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See-Saw mechanism

Leptonic mass terms after symmetry breaking

−LM = ᾱLDmαR + ν̄αLmDαiNiR +
1

2
N̄c
iRDMNiR + h.c.. (1)

with Dml
= diag(me ,mu,mτ ), DM = diag(M1,M2,M3). Neutrino mass matrix

mν = −mD
1

DM
mT

D , (2)

Diagonalised by the PMNS matrix U,

U†mνU
⋆ = −Dm. (3)

In usual parameterization

U =

 c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13
s12s23 − c12c23s13e

iδ −c12s23 − s12c23s13e
iδ c23c13

 diag(e iρ, 1, e iσ). (4)
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Low energy neutrino parameters

Current experiment constraints with (without) SK,

θ13 = 8.56◦ ± 0.11◦ ∈ [8.19◦, 8.89◦],

θ12 = 33.68◦+0.73◦

−0.70◦ ∈ [31.63◦, 35.95◦],

θ23 = 43.3◦+1.0◦

−0.8◦(48.5
◦+0.7◦

−0.9◦) ∈ [41.3◦, 49.9◦],

δ = −148◦+26◦

−41◦(177
◦+19◦

−20◦) ∈ [−236◦, 4◦].

(5)

msol ≡
√
m2

2 −m2
1 = (8.6± 0.1) meV,

matm ≡
√

m2
3 −m2

2 = (49.9± 0.3) meV
(6)

Effective neutrino mass,

mee ≡ |mνee | =
∣∣U2

e1m1 + U2
e2m2 + U2

e3m3

∣∣ (7)
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SO(10)-inspired Model

Transformation of neutrino Dirac mass matrix between the flavour basis and the Yukawa
basis

mD = V †
LDmD

UR . (8)

Minimal SO(10)-inspired model: extend the SM with only additional 3 massive RH
neutrinos by see-saw mechanism, and parametrise the three eigenvalues in the Dirac mass
matrix in terms of the up quark masses,

mD1 = α1mup, mD2 = α2mcharm, mD3 = α3mtop, (9)

under conditions:

i)I ≤ VL ≤ VCKM(θLij ≤ θCKMij ), (10)

ii)αi = O(0.1− 10). (11)

Which implies M1 ≪ 109 GeV, 109 GeV ≲ M2 ≲ 1012 GeV and M3 ≫ 1012 GeV.
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Leptogenesis

In the early history of the universe, heavy RH neutrinos decay into leptons
Γ(Ni → Li + ϕ†) and anti-leptons Γ(Ni → L̄i + ϕ) with different decay rate, produce
lepton asymmetry given by CP asymmetry

εiα = −Γ(Ni → Lα + ϕ†)− Γ(Ni → L̄α + ϕ)

Γ(Ni → Lα + ϕ†) + Γ(Ni → L̄α + ϕ)
. (12)

Thanks to B − L conserving sphaleron processes, this generates a baryon asymmetry,
which can be expressed by the baryon-to-photon ratio as

ηlepB0 ≃ 0.96× 10−2N lep
B−L = 0.96× 10−2

∑
α

N∆α. (13)

A successfully Leptogenesis should produce the correct value of asymmetry observed by
CMB

ηCMB
B = (6.1± 0.1)× 10−10 (14)
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Analytic solutions

The B − L asymmetry abundance correspond to different lepton species can be evaluate
by Boltzmann equation

dNNi

dzi
= −Di

(
NNi

− Neq
Ni

)
, i = 1, 2, 3 (15)

dN∆α

dzi
= εiαDNi

(NNi
− Neq

Ni
)− P0

iαWNi
N∆α, (16)

Here zi = Mi/T , and we normalize the abundance of heavy neutrinos in ultra-relativistic
thermal equilibrium as Neq

Ni
(T ≫ Mi ) = 1. The decay factor and wash-out term are

defined as

Di (zi ) ≡
Γ̃i
Hzi

, WNi
(zi ) =

1

4
Ki K1(zi ) z

3
i . (17)
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Analytic solutions

and the decay parameters

Ki =
∑
α

Kiα with Kiα ≡ Γiα + Γ̄iα
H(T = Mi )

and P0
iα =

Kiα

Ki
. (18)

The analytic expression of B − L asymmetry can be related to decay parameters as

N lep,f
B−L ≃ K2e

K2τ⊥
ε2τ⊥ κ(K2τ⊥)e

− 3π
8
K1e +

K2µ

K2τ⊥
ε2τ⊥ κ(K2τ⊥)e

− 3π
8
K1µ

+ ε2τ κ(K2τ ) e
− 3π

8
K1τ ,

(19)

with the efficiency factors calculated by

κ(K2α) =
2

zB(K2α)K2α

(
1− e−

K2αzB (K2α)

2

)
, zB(K2α) ≃ 2 + 4K 0.13

2α e
− 2.5

K2α . (20)
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Flavour coupling effects

More precisely, the flavour effects in Leptogenesis arise from a direct way and an indirect
way. In direct form, leptons with different flavors with different values of CP violation rate
εα(α = e, µ, τ) give a different value contribution to the total asymmetry B − L

N lep
B−L =

∑
α

N∆α (21)

In the indirect way, the Higgs bosons produced in the RH neutrino decay is unflavoured.
This effects the inverse decay of different flavoured leptons Γ̄(Li + ϕ† → Ni ) and
anti-leptons in the so-called wash out process, leading the change of the Boltzmann
equation

WNi
N∆α ⇒ WNi

∑
α,β

C
(n)
βαN∆α, (22)

where C (n) are flavour coupling matrices.
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Two flavour regime

Defining transformation matrix

U ≡
(
Uγ′γ Uγ′τ

Uτ ′γ Uτ ′τ

)
,

(
N∆γ′

N∆τ ′

)
= U

(
N∆γ

N∆τ

)
, (23)

where γ denotes the e + µ flavour composition, that diagonalizes

UP0
2U

−1 = diag(P0
2γ′ ,P0

2τ ′), P0
2 ≡

(
P0
2γC

(2)
γγ P0

2γC
(2)
γτ

P0
2τC

(2)
τγ P0

2τC
(2)
ττ

)
(24)

This decouples the flavour mixing for Boltzmann equations

dN∆γ′

dz2
= ε2γ′D2

(
NN2 − Neq

N2

)
− P0

2γ′W2N∆γ′ , (25)

dN∆τ ′

dz2
= ε2τ ′D2

(
NN2 − Neq

N2

)
− P0

2τ ′W2N∆τ ′ . (26)
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Three flavour regime

During the N1 wash-out, the evolution of the flavour asymmetries is governed by the
equation

dN∆α

dz1
= −P0

1α

∑
β

C
(3)
αβ W

ID
1 N∆β

, (α, β = e, µ, τ) (27)

To simplify the system, we perform a basis transformation using the matrix V that
diagonalizes P0

1 :

N⃗∆′′ = V N⃗∆, V =

Vee′′ Veµ′′ Veτ ′′

Vµe′′ Vµµ′′ Vµτ ′′

Vτe′′ Vτµ′′ Vττ ′′

 (28)

such that VP0
1V

−1 = P0′′
1 = diag(P0

1e′′ ,P
0
1µ′′ ,P0

1τ ′′).
In this diagonal basis, the kinetic equations decouple and take the simple form

dN⃗∆′′

dz1
= −W1P

0′′
1 N⃗∆′′ (29)
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Three flavour regime

The solution in this basis is then given by

N⃗ f
∆′′ =

(
NT∼TL
∆e′′

e−
3π
8
K1e′′ , NT∼TL

∆µ′′
e−

3π
8
K1µ′′ , NT∼TL

∆τ ′′
e−

3π
8
K1τ ′′

)
(30)

Applying the inverse transformation, we obtain the final flavour asymmetries
N⃗ f
∆ = V−1N⃗ f

∆′′ . Each final asymmetry in flavour α is then given by

N f
∆α

=
∑
α′′

V−1
αα′′

[
NT∼TL
∆α′′

e−
3π
8
K1α′′

]
(31)

=
∑
α′′

V−1
αα′′e

− 3π
8
K1α′′

∑
β

Vα′′βN
T∼TL
∆β

, (32)

with

NT∼TL
∆α

≃ K2α

K2γ

[
ε2γ κ(K2γ)− C (2)

γτ ε2τ κ(K2τ )
]
, α = e, µ (33)

NT∼TL
∆τ

≃ ε2τ κ(K2τ ) (34)

12 / 24



Strong thermal leptogenesis

• Pre-existing lepton asymmetry Npre
B−L may arise from unknown early mechanisms.

• To ensure predictivity, it must be washed out by RH neutrino inverse decays.

• This requirement defines the strong thermal condition.

• The heaviest RH neutrino N3 is assumed too heavy to contribute.

If a pre-existing asymmetry is generated at T ≥ T ext
B , then for temperatures T ≫ M2,

the total B − L asymmetry remains constant:

Np
B−L(T ≫ M2) = Np,i

B−L
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Pre-existing Asymmetry and Washout Stages

For 1012GeV ≫ T ≫ M2, fast tauon interactions break coherence between flavour
states. The pre-existing asymmetry can be written as

Np
B−L = Np,i

∆τ
+ Np,i

∆τ⊥
,

with
Np,i
∆τ

= p0pτ N
p,i
B−L, Np,i

∆τ⊥
= (1− p0pτ )N

p,i
B−L.

Here p0pτ is the probability that the pre-existing lepton lies in the tau flavour. Differences
in flavour composition are neglected here (phantom terms).

As temperature drops to T ≃ TB2 ≃ M2/zB2, the N2 washout affects only certain
components. The residual asymmetries are:

Np
∆τ

(TB2) = p0pτ e
− 3π

8
K2τ Np,i

B−L

Np
∆

τ⊥
2

(TB2) = (1− p0pτ ) p
0
τ⊥2

e−
3π
8
(K2e+K2µ)Np,i

B−L

Np
∆

τ⊥
2

(TB2) = (1− p0pτ )(1− p0
τ⊥2

)Np,i
B−L 14 / 24



Wash-out pre-existing asymmetry

At temperatures T ≃ 109GeV, also muon lepton interactions become effective, breaking
the residual coherence of the e − µ lepton components in such a way that in the range
109GeV ≫ T ≫ M1, the total asymmetry can be regarded as the sum of three charged
lepton flavour components:

Np
B−L(10

9GeV ≫ T ≫ M1) =
∑

α=e,µ,τ

Np
∆α

(TB2), (35)

where

Np
∆τ

(T ≫ M1) = p0pτ e
− 3π

8
K2τ Np,i

B−L,

Np
∆µ

(T ≫ M1) = (1− p0pτ )
[
p0
µτ⊥2

p0
pτ⊥2

e−
3π
8
(K2e+K2µ) + (1− p0

µτ⊥2
)(1− p0

pτ⊥2
)
]
Np,i
B−L,

Np
∆e

(T ≫ M1) = (1− p0pτ )
[
p0
eτ⊥2

p0
pτ⊥2

e−
3π
8
(K2e+K2µ) + (1− p0

eτ⊥2
)(1− p0

pτ⊥2
)
]
Np,i
B−L

(36)
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Wash-out pre-existing asymmetry

The probabilities p0
βτ⊥

are related to the decay parameters as

p0βτ⊥ =
p02β

p02e + p02µ
=

K2β

K2e + K2µ
, (37)

and analogously for p0
2µ⊥ . These expressions show that the tauon component is the only

component of the pre-existing asymmetry that can be completely washed out by the N2

wash-out processes.
Finally, at temperatures T ∼ M1, the lightest RH neutrino wash-out processes act on the
flavour asymmetries in a way that the relic values of the pre-existing asymmetries are
given by:

Np,f
∆τ

= p0pτ e
− 3π

8
(K1τ+K2τ )Np,i

B−L, (38)

Np,f
∆µ

= (1− p0pτ ) e
− 3π

8
K1µ

[
p0
µτ⊥2

p0
pτ⊥2

e−
3π
8
(K2e+K2µ) + (1− p0

µτ⊥2
)(1− p0

pτ⊥2
)
]
Np,i
B−L, (39)

Np,f
∆e

= (1− p0pτ ) e
− 3π

8
K1e

[
p0
eτ⊥2

p0
pτ⊥2

e−
3π
8
(K2e+K2µ) + (1− p0

eτ⊥2
)(1− p0

pτ⊥2
)
]
Np,i
B−L. (40)
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θ23 vs m1

A: Without flavour coupling effect B: With flavour coupling effect 17 / 24



mee vs m1

C: Without flavour coupling effect D: With flavour coupling effect
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δ vs θ23

E: Without flavour coupling effect F: With flavour coupling effect
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Summary

• The flavour coupling effect originates mainly from the emission of flavourless Higgs
bosons in the decay processes of right-handed (RH) neutrinos.

• The Boltzmann equations should be modified by inserting flavour coupling matrices
in the washout terms. By applying a transpose transformation, the system can be
rotated into a diagonal basis, where analytical solutions can then be derived.

• The flavour coupling effect enlarges the allowed parameter space, both in scenarios
without and with strong thermal conditions.

• Absolute neutrino mass scale experiments are beginning to probe a crucial regime:
that of partially hierarchical neutrino masses.

• The current best-fit results, which favour the first octant for the atmospheric mixing
angle, are quite encouraging for model building.
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Thank you!
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Appendix

Initially,

N
p,i
∆τ = p0pτN

p,i
B−L,

N
p,i
∆τ⊥

= p0pτ⊥N
p,i
B−L

(41)

When T ≪ M2,

N
p,T≪M2

∆τ ′ = e−
3π
8
K ′
2τN

p
∆τ ′ = e−

3π
8
K ′
2τ (Uτ ′τN

p,i
∆τ + Uτ ′τ⊥N

p,i
∆τ⊥

),

N
p,T≪M2

∆τ ′⊥
= e

− 3π
8
K ′
2τ⊥N

p

∆τ ′⊥
= e

− 3π
8
K ′
2τ⊥ (Uτ ′⊥τN

p,i
∆τ + Uτ ′⊥τ⊥p

0
pτ⊥2

N
p,i
∆τ⊥

)

N
p,T≪M2

∆τ ′⊥
2⊥

= Uτ ′⊥τ⊥(1− p0
pτ⊥2

)N
p,i
∆τ⊥

(42)
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Wash-out factor

Rotating back, we have

N
p,T≪M2

∆τ = U−1
ττ ′N

p,T≪M2

∆τ ′ + U−1
ττ ′⊥

N
p,T≪M2

∆τ ′⊥
,

N
p,T≪M2

∆τ⊥
= U−1

τ⊥τ ′⊥
N

p,T≪M2

∆τ ′ + U−1
τ⊥τ ′⊥

N
p,T≪M2

∆τ ′⊥
,

N
p,T≪M2

∆τ⊥
2⊥

= U−1
τ⊥τ ′⊥

N
p,T≪M2

∆τ ′⊥
2⊥

.

(43)

For 3 flavour regime, splitting N
p,T≪M2

∆τ⊥
and N

p,T≪M2

∆τ⊥
2⊥

into,

N
p,T≪M2

∆µ = pµτ⊥2
N

p,T≪M2

∆τ⊥
+ (1− pµτ⊥2

)N
p,T≪M2

∆τ⊥
2⊥

,

N
p,T≪M2

∆e = peτ⊥2
N

p,T≪M2

∆τ⊥
+ (1− peτ⊥2

)N
p,T≪M2

∆τ⊥
2⊥

(44)
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Wash-out factor

After the K1 wash out process in the temperature T ≪ M1,

N
p,T≪M1

∆τ ′′ = e−
3π
8
K ′′
1τ (Vτ ′′τN

p,T≪M2

∆τ + Vτ ′′µN
p,T≪M2

∆µ + Vτ ′′eN
p,T≪M2

∆e ),

N
p,T≪M1

∆µ′′ = e−
3π
8
K ′′
1µ(Vµ′′τN

p,T≪M2

∆τ + Vµ′′µN
p,T≪M2

∆µ + Vµ′′eN
p,T≪M2

∆e ),

N
p,T≪M1

∆e′′ = e−
3π
8
K ′′
1e (Ve′′τN

p,T≪M2

∆τ + Ve′′µN
p,T≪M2

∆µ + Ve′′eN
p,T≪M2

∆e ).

(45)

Rotating back again, finally

N
p,f
∆τ = V−1

ττ ′′N
p,T≪M1

∆τ ′′ + V−1
τµ′′N

p,T≪M1

∆µ′′ + V−1
τe′′N

p,T≪M1

∆e′′ ,

N
p,f
∆µ = V−1

µτ ′′N
p,T≪M1

∆τ ′′ + V−1
µµ′′N

p,T≪M1

∆µ′′ + V−1
µe′′N

p,T≪M1

∆e′′ ,

N
p,f
∆e = V−1

eτ ′′N
p,T≪M1

∆τ ′′ + V−1
eµ′′N

p,T≪M1

∆µ′′ + V−1
ee′′N

p,T≪M1

∆e′′ .

(46)

where

K ′′
1α = P0

1α′′K1, and K ′
2α = P0

2α′K2 (47)
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