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Outline

• Heavy meson inclusive and exclusive decays

• Heavy meson shape function

• Two-step matching

• Matching relation between shape functions in QCD and HQET
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Heavy flavor physics

Test SM (Unitary 
triangle)

Explore the physics 
of CP violation

Extract parameters in the 
Standard Model 

Hunt for new physics 
beyond the SM

To understand the 
strong dynamics inside 

hadrons

Rich data. LHCb, Belle-
II, BESIII…

Heavy favor
physics
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The unitary CKM triangle

via 𝐵𝐵 → 𝑋𝑋𝑢𝑢 ℓ 𝜈𝜈

via 𝐵𝐵 → 𝜋𝜋 ℓ 𝜈𝜈

PDG (2024)

PDG (2024)

• Over constraining the CKM triangle is a crucial test of CP violation and the Standard model

• 𝑉𝑉𝑢𝑢𝑢𝑢  can be measured with exclusive and inclusive processes

The 𝑉𝑉𝑢𝑢𝑢𝑢 puzzle
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QCD factorization for exclusive B decays

• QCD factorization for B->MM

Beneke,Buchalla,Neubert,Sachrajda, 1999; Bauer, Pirjol, Stewart, 2001

• QCD factorization for B → 𝛾𝛾ℓ𝜈𝜈

• Needs the input of LCDA
5



QCD factorization for inclusive B decays
• Inclusive decay rate is related to the hadronic tensor

𝑝𝑝 = 𝑚𝑚𝑢𝑢𝑣𝑣 − 𝑞𝑞: momentum of light partons

• When 𝑝𝑝𝜇𝜇 ∼ 𝑚𝑚𝑢𝑢 ≫ Λ𝑄𝑄𝑄𝑄𝑄𝑄: heavy quark expansion (local OPE) 

• When 𝑝𝑝𝜇𝜇 = 𝑝𝑝+,𝑝𝑝−,𝑝𝑝⊥ ∼ 𝐸𝐸 𝜆𝜆, 1, 𝜆𝜆 : twist expansion (light-cone OPE) 

𝜆𝜆 =
Λ𝑄𝑄𝑄𝑄𝑄𝑄
𝐸𝐸

𝑚𝑚𝑢𝑢𝑣𝑣

𝑞𝑞
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B meson inclusive decays and shape function

𝐵𝐵 → 𝑋𝑋𝑢𝑢 ℓ 𝜈𝜈 

𝐵𝐵 → 𝑋𝑋𝑠𝑠𝛾𝛾 

• Shape function reflects the fermi motion of b-quark inside B-meson

• The differential decay rates are expressed in terms of shape function

• Shape function and LCDA are crucial for understanding heavy meson structure

• Shape function and LCDA are defined with matrix elements of nonlocal HQET
operators
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Bauer, Manohar, 2003; Bosch, Lange, Neubert, Paz, 2004,…



How to access the nonperturbative functions?

• Extract from experiment

• Extract from lattice simulations

? Light-cone separation
Can be solved with the Large Momentum Effective Theory (or pseudo 
distributions,etc.)

? Heavy quark on the lattice
Back to active heavy quarks, i.e., heavy quarks in QCD

Kawamura, Tanaka, 2018; Wang,Wang,Xu,SZ,2019; SZ,Radyushkin,2020
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Xu, Zhang, SZ, 2022; Xu, Zhang, 2022; Hu, Xu, SZ,2024Hu, Wang, Xu, SZ, 2023;



Large momentum effective theory

See the talks by Qi-An Zhang, Jun Hua 9



The approach of two step matching

See the talk by Qi-An Zhang

• 1st step matching: same with pion DA (independent of 𝑚𝑚𝑄𝑄)

𝑃𝑃𝑧𝑧 ≫ 𝑚𝑚𝑄𝑄 ≫ Λ𝑄𝑄𝑄𝑄𝑄𝑄

• 2nd step matching Ishaq, Jia, Xiong, Yang, PRL2020;  
SZ, PRD 2020
Beneke, Finauri, Keri Vos, Wei, JHEP 2023
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Two step matching for shape functions
• Shape function is still untouched by lattice QCD 

• Defined with hadron-to-hadron matrix element of nonlocal HQET operator

• Matching between equal-time (quasi) QCD operator and light-cone 
operator is known.
Same with quark PDF

• The relation between shape function and its QCD counter part is unknown.
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Shape function in HQETQCD
• Shape function in HQET

• Activate the heavy quark: shape function in QCD

b: heavy quark field in QCD
Support: 0 < 𝑥𝑥 < 1.

ℎ𝑣𝑣: heavy quark field in HQET 
Support: −∞ < 𝜔𝜔 < �Λ, with �Λ = 𝑚𝑚𝐵𝐵 −𝑚𝑚𝑢𝑢. 
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Shape function in QCD
• Two typical scales in heavy meson: Λ𝑄𝑄𝑄𝑄𝑄𝑄 and 𝑚𝑚𝑄𝑄

• Most of the momentum is carried by the heavy quark. 
Shape function is peaked near the end point, i.e., 𝑥𝑥 ∼ 1

• The peak is smeared by the gluon radiation.

• Near the peak: soft gluon radiation, 
nonperturbative.               

• Far from the peak: hard gluon radiation, 
perturbative.               

Peak region

Tail region

• Integrate out 𝑚𝑚𝑄𝑄:  QCD shape function  HQET shape function
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• Assuming 𝑝𝑝𝐵𝐵+ = 𝑚𝑚𝐵𝐵𝑣𝑣+, 𝑝𝑝𝑢𝑢+ = 𝑚𝑚𝑢𝑢𝑣𝑣+ + 𝑘𝑘+

𝑝𝑝𝐵𝐵: B meson momentum; 𝑝𝑝𝑢𝑢: b quark momentum; 
𝑘𝑘: residue momentum of b quark

• Tree-level: 
QCD shape function: 

𝑆𝑆𝑄𝑄𝑄𝑄𝑄𝑄 𝑥𝑥 = 𝛿𝛿 𝑥𝑥 −
𝑚𝑚𝑢𝑢

𝑚𝑚𝐵𝐵
−

𝑘𝑘+

𝑚𝑚𝐵𝐵𝑣𝑣+
= 𝛿𝛿 𝑥𝑥 − 1 +

Λ
𝑚𝑚𝐵𝐵

−
𝑘𝑘+

𝑚𝑚𝐵𝐵𝑣𝑣+

HQET shape function: 𝑆𝑆𝐻𝐻𝑄𝑄𝐻𝐻𝐻𝐻 𝜔𝜔 = 𝛿𝛿 ω − 𝑘𝑘+

𝑣𝑣+

• Matching relation at tree level:
𝑆𝑆𝑄𝑄𝑄𝑄𝑄𝑄 𝑥𝑥 = 𝑍𝑍 𝑥𝑥,𝜔𝜔 ⊗ 𝑆𝑆𝐻𝐻𝑄𝑄𝐻𝐻𝐻𝐻(ω)

𝑍𝑍 0 𝑥𝑥,𝜔𝜔 = 𝛿𝛿 1 − 𝑥𝑥 −
Λ
𝑚𝑚𝐵𝐵

−
ω
𝑚𝑚𝐵𝐵

Λ ≡ 𝑚𝑚𝐵𝐵 −𝑚𝑚𝑢𝑢

Matching at tree-level
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1 − 𝑥𝑥 ∼ 𝑂𝑂(Λ𝑄𝑄𝑄𝑄𝑄𝑄/𝑚𝑚𝑄𝑄)

1 − 𝑥𝑥 ∼ 𝑂𝑂(1)

• The factorization formula between 𝑆𝑆QCD and 𝑆𝑆HQET

• Expand the shape functions and matching coefficient

“Peak region”

“Tail region”

One-loop matching
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One-loop matching

• This necessitates a region-separated 
calculation.

• Work in the space-time dimension 
𝑑𝑑 = 4 − 2𝜖𝜖 and use MS scheme.

• Keep 𝑣𝑣 ⋅ 𝑘𝑘 non-zero and use plus 
function
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Matching relation
• The matching function at one-loop

• Matching relation verified.

• The plus distributions cancel out in the matching, yielding multiplicative 
form of factorization formula.

• Similar to the matching calculation for heavy meson LCDA.
Beneke, Finauri, Keri Vos, Wei, JHEP 2023



Matching relation at all orders
• Hard function is local in momentum space to all orders

𝑍𝑍𝑝𝑝𝑝𝑝𝑝𝑝𝑘𝑘 𝑥𝑥,ω,𝑚𝑚𝑄𝑄, 𝜇𝜇 = 𝑍𝑍 𝑚𝑚𝑄𝑄, 𝜇𝜇 𝛿𝛿(1 − 𝑥𝑥 −
Λ
𝑚𝑚𝑄𝑄

−
𝜔𝜔
𝑚𝑚𝑄𝑄

)

peak tail

• The matching at peak region is multiplicative
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Determining QCD Shape Function from Model

Neubert et al, NPB, 699 (2004)

• It is instructive to understand the
characteristic feature of QCD shape function
and beneficial for future lattice simulations.

• Taking advantage of a widely adopted model
of HQET shape function at the soft scale
𝜇𝜇𝑖𝑖 = 1.5 GeV with �𝜔𝜔 = �Λ − 𝜔𝜔 ≥ 0.



Summary and outlook

• The shape function is a crucial nonperturbative function in heavy meson
inclusive decays

• The relation between shape function and its QCD counter part is
established

• Can be used in lattice QCD simulation by combining with LaMET

• Could provide insight on the extraction of CKM matrix element and the
solution of the puzzles

Thank you!
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