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q = p′ − p, ν

p p′

Dirac equation implies:
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2 = 0) =

g − 2
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(Euclidean space time)

• The quantity a is called the anomalous magnetic moments.

• Its value comes from quantum correction.
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• Muon g − 2 [arXiv:2104.03281 [hep-ex]]

• “So far we have analyzed less than 6% of the data that the experiment will eventually collect.
Although these first results are telling us that there is an intriguing difference with the Standard
Model, we will learn much more in the next couple of years.” – Chris Polly, Fermilab scientist,
co-spokesperson for the Fermilab muon g − 2 experiment.

2004

Apr 7, 2021
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• Muon g − 2 [arXiv:2308.06230 [hep-ex]]

• New results (August 10, 2023) reduced the uncertainty by a factor of two.

• The final result from Fermilab will be released soon.

• All results so far are consistent.

• J-PARC is working on a separate muon g − 2 experiment using a different setup (very cool
muon).
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• Muon g − 2 [arXiv:2308.06230 [hep-ex]]

• The standard model prediction is missing in the above plot.

• Compared with previous WP20 results, EXP - WP20 = 24.9(2.2)exp(4.3)WP20 × 10−10

• Due to the new lattice calculations and new e+e− → hadrons experimental results, the
standard model prediction, which will be summarized in the new “Muon g − 2 Theory
Initiative White paper” (will be released soon), will likely be quite different from the
previous white paper.



Muon g − 2 from the Standard Model 6 / 34
Muon g − 2 Theory Initiative White paper posted 10 June 2020.

132 authors from worldwide theory + experiment community. [Phys. Rept. 887 (2020) 1-166]

From Aida El-Khadra’s theory talk during the Fermilab g − 2 result announcement.

• Two methods: dispersive + data ↔ lattice QCD

• New white paper will be released soon. The contents are confidential before its official
release. So, I will only show published results from each lattice groups, but not the
averages.

•
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Figure credit: Stephen R. Sharpe.
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⟨O(U, q, q̄)⟩ =
∫
[DU]

∏
q[Dqq][Dq̄q]e−S

latt
E O(U, q, q̄)∫
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)
Monte Carlo:

• The integration is performed for all the link variables: U. Dimension is L3 × T × 4× 8.
• Sample points the following distribution:

e−S
latt
gauge(U)

∏
q

det
(
Dlatt
µ (U)γµ + amq

)
• Therefore:

⟨O(U, q, q̄)⟩ =
1

Nconf

Nconf∑
k=1

Õ(U(k))

• Parameters in lattice QCD calculations (e.g. isospin symmetric (mu = md = ml) and four
flavor u, d, s, c theory):

g aml ams amc

Note that lattice spacing a is determined by g via the renormalization group equation.

• The experimental inputs needed to determine these parameters can be: mπ/mΩ, mK/mΩ.
mDs/mΩ.
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q = p′ − p, ν

p p′

HVP
q = p′ − p, ν

p p′

HLbL
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Diagrams
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Diagrams – Isospin limit 2

with C(t) = 1
3

P
~x

P
j=0,1,2hJj(~x, t)Jj(0)i. With appro-

priate definition of wt, we can therefore write

aµ =
X

t

wtC(t) . (4)

The correlator C(t) is computed in lattice QCD+QED
with dynamical up, down, and strange quarks and non-
degenerate up and down quark masses. We compute the
missing contributions to aµ from bottom quarks and from
charm sea quarks in perturbative QCD [13] by integrating
the time-like region above 2 GeV and find them to be
smaller than 0.3 ⇥ 10�10.

We tune the bare up, down, and strange quark masses
mup, mdown, and mstrange such that the ⇡0, ⇡+, K0, and
K+ meson masses computed in our calculation agree with
the respective experimental measurements [14]. The lat-
tice spacing is determined by setting the �� mass to
its experimental value. We perform the calculation as a
perturbation around an isospin-symmetric lattice QCD
computation [15, 16] with two degenerate light quarks
with mass mlight and a heavy quark with mass mheavy

tuned to produce a pion mass of 135.0 MeV and a kaon
mass of 495.7 MeV [17]. The correlator is expanded in
the fine-structure constant ↵ as well as �mup, down =
mup, down � mlight, and �mstrange = mstrange � mheavy.
We write

C(t) = C(0)(t) + ↵C
(1)
QED(t) +

X

f

�mfC
(1)
�mf

(t)

+ O(↵2, ↵�m,�m2) , (5)

where C(0)(t) is obtained in the lattice QCD calculation
at the isospin symmetric point and the expansion terms
define the QED and strong isospin-breaking (SIB) correc-
tions, respectively. We keep only the leading corrections
in ↵ and �mf which is su�cient for the desired precision.

We insert the photon-quark vertices perturbatively
with photons coupled to local lattice vector currents mul-
tiplied by the renormalization factor ZV [17]. We use
ZA ⇡ ZV for the charm [22] and QED corrections. The
SIB correction is computed by inserting scalar operators
in the respective quark lines. The procedure used for
e�ective masses in such a perturbative expansion is ex-
plained in Ref. [18]. We use the finite-volume QEDL

prescription [19] and remove the universal 1/L and 1/L2

corrections to the masses [20] with spatial lattice size L.
The e�ect of 1/L3 corrections is small compared to our
statistical uncertainties. We find �mup = �0.00050(1),
�mdown = 0.00050(1), and �mstrange = �0.0002(2) for
the 48I lattice ensemble described in Ref. [17]. The shift
of the �� mass due to the QED correction is significantly
smaller than the lattice spacing uncertainty and its e�ect
on C(t) is therefore not included separately.

Figure 1 shows the quark-connected and quark-
disconnected contributions to C(0). Similarly, Fig. 2
shows the relevant diagrams for the QED correction to

FIG. 1. Quark-connected (left) and quark-disconnected
(right) diagram for the calculation of aHVP LO

µ . We do not
draw gluons but consider each diagram to represent all orders
in QCD.

 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0.06

 0.07

 0  10  20  30  40  50  60  70
r

Resulting two-point p(d) from p(r)=(1.5 + r)-5

Figure 6: Displacement probability for 48c run 1.

(a) V (b) S (c) T (d) D1 (e) D2

(f) F (g) D3

Figure 7: Mass-splitting and HVP 1-photon diagrams. In the former the dots
are meson operators, in the latter the dots are external photon vertices. Note
that for the HVP some of them (such as F with no gluons between the two
quark loops) are counted as HVP NLO instead of HVP LO QED corrections.
We need to make sure not to double-count those, i.e., we need to include the
appropriate subtractions! Also note that some diagrams are absent for flavor
non-diagonal operators.
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FIG. 2. QED-correction diagrams with external pseudo-scalar
or vector operators.

the meson spectrum and the hadronic vacuum polariza-
tion. The external vertices are pseudo-scalar operators
for the former and vector operators for the latter. We
refer to diagrams S and V as the QED-connected and to
diagram F as the QED-disconnected contribution. We
note that only the parts of diagram F with additional
gluons exchanged between the two quark loops contribute
to aHVP LO

µ as otherwise an internal cut through a single
photon line is possible. For this reason, we subtract the
separate quantum-averages of quark loops in diagram F.
In the current calculation, we neglect diagrams T, D1,
D2, and D3. This approximation is estimated to yield an
O(10%) correction for isospin splittings [21] for which the
neglected diagrams are both SU(3) and 1/Nc suppressed.
For the hadronic vacuum polarization the contribution of
neglected diagrams is still 1/Nc suppressed and we adopt
a corresponding 30% uncertainty.

In Fig. 3, we show the SIB diagrams. In the calcu-
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Figure 8: Mass-counterterm diagrams for mass-splitting and HVP 1-photon
diagrams. Diagram M gives the valence, diagram R the sea quark mass shift
e�ects to the meson masses. Diagram O would yield a correction to the HVP
disconnected contribution (that likely is very small).

9

FIG. 3. Strong isospin-breaking correction diagrams. The
crosses denote the insertion of a scalar operator.

Diagrams – QED corrections

and fit d�.
red For the finite-volume errors, the two-pion states in d are identical to the

I = 1 contributions of c and can be calculated using the GSL estimate which
we use for c. For the omega-related finite-volume errors, I will take the fitted
d� and E� and use this as the full result at finite-volume and compare it to
a GS model with omega mass from the fitted E� and width from the PDG
in infinite-volume. I should also compare this to R-ratio results for the I = 0
channel.

Do this entire exercise for 24ID and 32ID to estimate discretization errors.

4 QED and SIB diagrams

We will perform a full first-principles calculation of all O(↵) and O(mu � md)
corrections. The corresponding list of diagrams is given in Figs. 1 and 2.

(a) V (b) S (c) T (d) Td (e) D1 (f) D1d

(g) D2 (h) D2d (i) F (j) D3

Figure 1: QED corrections
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Figure 2: SIB corrections
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Diagrams – Strong isospin breaking
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7 / 18• Gluons and sea quark loops (not directly connected to photons) are included automatically
to all orders!

• Need to calculate and cross check all the contributions.
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T. Blum 2003; D. Bernecker, H. Meyer 2011.

C(t) =
1

3

∑
x⃗

∑
j=0,1,2

⟨Jemj (x⃗ , t)Jemj (0)⟩QCD

aHVP LO
µ =

(α
π

)2 ∫ ∞

0

dK2f (K2)Π̂(K2) =

+∞∑
t=0

w(t)C(t)

QED
and

strong isospin
breaking

• From muon g − 2 theory initiative white paper (2020). Value in unit of 10−10

• Light quark connected diagram has the largest contribution and largest uncertainty.
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T. Blum 2003; D. Bernecker, H. Meyer 2011.

C(t) =
1

3

∑
x⃗

∑
j=0,1,2

⟨Jemj (x⃗ , t)Jemj (0)⟩QCD

aHVP LO
µ =

+∞∑
t=0

w(t)C(t)

• Statistical error is mostly from:
Light quark connected diagram at t ≳ 1.5 fm

– More configurations (BMW 20 used ∼ 20, 000).

– Use low modes averaging to gain full volume average.

– Bounding method on the long distance tail.

– Study the ππ system spectrum to calculate C(t) with large t.

• Finite volume effects can be controlled.

• Systematic error is mostly from the continuum extrapolation.



Muon g − 2HVP: uncertainties 13 / 34
T. Blum 2003; D. Bernecker, H. Meyer 2011.

C(t) =
1

3

∑
x⃗

∑
j=0,1,2

⟨Jemj (x⃗ , t)Jemj (0)⟩QCD

aHVP LO
µ =

+∞∑
t=0

w(t)C(t)

• Statistical error is mostly from:
Light quark connected diagram at t ≳ 1.5 fm

• Finite volume effects can be controlled.

– Compare with larger volume lattices
6.3 ∼ 10.8 fm (BMW), 5.5 ∼ 7.3 fm (RBC-UKQCD), etc.

– Analytical calculation based on Fπ(Q2).
[Hansen & Patella, arXiv:1904.10010], ChiPT,
Meyer-Lellouch-Luscher-Gounaris-Sakurai model etc.

• Systematic error is mostly from the continuum extrapolation.
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T. Blum 2003; D. Bernecker, H. Meyer 2011.

C(t) =
1

3

∑
x⃗

∑
j=0,1,2

⟨Jemj (x⃗ , t)Jemj (0)⟩QCD

aHVP LO
µ =

+∞∑
t=0

w(t)C(t)

• Statistical error is mostly from:
Light quark connected diagram at t ≳ 1.5 fm

• Finite volume effects can be controlled.

• Systematic error is mostly from the continuum extrapolation.

– More and finer lattice spacings.

– Cross checks with different lattice gauge and fermion actions.
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• BMW: 4stout & 4HEX gauge and Staggerred fermion.

• Fermilab/HPQCD/MILC: one-loop Symanzik improved gauge and highly improved
staggered quarks (HISQ)

• ABGP: same as FNAL/HPQCD/MILC.

• LM: same as FNAL/HPQCD/MILC.

• Mainz: Lüscher-Weisz gauge and O(a) improved Wilson-clover fermion.

• PACS: Iwasaki gauge and O(a) improved Wilson-clover fermion.

• ETMC: Iwasaki gauge and Wilson-clover twisted-mass quarks.

• RBC-UKQCD: Iwasaki gauge and Domain wall fermion.

• χQCD: same as RBC-UKQCD except overlap valance fermion.
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RBC-UKQCD PRL 121, 022003 (2018)

Window contribution allows a high precision study of the continuum extrapolation.

aHVP LO
µ =

+∞∑
t=0

w(t)C(t) w(t) = wSD(t) + wW(t) + wLD(t)

How does this translate to the time-like region?

Supplementary Information – S1

SUPPLEMENTARY MATERIAL

In this section we expand on a selection of technical de-
tails and add results to facilitate cross-checks of di↵erent
calculations of aHVP LO

µ .

Continuum limit: The continuum limit of a selec-
tion of light-quark window contributions aW

µ is shown in
Fig. 8. We note that the results on the coarse lattice di↵er
from the continuum limit only at the level of a few per-
cent. We attribute this mild continuum limit to the fa-
vorable properties of the domain-wall discretization used
in this work. This is in contrast to a rather steep contin-
uum extrapolation that occurs using staggered quarks as
seen, e.g., in Ref. [42].

The mild continuum limit for light quark contribu-
tions is consistent with a naive power-counting estimate
of (a⇤)2 = 0.05 with ⇤ = 400 MeV and suggests that
remaining discretization errors may be small. Since we
find such a mild behavior not just for a single quantity
but for all studied values of aW

µ with t0 ranging from 0.3
fm to 0.5 fm and t1 ranging from 0.3 fm to 2.6 fm, we
suggest that it is rather unlikely that the mild behav-
ior is result of an accidental cancellation of higher-order
terms in an expansion in a2. This lends support to our
quoted discretization error based on an O(a4) estimate.
In future work, this will be subject to further scrutiny by
adding a data-point at an additional lattice spacing.

Energy re-weighting: The top panel of Fig. 9 shows
the weighted correlator wtC(t) for the full aµ as well as
short-distance and long-distance projections aSD

µ and aLD
µ

for t0 = 0.4 fm and t1 = 1.5 fm. The bottom panel of
Fig. 9 shows the corresponding contributions to aµ sep-
arated by energy scale

p
s. We notice that, as expected,

aSD
µ has reduced contributions from low-energy scales and

aLD
µ has reduced contributions from high-energy scales.

In the limit of projection to su�ciently long distances, we
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may attempt to contrast the R-ratio data directly with
an exclusive study of the low-lying ⇡⇡ states in the lattice
calculation. This is left to future work.

Statistics of light-quark contribution: We use an
improved statistical estimator including a full low-mode
average for the light-quark connected contribution in the
isospin symmetric limit as discussed in the main text.
For this estimator, we find that we are able to saturate
the statistical fluctuations to the gauge noise for 50 point
sources per configuration. For the 48I ensemble we mea-
sure on 127 gauge configurations and for the 64I ensem-
ble we measure on 160 gauge configurations. Our result
is therefore obtained from a total of approximately 14k
domain-wall fermion propagator calculations.

Results for other values of t0 and t1: In Tabs. S I-
S VII we provide results for di↵erent choices of window
parameters t0 and t1. We believe that this additional
data may facilitate cross-checks between di↵erent lattice
collaborations in particular also with regard to the up
and down quark connected contribution in the isospin
limit.
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may attempt to contrast the R-ratio data directly with
an exclusive study of the low-lying ⇡⇡ states in the lattice
calculation. This is left to future work.

Statistics of light-quark contribution: We use an
improved statistical estimator including a full low-mode
average for the light-quark connected contribution in the
isospin symmetric limit as discussed in the main text.
For this estimator, we find that we are able to saturate
the statistical fluctuations to the gauge noise for 50 point
sources per configuration. For the 48I ensemble we mea-
sure on 127 gauge configurations and for the 64I ensem-
ble we measure on 160 gauge configurations. Our result
is therefore obtained from a total of approximately 14k
domain-wall fermion propagator calculations.

Results for other values of t0 and t1: In Tabs. S I-
S VII we provide results for di↵erent choices of window
parameters t0 and t1. We believe that this additional
data may facilitate cross-checks between di↵erent lattice
collaborations in particular also with regard to the up
and down quark connected contribution in the isospin
limit.

Most of ππ peak is captured by window from t0 = 0.4 fm to t1 = 1.5 fm,
so replacing this region with lattice data reduces the dependence on
BaBar versus KLOE data sets.
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• Splitting sum into three parts allows crosschecks:

– short distance ⇐ discretization effects

– long distance ⇐ noisy ππ tail

– intermediate (Window): sweet spot

• Can form windows from R(e+e−) dispersive
analysis too.

• Compare intermediate “window” among
lattice-QCD calculations

• Compare “short distance” window among
lattice-QCD calculations
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RBC-UKQCD PRL 121, 022003 (2018)

Window contribution allows a high precision study of the continuum extrapolation.

aHVP LO
µ =

+∞∑
t=0

w(t)C(t) w(t) = wSD(t) + wW(t) + wLD(t)

Colangelo et al. 22

FNAL/HPQCD/MILC 24
BMW 24

FNAL/HPQCD/MILC 23∗
RBC-UKQCD 23

ETM 22
Mainz 22

ABGP 22∗
χQCD 22∗

LM 20∗
BMW 20

ABGP 19∗
RBC-UKQCD 18

226 228 230 232 234 236 238 240 242

Lattice
R-ratio

aHVP,W
µ × 1010

• Splitting sum into three parts allows crosschecks:

– short distance ⇐ discretization effects

– long distance ⇐ noisy ππ tail

– intermediate (Window): sweet spot

• Can form windows from R(e+e−) dispersive
analysis too.

• Compare intermediate “window” among
lattice-QCD calculations

• Compare “short distance” window among
lattice-QCD calculations

• Lattice QCD community has already reached
consensus on the window contribution!

• ∗: light quark connected contribution plus remaining
contributions from FNAL/HPQCD/MILC 24.)



Muon g − 2HVP: controlling systematics 18 / 34
RBC-UKQCD PRL 121, 022003 (2018)

Window contribution allows a high precision study of the continuum extrapolation.

aHVP LO
µ =

+∞∑
t=0

w(t)C(t) w(t) = wSD(t) + wW(t) + wLD(t)

Colangelo et al. 22

FNAL/HPQCD/MILC 24
BMW 24

FNAL/HPQCD/MILC 23∗
RBC-UKQCD 23

ETM 22
Mainz 22

ABGP 22∗
χQCD 22∗

LM 20∗
BMW 20

ABGP 19∗
RBC-UKQCD 18

226 228 230 232 234 236 238 240 242

Lattice
R-ratio

aHVP,W
µ × 1010

• Splitting sum into three parts allows crosschecks:

– short distance ⇐ discretization effects

– long distance ⇐ noisy ππ tail

– intermediate (Window): sweet spot

• Can form windows from R(e+e−) dispersive
analysis too.

• Compare intermediate “window” among
lattice-QCD calculations

• Compare “short distance” window among
lattice-QCD calculations

• The consensus has a noticeable tension with
the dispersive results. (New CMD-3 results
add some additional complications to the
dispersive results.)
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Window contribution allows a high precision study of the continuum extrapolation.

aHVP LO
µ =

+∞∑
t=0

w(t)C(t) w(t) = wSD(t) + wW(t) + wLD(t)

Colangelo et al. 22

FNAL/HPQCD/MILC 24

BMW 24∗
Mainz 24

RBC-UKQCD 23∗
ETM 22

χQCD 22∗

67 67.5 68 68.5 69 69.5 70 70.5 71

Lattice
R-ratio

aHVP,SD
µ × 1010

• Splitting sum into three parts allows crosschecks:

– short distance ⇐ discretization effects

– long distance ⇐ noisy ππ tail

– intermediate (Window): sweet spot

• Can form windows from R(e+e−) dispersive
analysis too.

• Compare intermediate “window” among
lattice-QCD calculations

• Compare “short distance” window among
lattice-QCD calculations

• ∗: light quark connected contribution plus remaining
contributions from FNAL/HPQCD/MILC 24.)
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HVP long-distance integrand recontruction from IJ = 11 ππ states.

[arXiv:2410.20590]
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Controlling the long distance statistical error is very challenging.

aHVP LO
µ =

+∞∑
t=0

w(t)C(t) w(t) = wSD(t) + wW(t) + wLD(t)

Benton et al. 24

FNAL/HPQCD/MILC 24

Mainz 24

RBC-UKQCD 24

380 390 400 410 420 430

Lattice
R-ratio

aHVP,LD
µ (ud)× 1010

• Splitting sum into three parts allows crosschecks:

– short distance ⇐ discretization effects

– long distance ⇐ noisy ππ tail

– intermediate (Window): sweet spot

• Compare “long distance” window among
lattice-QCD calculations

• QED and related quark mass (IB) corrections for
the “long distance” window is not available yet!
There are, however, some results on the IB
corrections for the entire HVP.

• Using lattice results in the BMW20
scheme: Mπ = 0.13497 GeV,
Mss∗ = 0.6898 GeV, w0 = 0.17236 fm.



Muon g − 2HVP: “long distance” window 22 / 34

Controlling the long distance statistical error is very challenging.

aHVP LO
µ =

+∞∑
t=0

w(t)C(t) w(t) = wSD(t) + wW(t) + wLD(t)

Benton et al. 24

FNAL/HPQCD/MILC 24

Mainz 24

RBC-UKQCD 24

380 390 400 410 420 430

Lattice
R-ratio

aHVP,LD
µ (ud)× 1010

• Splitting sum into three parts allows crosschecks:

– short distance ⇐ discretization effects

– long distance ⇐ noisy ππ tail

– intermediate (Window): sweet spot

• Compare “long distance” window among
lattice-QCD calculations

• QED and related quark mass (IB) corrections for
the “long distance” window is not available yet!
There are, however, some results on the IB
corrections for the entire HVP.

• Benton et al. 24: Data-driven method to
obtain the light-quark-connected
contribution. Based on KNT19
(pre-CMD-3) data.
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WP 20

Mainz 24

BMW 20

ETM 19

RBC-UKQCD 18 & LM 20

−10 −5 0 5 10 15

Lattice

δaHVP
µ × 1010

• QED and corrections due to quark mass shift compared with the specified
isospin-symmetric QCD world.

• Central values are not directly comparable due to the differences in the definition of the
isospin-symmetric QCD world.

• The to be released white paper will have these results converted to use the same WP5
scheme.

• Previous focus of many lattice groups have been the intermediate and long distance
window contribution in the isospin-symmetric QCD world. A lot of progress has been
made. I expect the situation for the isospin-breaking corrections will improve soon.
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• The left table shows result from RBC-UKQCD 18. The right figure shows the result from
BMW 20.

• This discrepancy needs further study and more cross checks.
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Data-driven WP 20

Lattice WP 20

BMW-DMZ 24

Mainz 24

LM 20 & RBC-UKQCD 18, 24

BMW 20

680 690 700 710 720 730 740 750

aHVP
µ × 1010

• LM 20 & RBC-UKQCD 18, 24: Errors mainly from the quite old IB corrections and will be
improved soon.

• BMW-DMZ 24: Lattice QCD results are combined with data-driven results. Data-driven
results are used to determine the the long-distance tail contribution and account for about
5% of the final result.
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[arXiv:2411.07969]
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q = p′ − p, ν

p p′

HLbL q = p′ − p, ν

p p′

HVP
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• Gluons and sea quark loops (not directly connected to photons) are included automatically
to all orders!

• There are additional different permutations of photons not shown.

• The second row diagrams are suppressed by flavor SU(3) symmetry (and small charge
factors, 1/Nc , etc). The contributions are numerically very small.
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QCD Box

QED Box

α, ρη, κβ, σ

y

x

z

xop

aHLbL
µ =

2me2

3

1

V T

∑
xop

∑
x,y ,z

1

2
ϵi ,j,k

(
xop − xref(x, y , z)

)
j
(6e4)Hk,ρ,σ,κ(xop, x, y , z)Mi ,ρ,σ,κ(x, y , z)

(6e4)Hk,ρ,σ,κ(xop, x, y , z) = ⟨TJk(xop)Jρ(x)Jσ(y)Jκ(z)⟩QCD

Mi ,ρ,σ,κ(x, y , z) =
1

2
Tr
[1
6
i3Gρ,σ,κ(x, y , z)Σi

]
.

arXiv:1705.01067, arXiv:2210.12263
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QCD Box

QED Box

α, ρη, κβ, σ

y

x

z

xop

i3Gρ,σ,κ(x, y , z) =Gρ,σ,κ(x, y , z) +Gσ,κ,ρ(y, z, x) +Gκ,ρ,σ(z, x, y)

+Gκ,σ,ρ(z, y , x) +Gρ,κ,σ(x, z, y) +Gσ,ρ,κ(y, x, z),

Gσ,κ,ρ(y, z, x) = lim
tsrc→−∞,tsnk→∞

emµ(tsnk−tsrc)
∫
α,β,η

G(x, α)G(y, β)G(z, η)

×
∫
x⃗snk,x⃗src

Sµ (xsnk, β) iγσSµ(β, η)iγκSµ(η, α)iγρSµ (α, xsrc) ,

Subtraction to (1) remove infrared divergence; (2) reduce discretization and finite volume effects.

G(1)σ,κ,ρ(y, z, x) =
1

2
Gσ,κ,ρ(y, z, x) +

1

2
[Gρ,κ,σ(x, z, y)]

†,

G(2)σ,κ,ρ(y, z, x) =G
(1)
σ,κ,ρ(y, z, x)−G(1)σ,κ,ρ(z, z, x)−G(1)σ,κ,ρ(y, z, z).

arXiv:1705.01067, arXiv:2210.12263
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QCD Box

QED Box

α, ρη, κβ, σ

y

x

z

xop

G(2)σ,κ,ρ(y , z, x) =G
(1)
σ,κ,ρ(y , z, x)−G(1)σ,κ,ρ(z, z, x)−G(1)σ,κ,ρ(y , z, z).

• The hadronic four-point function mush satisfy current conservation.

• Change discretization error (when use local current). Change finite volume error.

• Change the integrand.

• Does not change the final results (infinite volume & continuum limit).

• The subtraction method is introduced and used by RBC-UKQCD [arXiv:2304.04423].
Mainz [arXiv:2104.02632] and BMW [arXiv:2411.11719] adopt a different subtraction
scheme. arXiv:1705.01067, arXiv:2210.12263
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QCD Box

QED Box

α, ρη, κβ, σ

y

x

z

xop

aHLbL
µ =

2me2

3

1

V T

∑
xop

∑
x,y ,z

1

2
ϵi ,j,k

(
xop − xref(x, y , z)

)
j
(6e4)Hk,ρ,σ,λ(xop, x, y , z)Mi ,ρ,σ,λ(x, y , z)

xref(x, y , z) = xref-far(x, y , z) (1)

=


x if |y − z | < min(|x − y |, |x − z |)
y if |x − z | < min(|x − y |, |y − z |)
z if |x − y | < min(|x − z |, |y − z |)
1
3
(x + y + z) otherwise

xref-discon = x. (2)

arXiv:1705.01067, arXiv:2210.12263
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WP 20

BMW 24

RBC-UKQCD 23

Mainz 22

RBC-UKQCD 19

4 6 8 10 12 14 16

Lattice

aHLbL
µ × 1010

• A lot of progress made in the lattice front since WP20.

• A very small tension with the WP20 result (mostly determined with data-driven
approach).
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Thank You!
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