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» Probes of hadron structure (nucleon as example)

em: 9,J% =0 (N'|JL.N) — Q = 1.602176487(40) x 10~'°C

angular
p = 2.792847356(23)un momentum
weak: PCAC (N, Jv‘freaklN> — JA = 12694(28) w forces
gp = 8.06(55) .
gravity: 8, Tk, =0 (N'|T¢IN) — m = ?38.272013(23) MeV/c?
J =1
Polyakov & Schweitzer, IJMPA (2018) 1830025 D = 3 D-term: “Last unknown global property”

e Gravitational structure
» Gravity couples to matter via QCD energy-momentum tensor (EMT)
» Impractical probe by scattering off gravitons
v Nucleon as targets: accessible by hard-exclusive reactions like DVCS via GPDs

v Pions: GPDs —GDAs by crossing
v Lattice QCD




o A weak classical background gravitational field g, (x) energy  momentum
K density density
oS
grav 4 .
lg & Euv=Muv /| stress
| ‘.’ pressure
o Symmetric Belinfante-improved total QCD EMT: onergy e e
» Total EMT = Quark + Gluon flux flux

i 1 1
= N T LT, T =, <5y{”9”} + Zg””mq> w, , T4 =F4YIFY Y 4+ Zg””FA’K”FA’m

q
» The total EMT is conserved: aﬂT”’“ =0

» Dilation current j# = xUT W —09,j" = T Z = Z my,y, (conserved in massless limit)

» Quantum correction due to trace anomaly in non-Abelian gauge theory
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o P : _ :
T,r 2gs FAvEA +:(1 + 1) Z mWa¥;  Nucleon sigmaterm ~ 60 MeV from Higgs |
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¢ Definitions
» Gravitational form factors (GFFs) for spin-0 particles, e.g., for pion:

10)| #(p)) = 5;7

<na( ) [A”(t)P”P”+D”(t)(A”A” - tg””)]

for constructing dispersion relations

Pt =ph4ph AF = p— ph ' Crossing symmetry

ab

(zp)" (p) | 70)| 0) = 52

lA”(t)A”A”+D”(t)(P”P” _ tg””)] PNCs

» Nucleon GFFs
<N(p')1\7(p) ‘ Fre(0) ‘ o> = ﬁlft(p’) [A(I)A”A”+J(t)<iA{”0”}pPp>+D(t)(P”P” _ tg””)] u(p)
N

v Poincare symmetry and onshellness: A(0) = 1, J(0) = 1/2
v The last global unknown property: D-term (Druck term)



Dise (2(p)a” (p) | 7(0) | 0) P A P —ir

s e r-)eae-n o))

1 i [
Pr dQ, [A(z‘, s, )65 + A(s, t, u)5% 8% + A(u, s, ;)5“‘151?0] DLY, Dai, Zheng, Zhou, Rept.Prog.Phys. 84 (2021)
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cd

X
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(A7) @1 = Py@L= PY + (D7) (PP - 1g™)|

— l ; & 56119 1=0 /1 ¥ _ _ v T * v_ v
= > \/}Jdgl At u)[(A (1) l—PY2l— Py + (D*) (P*P* - tg" )]

S-, D-waves S-wave

» Mandelstam variables: t = P2, s = (p’ — )%, u = (p — 1)*; only two independent.

o Partial-wave amplitudes of 77 scattering: A'(z, s) = 327 ) ;27 + 1)P)(cos 0)ii(1)



« Discontinuity of A” and D”: associated only with 7, #; partial waves.

Disc <7t“(P')7Tb (p) ‘]A"/W(())‘ O> B 5;9

[DiscA”(t)A”A” + Disc D*(t) (P*P* — tglw)]

ab " *
52 [(A”(t)) (%pg(rg(t)—rg(r))(PﬂPV—th) +t§(t)MAV> + (D™(1)) tg(t)(P”P”—tg””)]

e Partial-wave unitarity

. )
Im A%() = 22 (100)) A%(o
4
2p. [ 4 p? " "
Im D*(f) = == lgp—”@g(t)—tg(t)) A7) + (£9(0)) D”(t)]
g VA Y,

JPC — 0++, 2++

e Decomposition into matrix elements (conserved separately):

(=) (p) | 7] 0) = 5 { ! ( o _ P;f) on(r) +

AZ
AFAY + — (PHPY — M) A% (¢
E 3t( g )] ()}

Trace part: <7z“(p’)7tb (p) ‘T”ﬂ(O)‘ 0> = 5P@%(1), O"(r) = —% (4p2A™(t) + 3tD™ (1))



« Discontinuity of A” and D”: associated only with 7, #; partial waves.

Disc <7t“(19')”b (p) ‘]A"/W(())‘ O> B 6;)

[DiscA”(t)A”A” + Disc D*(t) (P*P* — tglw)]

ab " *
52 [(A”(t)) (%pg(rg(t)—rg(r))(PﬂPV—th) +t§(t)MAV> + (D™(1)) tg(t)(P”P”—tg””)]

e Partial-wave unitarity

* R
Im A%() = 22 (100)) A%(o
t 2
2 4 0 0 2 -
Im D"(1) = = lgp—”<f8<r>—r§<r>) AT(0) + (150)) D”(r)] P 10" () =2 (1) O%()
u Vil3 Vi Y,

JPC — O++, 2++

e Decomposition into matrix elements (conserved separately):

(z(p)" (p) | 70)| 0) = 5“’9{ - (gﬂ” SR > 0" (1) +

AZ
AFAY 4+ 2 (PrPY — 1) | A%(s
3 P2 3 ¢ >] ()}

Trace part: <7z“(p’)7tb (p) ‘T”M(O)‘ 0> = 5P@%(1), O"(r) = —% (4p2A™(t) + 3tD™ (1))



o 7t phase shifts known precisely from Roy(-like) equation analyses Bern group; Madrid-Krakow group

o Generalisation to coupled channels: isoscalar, scalar z7-KK; f;,(500), f,(980) mesons

> Unitarity relation for ®”(r) ='Matrix relation for coupled channels (both pion and kaon trace GFFs): |

* : O (1)
(19n)) ©%(r) Im®() = [TH(H1* Zo(1) O() O() =

Phase-space factor

200 = diag(o,0(t — 1), 0,0t — 1))

i With 6,(f) = \/1 —4m?/t (i = n, K) :
| / nO(6)e2® _ 1 |

2p,
Im ©7(r) = 2
t —0" (1)

\/g

Omnes solution

)

: | g2(1) | ™00
0 2io,
() =

0(£) 2iC¥30O—-601) _ 1
a0 O(t)e
| go(®) | e™o?

Mo(t) = \/ L — 4,0 00 10 (1 — 1) Muskhelishvili-Omnes problem !

J. Donoghue, J. Gasser, H. Leutwyler, NPB 343 (1991) 341



e Single-channel: Watson’s theorem = phase of FF = scattering phase shift K.M. Watson (1952)

, 0,2i69 _
disc A™(f) = 2iA™(£)0(t — t,)sin 8%(t)e % 110] it = ’7262_1
% Omnes solution L0y
t [ dr Pt 5 replaced by the phase of 77 partial wave
n — p7 0 QO N=e o e 2 o)
AT = F 080, 20 xp{ s J ot -t @7 to account for inelasticity

T

> 58, 173 up to £y =~ 2 GeV from latest dispersive analysis
P. Bydzovsky et al., PRD 94 (2016) 116013

M. Hoferichter et al., Phys. Rept. 625 (2016) 1

» Beyond matching point EO’ B. Moussallam, EPJC 14 (2000) 111

2
) = + (BUE?) - ., (also for 1Y)
> 4 (2 2 ﬂ)1+(\/;/E0)3 "

» Polynomial: P} (f) = 1+at matched to NLO ChPT

r

2L
A™(f) = 1 - —2t

Fz | F? 05 10 15 20
Tensor-meson dominance estimate: sz = — . ]; Vi [GeV]
. 2 PDG average: m;, = (1275.4  0.8) MeV
Py =1+ e Q(z)(o) t~1- (001 GeV™)x We take m, = (1275.4 = 20) MeV for a conservative
h error estimate.




e Coupled-channel: solution known as the Muskhelishvili-Omnes (MO) representation
» The above can be generalised to rn-KK coupled channels (matching point: ~ 1.3 GeV)
» Take isoscalar scalar 77-K K for example

15] 2t
1 [ dr | i
Q@) =_J ——[ToOI* 2 Q) — ' -
/ = [ = 0
T t t _t _ [ \C/\] .
x ~= 0.5] P
P ; =1=) _1;
0.0 _of
—O_5i _3§HHMH“HH_H‘:
0.0 0.0 0.5 1.0 1.5 2.0

Vt [GeV]

it phase shifts: Roy equation
I. Caprini et al. (2012);

nrw — KK: Roy-Steiner equation
P. BUttiker et al. (2004);

M. Hoferichter et al., JHEP 06 (2012) 063

00 05 10 15 20 00 05 10 15 20
Vit [GeV] Vit [GeV]
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e Pion and Kaon trace GFFs

. . 4mg /.

(om+pt ) fo= 070 - 2m2 () ©-—=(95) ©,

(OO = PO, Pyr) = ) hovE e
— (2mg+pyt) - 2 (o 2 (o
RE ) B = OK(0) = v/3m2 (95) () -2m () (),

21 22
e Matching to NLO ChPT
i . m? . m? 3 m? m?

O"(0) = 1 - 4L12F—ﬂ —24(L, L13)F—7% — EF—%I,, Tk I,=098(2),

- r m2 r r m12< ml% . LT 1 /’tz

Ok0) =1 -4L,— - — 24(LI, - LB)F—% — F—%In = 0.94(14) . = chiral logs: /; = -o— |In m 1

o Similar coupled-channel analysis for D-wave an-KK

= coupled channel results for A%, AX and D*, DX
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Predictions: O(7)

A(?)

Pion
o7 (t) [GeV?]

| —— This work
O --- ChPT
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AT (t)

— Single-channel ]

—— Coupled-channel

D(?)
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LQCD (m, = 170 MeV): D.C. Hackett et al., PRL 132 (2024) 251904
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e Using the 7z scattering phase shifts at unphysical pion masses (239 MeV, 283 MeV, 391 MeV) obtained

from Roy equatlon anaIySeS X.-H. Cao et al., PRD 108 (2023) 034009; A. Rodas et al., PRD 109 (2024) 034513

0.2 \ ]

00 NN |

2 |
= 04 L~ oM
D —0.6; — my; = 239 MeV
- — m, =283 MeV

_0'8; — m,; = 391 MeV ] 7 :
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0

—t [GeV?] —t [GeV?]

Fast change before m_ = 391 MeV:
0 meson becomes a .t bound state!

R.A. Briceno et al. [HadSpec], PRL 118 (2017) 022002
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e Discontinuity
Disc(N(pN(p)| 7"(0)|0)

x Y (NpHN(p) | n) (n| T(0)10) 8*p +p' ~ p,)

e Inthe region t € (¢, 16¢,), only 77 intermediate state 5
s nn/KK — NN scattering
Disc <N( PON(p) | T7(0)) 0>

a(p") [Disc A(r)A*A + Disc J(r) (iA{ﬂov}PPp> + Disc D(¢) (PP — ng)] o(p)

4mN

I i p,
2 (47)* \/t .
1 i p,
2@/,

aQ (NN (p)

w(at (P~ 1) ) {(zWa® (P =1) [70)] 0>*

(P —21)
2

i )
dQ, i(p") [(Sabl(A++ ( 5 )B+) + i€y, T(AT + B—)]u(p)

ab " N
> l(A”(t)) (21— P2l — P)* + (D™(1)) (P”P”—tg””)]

(#-21)

[dgl a(p’)% <A+ + TB+>u(p) [(A”(z))*(zl — Pyl - P) + (D*(t)) (P*P* - tguv)] ,

X

1 i p,
_2(47:)2\/;

A=, BT Lorentz invariant 7N scattering amplitudes G. Hohler (1983)
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e Partial-wave amplitudes fortmr —= N N W. Frazer, J. Fulco (1960); G. Hohler (1983)

Al = =23 (42 )(p,,pN>f [Pj(cosem(r) . %P}(cowﬂ(r)
+

PN 720
0 J _|_ il
Bl(1,5) = 8z —(p”p Y=1P(cosO)f (1) I = + /— for even/odd J;
2 VIV + 1) N ! fI: xm — NN partial-wave amp. with +/— for parallel/
e Discontinuity of the nucleon GFFs anti-parallel NN helicities.
4 3p3 )
Im A%(r) = [fz(t) + \/:—r2(z)] A%(D)
NG
tm 7 = =22 [120)] " 470
2\/61
3 4 * *
Im (1) = — =2 [ = ((£20) = (papn)” (£30) ) A%0) + (130)) D70
_ B J

JPC

e Decomposition into 0™, 27t matrix elements

(NN ) | )] 0) = (o) (T + 72 ) 0(p)

W upr
— | omv_ s
e =<(s - =)0
A 2ic™ AP,
T = —|anar 4 S (PP — 1) [A%0) + At P, + L (PAPY — 1) |10



e Partial-wave amplitudes fortmr —= N N W. Frazer, J. Fulco (1960); G. Hohler (1983)

Alt,s) = - Sy Z J+—= )(p,,pN)J [PJ(cosé)ﬁ(t) — LSHP}(cose)fZ(t)
% VI + 1)

pN J=0
0 J _|_ il
Bl(t,s) = 8x —(p”p Y =1P(cosO)f () I = + /- for even/odd J,;
2 VIV + 1) Y ! fI: xm — NN partial-wave amp. with +/— for parallel/
e Discontinuity of the nucleon GFFs anti-parallel NN helicities.
3p3 )
Im A%0) = [f ")+ \/:_Fz(t)] AN (1) = —— [~4pRA%) + 207°0) — 3tDY()
\/gt 4my N
3p3 3p
Im J5(t) = —= |f2(1)] A*@) Im ®%(r) = — H| e
2\/67[ | _— O 4pN\/;[m)] (t)
3 4 * *
Im D¥() = - = [ = ((£90) = (Pepw)” (£20) ") A% + (£20) D7)
_ B J

e Decomposition into J¢ = 07+, 2+ matrix elements
(NN |70 | 0) = o) (72 + 72 ) o(p)

i _ Lo PPN
=3(e - )ew
| A2 2ic™ AP,
T = —|anar 4 S (PP = 1g) |4 + |iaWe P, +

(PHPY — tg””)]]s(t)
3t 16



o Partial-wave amplitudes for 7z — N N W. Frazer, J. Fulco (1960); G. Hohler (1983)

Alt,s) = - Sy Z J+—= )(p,,pN)J [PJ(cosé)ﬁ(t) — LHP}(cose)fZ(t)
% VI + 1)

pN J=0
00 J _|_ -
Bl(t,s) = 8x —(p”p Y =1P(cosO)f () I =+ /— for even/odd J;
2 VIV + 1) Y ! fI: xm — NN partial-wave amp. with +/— for parallel/
e Discontinuity of the nucleon GFFs anti-parallel NN helicities.
Im A 3 2 F2 AT 1 \
m a0 =2 |2 4 3000 4 O%(1) = —— [~4pR A%(1) + 20J°(t) — 3tD*(1)]
\/gt 4m
N
3p3 3p,
Im J*(¢) = e [F20] A7) ey MO = - ; \[ [£2(0)] @7(0)
PNV T
3 Npﬂ 4 2 ) * 0 *
Im D(1) = [ = ((£20) = (papn)” (£30) ) A7) + (130) D”(r)]
_ B J
e Decomposition into J7¢ = 0**, 2+ matrix elements Coupled-channel
<N(p’)N(p> | T””(O)‘ 0> = ﬁ(p’)(Tg‘” + Té‘”) v(p) [Im () = — ; j\/ { P [F20] O (0t —1,) + % i [20)] O - 1) }]
pp PV T
™ = %(g”” - PPf ) - —
1 A2 2i6”A P KK — NN amplitUde
T = | Arar o+ (PP = 1) |40 + iAo P, + S (Prpe = 1gm) | 1)
my 4 ! 17



o Inputs: 7z/KK — NN partial-wave amplitudes >, 1Y from Roy-Steiner analyses G tite F steiner (1973
M. Hoferichter et al., Phys. Rept. 625 (2016) 1; PLB 853 (2024) 138698; X.-H. Cao et al, JHEP 12 (2022) 073
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¢ Dispersive relations (DR) for the nucleon GFFs

| Im(A, J, ©)(¢
(A.J.©)(1) = —[ ar =220
» Un-subtracted DR: pQCD = lim,_,, (A, J,0)(®) ~ 1/|1| X.-B. Tong, J.-P. Ma and F. Yuan, PLB823(2021) & JHEP10(2022)

» Normalisation = sum rules M.A. Belushkin et al., PRC 75 (2007) 035202; M. Hoferichter et al., EPJA 52 (2016) 331

1 (% Im(A, J, ®)(¢ 1
_J dr m( / )():<1,5,mN>

T 4m7% t

» Introduce S-wave (0**) and D-wave (27¥) poles to the spectral functions: zcg Dmsz’ ot — m§ 1) to satisfy the

sum rules
v 07 :mg € (1.5,1.8) GeV to cover f,(1500) and f,(1710)

v 2" my, € (1.5,2.2) GeV to cover f£,(1500), £>,(1950) and £,(2010)
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—— This work
—0— LQCD,m, = 170 MeV

0.5 1.0 1.5

—t [GeV?]

—8- LQCD, m, = 253 MeV
(gluon)

Predictions: "o
0.8+

= 0.6F
< I
0.4+
02+
0.0

0.0

1.0
081

=  0.6]
2 i

O

= 04f
® o02r
0.0°
-0.2F

| [ ™

0.0

LQCD (m,, = 253 MeV), gluon part only:

0.5 1.0 1.5

—t [GeV?]

J(#)

iy T T T T T T T T T T T T T T T T il

05 LQCD (m,, = 170 A

0.4/

0.3

0.1F

00l
0.0 0.5 1.0 15 2.

—t [GeV?]

AeV)

D.C. Hackett et al., PRY 132 (2024) 251904

0.0 0.5 1.0 1.5 2.0

—t [GeV?]

B. Wang et al. [YQCD], PRD 109 (2024) 094504
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e Consider various densities M. Polyakov, PLB 555 (2003) 57; M. Polyakov, P. Schweitzer, IJMPA 33 (2018) 183005;
C. Lorcé et al., EPJC 79 (2019) 89; C. Lorcé et al., PLB 776 (2018) 38;
X. Ji, Front. Phys. (Beijing) 16 (2021) 64601; D.E. Kharzeev, PRD 104 (2021) 054015; ...

FPA t | d¢A A !
——e T TAA() - — [A() =27 () + D (0)] =J—e O W+ D)

ry= m e
Pener(r) N (2m)3 _ 4m3 | (27)3 my

” d3A —ir-A — ! ] d3A —ir-A
,06(1") = mNu we -A (t) - 4—’%]%] [A (t) - 2](t) + 3D (f)] == Jwe ® (f) ,
d3A —ir-A 2 d
pJ(I’)Z Jwe J(l‘)+§l‘a~,(l‘)] .
A . 11 ds 3 2
pr) = mNJ o) e [ 3 \/}m]%EﬂD(t)] =p(r) + ES(”) :
I 1d ) d . 1 d1ld .
pin) = 6mN§ drr dr by, st =~ 4mNr dr r er(r)

Zero-average-momentum frame (ZAMF) E. Epelbaum et al., PRL 129 (2022) 012001; J.Y. Panteleeva et al., EPJC 83 (2023) 617; ...

0 1
pLAMF() — ﬂj dA Asin (Ar)J da A [(a® - 1)A?]
o -1

3

naive( ) J d A —ir-AA (t)
pEner r) = mN —3 e
(2m) o
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Energy and dilatation
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e D-term: D = D(0)

e Various radii in the Breit frame

» From the trace FF:

(rg) = 6A'(0) — oD

2m 2

» Radius of energy density:
3D

<réner> = 6A,(O) A0

2mg;

» Mechanical radius

<rMeCh> =

j dt D(7)

2 d
» Radius of the density J (¥) + ?EJ (1)

(ri) =20J(0)

D-term

() tfmi

(TEner, Ifm]

< r1\2/1e0h> [fm]

(r?) [fm]

—3. 38+0 34

0. 97+0 03

0. 70+0 03

0. 72+0 09

0. 70+0 02

Quantity m Error budget

+(0.18)cnpT(0.12)pwa(0.26)eff
16)chpT(0.12)Pwa(0.29)e
)chpT(0.01)Pwa(0.03)est

-(0.
(0.01
02)chpt(0.01)pwa(0.26)es

+(0.
-(0.
+(0.02)chp1(0.01)pwa(0.02)ef
+(0.02)chpT(0.01)pwa(0.03)est
+(0.02)chpT(0.00)pwa(0.09)ef

-(0.03)chpT(0.01)pwa(0.07)est
+(0.01)cnpT(0.01)pwa(0.01)est

-(0.01)chpT(0.00)pwA(0.02)et

» ChPT: NLO ChPT inputs
» paw: 77/ KK — NN

» eff: effective poles mg, m,
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e The pion, kaon and nucleon GFFs are precisely determined using dispersive method with inputs:

» Coupled-channel 77z-KK, zz/ KK — NN amplitudes
» Low energy: NLO ChPT with LECs estimated using resonance saturation, improvable with lattice calculations
» High energy: highly excited meson resonances

* Nucleon static properties:

DV = —3.38+034 (r2) =0.9710% fm >, /(r7,) 2084 fm > /(2 ) =0.70*0% fm

proton electric charge
e More results to come...

e QOutlook:

» Pion mass dependence

» Extension to hyperons

Courtesy of Meziani

Thank you for your attention!
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‘Deeply virtual Compton scattering

o Deeply virtual Compton scattering (DVCS) eN — ¢'N'y: HY, E“ (GPD)
e Definition of the n-th order Mellin moments:

|

1
[ dx x"'Hx, &, 1), [ dx x"'E(x, &, 1),
-1 -1

» The first Mellin moments — Pauli and Dirac form factors

» The second Mellin moments — Gravitational form factors

1 1
[ dx x H(x, &, 1) = AYL) + E2D1), [ dx x E4(x, &, 1) = BYt) — E2D“(¢).
-1 -1
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e The BF, for elastic electron scattering, coincides with electron-nucleon center-of-mass frame (CMF)

e BF matrix elements — Three-dimensional Fourier transformation — Charge distribution & Magnetic
Density

(NA(G/2) | Tgp(0) N(=G/2)) = 2my GE(G) By

(Ny(G/2) | Tgm(0) |NJ(=G/2)) = Gy(@ 1 (i5 X §) , -
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