)  


• Yukawas arise as higher dimensional operators

Froggatt Nielsen ‘79
Leurer Seiberg Nir ’92, ’93


…
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GF could abelian or non-abelian, continuous or discrete, local or global 

 dictated by the symmetrynf
ij

Lorenzo Calibbi (Nankai U) GW and flavour models

A possible solution: Froggatt-Nielsen flavour models

on the discrete symmetry A4 acting on the lepton sector and discussed the GWB signal

resulting from the annihilation of the domain walls produced after symmetry breaking –

see also [25–28] for further discussions on domain walls from discrete flavour symmetries.

Finally, Ref. [29] explored the possibility of a SFOPT and the resulting GW signature

within two global FN models similar to the (local) one we focus on in this work, finding

that, for certain values of the parameters, the GWB can be strong enough to be detected

in future experiments if the symmetry breaking occurs at an intermediate energy scale,

104 � 107 GeV. As we will show, such a range is mostly excluded by flavour constraints

within our setup. Furthermore, we do not investigate the possibility of a SFOPT here (as

it typically requires the parameters of the model to satisfy quite non-trivial conditions)

and focus on the GWB produced by the cosmic string network.

2 Benchmark Froggatt-Nielsen Model

The hierarchical structure of the Yukawa matrices can be accounted for by the FN mech-

anism [3–5]. A new abelian symmetry U(1)F is introduced within this framework, under

which SM fermions are charged such that the Yukawa interactions are forbidden at the

renormalisable level (with the possible exception of the top quark Yukawa that, being

O (1), requires no suppression). The Yukawa couplings then arise as higher-order opera-

tors after the flavour symmetry is broken spontaneously by the vev of a complex scalar field

�. This new field, also know as the “flavon”, is not charged under any of the SM gauge

symmetries and contains two degrees of freedom: a CP-even (real) scalar with mass O (h�i)

and a CP-odd scalar, the Nambu-Goldstone boson of the broken U(1)F , which becomes

the longitudinal component of the associated gauge boson if the symmetry is local.

As mentioned above, the mechanism requires that the SM fermions fi carry U(1)F
charges Qfi

. Here, fi denotes the SM fermion fields with well-defined electroweak quantum

numbers, with the generation index running over i = 1, 2, 3 in the interaction basis.

We consider the e↵ective theory below a given UV cuto↵ scale ⇤, which we take much

higher than the electroweak scale. The flavon interacts with SM fields through higher-

dimensional operators consistently with U(1)F invariance. Without loss of generality, one

can set the flavon charge to be Q� = 1, obtaining the following interactions:

�L = a
u

ij
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where the exponent of each term ensures the invariance of the Lagrangian under U(1)F ,

n
u

ij ⌘ QQi
�Quj

+QH , n
d

ij ⌘ QQi
�Qdj

�QH , n
`

ij ⌘ QLi
�Qej

�QH , (2.2)

while a
u, ad, and a

` are anarchical matrices of O (1) coe�cients, which are related to the

fundamental couplings of the underlying UV-complete theory. Plausible UV completions

can be realised by heavy vector-like fermions or additional scalar doublets and singlets (the

so-called “FN messengers”) with mass of the order of the cuto↵ scale ⇤ and O(1) couplings

with the flavon and/or the SM fields [7, 30]. Note that we considered the possibility of a

– 3 –

small expansion parameter (Λ=UV scale)
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h�i < ⇤

flavour-anarchical

O(1) coefficients



Example:

Vud ⇡ Vcs ⇡ Vtb ⇡ 1 Vub ⇡ Vtd ⇡ Vus ⇥ Vcb
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Quark sector

Rotation matrices

Successful predictions for                       :

(independent of charge assignment)

Lorenzo Calibbi (Nankai U) GW and flavour models

The simplest option: Froggatt-Nielsen U(1)

� q̄i ui di h
U(1) -1 [q]i [u]i [d]i 0
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di↵erent cuto↵ scale in the lepton sector, that is, ⇤` 6= ⇤, an assumption that is consistent

with the fact that the FN messenger fields in UV-complete models generally carry di↵erent

quantum numbers in the quark and lepton sectors.

The SM Yukawa interactions arise dynamically upon spontaneous breaking of the

U(1)F symmetry due to the flavon vev h�i. Crucial quantities for this framework are

the ratios between this vev and the UV cuto↵ scales:
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Under the assumption of anarchical O (1) coe�cients, the fermion hierarchies are solely

due to powers of the small parameters ✏ and ✏`, that is, the hierarchical structure is ulti-

mately controlled by the FN charges we assign to the SM fields. Incidentally, note how the

mechanism is not sensitive to the absolute scales h�i and ⇤(`) but only on their ratio ✏(`).

The Yukawa matrices can be diagonalised by bi-unitary transformations:

Y
f = V

f†
Ŷ
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f
, f = u, d, ` , (2.5)

where Ŷ f are flavour-diagonal matrices, and V
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to rotations of left-handed (LH) and right-handed (RH) fields, respectively. The size of
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Subsequently, the CKM mixing matrix can then be defined as

Vckm = V
u
V

d †
. (2.7)

Hence, for QQ1 > QQ2 > QQ3 (an ordering justified by the observed mass hierarchy), the

resulting entries of the CKM matrix are

Vus ⇠ ✏
QQ1�QQ2 , Vub ⇠ ✏

QQ1�QQ3 , Vcb ⇠ ✏
QQ2�QQ3 , (2.8)

from which the following general order-of-magnitude prediction (independent of the specific

charge assignment) follows:

Vub ⇠ Vus ⇥ Vcb , (2.9)

which is in good agreement with experimental observations.

The setup described above is general. In the following, we will introduce benchmark

models separately for quarks and leptons, leaving open the possibility that the FN sym-

metry only acts either on the quark sector or on the lepton sector, thus addressing the
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where Ŷ f are flavour-diagonal matrices, and V
f andW

f are unitary matrices corresponding

to rotations of left-handed (LH) and right-handed (RH) fields, respectively. The size of

their entries is approximately

V
u

ij ⇠ ✏

���QQi
�QQj

���
, V

d

ij ⇠ ✏

���QQi
�QQj

���
, V

`

ij ⇠ ✏

���QLi
�QLj

���
,

W
u

ij ⇠ ✏
|Qui

�Quj
|
, W

d

ij ⇠ ✏

���Qdi
�Qdj

���
, W

`

ij ⇠ ✏
|Qei

�Qej
|
. (2.6)

Subsequently, the CKM mixing matrix can then be defined as

Vckm = V
u
V

d †
. (2.7)

Hence, for QQ1 > QQ2 > QQ3 (an ordering justified by the observed mass hierarchy), the

resulting entries of the CKM matrix are

Vus ⇠ ✏
QQ1�QQ2 , Vub ⇠ ✏

QQ1�QQ3 , Vcb ⇠ ✏
QQ2�QQ3 , (2.8)

from which the following general order-of-magnitude prediction (independent of the specific

charge assignment) follows:

Vub ⇠ Vus ⇥ Vcb , (2.9)

which is in good agreement with experimental observations.

The setup described above is general. In the following, we will introduce benchmark

models separately for quarks and leptons, leaving open the possibility that the FN sym-

metry only acts either on the quark sector or on the lepton sector, thus addressing the

– 4 –

di↵erent cuto↵ scale in the lepton sector, that is, ⇤` 6= ⇤, an assumption that is consistent

with the fact that the FN messenger fields in UV-complete models generally carry di↵erent

quantum numbers in the quark and lepton sectors.

The SM Yukawa interactions arise dynamically upon spontaneous breaking of the

U(1)F symmetry due to the flavon vev h�i. Crucial quantities for this framework are

the ratios between this vev and the UV cuto↵ scales:

✏ ⌘
h�i

⇤
< 1 , ✏` ⌘

h�i

⇤`

< 1 . (2.3)

In terms of these quantities, the SM quark and lepton Yukawa matrices then read

Y
u

ij = a
u

ij ✏
QQi

�Quj
+QH

, Y
d

ij = a
d

ij ✏
QQi

�Qdj
�QH

, Y
`

ij = a
`

ij ✏
QLi

�Qej
�QH

`
. (2.4)

Under the assumption of anarchical O (1) coe�cients, the fermion hierarchies are solely

due to powers of the small parameters ✏ and ✏`, that is, the hierarchical structure is ulti-

mately controlled by the FN charges we assign to the SM fields. Incidentally, note how the

mechanism is not sensitive to the absolute scales h�i and ⇤(`) but only on their ratio ✏(`).

The Yukawa matrices can be diagonalised by bi-unitary transformations:

Y
f = V

f†
Ŷ
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flavour hierarchies only partially, or assuming that di↵erent symmetries are at work in the

two sectors.

Note that the FN charge of the Higgs field H can always be taken to be vanishing

since the FN charge of the full Yukawa operator determines the hierarchical suppression.1

In the remainder of this work, we will assume QH = 0 for concreteness.

2.1 Quark sector

In the quark sector, a possible charge assignment is given by

(QQ1 , QQ2 , QQ3) = (3, 2, 0),

(Qu1 , Qu2 , Qu3) = (�4, �2, 0),

(Qd1 , Qd2 , Qd3) = (�4, �2, �2), (2.10)

which leads to the following structure for the Yukawa matrices:
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Taking the expansion parameter of the order of the Cabibbo angle,

✏ ⇡ 0.2 ,

and given the freedom of choosing the O (1) coe�cients in a
u and a

d, the above matrices

can easily fit the observed quark masses and CKM mixing. We stress that the discussion

in the following sections depends only mildly on the specific values of the FN charges and

could be readily adapted to other options.2

The order of magnitude of the rotations following from Eq. (2.6) is
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where we see that the rotations of the LH fields are of the order of the CKM angles both

in the up and in the down sector.

2.2 Lepton sector

In the lepton sector, let us assume that neutrinos are Majorona particles, with their mass

terms induced by the usual Weinberg operator [34]. The resulting U(1)F -invariant La-

grangian reads
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1However, for a local FN symmetry, the Higgs field charge QH may make a di↵erence: the Higgs kinetic

term induces a mass mixing between the FN gauge boson and the SM Z boson after electroweak symmetry

breaking. Nevertheless, the mixing angle is suppressed by powers of v/h�i and thus negligible for a high-scale

UV completion.
2See e.g. Refs. [31–33] for recent fits of FN models to SM data and discussions of alternative/minimal

charge assignments.
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where we see that the rotations of the LH fields are of the order of the CKM angles both

in the up and in the down sector.

2.2 Lepton sector

In the lepton sector, let us assume that neutrinos are Majorona particles, with their mass

terms induced by the usual Weinberg operator [34]. The resulting U(1)F -invariant La-

grangian reads
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1However, for a local FN symmetry, the Higgs field charge QH may make a di↵erence: the Higgs kinetic

term induces a mass mixing between the FN gauge boson and the SM Z boson after electroweak symmetry

breaking. Nevertheless, the mixing angle is suppressed by powers of v/h�i and thus negligible for a high-scale

UV completion.
2See e.g. Refs. [31–33] for recent fits of FN models to SM data and discussions of alternative/minimal

charge assignments.
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Note that the FN charge of the Higgs field H can always be taken to be vanishing
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u and a
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can easily fit the observed quark masses and CKM mixing. We stress that the discussion
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di↵erent cuto↵ scale in the lepton sector, that is, ⇤` 6= ⇤, an assumption that is consistent

with the fact that the FN messenger fields in UV-complete models generally carry di↵erent

quantum numbers in the quark and lepton sectors.

The SM Yukawa interactions arise dynamically upon spontaneous breaking of the

U(1)F symmetry due to the flavon vev h�i. Crucial quantities for this framework are

the ratios between this vev and the UV cuto↵ scales:

✏ ⌘
h�i

⇤
< 1 , ✏` ⌘

h�i

⇤`

< 1 . (2.3)

In terms of these quantities, the SM quark and lepton Yukawa matrices then read

Y
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, Y
d

ij = a
d

ij ✏
QQi

�Qdj
�QH

, Y
`

ij = a
`

ij ✏
QLi

�Qej
�QH

`
. (2.4)

Under the assumption of anarchical O (1) coe�cients, the fermion hierarchies are solely

due to powers of the small parameters ✏ and ✏`, that is, the hierarchical structure is ulti-

mately controlled by the FN charges we assign to the SM fields. Incidentally, note how the

mechanism is not sensitive to the absolute scales h�i and ⇤(`) but only on their ratio ✏(`).

The Yukawa matrices can be diagonalised by bi-unitary transformations:

Y
f = V

f†
Ŷ

f
W

f
, f = u, d, ` , (2.5)

where Ŷ f are flavour-diagonal matrices, and V
f andW

f are unitary matrices corresponding

to rotations of left-handed (LH) and right-handed (RH) fields, respectively. The size of

their entries is approximately

V
u

ij ⇠ ✏

���QQi
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���
, V

d
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���
, V
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|
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d
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���Qdi
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���
, W
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ij ⇠ ✏
|Qei

�Qej
|
. (2.6)

Subsequently, the CKM mixing matrix can then be defined as

Vckm = V
u
V

d †
. (2.7)

Hence, for QQ1 > QQ2 > QQ3 (an ordering justified by the observed mass hierarchy), the

resulting entries of the CKM matrix are

Vus ⇠ ✏
QQ1�QQ2 , Vub ⇠ ✏

QQ1�QQ3 , Vcb ⇠ ✏
QQ2�QQ3 , (2.8)

from which the following general order-of-magnitude prediction (independent of the specific

charge assignment) follows:

Vub ⇠ Vus ⇥ Vcb , (2.9)

which is in good agreement with experimental observations.

The setup described above is general. In the following, we will introduce benchmark

models separately for quarks and leptons, leaving open the possibility that the FN sym-

metry only acts either on the quark sector or on the lepton sector, thus addressing the
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FN U(1): Lepton masses and mixing

Lepton sector

LH charges can chosen to give a (quasi-)anarchical                        .

RH charges then responsible for charged leptons hierarchy
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• Anarchy 


• Mu-tau anarchy


• Hierarchy


Charged lepton hierarchy, e.g. :


(with                      )

In the above Lagrangian, ⇤N is the lepton number breaking scale, possibly related to the

mass of heavy RH neutrinos. The SM Yukawa matrix and Majorana neutrino masses are

dynamically generated in the following form:
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v
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`
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where the electroweak-breaking vev is defined as hHi = v/
p
2. As before, the elements

of the matrices a
`

ij
and 

⌫

ij
are assumed to be anarchical O(1) coe�cients, related to the

fundamental couplings of the underlying UV-complete theory. It follows that the hierarchy

of lepton masses and mixing is solely due to powers of the ✏` parameter (possibly di↵erent

from the expansion parameter ✏ of the quark sector), hence depending on the charges we

assign to SM leptons.

The above matrices can be diagonalised by means of unitary rotations of the fields:

Y
` = V

`
Ŷ

`
W

`†
, m

⌫ = V
⌫
m̂

⌫
V

⌫T (2.15)

where Ŷ
` and m̂

⌫ are flavour-diagonal matrices, and the rotations to the mass basis have

the following structure controlled by the FN charges:
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ij
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���QLi
�QLj
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, W
`
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|Qei

�Qej
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As usual, the PMNS matrix depends on the LH rotations as follows:

Upmns = V
⌫
V

` †
. (2.17)

In contrast to the quark sector, where the mixing is described by the strongly hierarchical

CKM matrix, in the lepton sector the large mixing angles can be regarded as random O(1)

numbers. In other words, given the current experimental precision, the observed mixing in

the neutrino sector is compatible with an anarchical PMNS matrix [35]. From Eqs. (2.16)

and (2.17), we see that this pattern can be simply achieved by taking equal charges for the

doublets:

(QL1 , QL2 , QL3) = (QL, QL, QL) [Pure Anarchy] , (2.18)

as is also apparent from the above expression for m
⌫

ij
.3 In particular, it is interesting to

note that we can choose to set QL = 0, such that the gauge boson Z
0 of the gauged U(1)F

does not couple at tree-level to the LH leptons (including neutrinos). The hierarchy of the

charged lepton masses can be reproduced by a suitable choice of the charges of the RH

fields, the expansion parameter ✏`, and the O(1) coe�cients a`
ij
. For instance, in the purely

anarchical scenario, the correct order of magnitude is achieved by choosing:

(Qe1 ,Qe2 ,Qe3) = (QL � 4,QL � 2,QL � 1), ✏` ⇡ ✏
2
⇡ 0.04. (2.19)

3Considering instead Dirac neutrinos would not change this conclusion, nor the the discussion below.
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Given the moderate value of the reactor angle, ✓e3 ⇡ 0.1 [36], good fits to the neutrino

oscillation data can also be obtained in presence of mildly hierarchical charges at the price

of rather large values of ✏` ⇡ 0.3� 0.4 [37, 38]:

(QL1 , QL2 , QL3) = (QL + 1, QL, QL) [µ⌧ Anarchy] , (2.20)

(QL1 , QL2 , QL3) = (QL + 2, QL + 1, QL) [Hierarchy] . (2.21)

Again, the observed mass hierarchy of charged leptons can be achieved with a suitable

choice of Qei
. However, note that, in these last two cases, quite large values of the charges

may be needed to obtain the required suppression. Furthermore, in these scenarios the

Z
0 unavoidably couples at least to some LH leptons and in particular to neutrinos, which

makes its phenomenology more dependent on the details of the neutrino sector (including

unknown properties thereof, such as the absolute neutrino mass). For these reasons, we

will consider the anarchical charge assignment in Eqs. (2.18) and (2.19) as our benchmark

scenario for numerical considerations.

2.3 Flavon interactions and decays

Let us write the phase and the radial excitation of the flavon field � as

� =
v� + '
p
2

e
i a/v� , (2.22)

where we defined v� such that h�i ⌘ v�/
p
2. For a local U(1)F , the would-be Nambu-

Goldstone boson a provides the longitudinal component for the FN gauge boson Z
0.4 After

U(1)F breaking, following from the quartic self-coupling V (�) �
��

4 |�|
4, the radial mode

' (which we name “flavon”, after the field � itself) acquires a mass

m
2
' =

1

2
��v

2
�
. (2.23)

Therefore, for perturbative values of the self-interaction, the flavon mass is at most of

the order of the FN-breaking scale (which, as we will see, flavour processes constrain to be

at least above 106 � 107 GeV) and can only be much smaller than that scale if �� ⌧ 1.

Owing to the e↵ective operators in Eq. (2.1), the flavon couples to SM fermions as

follows:

�L = n
f

ij

m
f

ij

v�
f iPRfj '+ h.c. , (2.24)

where f = u, d, ` and the mass matrices mf = Y
f
v/

p
2. Note that, as a consequence of the

dependence on the exponents nf

ij
, these interactions are by construction flavour-violating,

4In the global case, the Nambu-Goldstone boson of a spontaneously broken flavour symmetry is usually

called “familon” [39–44]. In the case of a FN U(1)F with colour anomaly, the field a has also been dubbed

“flaxion” or “axiflavon”, because it automatically provides a solution to the strong CP problem, behaving

like a QCD axion [9, 10].
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In the above Lagrangian, ⇤N is the lepton number breaking scale, possibly related to the

mass of heavy RH neutrinos. The SM Yukawa matrix and Majorana neutrino masses are

dynamically generated in the following form:
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where the electroweak-breaking vev is defined as hHi = v/
p
2. As before, the elements

of the matrices a
`

ij
and 

⌫

ij
are assumed to be anarchical O(1) coe�cients, related to the

fundamental couplings of the underlying UV-complete theory. It follows that the hierarchy

of lepton masses and mixing is solely due to powers of the ✏` parameter (possibly di↵erent

from the expansion parameter ✏ of the quark sector), hence depending on the charges we

assign to SM leptons.

The above matrices can be diagonalised by means of unitary rotations of the fields:
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where Ŷ
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CKM matrix, in the lepton sector the large mixing angles can be regarded as random O(1)

numbers. In other words, given the current experimental precision, the observed mixing in
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and (2.17), we see that this pattern can be simply achieved by taking equal charges for the
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note that we can choose to set QL = 0, such that the gauge boson Z
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and (2.17), we see that this pattern can be simply achieved by taking equal charges for the

doublets:

(QL1 , QL2 , QL3) = (QL, QL, QL) [Pure Anarchy] , (2.18)

as is also apparent from the above expression for m
⌫

ij
.3 In particular, it is interesting to

note that we can choose to set QL = 0, such that the gauge boson Z
0 of the gauged U(1)F

does not couple at tree-level to the LH leptons (including neutrinos). The hierarchy of the

charged lepton masses can be reproduced by a suitable choice of the charges of the RH

fields, the expansion parameter ✏`, and the O(1) coe�cients a`
ij
. For instance, in the purely

anarchical scenario, the correct order of magnitude is achieved by choosing:

(Qe1 ,Qe2 ,Qe3) = (QL � 4,QL � 2,QL � 1), ✏` ⇡ ✏
2
⇡ 0.04. (2.19)

3Considering instead Dirac neutrinos would not change this conclusion, nor the the discussion below.
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flavour hierarchies only partially, or assuming that di↵erent symmetries are at work in the

two sectors.

Note that the FN charge of the Higgs field H can always be taken to be vanishing

since the FN charge of the full Yukawa operator determines the hierarchical suppression.1

In the remainder of this work, we will assume QH = 0 for concreteness.

2.1 Quark sector

In the quark sector, a possible charge assignment is given by

(QQ1 , QQ2 , QQ3) = (3, 2, 0),

(Qu1 , Qu2 , Qu3) = (�4, �2, 0),

(Qd1 , Qd2 , Qd3) = (�4, �2, �2), (2.10)

which leads to the following structure for the Yukawa matrices:

Y
u
⇠

0

B@
✏
7
✏
5
✏
3

✏
6
✏
4
✏
2

✏
4
✏
2 1

1

CA , Y
d
⇠

0

B@
✏
7
✏
5
✏
5

✏
6
✏
4
✏
4

✏
4
✏
2
✏
2

1

CA . (2.11)

Taking the expansion parameter of the order of the Cabibbo angle,

✏ ⇡ 0.2 ,

and given the freedom of choosing the O (1) coe�cients in a
u and a

d, the above matrices

can easily fit the observed quark masses and CKM mixing. We stress that the discussion

in the following sections depends only mildly on the specific values of the FN charges and

could be readily adapted to other options.2

The order of magnitude of the rotations following from Eq. (2.6) is

V
u,d

⇠

0

B@
1 ✏ ✏

3

✏ 1 ✏
2

✏
3
✏
2 1

1

CA , W
u
⇠

0

B@
1 ✏

2
✏
4

✏
2 1 ✏

2

✏
4
✏
2 1

1

CA , W
d
⇠

0

B@
1 ✏

2
✏
2

✏
2 1 1

✏
2 1 1

1

CA , (2.12)

where we see that the rotations of the LH fields are of the order of the CKM angles both

in the up and in the down sector.

2.2 Lepton sector

In the lepton sector, let us assume that neutrinos are Majorona particles, with their mass

terms induced by the usual Weinberg operator [34]. The resulting U(1)F -invariant La-

grangian reads

�L �

"
a
`

ij

✓
h�i

⇤`

◆QLi
�Qej

LiejH + h.c.

#
+ 

⌫

ij

✓
h�

⇤
i

⇤`

◆QLi
+QLj (Lc

i
H̃)(H̃T

Lj)

⇤N

. (2.13)

1However, for a local FN symmetry, the Higgs field charge QH may make a di↵erence: the Higgs kinetic

term induces a mass mixing between the FN gauge boson and the SM Z boson after electroweak symmetry

breaking. Nevertheless, the mixing angle is suppressed by powers of v/h�i and thus negligible for a high-scale

UV completion.
2See e.g. Refs. [31–33] for recent fits of FN models to SM data and discussions of alternative/minimal

charge assignments.
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In the above Lagrangian, ⇤N is the lepton number breaking scale, possibly related to the

mass of heavy RH neutrinos. The SM Yukawa matrix and Majorana neutrino masses are

dynamically generated in the following form:

Y
`

ij = a
`

ij ✏
QLi

+Qej

`
, m

⌫

ij = 
⌫

ij

v
2

⇤N

✏
QLi

+QLj

`
, ✏` ⌘

h�i

⇤`

, (2.14)

where the electroweak-breaking vev is defined as hHi = v/
p
2. As before, the elements

of the matrices a
`

ij
and 

⌫

ij
are assumed to be anarchical O(1) coe�cients, related to the

fundamental couplings of the underlying UV-complete theory. It follows that the hierarchy

of lepton masses and mixing is solely due to powers of the ✏` parameter (possibly di↵erent

from the expansion parameter ✏ of the quark sector), hence depending on the charges we

assign to SM leptons.

The above matrices can be diagonalised by means of unitary rotations of the fields:

Y
` = V

`
Ŷ

`
W

`†
, m

⌫ = V
⌫
m̂

⌫
V

⌫T (2.15)

where Ŷ
` and m̂

⌫ are flavour-diagonal matrices, and the rotations to the mass basis have

the following structure controlled by the FN charges:

V
`,⌫

ij
⇠ ✏

���QLi
�QLj

���
`

, W
`

ij ⇠ ✏
|Qei

�Qej
|

`
. (2.16)

As usual, the PMNS matrix depends on the LH rotations as follows:

Upmns = V
⌫
V

` †
. (2.17)

In contrast to the quark sector, where the mixing is described by the strongly hierarchical

CKM matrix, in the lepton sector the large mixing angles can be regarded as random O(1)

numbers. In other words, given the current experimental precision, the observed mixing in

the neutrino sector is compatible with an anarchical PMNS matrix [35]. From Eqs. (2.16)

and (2.17), we see that this pattern can be simply achieved by taking equal charges for the

doublets:

(QL1 , QL2 , QL3) = (QL, QL, QL) [Pure Anarchy] , (2.18)

as is also apparent from the above expression for m
⌫

ij
.3 In particular, it is interesting to

note that we can choose to set QL = 0, such that the gauge boson Z
0 of the gauged U(1)F

does not couple at tree-level to the LH leptons (including neutrinos). The hierarchy of the

charged lepton masses can be reproduced by a suitable choice of the charges of the RH

fields, the expansion parameter ✏`, and the O(1) coe�cients a`
ij
. For instance, in the purely

anarchical scenario, the correct order of magnitude is achieved by choosing:

(Qe1 ,Qe2 ,Qe3) = (QL � 4,QL � 2,QL � 1), ✏` ⇡ ✏
2
⇡ 0.04. (2.19)

3Considering instead Dirac neutrinos would not change this conclusion, nor the the discussion below.
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In contrast to the quark sector, where the mixing is described by the strongly hierarchical

CKM matrix, in the lepton sector the large mixing angles can be regarded as random O(1)

numbers. In other words, given the current experimental precision, the observed mixing in

the neutrino sector is compatible with an anarchical PMNS matrix [35]. From Eqs. (2.16)

and (2.17), we see that this pattern can be simply achieved by taking equal charges for the

doublets:

(QL1 , QL2 , QL3) = (QL, QL, QL) [Pure Anarchy] , (2.18)

as is also apparent from the above expression for m
⌫

ij
.3 In particular, it is interesting to

note that we can choose to set QL = 0, such that the gauge boson Z
0 of the gauged U(1)F

does not couple at tree-level to the LH leptons (including neutrinos). The hierarchy of the

charged lepton masses can be reproduced by a suitable choice of the charges of the RH

fields, the expansion parameter ✏`, and the O(1) coe�cients a`
ij
. For instance, in the purely

anarchical scenario, the correct order of magnitude is achieved by choosing:

(Qe1 ,Qe2 ,Qe3) = (QL � 4,QL � 2,QL � 1), ✏` ⇡ ✏
2
⇡ 0.04. (2.19)

3Considering instead Dirac neutrinos would not change this conclusion, nor the the discussion below.

– 6 –

In the above Lagrangian, ⇤N is the lepton number breaking scale, possibly related to the

mass of heavy RH neutrinos. The SM Yukawa matrix and Majorana neutrino masses are

dynamically generated in the following form:

Y
`

ij = a
`

ij ✏
QLi

+Qej

`
, m

⌫

ij = 
⌫

ij

v
2

⇤N

✏
QLi

+QLj

`
, ✏` ⌘

h�i

⇤`

, (2.14)

where the electroweak-breaking vev is defined as hHi = v/
p
2. As before, the elements

of the matrices a
`

ij
and 

⌫

ij
are assumed to be anarchical O(1) coe�cients, related to the

fundamental couplings of the underlying UV-complete theory. It follows that the hierarchy
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In contrast to the quark sector, where the mixing is described by the strongly hierarchical

CKM matrix, in the lepton sector the large mixing angles can be regarded as random O(1)

numbers. In other words, given the current experimental precision, the observed mixing in

the neutrino sector is compatible with an anarchical PMNS matrix [35]. From Eqs. (2.16)

and (2.17), we see that this pattern can be simply achieved by taking equal charges for the

doublets:

(QL1 , QL2 , QL3) = (QL, QL, QL) [Pure Anarchy] , (2.18)

as is also apparent from the above expression for m
⌫

ij
.3 In particular, it is interesting to

note that we can choose to set QL = 0, such that the gauge boson Z
0 of the gauged U(1)F

does not couple at tree-level to the LH leptons (including neutrinos). The hierarchy of the

charged lepton masses can be reproduced by a suitable choice of the charges of the RH

fields, the expansion parameter ✏`, and the O(1) coe�cients a`
ij
. For instance, in the purely

anarchical scenario, the correct order of magnitude is achieved by choosing:

(Qe1 ,Qe2 ,Qe3) = (QL � 4,QL � 2,QL � 1), ✏` ⇡ ✏
2
⇡ 0.04. (2.19)

3Considering instead Dirac neutrinos would not change this conclusion, nor the the discussion below.
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Local Froggatt-Nielsen U(1)

Below the cutoff Λ, only two new particles:

Given the moderate value of the reactor angle, ✓e3 ⇡ 0.1 [36], good fits to the neutrino

oscillation data can also be obtained in presence of mildly hierarchical charges at the price

of rather large values of ✏` ⇡ 0.3� 0.4 [37, 38]:

(QL1 , QL2 , QL3) = (QL + 1, QL, QL) [µ⌧ Anarchy] , (2.20)

(QL1 , QL2 , QL3) = (QL + 2, QL + 1, QL) [Hierarchy] . (2.21)

Again, the observed mass hierarchy of charged leptons can be achieved with a suitable

choice of Qei
. However, note that, in these last two cases, quite large values of the charges

may be needed to obtain the required suppression. Furthermore, in these scenarios the

Z
0 unavoidably couples at least to some LH leptons and in particular to neutrinos, which

makes its phenomenology more dependent on the details of the neutrino sector (including

unknown properties thereof, such as the absolute neutrino mass). For these reasons, we

will consider the anarchical charge assignment in Eqs. (2.18) and (2.19) as our benchmark

scenario for numerical considerations.

2.3 Flavon interactions and decays

Let us write the phase and the radial excitation of the flavon field � as

� =
v� + '
p
2

e
i a/v� , (2.22)

where we defined v� such that h�i ⌘ v�/
p
2. For a local U(1)F , the would-be Nambu-

Goldstone boson a provides the longitudinal component for the FN gauge boson Z
0.4 After

U(1)F breaking, following from the quartic self-coupling V (�) �
��

4 |�|
4, the radial mode

' (which we name “flavon”, after the field � itself) acquires a mass

m
2
' =

1

2
��v

2
�
. (2.23)

Therefore, for perturbative values of the self-interaction, the flavon mass is at most of

the order of the FN-breaking scale (which, as we will see, flavour processes constrain to be

at least above 106 � 107 GeV) and can only be much smaller than that scale if �� ⌧ 1.

Owing to the e↵ective operators in Eq. (2.1), the flavon couples to SM fermions as

follows:

�L = n
f

ij

m
f

ij

v�
f iPRfj '+ h.c. , (2.24)

where f = u, d, ` and the mass matrices mf = Y
f
v/

p
2. Note that, as a consequence of the

dependence on the exponents nf

ij
, these interactions are by construction flavour-violating,

4In the global case, the Nambu-Goldstone boson of a spontaneously broken flavour symmetry is usually

called “familon” [39–44]. In the case of a FN U(1)F with colour anomaly, the field a has also been dubbed

“flaxion” or “axiflavon”, because it automatically provides a solution to the strong CP problem, behaving

like a QCD axion [9, 10].
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(QL1 , QL2 , QL3) = (QL + 1, QL, QL) [µ⌧ Anarchy] , (2.20)

(QL1 , QL2 , QL3) = (QL + 2, QL + 1, QL) [Hierarchy] . (2.21)

Again, the observed mass hierarchy of charged leptons can be achieved with a suitable

choice of Qei
. However, note that, in these last two cases, quite large values of the charges

may be needed to obtain the required suppression. Furthermore, in these scenarios the

Z
0 unavoidably couples at least to some LH leptons and in particular to neutrinos, which

makes its phenomenology more dependent on the details of the neutrino sector (including

unknown properties thereof, such as the absolute neutrino mass). For these reasons, we

will consider the anarchical charge assignment in Eqs. (2.18) and (2.19) as our benchmark

scenario for numerical considerations.

2.3 Flavon interactions and decays

Let us write the phase and the radial excitation of the flavon field � as

� =
v� + '
p
2

e
i a/v� , (2.22)

where we defined v� such that h�i ⌘ v�/
p
2. For a local U(1)F , the would-be Nambu-

Goldstone boson a provides the longitudinal component for the FN gauge boson Z
0.4 After

U(1)F breaking, following from the quartic self-coupling V (�) �
��

4 |�|
4, the radial mode

' (which we name “flavon”, after the field � itself) acquires a mass

m
2
' =

1

2
��v

2
�
. (2.23)

Therefore, for perturbative values of the self-interaction, the flavon mass is at most of

the order of the FN-breaking scale (which, as we will see, flavour processes constrain to be

at least above 106 � 107 GeV) and can only be much smaller than that scale if �� ⌧ 1.

Owing to the e↵ective operators in Eq. (2.1), the flavon couples to SM fermions as

follows:

�L = n
f

ij

m
f

ij

v�
f iPRfj '+ h.c. , (2.24)

where f = u, d, ` and the mass matrices mf = Y
f
v/

p
2. Note that, as a consequence of the

dependence on the exponents nf

ij
, these interactions are by construction flavour-violating,

4In the global case, the Nambu-Goldstone boson of a spontaneously broken flavour symmetry is usually

called “familon” [39–44]. In the case of a FN U(1)F with colour anomaly, the field a has also been dubbed

“flaxion” or “axiflavon”, because it automatically provides a solution to the strong CP problem, behaving

like a QCD axion [9, 10].
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Physical flavon U(1) gauge boson, Z’

Neglecting loop-induced couplings to SM gauge bosons, which also stem from the scale-

suppressed interactions with fermions discussed above, the total decay width of a heavy

flavon is then given by

�' = �(' ! Z
0
Z

0)+
X

↵,�

⇥
�(' ! u↵u�) + �(' ! d↵d�) + �(' ! `↵`�)

⇤
+

X

↵,�

⇥
�(' ! u↵u�h) + �(' ! d↵d�h) + �(' ! `↵`�h)

⇤
. (2.32)

In practice, if the decay mode ' ! Z
0
Z

0 is not open, the flavon will mostly decay to the

heaviest flavours that are kinematically accessible, in particular ' ! tc(h) and ' ! bb̄(h).5

This is a consequence of the hierarchy of the interactions in Eq. (2.24), which follows the

hierarchy of the SM Yukawas.

3 The Froggatt-Nielsen Z 0

Henceforth, we focus on a model with a local flavour symmetry. Note that the above

benchmark charge assignments are anomalous. Nevertheless, gauge anomalies could be

taken care of by the model’s UV completion or within a dark sector of the theory. For

explicit realisations of the former mechanism, see Refs. [11, 45, 46]. If the U(1)F is local,

the theory will include a Z
0 gauge boson with mass

mZ0 =
p
2 gF h�i = gF v� , (3.1)

where gF is the U(1)F gauge coupling. Throughout the paper, we assume the kinetic

mixing between the U(1)F and the hypercharge gauge bosons to be negligible. Hence, the

couplings of this flavoured Z
0 to the SM fields are only controlled by the FN charges and

gF . Given the pattern of charges needed to reproduce the observed Yukawas (shown in the

previous section), the Z 0 will preferably couple to lighter generations. Specifically, we have

the following Z
0 interactions with quark and lepton fields before EW symmetry breaking:

L = gF Z
0
µ

⇥
ui�

µ(QQi
PL +Qui

PR)ui + di�
µ(QQi

PL +Qdi
PR)di+

`i�
µ(QLi

PL +Qei
PR)`i + ⌫̄i�

µ
QLi

PL⌫i

⇤
. (3.2)

After EW symmetry breaking, we rotate the fields from the interaction basis to the mass

basis by means of the matrices in Eq. (2.5) thus obtaining:

L = gF Z
0
µ

h
u↵�

µ(Cu

L↵�
PL + C

u

R↵�
PR)u� + d↵�

µ(Cd

L↵�
PL + C

d

R↵�
PR)d� +

`↵�
µ(C`

L↵�
PL + C

`

R↵�
PR)`� + ⌫̄↵�

µ
C

⌫

L↵�
PL⌫�

i
, (3.3)

where the (hermitian) coupling matrices read:

C
f

L↵�
⌘ V

f

↵i
QfLi

V
f ⇤
�i

, C
f

R↵�
⌘ W

f

↵i
QfRi

W
f ⇤
�i

. (3.4)

5Note that the flavon coupling to tt̄ vanishes in the interaction basis, since QQ3 = Qu3 = 0. Therefore,

it is suppressed by a t-c rotation in the mass eigenstate basis.
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How light can the flavour dynamics be?

Lorenzo Calibbi (ITP)Flavour Models and Dark Matter

Low-energy flavour models

• Local flavour symmetry       flavour gauge bosons, e.g. abelian Z' : 

• FV couplings to fermions (different generations have different charges) 

• FCNC also arise at tree-level, e.g.: 

• Additional contributions arise from the messenger sector 

 

→ both fields decay into SM fermions and are produced in the early 
universe by thermal interactions (O(1) couplings with the fields at Λ)

→ we have to require their lifetime < 0.1 s in order not to affect BBN

Given the moderate value of the reactor angle, ✓e3 ⇡ 0.1 [36], good fits to the neutrino

oscillation data can also be obtained in presence of mildly hierarchical charges at the price

of rather large values of ✏` ⇡ 0.3� 0.4 [37, 38]:

(QL1 , QL2 , QL3) = (QL + 1, QL, QL) [µ⌧ Anarchy] , (2.20)

(QL1 , QL2 , QL3) = (QL + 2, QL + 1, QL) [Hierarchy] . (2.21)

Again, the observed mass hierarchy of charged leptons can be achieved with a suitable

choice of Qei
. However, note that, in these last two cases, quite large values of the charges

may be needed to obtain the required suppression. Furthermore, in these scenarios the

Z
0 unavoidably couples at least to some LH leptons and in particular to neutrinos, which

makes its phenomenology more dependent on the details of the neutrino sector (including

unknown properties thereof, such as the absolute neutrino mass). For these reasons, we

will consider the anarchical charge assignment in Eqs. (2.18) and (2.19) as our benchmark

scenario for numerical considerations.

2.3 Flavon interactions and decays

Let us write the phase and the radial excitation of the flavon field � as

� =
v� + '
p
2

e
i a/v� , (2.22)

where we defined v� such that h�i ⌘ v�/
p
2. For a local U(1)F , the would-be Nambu-

Goldstone boson a provides the longitudinal component for the FN gauge boson Z
0.4 After

U(1)F breaking, following from the quartic self-coupling V (�) �
��

4 |�|
4, the radial mode

' (which we name “flavon”, after the field � itself) acquires a mass

m
2
' =

1

2
��v

2
�
. (2.23)

Therefore, for perturbative values of the self-interaction, the flavon mass is at most of

the order of the FN-breaking scale (which, as we will see, flavour processes constrain to be

at least above 106 � 107 GeV) and can only be much smaller than that scale if �� ⌧ 1.

Owing to the e↵ective operators in Eq. (2.1), the flavon couples to SM fermions as

follows:

�L = n
f

ij

m
f

ij

v�
f iPRfj '+ h.c. , (2.24)

where f = u, d, ` and the mass matrices mf = Y
f
v/

p
2. Note that, as a consequence of the

dependence on the exponents nf

ij
, these interactions are by construction flavour-violating,

4In the global case, the Nambu-Goldstone boson of a spontaneously broken flavour symmetry is usually

called “familon” [39–44]. In the case of a FN U(1)F with colour anomaly, the field a has also been dubbed

“flaxion” or “axiflavon”, because it automatically provides a solution to the strong CP problem, behaving

like a QCD axion [9, 10].
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Neglecting loop-induced couplings to SM gauge bosons, which also stem from the scale-

suppressed interactions with fermions discussed above, the total decay width of a heavy

flavon is then given by

�' = �(' ! Z
0
Z

0)+
X

↵,�

⇥
�(' ! u↵u�) + �(' ! d↵d�) + �(' ! `↵`�)

⇤
+

X

↵,�

⇥
�(' ! u↵u�h) + �(' ! d↵d�h) + �(' ! `↵`�h)

⇤
. (2.32)

In practice, if the decay mode ' ! Z
0
Z

0 is not open, the flavon will mostly decay to the

heaviest flavours that are kinematically accessible, in particular ' ! tc(h) and ' ! bb̄(h).5

This is a consequence of the hierarchy of the interactions in Eq. (2.24), which follows the

hierarchy of the SM Yukawas.

3 The Froggatt-Nielsen Z 0

Henceforth, we focus on a model with a local flavour symmetry. Note that the above

benchmark charge assignments are anomalous. Nevertheless, gauge anomalies could be

taken care of by the model’s UV completion or within a dark sector of the theory. For

explicit realisations of the former mechanism, see Refs. [11, 45, 46]. If the U(1)F is local,

the theory will include a Z
0 gauge boson with mass

mZ0 =
p
2 gF h�i = gF v� , (3.1)

where gF is the U(1)F gauge coupling. Throughout the paper, we assume the kinetic

mixing between the U(1)F and the hypercharge gauge bosons to be negligible. Hence, the

couplings of this flavoured Z
0 to the SM fields are only controlled by the FN charges and

gF . Given the pattern of charges needed to reproduce the observed Yukawas (shown in the

previous section), the Z 0 will preferably couple to lighter generations. Specifically, we have

the following Z
0 interactions with quark and lepton fields before EW symmetry breaking:

L = gF Z
0
µ

⇥
ui�

µ(QQi
PL +Qui

PR)ui + di�
µ(QQi

PL +Qdi
PR)di+

`i�
µ(QLi

PL +Qei
PR)`i + ⌫̄i�

µ
QLi

PL⌫i

⇤
. (3.2)

After EW symmetry breaking, we rotate the fields from the interaction basis to the mass

basis by means of the matrices in Eq. (2.5) thus obtaining:

L = gF Z
0
µ

h
u↵�

µ(Cu

L↵�
PL + C

u

R↵�
PR)u� + d↵�

µ(Cd

L↵�
PL + C

d

R↵�
PR)d� +

`↵�
µ(C`

L↵�
PL + C

`

R↵�
PR)`� + ⌫̄↵�

µ
C

⌫

L↵�
PL⌫�

i
, (3.3)

where the (hermitian) coupling matrices read:

C
f

L↵�
⌘ V

f

↵i
QfLi

V
f ⇤
�i

, C
f

R↵�
⌘ W

f

↵i
QfRi

W
f ⇤
�i

. (3.4)

5Note that the flavon coupling to tt̄ vanishes in the interaction basis, since QQ3 = Qu3 = 0. Therefore,

it is suppressed by a t-c rotation in the mass eigenstate basis.

– 9 –

Neglecting loop-induced couplings to SM gauge bosons, which also stem from the scale-

suppressed interactions with fermions discussed above, the total decay width of a heavy

flavon is then given by

�' = �(' ! Z
0
Z

0)+
X

↵,�

⇥
�(' ! u↵u�) + �(' ! d↵d�) + �(' ! `↵`�)

⇤
+

X

↵,�

⇥
�(' ! u↵u�h) + �(' ! d↵d�h) + �(' ! `↵`�h)

⇤
. (2.32)
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the theory will include a Z
0 gauge boson with mass
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2 gF h�i = gF v� , (3.1)

where gF is the U(1)F gauge coupling. Throughout the paper, we assume the kinetic

mixing between the U(1)F and the hypercharge gauge bosons to be negligible. Hence, the
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0 to the SM fields are only controlled by the FN charges and

gF . Given the pattern of charges needed to reproduce the observed Yukawas (shown in the
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the following Z
0 interactions with quark and lepton fields before EW symmetry breaking:
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basis by means of the matrices in Eq. (2.5) thus obtaining:
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5Note that the flavon coupling to tt̄ vanishes in the interaction basis, since QQ3 = Qu3 = 0. Therefore,

it is suppressed by a t-c rotation in the mass eigenstate basis.

– 9 –

Smolkovič Tammaro Zupan '19

Interactions of the new gauge boson Z’ flavour-violating by construction:

unitary rotations 

to the fermion mass basis

matrices of 

U(1) charges

new U(1) gauge

coupling

In terms of couplings to vector and axial currents, we can then write:

L = gF Z
0
µ

h
f↵�

µ(Cf

V ↵�
+ C

f

A↵�
�5)f�

i
, C

f

V,A
=

C
f

R
± C

f

L

2
. (3.5)

As we can see from Eq. (3.3), flavour-violating Z
0 couplings are typically induced be-

cause di↵erent flavours carry di↵erent U(1)F charges. In fact, because of the unitarity of

the rotation matrices, flavour-violating couplings are proportional to the di↵erence of the

charges of the fermions involved. As a consequence, our Z
0 generally mediates flavour-

changing-neutral-current (FCNC) and lepton-flavour-violating (LFV) processes such as

K � K̄ oscillations, µ ! eee, etc. If Z 0 is light enough (which may occur for gF ⌧ 1),

one should also consider constraints from decays of mesons and leptons into Z
0, such as

K ! ⇡Z
0 and µ ! eZ

0. The resulting flavour bounds are discussed in the next section.

In terms of the couplings defined in Eq. (3.5), the kinematically allowed decay widths

of the Z
0 decaying into fermions read [47]:

�(Z 0
! f↵f�) =

N
f
c g

2
F
mZ0

12⇡

s

1� 2
m

2
f↵

m
2
Z0

� 2
m

2
f�

m
2
Z0

⇥ (3.6)

" 
1�

m
2
f↵

+m
2
f�

2m2
Z0

!⇣
|C

f

V ↵�
|
2 + |C

f

A↵�
|
2
⌘
+ 3

mf↵
mf�

m
2
Z0

⇣
|C

f

V ↵�
|
2
� |C

f

A↵�
|
2
⌘#

,

where the colour factor is Nu,d
c = 3, N `,⌫

c = 1. In particular, the flavour-conserving decay

widths take the form:

�(Z 0
! f↵f↵) =

N
f
c g

2
F
mZ0

12⇡

s

1� 4
m

2
f↵

m
2
Z0

✓
1 + 2

m
2
f↵

m
2
Z0

◆
|C

f

V ↵↵
|
2 +

✓
1� 4

m
2
f↵

m
2
Z0

!
|C

f

A↵↵
|
2

�
.

(3.7)

For a heavy Z
0, the total decay width is then just given by 6

�Z0 =
X

↵,�

⇥
�(Z 0

! u↵u�) + �(Z 0
! d↵d�) + �(Z 0

! `↵`�) + �(Z 0
! ⌫↵⌫�)

⇤
. (3.8)

For simplicity, when considering a light Z 0, we still estimate its lifetime based on the above

perturbative processes, neglecting hadronization and just eliminating the contributions

below threshold. For what concerns light quarks, no contribution from decays into up and

down (strange) quarks is included for mZ0 below the pion (kaon) kinematic threshold.

4 Flavour constraints

In this section, we focus on the most relevant constraints from low-energy processes on FN

models, which are due to the flavour-violating interactions of the FN gauge boson. In prin-

ciple, the flavon ' can also mediate flavour-changing processes. However, its contributions

6A coupling of the Z0 with photons is induced via fermion loops. However, according to the Landau-

Yang theorem [48, 49], a vector boson cannot decay into two photons, which leaves Z0 ! ��� as the leading

Z0 decay into photons. This mode is highly suppressed and only relevant if Z0 is lighter than any fermion

pair it couples to [50] – in our case, mZ0 < 2m⌫1 , or mZ0 < 2me for models featuring no interaction with

neutrinos, that is, QLi = 0.
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Flavour-violating FN Z’

Z’ mediates flavour-violating processes and, 

if light, mesons and leptons can decay into it, e.g.:

`+

a

⌧�

Z

⌧+

b s

u u

`+

`�

⇡̂

B+ K+

Figure 40: Illustrative Feynman diagrams of light BSM states produced via their couplings

with the flavor sector, including the light dark pion ⇡̂ and the ALP a. LEFT: Illustrative

Feynman diagrams for the ALP production in Z ! ⌧�⌧+ events via lepton flavor violating

couplings. RIGHT: B+ ! K+⇡̂(! µ+µ�). The flavor-changing interaction between the

SM quarks and ⇡̂ can arise either at the tree level or through an EW loop.

as the dark pion ⇡̂ [343], etc. As a paradigmatic example, let us consider an ALP a that

couples with the SM fermions via the dimension-5 operators

L � @µa

2fa

�
cA
ff 0 f̄�µ�5f 0 + cV

ff 0 f̄�µf 0
�
, (11.1)

where f and f 0 are SM fermions, cA,V

ff 0 are dimensionless couplings, (with the vector ones

cV
ff

being unphysical if f = f 0), and fa is the ALP decay constant that can be regarded

as a measure of the NP energy scale. These light BSM states could thus be explored

in flavor-physics experiments if they are radiated from initial or final state particles, or

they are produced in lepton/quark decays. Interestingly, the production in the latter case

does not conserve lepton flavor and the sensitivity to UV scales is parametrically enhanced

by the narrow width of the SM fermions. Owing to their feebly-interacting nature, (so

as for them to remain undetected so far), the produced BSM particles tend to be long-

lived. They are often subject to displaced decays or they contribute to missing energy

directly. Both kinematic features being used as collider signatures of light BSM particles

have been widely studied. Note that the heavy-flavored particles in the SM are also long-

lived; to enable their identification, detectors have often been designed for reconstructing

the tracking/vertexing information with high quality. Even if the light BSM particle in

question is invisible, the techniques for reconstructing the missing energy at the Z pole

can facilitate the reconstruction of its invariant mass. Therefore, the exploration of light

BSM states in this context is naturally expected. Below, let us consider the detection of

light BSM states which are produced via the decays of heavy-flavored leptons and quarks,

using the ALP and dark pion as respective examples.

11.1 Lepton Sector

As discussed in Sections 3, 4, and 7, the CEPC has a strong potential for carrying out ⌧ -

related searches, due to the excellent performance of its tracker. A prominent example is the

LFV decay ⌧ ! `a (see the left panel of Figure 40) with the ALP a being invisible [344]. The
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Figure 40: Illustrative Feynman diagrams of light BSM states produced via their couplings

with the flavor sector, including the light dark pion ⇡̂ and the ALP a. LEFT: Illustrative

Feynman diagrams for the ALP production in Z ! ⌧�⌧+ events via lepton flavor violating

couplings. RIGHT: B+ ! K+⇡̂(! µ+µ�). The flavor-changing interaction between the

SM quarks and ⇡̂ can arise either at the tree level or through an EW loop.

as the dark pion ⇡̂ [343], etc. As a paradigmatic example, let us consider an ALP a that

couples with the SM fermions via the dimension-5 operators

L � @µa

2fa

�
cA
ff 0 f̄�µ�5f 0 + cV

ff 0 f̄�µf 0
�
, (11.1)

where f and f 0 are SM fermions, cA,V

ff 0 are dimensionless couplings, (with the vector ones

cV
ff

being unphysical if f = f 0), and fa is the ALP decay constant that can be regarded

as a measure of the NP energy scale. These light BSM states could thus be explored

in flavor-physics experiments if they are radiated from initial or final state particles, or

they are produced in lepton/quark decays. Interestingly, the production in the latter case

does not conserve lepton flavor and the sensitivity to UV scales is parametrically enhanced

by the narrow width of the SM fermions. Owing to their feebly-interacting nature, (so

as for them to remain undetected so far), the produced BSM particles tend to be long-

lived. They are often subject to displaced decays or they contribute to missing energy

directly. Both kinematic features being used as collider signatures of light BSM particles

have been widely studied. Note that the heavy-flavored particles in the SM are also long-

lived; to enable their identification, detectors have often been designed for reconstructing

the tracking/vertexing information with high quality. Even if the light BSM particle in

question is invisible, the techniques for reconstructing the missing energy at the Z pole

can facilitate the reconstruction of its invariant mass. Therefore, the exploration of light

BSM states in this context is naturally expected. Below, let us consider the detection of

light BSM states which are produced via the decays of heavy-flavored leptons and quarks,

using the ALP and dark pion as respective examples.

11.1 Lepton Sector

As discussed in Sections 3, 4, and 7, the CEPC has a strong potential for carrying out ⌧ -

related searches, due to the excellent performance of its tracker. A prominent example is the

LFV decay ⌧ ! `a (see the left panel of Figure 40) with the ALP a being invisible [344]. The
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couplings.RIGHT:B+!K+⇡̂(!µ+µ�).Theflavor-changinginteractionbetweenthe

SMquarksand⇡̂canariseeitheratthetreelevelorthroughanEWloop.
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theyareproducedinlepton/quarkdecays.Interestingly,theproductioninthelattercase
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bythenarrowwidthoftheSMfermions.Owingtotheirfeebly-interactingnature,(so
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lived.Theyareoftensubjecttodisplaceddecaysortheycontributetomissingenergy
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havebeenwidelystudied.Notethattheheavy-flavoredparticlesintheSMarealsolong-

lived;toenabletheiridentification,detectorshaveoftenbeendesignedforreconstructing

thetracking/vertexinginformationwithhighquality.EvenifthelightBSMparticlein

questionisinvisible,thetechniquesforreconstructingthemissingenergyattheZpole

canfacilitatethereconstructionofitsinvariantmass.Therefore,theexplorationoflight

BSMstatesinthiscontextisnaturallyexpected.Below,letusconsiderthedetectionof

lightBSMstateswhichareproducedviathedecaysofheavy-flavoredleptonsandquarks,

usingtheALPanddarkpionasrespectiveexamples.

11.1LeptonSector

AsdiscussedinSections3,4,and7,theCEPChasastrongpotentialforcarryingout⌧-
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Figure 40: Illustrative Feynman diagrams of light BSM states produced via their couplings

with the flavor sector, including the light dark pion ⇡̂ and the ALP a. LEFT: Illustrative

Feynman diagrams for the ALP production in Z ! ⌧�⌧+ events via lepton flavor violating

couplings. RIGHT: B+ ! K+⇡̂(! µ+µ�). The flavor-changing interaction between the

SM quarks and ⇡̂ can arise either at the tree level or through an EW loop.

as the dark pion ⇡̂ [343], etc. As a paradigmatic example, let us consider an ALP a that

couples with the SM fermions via the dimension-5 operators

L � @µa

2fa
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cA
ff 0 f̄�µ�5f 0 + cV

ff 0 f̄�µf 0
�
, (11.1)

where f and f 0 are SM fermions, cA,V

ff 0 are dimensionless couplings, (with the vector ones

cV
ff

being unphysical if f = f 0), and fa is the ALP decay constant that can be regarded

as a measure of the NP energy scale. These light BSM states could thus be explored

in flavor-physics experiments if they are radiated from initial or final state particles, or

they are produced in lepton/quark decays. Interestingly, the production in the latter case

does not conserve lepton flavor and the sensitivity to UV scales is parametrically enhanced

by the narrow width of the SM fermions. Owing to their feebly-interacting nature, (so

as for them to remain undetected so far), the produced BSM particles tend to be long-

lived. They are often subject to displaced decays or they contribute to missing energy

directly. Both kinematic features being used as collider signatures of light BSM particles

have been widely studied. Note that the heavy-flavored particles in the SM are also long-

lived; to enable their identification, detectors have often been designed for reconstructing

the tracking/vertexing information with high quality. Even if the light BSM particle in

question is invisible, the techniques for reconstructing the missing energy at the Z pole

can facilitate the reconstruction of its invariant mass. Therefore, the exploration of light

BSM states in this context is naturally expected. Below, let us consider the detection of

light BSM states which are produced via the decays of heavy-flavored leptons and quarks,

using the ALP and dark pion as respective examples.

11.1 Lepton Sector

As discussed in Sections 3, 4, and 7, the CEPC has a strong potential for carrying out ⌧ -

related searches, due to the excellent performance of its tracker. A prominent example is the

LFV decay ⌧ ! `a (see the left panel of Figure 40) with the ALP a being invisible [344]. The
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How light can the flavour dynamics be?

Lorenzo Calibbi (ITP)Flavour Models and Dark Matter

Low-energy flavour models

• Local flavour symmetry       flavour gauge bosons, e.g. abelian Z' : 

• FV couplings to fermions (different generations have different charges) 

• FCNC also arise at tree-level, e.g.: 

• Additional contributions arise from the messenger sector 
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How light can the flavour dynamics be?

Lorenzo Calibbi (ITP)Flavour Models and Dark Matter

Low-energy flavour models

• Local flavour symmetry       flavour gauge bosons, e.g. abelian Z' : 

• FV couplings to fermions (different generations have different charges) 

• FCNC also arise at tree-level, e.g.: 

• Additional contributions arise from the messenger sector 
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Flavour non-universal local U(1) symmetry generating the hierarchies of 
fermion masses and mixing through the Froggatt-Nielsen mechanism

Neglecting loop-induced couplings to SM gauge bosons, which also stem from the scale-

suppressed interactions with fermions discussed above, the total decay width of a heavy

flavon is then given by

�' = �(' ! Z
0
Z

0)+
X

↵,�

⇥
�(' ! u↵u�) + �(' ! d↵d�) + �(' ! `↵`�)

⇤
+

X

↵,�

⇥
�(' ! u↵u�h) + �(' ! d↵d�h) + �(' ! `↵`�h)

⇤
. (2.32)

In practice, if the decay mode ' ! Z
0
Z

0 is not open, the flavon will mostly decay to the

heaviest flavours that are kinematically accessible, in particular ' ! tc(h) and ' ! bb̄(h).5

This is a consequence of the hierarchy of the interactions in Eq. (2.24), which follows the

hierarchy of the SM Yukawas.

3 The Froggatt-Nielsen Z 0

Henceforth, we focus on a model with a local flavour symmetry. Note that the above

benchmark charge assignments are anomalous. Nevertheless, gauge anomalies could be

taken care of by the model’s UV completion or within a dark sector of the theory. For

explicit realisations of the former mechanism, see Refs. [11, 45, 46]. If the U(1)F is local,

the theory will include a Z
0 gauge boson with mass

mZ0 =
p
2 gF h�i = gF v� , (3.1)

where gF is the U(1)F gauge coupling. Throughout the paper, we assume the kinetic

mixing between the U(1)F and the hypercharge gauge bosons to be negligible. Hence, the

couplings of this flavoured Z
0 to the SM fields are only controlled by the FN charges and

gF . Given the pattern of charges needed to reproduce the observed Yukawas (shown in the

previous section), the Z 0 will preferably couple to lighter generations. Specifically, we have

the following Z
0 interactions with quark and lepton fields before EW symmetry breaking:

L = gF Z
0
µ

⇥
ui�

µ(QQi
PL +Qui

PR)ui + di�
µ(QQi

PL +Qdi
PR)di+

`i�
µ(QLi

PL +Qei
PR)`i + ⌫̄i�

µ
QLi

PL⌫i

⇤
. (3.2)

After EW symmetry breaking, we rotate the fields from the interaction basis to the mass

basis by means of the matrices in Eq. (2.5) thus obtaining:

L = gF Z
0
µ

h
u↵�

µ(Cu

L↵�
PL + C

u

R↵�
PR)u� + d↵�

µ(Cd

L↵�
PL + C

d

R↵�
PR)d� +

`↵�
µ(C`

L↵�
PL + C

`

R↵�
PR)`� + ⌫̄↵�

µ
C

⌫

L↵�
PL⌫�

i
, (3.3)

where the (hermitian) coupling matrices read:

C
f

L↵�
⌘ V

f

↵i
QfLi

V
f ⇤
�i

, C
f

R↵�
⌘ W

f

↵i
QfRi

W
f ⇤
�i

. (3.4)

5Note that the flavon coupling to tt̄ vanishes in the interaction basis, since QQ3 = Qu3 = 0. Therefore,

it is suppressed by a t-c rotation in the mass eigenstate basis.
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In practice, if the decay mode ' ! Z
0
Z

0 is not open, the flavon will mostly decay to the

heaviest flavours that are kinematically accessible, in particular ' ! tc(h) and ' ! bb̄(h).5

This is a consequence of the hierarchy of the interactions in Eq. (2.24), which follows the

hierarchy of the SM Yukawas.

3 The Froggatt-Nielsen Z 0

Henceforth, we focus on a model with a local flavour symmetry. Note that the above

benchmark charge assignments are anomalous. Nevertheless, gauge anomalies could be

taken care of by the model’s UV completion or within a dark sector of the theory. For

explicit realisations of the former mechanism, see Refs. [11, 45, 46]. If the U(1)F is local,

the theory will include a Z
0 gauge boson with mass

mZ0 =
p
2 gF h�i = gF v� , (3.1)

where gF is the U(1)F gauge coupling. Throughout the paper, we assume the kinetic

mixing between the U(1)F and the hypercharge gauge bosons to be negligible. Hence, the

couplings of this flavoured Z
0 to the SM fields are only controlled by the FN charges and

gF . Given the pattern of charges needed to reproduce the observed Yukawas (shown in the

previous section), the Z 0 will preferably couple to lighter generations. Specifically, we have

the following Z
0 interactions with quark and lepton fields before EW symmetry breaking:
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µ

⇥
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PL +Qui
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µ(QQi

PL +Qdi
PR)di+
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µ(QLi

PL +Qei
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µ
QLi

PL⌫i

⇤
. (3.2)

After EW symmetry breaking, we rotate the fields from the interaction basis to the mass

basis by means of the matrices in Eq. (2.5) thus obtaining:

L = gF Z
0
µ

h
u↵�

µ(Cu

L↵�
PL + C

u

R↵�
PR)u� + d↵�

µ(Cd

L↵�
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`
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µ
C

⌫

L↵�
PL⌫�

i
, (3.3)

where the (hermitian) coupling matrices read:

C
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5Note that the flavon coupling to tt̄ vanishes in the interaction basis, since QQ3 = Qu3 = 0. Therefore,

it is suppressed by a t-c rotation in the mass eigenstate basis.
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Neglecting loop-induced couplings to SM gauge bosons, which also stem from the scale-

suppressed interactions with fermions discussed above, the total decay width of a heavy

flavon is then given by

�' = �(' ! Z
0
Z

0)+
X

↵,�

⇥
�(' ! u↵u�) + �(' ! d↵d�) + �(' ! `↵`�)

⇤
+
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⇤
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In practice, if the decay mode ' ! Z
0
Z

0 is not open, the flavon will mostly decay to the

heaviest flavours that are kinematically accessible, in particular ' ! tc(h) and ' ! bb̄(h).5

This is a consequence of the hierarchy of the interactions in Eq. (2.24), which follows the

hierarchy of the SM Yukawas.

3 The Froggatt-Nielsen Z 0

Henceforth, we focus on a model with a local flavour symmetry. Note that the above

benchmark charge assignments are anomalous. Nevertheless, gauge anomalies could be

taken care of by the model’s UV completion or within a dark sector of the theory. For

explicit realisations of the former mechanism, see Refs. [11, 45, 46]. If the U(1)F is local,

the theory will include a Z
0 gauge boson with mass

mZ0 =
p
2 gF h�i = gF v� , (3.1)

where gF is the U(1)F gauge coupling. Throughout the paper, we assume the kinetic

mixing between the U(1)F and the hypercharge gauge bosons to be negligible. Hence, the

couplings of this flavoured Z
0 to the SM fields are only controlled by the FN charges and

gF . Given the pattern of charges needed to reproduce the observed Yukawas (shown in the

previous section), the Z 0 will preferably couple to lighter generations. Specifically, we have

the following Z
0 interactions with quark and lepton fields before EW symmetry breaking:

L = gF Z
0
µ

⇥
ui�

µ(QQi
PL +Qui

PR)ui + di�
µ(QQi

PL +Qdi
PR)di+

`i�
µ(QLi

PL +Qei
PR)`i + ⌫̄i�

µ
QLi

PL⌫i

⇤
. (3.2)

After EW symmetry breaking, we rotate the fields from the interaction basis to the mass

basis by means of the matrices in Eq. (2.5) thus obtaining:

L = gF Z
0
µ

h
u↵�

µ(Cu

L↵�
PL + C
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R↵�
PR)u� + d↵�

µ(Cd

L↵�
PL + C
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PR)d� +
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PL + C
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µ
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⌫
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PL⌫�
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, (3.3)

where the (hermitian) coupling matrices read:

C
f

L↵�
⌘ V

f

↵i
QfLi

V
f ⇤
�i

, C
f

R↵�
⌘ W

f

↵i
QfRi

W
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5Note that the flavon coupling to tt̄ vanishes in the interaction basis, since QQ3 = Qu3 = 0. Therefore,

it is suppressed by a t-c rotation in the mass eigenstate basis.
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Interactions of the new gauge boson Z’ flavour-violating by construction:

unitary rotations 

to the fermion mass basis

matrices of 

U(1) charges

new U(1) gauge

coupling

Similarly, the branching ratio of the leptonic decays `↵ ! `�Z
0 reads [11, 61, 62] (under

the approximation m`�
⌧ m`↵

):

BR(`↵ ! `�Z
0) =

g
2
F

16⇡ �`↵

m
3
`↵

m
2
Z0

⇣
|C

`

V ↵�
|
2 + |C

`

A↵�
|
2
⌘ 

1 + 2
m

2
Z0

m
2
`↵

! 
1�

m
2
Z0

m
2
`↵

!2

, (4.11)

where for the total lepton widths we use �µ ' m
5
µG

2
F
/(192⇡3), �⌧ ' 2.3⇥ 10�12 GeV [58].

The axial/vector couplings are defined in Eq. (3.5). Using again the charge assignment

in Eq. (2.19) with QL = 0, i.e., a Z
0 with purely RH couplings, we get C

`

V µe
= C

`

Aµe
⇡

(Qe1 �Qe2)W
e

21/2 ⇡ ✏
2
`
⇡ ✏

4.

The relevant experimental searches depend on the Z
0 lifetime. For a given value of

mZ0 , depending on the coupling gF , Z 0 may indeed either decay into lepton pairs inside the

detector or be long-lived enough to escape it, thus giving rise to a missing energy signature.

In the latter case, one can compare the above rates with the limits from searches for an

invisible boson X in kaon decays at NA62 [63] and in B decays at B-factory experiments

(as recast in Ref. [52] from searches for B ! K⌫⌫̄): for mX ⌧ mK/B, these limits are

respectively BR(K+
! ⇡

+
X) < 5⇥ 10�11, BR(B+

! K
+
X) < 7.1⇥ 10�6.

In the lepton sector, limits on ⌧ ! `X have been recently published by Belle II [64]

which, in the light X limit, read BR(⌧ ! eX) < 8.5 ⇥ 10�4, BR(⌧ ! µX) < 6 ⇥ 10�4.

For what concerns the muon decay, since the relevant experimental searches used polarised

beams, the limit on BR(µ ! eX) depends on the angular distribution of the signal, ranging

from 5.8⇥ 10�5 for a (practically) massless boson coupling mainly to LH leptons (thus to

a V �A current) to 2.5⇥ 10�6 if the couplings to RH leptons (hence to a V +A current)

dominate [65, 66], like in our benchmark scenario. For what concerns heavier bosons, the

dependence on mX is mild in the V +A case and the average upper bound is 6⇥10�6 [67],

which is the limit that we employ in the following.

For definiteness, we apply the above limits to the portion of the parameter space where

the Z 0 decay length c⌧Z0 > 1 m, given the typical size of the experimental apparatuses, with

the exception of NA62 for which we take c⌧Z0 > 100 m, where ⌧Z0 = 1/�Z0 and the total Z 0

width is calculated considering the kinematically open decay modes in Eq. (3.8). For larger

values of gF , the lifetime becomes shorter, such that the Z
0 would decay into lepton pairs

inside the detector. In such a case, we can then impose constraints fromK ! ⇡``, B ! ⇡``,

µ ! eee, ⌧ ! µ``, where `` = e
+
e
�
/µ

+
µ
�.9 Lepton decays into Z

0 are thus constrained by

the above mentioned limit on µ
+
! e

+
e
+
e
� and by searches for LFV 3-body ⌧ decays at B

factories, which set limits in the O(10�8) range [58]. For what concerns the meson decays,

in view of the di�culties that a↵ect the SM predictions (owing to long-distance e↵ects)

and/or some mild discrepancies with the data (in the case of the B decays), we adopt for

concreteness the conservative limits BR(K ! ⇡``) < 10�7
, BR(B ! K``) < 10�7, which

correspond to the order of magnitude of the measured branching fractions [58].

The impact of these constraints on the parameter space featuring a light Z
0 is sum-

marised in Figure 1 separately for meson (left plot) and lepton (right plot) processes.

9Our benchmark charge assignment yields BR(Z0 ! µe) . 10�7 for the Z0 LFV decay, which is too

suppressed to give rise to relevant constraints from e.g. searches for K ! ⇡eµ or B ! Keµ.
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In terms of couplings to vector and axial currents, we can then write:

L = gF Z
0
µ

h
f↵�

µ(Cf

V ↵�
+ C

f

A↵�
�5)f�

i
, C

f

V,A
=

C
f

R
± C

f

L

2
. (3.5)

As we can see from Eq. (3.3), flavour-violating Z
0 couplings are typically induced be-

cause di↵erent flavours carry di↵erent U(1)F charges. In fact, because of the unitarity of

the rotation matrices, flavour-violating couplings are proportional to the di↵erence of the

charges of the fermions involved. As a consequence, our Z
0 generally mediates flavour-

changing-neutral-current (FCNC) and lepton-flavour-violating (LFV) processes such as

K � K̄ oscillations, µ ! eee, etc. If Z 0 is light enough (which may occur for gF ⌧ 1),

one should also consider constraints from decays of mesons and leptons into Z
0, such as

K ! ⇡Z
0 and µ ! eZ

0. The resulting flavour bounds are discussed in the next section.

In terms of the couplings defined in Eq. (3.5), the kinematically allowed decay widths

of the Z
0 decaying into fermions read [47]:

�(Z 0
! f↵f�) =

N
f
c g

2
F
mZ0

12⇡

s

1� 2
m

2
f↵

m
2
Z0

� 2
m

2
f�

m
2
Z0

⇥ (3.6)

" 
1�

m
2
f↵

+m
2
f�

2m2
Z0

!⇣
|C

f

V ↵�
|
2 + |C

f

A↵�
|
2
⌘
+ 3

mf↵
mf�

m
2
Z0

⇣
|C

f

V ↵�
|
2
� |C

f

A↵�
|
2
⌘#

,

where the colour factor is Nu,d
c = 3, N `,⌫

c = 1. In particular, the flavour-conserving decay

widths take the form:

�(Z 0
! f↵f↵) =

N
f
c g

2
F
mZ0

12⇡

s

1� 4
m

2
f↵

m
2
Z0

✓
1 + 2

m
2
f↵

m
2
Z0

◆
|C

f

V ↵↵
|
2 +

✓
1� 4

m
2
f↵

m
2
Z0

!
|C

f

A↵↵
|
2

�
.

(3.7)

For a heavy Z
0, the total decay width is then just given by 6

�Z0 =
X

↵,�

⇥
�(Z 0

! u↵u�) + �(Z 0
! d↵d�) + �(Z 0

! `↵`�) + �(Z 0
! ⌫↵⌫�)

⇤
. (3.8)

For simplicity, when considering a light Z 0, we still estimate its lifetime based on the above

perturbative processes, neglecting hadronization and just eliminating the contributions

below threshold. For what concerns light quarks, no contribution from decays into up and

down (strange) quarks is included for mZ0 below the pion (kaon) kinematic threshold.

4 Flavour constraints

In this section, we focus on the most relevant constraints from low-energy processes on FN

models, which are due to the flavour-violating interactions of the FN gauge boson. In prin-

ciple, the flavon ' can also mediate flavour-changing processes. However, its contributions

6A coupling of the Z0 with photons is induced via fermion loops. However, according to the Landau-

Yang theorem [48, 49], a vector boson cannot decay into two photons, which leaves Z0 ! ��� as the leading

Z0 decay into photons. This mode is highly suppressed and only relevant if Z0 is lighter than any fermion

pair it couples to [50] – in our case, mZ0 < 2m⌫1 , or mZ0 < 2me for models featuring no interaction with

neutrinos, that is, QLi = 0.
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Flavour-violating FN Z’

past experiments and an increased sensitivity of several orders of magnitude is expected at

upcoming searches [54]. If mZ0 � mµ the e↵ect is described by e↵ective operators of the

following kind:

(µR�
µ
eR)(eR�µeR) :

g
2
F

m
2
Z0
Qe1(Qe1 �Qe2)W

e

21 , (4.5)

(µR�
µ
eR)(q�µq) :

g
2
F

m
2
Z0
Qq(Qe1 �Qe2)W

e

21 , (4.6)

where q = uL,R, dL,R and we do not consider LFV LH current operators as they van-

ish in the purely anarchical case given by Eq. (2.18). For the charge assignment shown

in Eq. (2.19) (with QL = 0) the current limits on LFV operators (see e.g. [54]) from

BR(µ+
! e

+
e
�
e
+) < 10�12 [55] and CR(µ�Au ! e�Au) < 7 ⇥ 10�13 [56] imply the

following constraints on v�:

µ ! eee : mZ0 & 24
h

gF

10�3

i
GeV () v� & 2.4⇥ 104 GeV , (4.7)

µ ! e in N : mZ0 & 89
h

gF

10�3

i
GeV () v� & 8.9⇥ 104 GeV . (4.8)

As we can see, if the same U(1)F symmetry is responsible for the hierarchies in both quark

and lepton sectors, the most stringent limit on the breaking scale v� is set by K � K̄

observables. In the following sections, we will adopt Eq. (4.3) as the limit on v� in the

regime mZ0 > mB, conservatively assuming that a small CPV phase in the 1-2 quark

rotations somewhat suppresses the Z
0 contribution to ✏K .

4.2 Decays into light Z
0

If Z 0 is light – that is, gF ⌧ 1, mZ0 ⌧ h�i – flavour-violating meson or lepton decays into

an on-shell Z 0 itself (such as B ! KZ
0, K ! ⇡Z

0, µ ! eZ
0 etc.) can be kinematically open

and set the strongest constraints on the FN breaking scale.

In the case of the meson decays K+
! ⇡

+
Z

0 and B
+
! K

+
Z

0, we have [11, 57]:

BR(K+
! ⇡

+
Z

0) =
g
2
F

16⇡ �K

m
3
K

m
2
Z0


�

✓
1,

m
2
⇡

m
2
K

,
m

2
Z0

m
2
K

◆� 3
2

[f+(m
2
Z0)]2|Cd

V sd
|
2
, (4.9)

BR(B+
! K

+
Z

0) =
g
2
F

16⇡ �B

m
3
B

m
2
Z0


�

✓
1,

m
2
K

m
2
B

,
m

2
Z0

m
2
B

◆� 3
2

[f+(m
2
Z0)]2|Cd

V bs
|
2
, (4.10)

where the meson widths are �K ' 5.3 ⇥ 10�17 GeV and �B ' 4.0 ⇥ 10�13 GeV [58], the

kinematic factor is defined as �(x, y, z) ⌘ x
2+y

2+z
2
�2(xy+yz+xz), and the form factors

f+ are to be evaluated at q2 = m
2
Z0 .8 For our benchmark charge assignment the couplings

in Eq. (3.5) result |Cd

V sd
| ⇡ (QQ1 �QQ2)V

d

21/2 ⇡ ✏/2, |Cd

V bs
| ⇡ (QQ2 �QQ3)V

d

32/2 ⇡ ✏
2.

8For mZ0 ⌧ mK,B , this results in f+(0) ' 0.97 [59] for s ! d transitions, and f+(0) ' 0.335 [60] for

b ! s.
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Z’ mediates flavour-violating processes and, 

if light, mesons and leptons can decay into it, e.g.:
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Figure 1. Regions of the mZ0 � gF plane excluded by searches for various rare meson (left) and
lepton (right) decays into a light Z 0 (including the o↵-shell Z 0 case). See the main text for details.

Clearly the former supersede the latter if the same U(1)F is responsible for both quark

and lepton hierarchies. We also note that searches for B and ⌧ decays into an invisible

boson have little or no impact because the Z 0 lifetime is too short in the relevant ranges of

mZ0 , where the visible counterparts of these decays set the strongest bounds. As we can

see, invisible and visible decays are complementary in constraining wide ranges of gF for a

given mZ0 , such that their combination yields the following approximate lower bounds on

the U(1)F breaking scale in the relevant mZ0 ranges:

K
+
! ⇡

+
Z

0 : v� & 8.3⇥ 1010 GeV , B
+
! K

+
Z

0 : v� & 3.0⇥ 107 GeV , (4.12)

µ ! eZ
0 : v� & 1.3⇥ 107 GeV , ⌧ ! `Z

0 : v� & 7.6⇥ 105 GeV . (4.13)

5 Cosmic strings and the gravitational-wave background

The previous sections established the model under consideration as well as its implications

in the context of flavour physics. We now shift gears and consider the possibility of cosmic

strings formation within FN flavour models. More specifically, we are interested in assessing

the detectability of the resulting GWB signal from the cosmic strings [68–77] using next-

generation GW detectors. The goal is to identify any complementarity of the regions of

the parameter space attainable with GW detectors and the flavour searches outlined in the

previous sections. We first describe the FN phase transition and the associated formation

of cosmic strings. Subsequently, we investigate the dependence of the string width and its

tension, two of the key quantities that determine the GWB spectrum, on the fundamental

parameters of the model. We then comment on the resulting GWB spectrum induced by

the cosmic strings, and conclude by exploring the cosmic string parameter space to assess

the detectability of such signals with next-generation GW detectors.

5.1 The FN phase transition and the formation of cosmic strings

In the following, we assume that the reheating temperature after inflation is higher than

the FN breaking scale v�, and hence the FN U(1)F symmetry is restored at the highest
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Figure 1. Regions of the mZ0 � gF plane excluded by searches for various rare meson (left) and
lepton (right) decays into a light Z 0 (including the o↵-shell Z 0 case). See the main text for details.
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Neglecting loop-induced couplings to SM gauge bosons, which also stem from the scale-

suppressed interactions with fermions discussed above, the total decay width of a heavy

flavon is then given by

�' = �(' ! Z
0
Z

0)+
X

↵,�

⇥
�(' ! u↵u�) + �(' ! d↵d�) + �(' ! `↵`�)

⇤
+

X

↵,�

⇥
�(' ! u↵u�h) + �(' ! d↵d�h) + �(' ! `↵`�h)

⇤
. (2.32)

In practice, if the decay mode ' ! Z
0
Z

0 is not open, the flavon will mostly decay to the

heaviest flavours that are kinematically accessible, in particular ' ! tc(h) and ' ! bb̄(h).5

This is a consequence of the hierarchy of the interactions in Eq. (2.24), which follows the

hierarchy of the SM Yukawas.

3 The Froggatt-Nielsen Z 0

Henceforth, we focus on a model with a local flavour symmetry. Note that the above

benchmark charge assignments are anomalous. Nevertheless, gauge anomalies could be

taken care of by the model’s UV completion or within a dark sector of the theory. For

explicit realisations of the former mechanism, see Refs. [11, 45, 46]. If the U(1)F is local,

the theory will include a Z
0 gauge boson with mass

mZ0 =
p
2 gF h�i = gF v� , (3.1)

where gF is the U(1)F gauge coupling. Throughout the paper, we assume the kinetic

mixing between the U(1)F and the hypercharge gauge bosons to be negligible. Hence, the

couplings of this flavoured Z
0 to the SM fields are only controlled by the FN charges and

gF . Given the pattern of charges needed to reproduce the observed Yukawas (shown in the

previous section), the Z 0 will preferably couple to lighter generations. Specifically, we have

the following Z
0 interactions with quark and lepton fields before EW symmetry breaking:

L = gF Z
0
µ

⇥
ui�

µ(QQi
PL +Qui

PR)ui + di�
µ(QQi

PL +Qdi
PR)di+

`i�
µ(QLi

PL +Qei
PR)`i + ⌫̄i�

µ
QLi

PL⌫i

⇤
. (3.2)

After EW symmetry breaking, we rotate the fields from the interaction basis to the mass

basis by means of the matrices in Eq. (2.5) thus obtaining:

L = gF Z
0
µ

h
u↵�

µ(Cu

L↵�
PL + C

u

R↵�
PR)u� + d↵�

µ(Cd

L↵�
PL + C

d

R↵�
PR)d� +

`↵�
µ(C`

L↵�
PL + C

`

R↵�
PR)`� + ⌫̄↵�

µ
C

⌫

L↵�
PL⌫�

i
, (3.3)

where the (hermitian) coupling matrices read:

C
f

L↵�
⌘ V

f

↵i
QfLi

V
f ⇤
�i

, C
f

R↵�
⌘ W

f

↵i
QfRi

W
f ⇤
�i

. (3.4)

5Note that the flavon coupling to tt̄ vanishes in the interaction basis, since QQ3 = Qu3 = 0. Therefore,

it is suppressed by a t-c rotation in the mass eigenstate basis.
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Flavour processes set stringent lower bounds on the U(1) breaking scale

<latexit sha1_base64="+ucbcGLdLtYWFYdCFW7a4On+ya0="></latexit>

K � K̄ mix. : v� & 6.5⇥ 105 GeV

see also Smolkovič Tammaro Zupan '19

Meson decays into Z’ Lepton decays into Z’

https://arxiv.org/abs/1907.10063
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temperature attained in the early Universe.

We do not specify the details of the FN phase transition (PT), simply assuming that

at a critical temperature Tc the flavon field � undergoes a second order PT developing a

vev v�. As mentioned, by construction, � has O(1) couplings with the FN messenger fields,

which are charged under the SM gauge symmetries and are thus present in the thermal

bath down to temperatures of the order of their mass, ⇤ ⇠ v�. As a consequence, we

expect that thermal corrections induced by FN messenger loops set the FN PT at Tc ⇠ v�.

Under the above assumptions, at the temperature Tc ⇠ v� the U(1)F symmetry is

broken and gauge strings are formed in the Universe through the Kibble mechanism. The

string network rapidly approaches the scaling regime where O(1) strings per Hubble volume

are present. A gravitational wave background is then generated by the motion and the

contraction of string loops as we will review in the following – see [12] for a review of

cosmic strings.

Besides the presence of the cosmic string network, we would like to comment on the

expected abundance of the FN sector particles. The abundance of the FN messenger fields

drops when T goes below ⇤ ⇠ v�, and then they decay through their mixing with SM fields.

The FN complex scalar is in thermal equilibrium around Tc, due to its sizeable couplings

to the messengers, hence providing at least a thermal abundance of Z 0 and of the flavon '

(the radial mode of �) after the PT. Depending on the gauge coupling, the Z
0 could be in

thermal equilibrium also after Tc. In any case, both Z
0 and the flavon are produced by the

string network and could have a non-negligible abundance in the early Universe. For these

reasons, to be conservative, we will require that both the Z
0 and the flavon ' decay faster

than 0.1 sec to comply with bounds from Big Bang Nucleosynthesis (BBN), see e.g. [78],

computing the lifetimes of these particles as discussed in Sections 2.3 and 3.10

Finally, we checked that the oscillations of the FN scalar around the minimum do not

lead to an early epoch of matter domination – which may result in a dilution of the GWB

signal [80] – within the parameter space we are interested in, see Appendix A for details.

5.2 String profile and its properties

The first aspect to investigate is how the shape of the profile, the tension and the width of

the string vary as functions of the parameters of the model. In this subsection, we hence

review how to obtain the string solution in our scenario, following [12, 81].

We remind the reader that in our U(1)F model, the flavon � obeys the following

Lagrangian:

L = (Dµ
�)⇤Dµ��

1

4
F

0
µ⌫F

0µ⌫
�

1

4
��

�
|�|

2
� ⌘

2
�2

, (5.1)

where Dµ = @µ � igFZ
0
µ, F

0
µ⌫ is the field strength associated with the gauge field Z

0
µ, and

the parameter ⌘ is related to the vev defined in Eq. (2.22) through ⌘ = v�/
p
2. From this

Lagrangian, the following equations of motion can be derived:

DµD
µ
�+

��

2
�
�
��

⇤
� ⌘

2
�
= 0 , @µF

0µ⌫ = 2gF Im (�⇤
D

⌫
�) . (5.2)

10We also refer to Ref. [79] where the cosmology of FN models and, in particular, BBN bounds on

late-time flavon decays are discussed.
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EoM:

Figure 2. Scalar (left) and gauge (right) field profiles, g(r) and ↵(r), respectively, for di↵erent
values of the � parameter, as denoted by the di↵erent colours. Each of the field profiles is given as
a function of the radius in units of the appropriate mass, i.e. the scalar mass m� for the scalar field
profile g(r), and the gauge boson mass mZ0 for the gauge boson profile ↵(r). The vertical, dashed
lines on the left-hand side denote the intersection of each scalar field profile with the 1� 1/e line,
indicating the width of the string.

By adopting the following field and coordinate re-scaling:

� ! ⌘
�1

� , Z
0
µ ! ⌘

�1
Z

0
µ , xµ ! ⌘ gF xµ , (5.3)

the only relevant parameter becomes the squared mass ratio of the flavon and the gauge

boson:

� ⌘
m

2
�

m
2
Z0

=
��

2g2
F

. (5.4)

Subsequently, we look for static, cylindrically-symmetric solutions to the equations of mo-

tion in Eq. (5.2), i.e. cosmic strings, of the form:

�s(r) = e
in✓

g(r) , Z
0
s,✓

(r) = �
n

gF r
↵(r) , (5.5)

where the polar coordinates r2 = x
2 + y

2 and ✓ describe the cylindrical string along the z

axis, and n is the winding number (taken equal to 1 in the following). According to the

coordinate rescaling in Eq. (5.3) and the above ansatz for the field profile, the equations

of motion can be rewritten in the following form:

d
2
g

dr2
+

1

r

dg

dr
�

n
2
g

r2
(↵� 1)2 � �g

�
g
2
� 1
�
= 0 ,

d
2
↵

dr2
�

1

r

d↵

dr
� 2g2 (↵� 1) = 0 . (5.6)

These equations can be solved numerically, as illustrated by the scalar and gauge field

profiles provided in Figure 2 for di↵erent values of the � parameter. The solution can be

used to compute the tension of the string µ:

µ =

Z 1

0

Z 2⇡

0
rdrd✓

 ����
@�

@r

����
2

+

����
1

r

@�

@✓
� igFZ

0
✓
�

����
2

+ V (�) +
|B0

|
2

2

!
, (5.7)
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Figure 2. Scalar (left) and gauge (right) field profiles, g(r) and ↵(r), respectively, for di↵erent
values of the � parameter, as denoted by the di↵erent colours. Each of the field profiles is given as
a function of the radius in units of the appropriate mass, i.e. the scalar mass m� for the scalar field
profile g(r), and the gauge boson mass mZ0 for the gauge boson profile ↵(r). The vertical, dashed
lines on the left-hand side denote the intersection of each scalar field profile with the 1� 1/e line,
indicating the width of the string.
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� ! ⌘
�1

� , Z
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Z
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the only relevant parameter becomes the squared mass ratio of the flavon and the gauge

boson:
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Subsequently, we look for static, cylindrically-symmetric solutions to the equations of mo-

tion in Eq. (5.2), i.e. cosmic strings, of the form:

�s(r) = e
in✓

g(r) , Z
0
s,✓

(r) = �
n

gF r
↵(r) , (5.5)

where the polar coordinates r2 = x
2 + y

2 and ✓ describe the cylindrical string along the z

axis, and n is the winding number (taken equal to 1 in the following). According to the

coordinate rescaling in Eq. (5.3) and the above ansatz for the field profile, the equations

of motion can be rewritten in the following form:

d
2
g

dr2
+

1

r

dg

dr
�

n
2
g

r2
(↵� 1)2 � �g

�
g
2
� 1
�
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d
2
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�
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These equations can be solved numerically, as illustrated by the scalar and gauge field

profiles provided in Figure 2 for di↵erent values of the � parameter. The solution can be

used to compute the tension of the string µ:

µ =

Z 1

0

Z 2⇡
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Figure 2. Scalar (left) and gauge (right) field profiles, g(r) and ↵(r), respectively, for di↵erent
values of the � parameter, as denoted by the di↵erent colours. Each of the field profiles is given as
a function of the radius in units of the appropriate mass, i.e. the scalar mass m� for the scalar field
profile g(r), and the gauge boson mass mZ0 for the gauge boson profile ↵(r). The vertical, dashed
lines on the left-hand side denote the intersection of each scalar field profile with the 1� 1/e line,
indicating the width of the string.
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Subsequently, we look for static, cylindrically-symmetric solutions to the equations of mo-

tion in Eq. (5.2), i.e. cosmic strings, of the form:

�s(r) = e
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g(r) , Z
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(r) = �
n

gF r
↵(r) , (5.5)

where the polar coordinates r2 = x
2 + y

2 and ✓ describe the cylindrical string along the z

axis, and n is the winding number (taken equal to 1 in the following). According to the

coordinate rescaling in Eq. (5.3) and the above ansatz for the field profile, the equations

of motion can be rewritten in the following form:
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These equations can be solved numerically, as illustrated by the scalar and gauge field

profiles provided in Figure 2 for di↵erent values of the � parameter. The solution can be

used to compute the tension of the string µ:
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string profile

(~𝜙/v𝜙)

string width

depends on

flavon/Z’ mass 
ratio squared

Kibble '76 (for a review: Vilenkin Shellard '00)

• After inflation, the universe reheats with TRH > v𝜙


• At T ~ v𝜙  the universe undergoes a 2nd order phase transition

Key assumptions:

FN U(1) unbroken in the early universe

gauge strings form

https://www.cambridge.org/mw/universitypress/subjects/physics/theoretical-physics-and-mathematical-physics/cosmic-strings-and-other-topological-defects?format=PB
https://doi.org/10.1088/0305-4470/9/8/029
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temperature attained in the early Universe.

We do not specify the details of the FN phase transition (PT), simply assuming that

at a critical temperature Tc the flavon field � undergoes a second order PT developing a

vev v�. As mentioned, by construction, � has O(1) couplings with the FN messenger fields,

which are charged under the SM gauge symmetries and are thus present in the thermal

bath down to temperatures of the order of their mass, ⇤ ⇠ v�. As a consequence, we

expect that thermal corrections induced by FN messenger loops set the FN PT at Tc ⇠ v�.

Under the above assumptions, at the temperature Tc ⇠ v� the U(1)F symmetry is

broken and gauge strings are formed in the Universe through the Kibble mechanism. The

string network rapidly approaches the scaling regime where O(1) strings per Hubble volume

are present. A gravitational wave background is then generated by the motion and the

contraction of string loops as we will review in the following – see [12] for a review of

cosmic strings.

Besides the presence of the cosmic string network, we would like to comment on the

expected abundance of the FN sector particles. The abundance of the FN messenger fields

drops when T goes below ⇤ ⇠ v�, and then they decay through their mixing with SM fields.

The FN complex scalar is in thermal equilibrium around Tc, due to its sizeable couplings

to the messengers, hence providing at least a thermal abundance of Z 0 and of the flavon '

(the radial mode of �) after the PT. Depending on the gauge coupling, the Z
0 could be in

thermal equilibrium also after Tc. In any case, both Z
0 and the flavon are produced by the

string network and could have a non-negligible abundance in the early Universe. For these

reasons, to be conservative, we will require that both the Z
0 and the flavon ' decay faster

than 0.1 sec to comply with bounds from Big Bang Nucleosynthesis (BBN), see e.g. [78],

computing the lifetimes of these particles as discussed in Sections 2.3 and 3.10

Finally, we checked that the oscillations of the FN scalar around the minimum do not

lead to an early epoch of matter domination – which may result in a dilution of the GWB

signal [80] – within the parameter space we are interested in, see Appendix A for details.

5.2 String profile and its properties

The first aspect to investigate is how the shape of the profile, the tension and the width of

the string vary as functions of the parameters of the model. In this subsection, we hence

review how to obtain the string solution in our scenario, following [12, 81].

We remind the reader that in our U(1)F model, the flavon � obeys the following

Lagrangian:

L = (Dµ
�)⇤Dµ��
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where Dµ = @µ � igFZ
0
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0
µ⌫ is the field strength associated with the gauge field Z

0
µ, and

the parameter ⌘ is related to the vev defined in Eq. (2.22) through ⌘ = v�/
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2. From this

Lagrangian, the following equations of motion can be derived:
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10We also refer to Ref. [79] where the cosmology of FN models and, in particular, BBN bounds on

late-time flavon decays are discussed.
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EoM:

Figure 2. Scalar (left) and gauge (right) field profiles, g(r) and ↵(r), respectively, for di↵erent
values of the � parameter, as denoted by the di↵erent colours. Each of the field profiles is given as
a function of the radius in units of the appropriate mass, i.e. the scalar mass m� for the scalar field
profile g(r), and the gauge boson mass mZ0 for the gauge boson profile ↵(r). The vertical, dashed
lines on the left-hand side denote the intersection of each scalar field profile with the 1� 1/e line,
indicating the width of the string.
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Subsequently, we look for static, cylindrically-symmetric solutions to the equations of mo-

tion in Eq. (5.2), i.e. cosmic strings, of the form:
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where the polar coordinates r2 = x
2 + y

2 and ✓ describe the cylindrical string along the z

axis, and n is the winding number (taken equal to 1 in the following). According to the

coordinate rescaling in Eq. (5.3) and the above ansatz for the field profile, the equations

of motion can be rewritten in the following form:
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These equations can be solved numerically, as illustrated by the scalar and gauge field

profiles provided in Figure 2 for di↵erent values of the � parameter. The solution can be

used to compute the tension of the string µ:
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Figure 2. Scalar (left) and gauge (right) field profiles, g(r) and ↵(r), respectively, for di↵erent
values of the � parameter, as denoted by the di↵erent colours. Each of the field profiles is given as
a function of the radius in units of the appropriate mass, i.e. the scalar mass m� for the scalar field
profile g(r), and the gauge boson mass mZ0 for the gauge boson profile ↵(r). The vertical, dashed
lines on the left-hand side denote the intersection of each scalar field profile with the 1� 1/e line,
indicating the width of the string.
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Subsequently, we look for static, cylindrically-symmetric solutions to the equations of mo-

tion in Eq. (5.2), i.e. cosmic strings, of the form:
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where the polar coordinates r2 = x
2 + y

2 and ✓ describe the cylindrical string along the z

axis, and n is the winding number (taken equal to 1 in the following). According to the

coordinate rescaling in Eq. (5.3) and the above ansatz for the field profile, the equations
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These equations can be solved numerically, as illustrated by the scalar and gauge field
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Figure 2. Scalar (left) and gauge (right) field profiles, g(r) and ↵(r), respectively, for di↵erent
values of the � parameter, as denoted by the di↵erent colours. Each of the field profiles is given as
a function of the radius in units of the appropriate mass, i.e. the scalar mass m� for the scalar field
profile g(r), and the gauge boson mass mZ0 for the gauge boson profile ↵(r). The vertical, dashed
lines on the left-hand side denote the intersection of each scalar field profile with the 1� 1/e line,
indicating the width of the string.
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Numerical solutions for the string width and tension: 

Figure 3. Width of the string profile w (blue), as encoded by W (�) in Eq. (5.9), and the string
tension µ (orange), as given by B(�) in Eq. (5.8), as a function of the mass ratio � = m

2
�/m

2
Z0 .

where B0 is the magnetic field associated to U(1)F and hence |B0
|
2 =
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2
. In practice,

it can be shown that this expression reduces to a simple form, which again only depends

on the ratio of the masses through �:

Gµ =
⇡v

2
�

8⇡M2
p

B(�) (5.8)

where Mp is the Planck mass, G denotes the Newton’s constant, v� is the vev defined in

Eq. (2.22), and B(�) is a slowly-varying function of �. This is illustrated in Figure 3 with

the orange line. Note that constraints from the Cosmic Microwave Background (CMB)

limit the maximal value of the string tension to be Gµ < 10�7 [82–84].

The numerical solution can also be employed to study the width of the string as a

function of the fundamental parameters. This is relevant since, as we will discuss below, a

large width can impact the GW spectrum at high frequencies. To quantify the scaling of

the string width w with �, we consider the numerical solution for the string profile and we

define the width as the coordinate value where the scalar field attains the value (1� 1/e)

times its vev. We then express the width of the string as

w =
1

m�

W (�), (5.9)

where W (�) is obtained numerically and shown by the blue line in Figure 3. As visible also

in Figure 2 (left), the width of the string scales with ⇠ 1/m' and can be significantly larger

than the tension length scale 1/v�. This is also supported by the result for the string width

in Figure 3, where we note that w indeed approximately scales as ⇠ 1/(mZ0
p
�) ⇠ 1/m'.

5.3 Gravitational waves from cosmic strings

The strings are expected to generate GWs through various mechanisms, resulting in a

gravitational-wave background (GWB). Such a GWB is usually expressed in terms of the
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Figure 2. Scalar (left) and gauge (right) field profiles, g(r) and ↵(r), respectively, for di↵erent
values of the � parameter, as denoted by the di↵erent colours. Each of the field profiles is given as
a function of the radius in units of the appropriate mass, i.e. the scalar mass m� for the scalar field
profile g(r), and the gauge boson mass mZ0 for the gauge boson profile ↵(r). The vertical, dashed
lines on the left-hand side denote the intersection of each scalar field profile with the 1� 1/e line,
indicating the width of the string.
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Subsequently, we look for static, cylindrically-symmetric solutions to the equations of mo-

tion in Eq. (5.2), i.e. cosmic strings, of the form:
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where the polar coordinates r2 = x
2 + y

2 and ✓ describe the cylindrical string along the z

axis, and n is the winding number (taken equal to 1 in the following). According to the

coordinate rescaling in Eq. (5.3) and the above ansatz for the field profile, the equations

of motion can be rewritten in the following form:
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These equations can be solved numerically, as illustrated by the scalar and gauge field

profiles provided in Figure 2 for di↵erent values of the � parameter. The solution can be

used to compute the tension of the string µ:
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where Mp is the Planck mass, G denotes the Newton’s constant, v� is the vev defined in

Eq. (2.22), and B(�) is a slowly-varying function of �. This is illustrated in Figure 3 with

the orange line. Note that constraints from the Cosmic Microwave Background (CMB)

limit the maximal value of the string tension to be Gµ < 10�7 [82–84].

The numerical solution can also be employed to study the width of the string as a

function of the fundamental parameters. This is relevant since, as we will discuss below, a

large width can impact the GW spectrum at high frequencies. To quantify the scaling of

the string width w with �, we consider the numerical solution for the string profile and we

define the width as the coordinate value where the scalar field attains the value (1� 1/e)

times its vev. We then express the width of the string as

w =
1

m�

W (�), (5.9)

where W (�) is obtained numerically and shown by the blue line in Figure 3. As visible also

in Figure 2 (left), the width of the string scales with ⇠ 1/m' and can be significantly larger

than the tension length scale 1/v�. This is also supported by the result for the string width

in Figure 3, where we note that w indeed approximately scales as ⇠ 1/(mZ0
p
�) ⇠ 1/m'.

5.3 Gravitational waves from cosmic strings

The strings are expected to generate GWs through various mechanisms, resulting in a

gravitational-wave background (GWB). Such a GWB is usually expressed in terms of the
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Figure 2. Scalar (left) and gauge (right) field profiles, g(r) and ↵(r), respectively, for di↵erent
values of the � parameter, as denoted by the di↵erent colours. Each of the field profiles is given as
a function of the radius in units of the appropriate mass, i.e. the scalar mass m� for the scalar field
profile g(r), and the gauge boson mass mZ0 for the gauge boson profile ↵(r). The vertical, dashed
lines on the left-hand side denote the intersection of each scalar field profile with the 1� 1/e line,
indicating the width of the string.
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Subsequently, we look for static, cylindrically-symmetric solutions to the equations of mo-

tion in Eq. (5.2), i.e. cosmic strings, of the form:

�s(r) = e
in✓

g(r) , Z
0
s,✓

(r) = �
n

gF r
↵(r) , (5.5)

where the polar coordinates r2 = x
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2 and ✓ describe the cylindrical string along the z

axis, and n is the winding number (taken equal to 1 in the following). According to the

coordinate rescaling in Eq. (5.3) and the above ansatz for the field profile, the equations
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These equations can be solved numerically, as illustrated by the scalar and gauge field

profiles provided in Figure 2 for di↵erent values of the � parameter. The solution can be
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String tension (energy per unit length):

Figure 3. Width of the string profile w (blue), as encoded by W (�) in Eq. (5.9), and the string
tension µ (orange), as given by B(�) in Eq. (5.8), as a function of the mass ratio � = m
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where Mp is the Planck mass, G denotes the Newton’s constant, v� is the vev defined in

Eq. (2.22), and B(�) is a slowly-varying function of �. This is illustrated in Figure 3 with

the orange line.

The numerical solution can also be employed to study the width of the string as a

function of the fundamental parameters. This is relevant since, as we will discuss below, a

large width can impact the GW spectrum at high frequencies. To quantify the scaling of

the string width w with �, we consider the numerical solution for the string profile and we

define the width as the coordinate value where the scalar field attains the value (1� 1/e)

times its vev. We then express the width of the string as

w =
1

m�

W (�), (5.9)

where W (�) is obtained numerically and shown by the blue line in Figure 3. As visible also

in Figure 2 (left), the width of the string scales with ⇠ 1/m' and can be significantly larger

than the tension length scale 1/v�. This is also supported by the result for the string width

in Figure 3, where we note that w indeed approximately scales as ⇠ 1/(mZ0
p
�) ⇠ 1/m'.

5.3 Gravitational waves from cosmic strings

The strings are expected to generate GWs through various mechanisms, resulting in a

gravitational-wave background (GWB). Such a GWB is usually expressed in terms of the

dimensionless energy density:

⌦gw(f) =
f

⇢c

d⇢gw

df
, (5.10)
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it grows quadratically with the U(1) breaking scale

String loops and string network collisions emit GWs 

stochastic GW background with frequency spectrum

where f is the GW frequency and ⇢c is the critical energy density of the Universe. To

compute the GWB spectrum expected from cosmic strings [82–85], one can rely on the

velocity-dependent one-scale model, which predicts [86–90]:

⌦gw(f) =
1X

k=1

⌦(k)
gw(f) =

8⇡

3H2
0

(Gµ)2f
1X

k=1

Ck(f)Pk, (5.11)

where H0 is the Hubble rate today, G denotes the Newton’s constant, and µ is the string

energy per unit length, i.e. the tension of the string, as defined in Eq. (5.8). The above

power spectrum at each frequency f receives contributions from the various harmonics of

the string loops, indicated by the index k. The power corresponding to each harmonic, Pk,

is given by Pk = �/kq/⇣(q), for which we assume a cusp–dominated GW emission leading

to q = 4/3. The normalization constant � is obtained by matching the total emitted power

to the results from numerical simulations, � =
P

k
Pk ' 50 [70, 91].

Additionally, the function Ck(f) is given by

Ck(f) =
2k

f2

Z
t0

tscl

dt⇥(t)

✓
a(t)

a(t0)

◆5

n(`k, t), (5.12)

where n(`k, t) is the number density at the time t of loops with length lk, a(t) is the cosmic

scale factor, and ⇥(t) is a Heaviside function for which the explicit expression is given

below. The number density evaluates to

n(`k, t) =
F

t
4
k

✓
a(tk)

a(t)

◆3
Ce↵(tk)

↵(↵+ �Gµ)
, (5.13)

where Ce↵(tk) takes into account whether loops are formed in radiation domination, Ce↵ '

5.4, or in matter domination, Ce↵ ' 0.39, and F ' 0.1 is an e�ciency factor [92, 93].

The time tk corresponds to the formation of the loop whose k-th harmonic contributes the

present–day frequency f , and is given by

tk =
`k/t+ �Gµ

↵+ �Gµ
, `k =

2k

f

a(t)

a(t0)
. (5.14)

The expression above assumes that, at every time during the evolution of the network,

loops are formed with a single length scale given by a constant fraction ↵ of the horizon

at formation, with ↵ ' 0.1 from numerical simulations, and that they shrink only due to

energy lost in GWs.

In addition, several Heaviside functions enforce a consistent evolution of the string

loops:

⇥(t) = ✓(t0 � tk)✓(tk � tscl)✓(↵� `k/t), (5.15)

where t0 corresponds to present–today time, and tscl indicates the moment when the string

network enters the scaling regime. Throughout our analysis we will evaluate the scale

factor a(t) based on the number of e↵ective degrees of freedom, as given by [94].

The summation over the various harmonics can be simplified by noticing that the k-th

contribution is related to the fundamental mode as

⌦(k)
gw(f) =

1

kq
⌦(1)
gw(f/k). (5.16)
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Larger signal for larger tension (higher U(1) breaking scales)
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Figure 4. Example of GWB spectra for two benchmark points, labeled BP1 and BP2, as introduced
in Eq. (5.22) and denoted by a square and a star in the parameter space depicted in Figure 5. The
dashed lines denote the GWB spectra computed without taking into account the cut introduced
due to the onset of dominant particle radiation, i.e. as in Eq. (5.15), while the full lines take this cut
into account, as captured by Eq. (5.20). Coloured, shaded regions denote the power-law integrated
sensitivity curves for several GW experiments, as obtained from [104, 105].

This corresponds to a high-frequency cuto↵ in the GW spectrum given by [100]:

fcut =

✓
8H0

p
⌦R

lc�Gµ

◆1/2

' 0.0356

✓
Gµ

10�10

◆1/2✓GeV�1

w

◆1/2

Hz, (5.21)

where ⌦R = 9.1476⇥ 10�5 is the radiation density [103].

To illustrate the e↵ect of this cut, we consider two benchmark points,

BP1 : mZ0 = 2 · 102 GeV, gF = 10�9
, � = 1,

BP2 : mZ0 = 107 GeV, gF = 10�7
, � = 1,

(5.22)

in our parameter space of interest and compute the expected GWB spectrum from cosmic

strings, both with and without the additional frequency cut due to the onset of dominant

particle production. This is shown in Figure 4, which illustrates that the e↵ect of this

additional cut can a↵ect the GWB spectrum. However, one notes that depending on the

actual value of the frequency cut, the conclusion regarding potential detectability of the

GWB signal could remain unaltered, provided the frequency cut happens at large enough

frequencies.

6 Combined GW sensitivity and flavour constraints

We now use the formalism discussed above to explore the detectability of GWB signals

originating from cosmic strings using future generation GW experiments. In this regard,
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Figure 4. Example of GWB spectra for two benchmark points, labeled BP1 and BP2, as introduced
in Eq. (5.22) and denoted by a square and a star in the parameter space depicted in Figure 5. The
dashed lines denote the GWB spectra computed without taking into account the cut introduced
due to the onset of dominant particle radiation, i.e. as in Eq. (5.15), while the full lines take this cut
into account, as captured by Eq. (5.20). Coloured, shaded regions denote the power-law integrated
sensitivity curves for several GW experiments, as obtained from [104, 105].

This corresponds to a high-frequency cuto↵ in the GW spectrum given by [100]:

fcut =

✓
8H0

p
⌦R

lc�Gµ

◆1/2
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✓
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w
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Hz, (5.21)

where ⌦R = 9.1476⇥ 10�5 is the radiation density [103].

To illustrate the e↵ect of this cut, we consider two benchmark points,

BP1 : mZ0 = 2 · 102 GeV, gF = 10�9
, � = 1,

BP2 : mZ0 = 107 GeV, gF = 10�7
, � = 1,

(5.22)

in our parameter space of interest and compute the expected GWB spectrum from cosmic

strings, both with and without the additional frequency cut due to the onset of dominant

particle production. This is shown in Figure 4, which illustrates that the e↵ect of this

additional cut can a↵ect the GWB spectrum. However, one notes that depending on the

actual value of the frequency cut, the conclusion regarding potential detectability of the

GWB signal could remain unaltered, provided the frequency cut happens at large enough

frequencies.

6 Combined GW sensitivity and flavour constraints

We now use the formalism discussed above to explore the detectability of GWB signals

originating from cosmic strings using future generation GW experiments. In this regard,
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Figure 4. Example of GWB spectra for two benchmark points, labeled BP1 and BP2, as introduced
in Eq. (5.22) and denoted by a square and a star in the parameter space depicted in Figure 5. The
dashed lines denote the GWB spectra computed without taking into account the cut introduced
due to the onset of dominant particle radiation, i.e. as in Eq. (5.15), while the full lines take this cut
into account, as captured by Eq. (5.20). Coloured, shaded regions denote the power-law integrated
sensitivity curves for several GW experiments, as obtained from [104, 105].

This corresponds to a high-frequency cuto↵ in the GW spectrum given by [100]:

fcut =

✓
8H0

p
⌦R
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◆1/2
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✓
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◆1/2✓GeV�1

w
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where ⌦R = 9.1476⇥ 10�5 is the radiation density [103].

To illustrate the e↵ect of this cut, we consider two benchmark points,

BP1 : mZ0 = 2 · 102 GeV, gF = 10�9
, � = 1,

BP2 : mZ0 = 107 GeV, gF = 10�7
, � = 1,

(5.22)

in our parameter space of interest and compute the expected GWB spectrum from cosmic

strings, both with and without the additional frequency cut due to the onset of dominant

particle production. This is shown in Figure 4, which illustrates that the e↵ect of this

additional cut can a↵ect the GWB spectrum. However, one notes that depending on the

actual value of the frequency cut, the conclusion regarding potential detectability of the

GWB signal could remain unaltered, provided the frequency cut happens at large enough

frequencies.

6 Combined GW sensitivity and flavour constraints

We now use the formalism discussed above to explore the detectability of GWB signals

originating from cosmic strings using future generation GW experiments. In this regard,
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large width effects

string loops lose energy mostly through 
particle ( Z’ ) emission  below the critical size:
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Figure 5. Parameter space scan of (mZ0 , gF ) for the mass ratio benchmark � = 1. Full lines,
together with their coloured regions, denote regions of the parameter space detectable by GW
experiments with the onset of dominant particle production taken into account, i.e. obtained using
Eq. (5.20) (BBO in yellow, LISA in pink, and ET in purple). Conversely, the region below the
coloured dashed lines indicate the detectability region without accounting for the frequency cut,
namely by using Eq. (5.15). The green region denotes part of the parameter space where the
lifetime of the flavon ' is longer than 0.1 s, potentially interfering with BBN. The grey-shaded
region depicts the parameter space excluded by the flavour constraints discussed in Section 4. The
two benchmark points from Eq. (5.22) are also represented by a star and a square, as in Figure 4.
The regions below the red solid lines are excluded by CMB and PTA data.

we notice that our type of stable cosmic strings is constrained by current Pulsar Timing

Array data, which set a bound on the string tension as stringent as Gµ < 10�11 [16].

We then consider the Einstein Telescope (ET) [106–109], the Laser Interferometer Space

Antenna (LISA) [110, 111], and the Big Bang Observer (BBO) [112], although our results

could easily be generalised to other GW experiments. For each point in the (mZ0 , gF ) plane,

the expected GWB spectrum is computed by means of Eq. (5.11), using Eq. (5.20) when

the extra cut due to particle production is applied, or using Eq. (5.15) when neglecting this

additional cut. This spectrum is then compared to the power-law integrated (PI) sensitivity

curve [113] to obtain an indication of its detectability considering the sensitivities of these

future detectors. For each of the experiments, we used the PI curves provided in Ref. [104].

Two di↵erent values of the mass ratio �, defined in Eq. (5.4), are considered below,

corresponding to a case where the gauge boson mass and the scalar mass are of the same

order of magnitude (� = 1), and one where the gauge boson is substantially lighter than

the scalar (� = 103). We do not consider the case where the opposite is true, since it

would imply some extra tuning in the scalar mass, and also it does not lead to any new

phenomenological features.
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Figure 6. Parameter space scan of (mZ0 , gF ) for the large mass ratio benchmark where � = 103.
The green region denotes part of the parameter space where the Z

0 lifetime is longer than 0.1 s,
potentially interfering with BBN. The other coloured regions are as in Figure 5.

The detectability region of future GW experiments is illustrated in Figure 5 and Fig-

ure 6 for the � = 1 and � = 103 case, respectively, as a function of the Z
0 boson mass mZ0

and gauge coupling gF . Both figures show coloured regions corresponding to portions of

the parameter space where the expected GWB signal from cosmic strings is large enough

to be detectable by the next-generation GW experiments. Note that although not explic-

itly shown, other experiments such as the Square Kilometer Array (SKA) [114] and the

AEDGE experiment [105] display similar detectability regions.

For each case, we consider two possible scenarios. Using dashed lines, we show the

parameter space that can be probed without implementing the cut on the GW spectrum

possibly originating from a large string width and the resulting particle emission. Con-

versely, when we implement the modification to the spectrum due to the string width as

explained in Section 5.3, we illustrate the e↵ect on the detectability of the signal as full

lines. In both cases, the signal associated to any of the parameter space that lies below the

coloured line is potentially detectable with the GW experiment under consideration. As

the figures show, the di↵erence between the two scenarios is particularly relevant only in

the bottom-left part of the (mZ0 , gF ) plane, where the combination mZ0
p
� ⇠ m' is small

and hence the width of the strings is large.

In Figure 5, we also show two benchmark points, defined in Eq. (5.22), that illustrate

the e↵ect of taking into account the particle emission from strings, which suppresses the

GWB signal above some characteristic frequency. These are represented by a square and

a star, which refer to the corresponding spectra depicted in Figure 4. In particular, we

note that the benchmark point denoted by the star falls within the sensitivity of the ET

only if we neglect the frequency cut discussed above, otherwise this part of the parameter
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Summary and conclusions

Lorenzo Calibbi (Nankai U) GW and flavour models

We don’t know the origin of the SM flavour sector (dynamical?)

It may involve energy scales unaccessible at lab experiments

Stochastic GW from cosmic strings might open a window on that

The example we discussed shows an interesting interplay: 

Flavour processes probe low to intermediate scales, ≲106-1011 GeV

Future GW observatories will test high to intermediate scales

≳ 1011 GeV (ET), ≳ 109 GeV (BBO) 
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