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Meson and its description

 Usually using 25+, o gr© 8 WA T 2
e nLor ?*'L; from Atoms and non-relativistic

S =0 S=1 S=1

S 1Sy (07) 7S (177)

P lp (1) Py (0F) pp(1tT) Py, (27T
D Dy (277) Dy (177) "Dy (277)

F 1F3 (3+—) 3F2 (2++) 3F3 (3++)

G 1G4 (47T G5 (377) 3Gy (477)

e 1=0,1, 2,3,4correspodtoS, P, D, F, G waves
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Meson and its description

O WRBES: AR, AR

J =0 0~ (15p) 0T+ (*FRy)

J=1 1—(=) (351’ 351 . 3D1, 3D1) 1++ (3P1) 1+— (1P1) 1+ (3P1 . 1P1)
J=2 2T 3Py, 3Py —3F,, 3 ) 27~ (3Dy) 2=F (1Dy) 27 (°Dy — 1 Dy)
J=3 37 (3Ds, 3D3 —3G3, 3G3) 3T+ (3F3) 3t~ (1 Fy) 37 (3F3 — ' Fy)

* 3 categories, JEMREHE WHIES . . Q] K AE?
1. 0~ and 0Ot (fH[A)

2. Naturalparity 17, 27 and 37, FE—JRE (D7)

3. Unnatural parity 17, 27 and 37, ZE_2RREE (9A)



Bethe-Salpeter /7 £

» RAS: SRR S AR BHEMX R I R AL B
BIFAXTE BT R £, 753K iEBethe-Salpeter /712, BLE
Salpeter /712 (BB WA, &M T H A+

 Relativistic Bethe-Salpeter equation (BS)

Xp(q) =iS(p1) / éﬁ;

* Instantaneous verson: Salpeter equation

V(P k, q)xp(k)S(=p2)

. [ dq dk?
QO(qPJ_) EZ/Q_;XP(C])? nP(qPJ_) E/ Q;L (kpquL)@(ka)

Xp(a2) = S(P1)np(qp, )S(—Dp2)



Salpeter euqation

c ERBEREEEA a0 - [Les i, )
1L Pl
L rp
A (=p2p,) = oy Lape T (mme + pzm)]

e Salpeter equation

o A—i_(plPJ_)TIP(qPJ_)A—i_(_pQPJ_) B A_<p1PJ_>77P(qPJ_)A_<_p2PJ_)
P(dp,) =

(M—wl—wg) (M+W1+CU2)

* Positive and negative wave functions

]\4 A[ —P2p,

(G ) =9 (qp )+ (@) + o (gp) +¢ (¢p,)

90 Ai(plfu)



Salpeter euqation

* Salpeter euqation & i EiA

/( n T )
[@**(qm) = - (ph(jzl\z)/nﬁqi )i\ w(g) pzpl)]

__ _ A" (p1p, In(gp, JA™(=p2p, )
v (QPJ_)__ (M+w1+w2) )

\ 90+_(QP¢) :SO_JF(QPL) =0, /
C o Mt > M—w—w (L)

0 gp ) >0 (0p,), wlgp) =T (gs,)

o PUANJTRE AT SR A B 22 8 AR i I PR AL
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o XFIrTFHEATPAR#

P = (P, —15) and ¢ = (qo, —q)
2p(a) = 179, (4')70.
o CAXHR
op(q) =n.Cop(—q)C".
Cyi C~' =75 and Cry C71 = —,
Fll&: P_0=M
Ik ) el g _0=0 (Salpeter Eq.)
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* The wave function of a meson can be composed meson mass
M, momentum P, internal relative momentum g between
qguark and antiquark, and Dirac matrix, possible polarization
vector or tensor, etc.

 Universal wave function for a 0- meson in Instantaneous
approximation (P-q. =0), ¢/' = (P - q/M*)P", ¢ = ¢" — q"

0~ L q/J_P D
e, (q)= (a1M+a2 P+asdq +ay . )7

Four unknown radial wave functions a; = ai(—qi)
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* Non-relativistic wave function: pure S wave

=

1 9]
0.70(q,) = (M +ay P)y (al=a2)
e Relativistic wave function: S wave + P wave

90?3_(%) = (CLlM—l—CLQ P+as ¢, _|_a4qL P) 5

M
o BRAAKRZR, FHERIEREEIRN
99?3_(%) = VA | MY (01 + az’)“o)

\|(/ﬂ—(Y1 YT+ Yy = Yioy®)(as + GMO)] o%

al and a2 terms are S waves, non-relativistic

a3 and a4 terms are P waves, relativistic correction
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| Salpeter 5 #& K iR fS 42 ) R 2Xal, a2, HIARMEE

) qd P
90?3 (q.) =M (al —|—a2§ —ar_ |+ axr— v

M

W1 + Wy Wi — Wy

Ty = , T_ = wi = \/mi— @, wy = /m3 — ¢?
MWy + Moy miws + Maws ! LT 2
30
14
T R 12
Bc/ M T UK PR %
10 — Meay = Meay
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3 ° ) .
O 4 e Qudly T
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4
2
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Figure 1. The 0~ wave functions of the ground state B.(15) (left) and the first excited state

B.(2S5) (right). ay and as terms are S waves; ag and ay terms are P waves.

Bc/1S. P HEL: S:P=1:0.082;1:0.091; 1:0.097 for 1S, 2S, 3S
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i
e |1 p1-(q1) = qui.€ (Dl + %Dz + %Ds + ]\Zi D4)

Ds, D¢ terms are S waves, Dy, Dy, D; and Dg terms are PP waves.
D5 and D, terms are .S — D mixture.
The D waves are
(asmbed) (5o om)
and the complete S waves are

M¢ <D5 + %DG) + %fo‘-‘ (%Dg - %m) .



wave function of 17~ 18 dominant state

Y >
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o SEHEMAE. 1S, 2S, 1D, 3S, 2D, 4S.. GBRE)

AR
o P (1) 1S,
(2) 1D.

2D. 3D: DY NFE, /bEP

3097, 3688, 3779, 4057, 4111,4329 MeV

2S. 3S: SYANTE, /DEPH, DIH/D

B, SPiE/D

wave function of 17~ 3S dominant state

wave function of 17~ 2D dominant state
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wave function of 17 2S dominant state

10—
........ q D, Q . N cenene = Dy
-q D, T | AN -9 D,
175} ] )
______ FDM £ o / ) eeee- 2°D3/(3M)
—— -¢?DyM & / \ — — 2¢?D,I(3M)
—MD g \ —— M D.-PD/(3M)
----- -M Dg 0 , 3 ----- =M D5-q*D,/(3M)
_q DT ! I./ \\\ _q D?
we A / \\
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Wave function of a 17 state and its partial waves

o (qg)=¢€q, (fl +f2]\’lz +fgg— +f4g ’P) 7P

Epe V" PGl € P q, d, P
+ e 7 (91+92M+93M+ 943z )

fi terms are 17~ (*P)), g; are 177 (°P;), so it is ' P, — P, mixing state.

P q/J_P)E)
Y

SDS(C]L) —€-q, (f1+f2M_f137— Q(L + fory Vi

‘ wpv p o
1€ upo Y P q' €

i M

(91 + 925 — 1T Q(L T G+ QMP> -



Wave function of a 17 state and its partial waves

* Normalization

/ dq 8wiwaq”
(27T)3 3M(m1w2 -+ mgwl)

(fifo —2q192) = cos® O + sin® 6 = 1.

where the mixing angle is defined by wave function

 Thereis also P and D partial waves, f1,f2,g1,g2 terms are
non-relativistic P waves, others are relativistic D waves.

* When ml1=m2, the 12+ decouples into two states: 1*{++}
and 17{+-}. This can be seen from the normalization
formula. Later, we will use the 2/- as an.



Wave function of a 17 state and its partial waves

Solutions appear in pairs, first and second are 1P,
third and fourth are 2P, etc

Firsttwo 11'p; : 13P;, = 0.284: 0.716 and 0.716 : 0.284

with mixing angle 6,p = —57.8° or 32.2°

3,4 2'P; 2P, =0.263 : 0.737 and 0.737 : 0.263,
fop = —59.1° or 30.9°.

Pure P wave: @nr =0np

P:D=1:0.0971 fortwo 1P

P:D=1:0.0936 fortwo 2P
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L 1 P1 1+ 6739 (input)
1P 1t 6748
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8 ol g 32.2°(—57.8°)
2P 17 7144
0‘ T,
0 1 2 3 4 4 / +
e o P 1 7149
Figure 6. The 17 wave functions of the 1' P, — 12 P, mixing states B.i(1P) (left) and B’ (1F HQP
(right). f1 and fo terms are ! P; waves; g; and g terms are *P; waves.
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Figure 7. The 17 wave functions of the 2! P, — 23 P, mixing states B.;(2P) (left) and B/, (2P)
(right). f; and f> terms are ' P; waves; g; and g2 terms are P, waves.
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,u,zza,B 19
h, 4+ —h, +£h Lh, D
+ i ( LT ik + ' + 2 2
M (wy — w2) M (wr + wa)
/v‘ E 5 — — = —
SR a3MNMCTFAR a1 = —ar - A2 g, = gy
(HLA R R E 45 11X P I hy = gy Mlwr—wa) o, Mw fws)
3 ! miws + Mawi ’ 2m1w2 + Mown .

A LSRR 56 88 2- 25 (B 5 o B )= PR SR gt 425

1 — (q,) = €,uq"q" a+£a —l—PgLa :
D2 2 S02—+ q,) = pu‘qu_qL 1 M 2 M2 a |

. L . pv
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PRD 110 (2024) 113009 , PRD 107 (2023) 113002
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TABLE L.

Our predictions of the mass spectra of 27~ and 277
charmonium in unit of MeV.

2-- 2+
1D 3823.0 (input) 3828.2
2D 4153.7 41577
3D 4407.5 4410.7

0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000
0.0000000000000000

3823MeV

-7.636350659883E-002
-0.30274732682145383
-0.68037529849201783

-1.1966593473083946

-1.8322941595454281

-2.5813336740654158

-3.4228895665345571

-4.3838628026473270

-5.3617211631158774

-6.3884576718862967

-7.4017351053125937

-8.5142885295266542

-9.5208954457716821

-10.502177505435727

-11.357393144543629

-12.299321220328759

-13.039975857692486

-13.707368577420588

-14.171894309646952

-14.723073338477983

-15.025817209481056

-15.235104169100920

-15.216085999073901

-15.296492125541139

-15.144244832687697

-14.921242533765668

7.5867462354225E-002
0.30069257145332684
0.67546879995471865
1.1872824633099552
1.8163917517492894
2.5563165589770049
3.3855444187070400
4.3301185882252371
5.2875150680711744
6.2888089004942511
7.2715708315447793
8.3464102283880326
9.3108560285864836
10.243856628686087
11.046548161414339
11.926334605682644
12.603529206472503
13.202641828019113
13.599292474808779
14.071956251517925
14.301539214542826
14.436733212863446
14.351544858299579
14.355190881198757
14.138970427942551
13.854937636514066

| -9.302185425020E-002
-0.36861703707916194
-0.82826744007506348
-1.4567175015350755
-2.2303621414256818
-3.1420808254689576
-4.1665477170883127
-5.3365187938043466
-6.5271853823356247
-7.7777185736425878
-9.0122535467182807
-10.368203449728179
-11.595558885157446
-12.792533043772305
-13.836587471515111
-14.987268259899491
-15.892942818130956
-16.710233321671787
-17.280724874741924
-17.957758861130472
-18.332067087370625
-18.593000094467818
-18.575789586495706
-18.680400384347685
-18.501256340710572
-18.235807452898918
-17.726913391627090
-17.359795271699543

3828.2

-9.23114227022E-002
-0.3655679807351633
-0.8209649654840550
-1.4429153064296665
-2.2072264587327730
-3.1061969662506685
-4.1138166237637970
-5.2617306007446931
-6.4252682974511037
-7.6425522871697362
-8.8376720774330693
-10.145360030210655
-11.319171583181495
-12.455154190948297
-13.433285594469723
-14.506477833007052
-15.333153198995973
-16.065910043500288
-16.552597171936068
-17.132939317336664
-17.417326607591768
-17.587451439352161
-17.489430678988665
-17.500181314074350
-17.243184283774134
-16.903496154500989
-16.338814178087969
-15.903245464482591

5.1566068364009863E-013 -1.3967860403864375E-013
9.4872177839947850E-014 -1.3939553018328617E-013
1.6554649942520213E-013 -1.2902477878020497E-013
8.6349896139325040E-014 -1.1833691272914959E-013
8.5189901924930513E-014 -1.2486787429650342E-013
1.4202965864824957E-013 -1.7694583280762917E-013
1.0894567705099579E-013 -1.8349423617282226E-013
2.1274750717858029E-013 -2.1796758952632505E-013
2.3081781564552717E-013 -1.9710654323835709E-013
3.6892630221110988E-013 -3.7656519741673755E-013
4.9888776573142411E-013 -5.0660876154567237E-013
5.6103556225507090E-013 -5.6159075934483362E-013
6.7410945869329991E-013 -6.1869834858444208E-013
7.3937326647968909E-013 -6.7587951630411969E-013
7.1157338667502679E-013 -6.6563909461133732E-013
7.8061380309764793E-013 -7.4102971255103848E-013
7.7730377902327512E-013 -7.5356528071375926E-013
8.2018452104026988E-013 -8.3452860639058514E-013
8.3399376264604091E-013 -7.9299227232316744E-013
8.4794843331535058E-013 -8.8033169621656284E-013
8.8803102430813197E-013 -8.7313789122863651E-013
9.7512516979355856E-013 -9.1274625287849784E-013
9.9273837182891178E-013 -9.7384505765640345E-013
9.4113787199254048E-013 -8.5993766267994100E-013
1.0169622802364849E-012 -8.9708113528656717E-013
9.4969481350920449E-013 -8.5848349219867697E-013
9.0326831834056376E-013 -8.1989973696249287E-013
7.9963879071963708E-013 -7.1234935421463791E-013
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Table 2 Mass spectra of (cc) and (bi;) systems with quantum numbers JPC = 07+, 17, Here ®+DL; denotes the dominant component in the state. ‘Ex’
means the experimental results from PDG [17] and the data for 7, come from ref. [18]

n JPC(@STDL ) Th(ce) Ex(cc) Th(bb) Ex(bb)
10-7(1So) 2980.3(input) 2980.3 9390.2(input) 9388.9
207(1S¢) 3576.4 3637 9950.0
307('Sg) 3948.8 10311.4
11-38) 3096.9(input) 3096.916 9460.5(input) 9460.30
21035 ) 3688.1 3686.09 10023.1 10023.26
31-CD)) 3778.9 3772.92 10129.5
41351 4056.8 4039 10368.9 10355.2
517CDy) 4110.7 4153 10434.7
61(S)) 4329.4 4421 10635.8 10579.4
71-3S)) 4545.9 10852.1 10865

Table 3 Mass spectra of (cc) and (bi;) systems with quantum numbers J” C = Q**, 17+, 27* 1*~ in unit of MeV. Here ®*D[; denotes the dominant compo-
nent in the state. ‘Ex” means the experimental results from PDG [17]

nJPC @S+, Th(cc) Ex(cc) Th(bb) Ex(bb)
1077 Py) 3414.7(input) 3414.75 9859.0 0859.44
207G Py) 3836.8 10240.6 10232.5
307G Py) 4140.1 10524.7
11773P) 3510.3(input) 3510.66 0892.2 0892.78
2143P) 3928.7 10272.7 10255.46
317°3P) 4228.8 10556.2
12775 P,) 3556.1(input) 3556.20 99144 9912.21
223 Py) 3972.4 10293.6 10268.65
327G F) 4037.9 10374.4
423 Py) 4271.0 10561.5
117('pP) 3526.0(input) 3525.93 9900.2
214 (P 3943.0 10280.4

317°(P)) 4242.4 10562.0
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n 25+, JP ours 38] [39,40] [41] [42] [55] Exp
118, 0~ 6277 (imput) 6271 6272 6275 6271 (input) 6276 6274.940.8 [56]
138, 1 6332 (input) 6333 6333 6329 6326 (input) 6331 6333 [27]
218, 0 6867 6855 6842 6867 6871 (input) 6871.6=£1.1 [56]
238 1™ 6911 6887 6882 6898 6890 6900.1 [27]
319, 0 7228 7250 7226 7254 7239
339, 1- 7272 7272 7258 7280 7252
13P, 0t 6705 (input) 6706 6699 6693 6714 6712
1P 1F 6739 (input) 6741 6743 6731 6757 6736
1P 1t 6748 6750 6750 6739 6776

01p ~57.8°(32.2°)  22.4° 20.5°  18.7° 35.5°  33.4+ 1.5° [37]
13P, 2t 6762 (input) 6768 6761 6751 6787
23p,  0F 7112 7122 7094 7105 7107
2p, 1t 7144 7145 7134 7136 7134
2P 1t 7149 7150 7147 7144 7150
Oop ~59.1°(30.9°)  18.9° 23.2°  21.2° 38.0°
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23p, 2% 7163 7164 7157 7155 7160
33P,  OF 7408 7474 7437 7420
3P 17 7440 7500 7465 7441
3p, 1t 7442 7510 7474 7458
O3p —60.1°(29.9°) 39.7°
33, 2F 7456 7524 7483 7464
n 25FiL, J¥ ours [38] [39,40]  [41] [42]
13D, 1= 7014 (s—pP-D) 7028 7021 7007 7020
23Dy 17 7335(S-P-D) 7392 7347 7336
18F, 2+ 7239 (P-D-F) 7269 7232 7234 7235
23F, 2T 7508 (P-D-F) 7618 7518
13Dy 37 7035 (input) 7045 7029 7011 7030
1Dy 27 7025 (input) 7036 7025 7006 7024
1D, 2- 7029 7041 7026 7016 7032
01p —58.2°(31.8°) 44.5° —35.9° —49.2° 45.0°
23D 3~ 7355 7405 7351 7348
2Dy, 27 7345 7399 7339 7343
2D, 27 7349 7400 7359 7347
f2p —57.4°(32.6°) —40.3° 45.0°

Table 1. Mass spectra and mixing angles of the B, system.
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