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  Motivation

exotic hadron 

p

N

✓ hadronic molecule？
✓ multiquark state？
✓ the effective potential ？
✓ the binding energy？



  Motivation

Hyperon-Nucleon interactions
Λ

S

Also concerned
✓ hadronic molecule？
✓ multiquark state？
✓ the effective potential ？
✓ the binding energy？
✓ “hyperon puzzle” in neutron stars
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✓  YN correlation functions in heavy-ion collisions:

J. Adams et al. [STAR Collaboration], Phys. Rev. C 74, 064906 (2006)

J. Adam et al. [STAR Collaboration], Phys. Lett. B 790, 490 (2019)

S. Acharya et al. [ALICE Collaboration], Phys. Rev. Lett. 123, 112002 (2019)

S. Acharya et al. [ALICE Collaboration], Nature 588, 232 (2020)

✓hypernuclei:

[J-PARC E07 Collaboration], Phys. Rev. Lett. 126, 062501 (2021)

✓YN scattering:

G. Alexander, et al. Phys. Rev. 173, 1452 (1968)

B. Sechi-Zorn, et al. Phys. Rev. 175, 1735 (1968)

J. A. Kadyk, et al. Nucl. Phys. B 27, 13 (1971)

BESIII Collaboration,PhysRevLett.132.231902(2024)

https://inspirehep.net/literature?q=collaboration:BESIII
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large uncertainty due to short-lifetime of hyperon beams 

https://inspirehep.net/literature?q=collaboration:BESIII


 Lattice QCD

Lattice QCD Supercomputer

LatticeQCD(Wilson,1974): the ab-initio non-perturbative method 



 Lattice QCD

Lattice QCD Supercomputer

‣ Quark on discrete lattice:
    consider both IR and UV effects:

mπL ≳ 4, and a−1 ≫ mass scale



New Lattice QCD configurations

Hu, et.al., PRD 109, 054507 (2024)

Phys.Rev.Lett. 133 (2024) 21, 211906

Sci.China Phys.Mech.Astron. 67 (2024) 1, 211011

hexaquark states
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 The HALQCD method

Nambu-Bethe-Salpeter
 wave function 

Lattice simulations

CpΛ( ⃗r, t) = ∑⃗
x

⟨0 |p( ⃗x, t)Λ( ⃗x + ⃗r, t)J̄pΛ(0) |0⟩

ΨWn( ⃗r)e−Wnt

(Ek − H0)ΨW( ⃗r ) = ∫ d3 ⃗r′ U( ⃗r, ⃗r′ )ΨW( ⃗r′ )



The HALQCD method

Then the effective potential leads to

Assume the nonlocal potential is energy independent

[−H0 −
∂
∂t

+
1

8μ
∂2

∂t2 ] R( ⃗r, t) = ∫ d3 ⃗r′ U( ⃗r, ⃗r′ )R( ⃗r′ , t)

VLO
0 ( ⃗r ) =

1
2μ

∇2R( ⃗r, t)
R( ⃗r, t)

−
(∂/∂t)R( ⃗r, t)

R( ⃗r, t)
+

1
8μ

(∂2/∂t2)R( ⃗r, t)
R( ⃗r, t)

RpΛ( ⃗r, t) =
CpΛ( ⃗r, t)

Cp(t)CΛ(t)
= ∑

n

A′ nΨWn( ⃗r )e−ΔWnt

To enhance the signal, the following ratio was attempted:



Lattice setup for  p − Λ

7 different ensembles: 3 different lattice spacings,
                                    pion mass 140MeV~320MeV,
                                      different  volume

Results can be extend to  the physical point and the continuum limit.



Two-point Correlation Function

One-particle operators and two-particle operators

For the p-  system,  correlation functions can be obtainedΛ

CpΛ( ⃗r, t) = ∑⃗
x

⟨0 | (p( ⃗x, t)Λ( ⃗x + ⃗r, t))DJ̄H
pΛ(0) |0⟩



 The effective mass

We find the appropriate time slice for the ground state saturation of the system.

effective mass of 
the dibaryon system



 The HALQCD method

We extract the NBS wave function and the effective potential on the timeslice .t/a = 5,6

NBS wave function The effective potential

VLO
0 ( ⃗r ) =

1
2μ

∇2R( ⃗r, t)
R( ⃗r, t)

−
(∂/∂t)R( ⃗r, t)

R( ⃗r, t)
+

1
8μ

(∂2/∂t2)R( ⃗r, t)
R( ⃗r, t)

RpΛ( ⃗r, t) =
CpΛ( ⃗r, t)

Cp(t)CΛ(t)
= ∑

n

A′ nΨWn( ⃗r )e−ΔWnt



 Phase shift from the HALQCD method

We parameterize the effective potential in this form 

Gaussian form two-pion exchange 

 Argonne-type form factor



 Phase shift from the HALQCD method

The scattering phase shift can be obtained by solving the Schrodinger equation
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  finite volume formulaL··uscher′ s

The direct method for scattering on the lattice:  finite volume methodL··uscher′ s

Finite volume energies
 formulaL··uscher

Infinite volume scattering  

E1⋅2(k) = m2
1 + k̄2 + m2

2 + k̄2

ERE(effective range expansion)

k2l+1cotδl(k) = a−1
l +

1
2

rlk2 + . . .

scattering length effective range

M. Lüscher, Nucl. Phys. B354, 531(1991) 

δl . al . rl
k = n * 2π/L

格点计算 ⽆限体积中的散射
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The direct method for scattering on the lattice:  finite volume methodL··uscher′ s

Finite volume energies
 formulaL··uscher

Infinite volume scattering  

E1⋅2(k) = m2
1 + k̄2 + m2

2 + k̄2 q cot δ0(q) =
1

π3/2
Z00(1; q2)

ERE(effective range expansion)

k2l+1cotδl(k) = a−1
l +

1
2

rlk2 + . . .

scattering length effective range

M. Lüscher, Nucl. Phys. B354, 531(1991) 

δl . al . rl

格点计算 ⽆限体积中的散射

Due to the interaction,  differs 
from its free counter-part 

k̄2

k2

k = n * 2π/L

q2 = k̄2 *
L2

(2π)2

q2 = n2

q2 < n2

q2 > n2



Lattice calculation

The two-particle operators for the   and    channels   3S1(T+
1 ) 1S0(A+

1 )

The correlation matrix of the form

Solving the so-called Generalized Eigenvalue Problem(GEVP)

C(t)vn(t) = λn(t)C(tr)vn(t)

λn(t) = c0e−En(t−tr) (1 + c1e−ΔE(t−tr))

Cαβ
i (t) = ⟨0 |𝒪α

i (t)𝒪β†
i (0) |0⟩



The Effective mass of the YN system

Rα(t, t0) =
λα(t, t0)

Cp(t − t0, 0)CΛ(t − t0, 0)
∝ e−ΔEα(t−t0)

 To enhance the signal, the following ratio was attempted:

A+
1

Preliminary



Scattering length  &  effective range

ERE(effective range expansion)

Close to the threshold,  and  can be determined by minimizing the a0 r0 χ2

k2l+1cotδl(k) = a−1
l +

1
2

rlk2 + . . .

Preliminary



Summary and Prospect

✓ HALQCD method: p-Λ NBS wave function, the interaction potential, 

       and phase shift;

✓  finite volume method: preliminary results for finite volume 

        energies and phase shift；

        Effective range expansion: scattering length and effective range;

➡ HALQCD method：HEFT

➡ Extrapolation: discretization error, pion mass, finite volume effect

➡ p-Λ:  p-Σ coupled channel

➡  : three-body problem

L··uscher′ s

3
ΛH
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