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Carrollian diffeomorphism

� Minkowski spacetime has a null boundary
I−∪I+ each of which is a Carrollian man-
ifold. For massless scattering, in/out states
are located at I−/I+.

� I+ =R×S2 has a degenerate metric

ds2
I+ = γ= dθ2 + sin2θdϕ2,

and χ= ∂u to generate time direction.

� Carrollian diffeomorphism is generated by

Lξχ=µχ ⇒ ξ= f (u,Ω)∂u +Y A(Ω)∂A,

and consists of Diff(S2)⋉C∞(I+).

i+

I+

i0

I−

i−

const. r slices Hr

r increases,

while u finite

while v finite

r increases,

u v
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Asymptotic symmetries

� At large r, a diffeomorphism can be parameterized as

ξf ,Y = f ∂u + 1

2
∇A∇Af ∂r − 1

r
∇Af ∂A +·· ·

+ 1

2
u∇AY A∂u − 1

2
r∇AY A∂r + u

4
∇C∇C∇·Y∂r + (Y A − u

2r
∇A∇·Y )∂A +·· · . (1)

� Asymptotic extensions of bulk symmetry

f = aµnµ, Y A =ωµνY A
µν

Poincaré (1900s)
⇒ ḟ = 0, Y A =ωµνY A

µν

original BMS (1960s)

⇒ ḟ = 0, Y z meromorphic
extended BMS (2010s)

or ḟ = 0, Ẏ = 0
generalized BMS (2010s)

� BMS is justified by asymptotic Lie derivatives, while eBMS or gBMS is justified by soft
graviton theorems. Once allowing ḟ ̸= 0, we get Carrollian diffeomorphism.
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Fundamental fields and symplectic form

� For spin s ∈N, the fundamental field FA(s) is defined (2311.11361)

fA(s)(t,x) = rs−1FA(s)(u,Ω)+O (rs−2), (2)

for instance,

s = 1 : aA(t,x) = AA(u,Ω)+O (r−1), (3a)

s = 2 : gAB(t,x) = r2γAB + rCAB(u,Ω)+O (r0). (3b)

� It is easy to find the boundary symplectic form

Ωs(δF ;δF) =
∫

dudΩδFA(s) ∧δḞA(s). (4)

There is no constraint on FA(s) which can determine subleading components through
equations of motion (and initial conditions).
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Quantum flux operators

� One can use Hamilton’s equation or the integral of current

iξΩ(δF ,δF) = δHξ or Fξ =−
∫
I+

(d3x)µTµνξ
ν, (5)

to derive Hamiltonians (as generator) or fluxes (as integral over null hypersurface).

� We construct T s
f (supertranslation), M s

Y (superrotation) and O s
h (superduality)

T s
f =

∫
dudΩ f (u,Ω) : ḞA(s)Ḟ

A(s) : , (6a)

M s
Y = 1

2

∫
dudΩYA(Ω)(: ḞB(s)∇C FD(s) −FB(s)∇C ḞD(s) :)PAB(s)CD(s), (6b)

O s
h =

∫
dudΩh(Ω) : ḞA(s)F̃A(s) : . (6c)
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Fundamental commutators and correlators

� Plane wave can be expanded as spherical waves

eip·x = 4π
∑
ℓ,m

iℓjℓ(ωr)Y ∗
ℓ,m(Ωp)Yℓ,m(Ω), (7)

and at large r, we find (ω ̸= 0)

eip·x ∼ 2π

iωr
e−iωuδ(Ω−Ωp)+ π

ω2r2 e−iωu
∑
ℓm

ℓ(ℓ+1)Y ∗
ℓ,m(Ωp)Yℓ,m(Ω). (8)

� From the boundary symplectic form or mode expansion, we can work out the fundamental
commutator

[FA(s)(u,Ω), ḞB(s)(u′,Ω′)] = i

2
XA(s)B(s)δ(u−u′)δ(Ω−Ω′). (9)

� We also have fundamental correlator

〈0|FA(s)(u,Ω)ḞB(s)(u′,Ω′) |0〉 = XA(s)B(s)
δ(Ω−Ω′)

4π(u−u′− iϵ)
. (10)
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Fluxes as generators

� All the physical operators have the same form∫
dudΩ : ḞA(s) /δFA(s) : (11)

which makes sure they can generate the corresponding variations through commutators.

� For supertranslations, we obtain

δf FA(s) ≡Lξf
FA(s) = i[T s

f ,FA(s)] = f ḞA(s). (12)

� For superduality, we have

δhFA(s) = hQA(s)B(s)F
B(s) ≡ i[O s

h,FA(s)]. (13)

� For superrotation, there is some subtlety.
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Intertwined Carrollian diffeomorphism

Quantum flux operators realize intertwined Carrollian diffeomorphism

[T s
f1

,T s
f2

] = Cs
T (f1, f2)+ iT s

f1 ḟ2−f2 ḟ1
, (14a)

[T s
f ,M s

Y ] =−iT s
Y A∇Af , (14b)

[M s
Y ,M s

Z ] = iM s
[Y ,Z] + isO s

o(Y ,Z), (14c)

[T s
f ,O s

h] = 0, (14d)

[M s
Y ,O s

h] = iO s
Y A∇Ah, (14e)

[O s
h1

,O s
h2

] = 0. (14f)

We get a new central charge

C(s=0)
T =− i

48π
δ(2)(0)

∫
dudΩ(f1∂

3
uf2 − f2∂

3
uf1), (15)

and need a helicity flux O s
h to close the algebra which concerns electromagnetic duality.

Wen-Bin Liu (刘文斌) Supervisor: Jiang Long (龙江) Huazhong University of Science and Technology

Intertwined Carrollian diffeomorphisms and Carrollian amplitudes 9 / 18



.
.
.

.
.

.
.

.
.

.
.

.
.

.
.

.
Intertwined Carrollian diffeomorphism

.
.
.

.
.

.
Carrollian amplitudes

.
.
.

.
.

.
.

.
.

.
Ongoing works and future interests

Helicity flux and superduality

� Infinitesimal duality transformations at I+ are

s = 1 : δϵAA = ϵÃA, δϵÃA =−ϵAA, (16a)

s = 2 : δϵCAB = ϵC̃AB, δϵC̃AB =−ϵCAB. (16b)

� ÃA and C̃AB are dual vector field and shear tensor

ÃA = ϵBAAB, C̃AB = ϵCACC
B . (17)

� Original EM duality corresponds to h = const., an SO(2) transformation for which Oh

measures the particle number difference between left and right hand helicities.

� Here h ∈ C∞(S2) lifts so(2) to an infinite-dimensional algebra, and generalizes global
transformation to be local.

� Compute helicity flux O (s=2)
h in multipole expansion for two-body systems in 2403.18627.

It is an observable about gravitational radiation.
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Carrollian amplitudes (CA)

� To define CA, we should first construct states in Carrollian space (2402.04120)

Σ(u,Ω) =
∫

dω

8π2i
[ape−iωu −a†

peiωu] (18)

⇒ |Σ(u,Ω)〉 =Σ(u,Ω)|0〉 = i

8π2

∫∞

0
dωeiωu|p〉, |p〉 ≡ a†

p |0〉 . (19)

� Then the S matrix reads

out〈
m+n∏

k=m+1
Σ(uk,Ωk)|

m∏
k=1

Σ(uk,Ωk)〉in = (
1

8π2i
)m+n

m+n∏
j=1

∫
dωje

−iσjωjuj 〈pm+1 · · ·pm+n|S|p1 · · ·pm〉.

� Taking connected and amputated parts, we get CA

〈
m+n∏
j=1

Σj(uj,Ωj;σj)〉 = (
1

8π2i
)m+n

m+n∏
j=1

∫
dωje

−iσjωjuj (2π)4δ(4)(
m+n∑
j=1

pj)iM (p1,p2, · · · ,pm+n). (20)
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Poincaré transformation law of CA

� Under translation u′ = u−a ·n, Ω′ =Ω, CA changes as

〈
n∏

j=1
Σj(u′

j,Ωj)〉 = 〈
n∏

j=1
Σj(uj,Ωj)〉, u′

j = uj −a ·nj. (21)

� In stereographic coordinates, Lorentz transformation reads

u → u′ = Γ−1u, z → z′ = az+b

cz+d
, where ad−bc = 1, Γ= |az+b|2 +|cz+d|2

1+zz̄
, (22)

under which CA transforms as

〈
n∏

j=1
Σj(u′

j,z′j, z̄′j)〉 =
(

n∏
j=1

Γj

)
〈

n∏
j=1

Σj(uj,zj, z̄j)〉. (23)
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Feynman rules for CA

� CA can be obtained from Fourier transform of momentum space amplitudes.

� CA can also be constructed using the following Feynman rules (for Φ4 theory):

– Boundary-to-boundary propagator

(u1,Ω1) (u2,Ω2) =−β(u2 −u1)δ(Ω1 −Ω2); (24)

– External line

(u,Ω) x =− σ

8π2(u+n ·x− iσϵ)
; (25)

– Feynman propagator

x y =
∫

d4p

(2π)4 GF (p)eip·(x−y) = 1

4π2
(
(x−y)2 + iϵ

) ; (26)

– Vertex

x
=−iλ

∫
d4x. (27)
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Problems in ongoing works

� The violation of Jacobi identity due to center charge (for s = 0)

[Tf1 , [Tf2 ,MY ]]+ (perm.) =− 1

48π
δ(2)(0)

∫
dudΩY A∇A(f1∂

3
uf2 − f2∂

3
uf1). (28)

� How to understand chiral anomaly in asymptotic QED

∂µjµ5 =− e2

16π2 ϵ
µνρσfµνfρσ. (29)

� How to explain the isomorphism among various (local) U(1)

Groups Definitions/actions

Boundary little group Preserve momentum pµ ∼ωnµ

Local rotation of vielbeins e′Aa = Ra
beA

b , preserve R2

Superduality Reduce along r, δhAA = hϵBAAB

Phase sym. of complex scalar Φ→ e−iαΦ

Chiral sym. of fermion ΨM → e−iαγ5ΨM , δχ= iαχ

N = 1 R sym. Φ→ e2iα/3Φ, χ→ e−iα/3χ
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Discussions

� We have a family of spinor Lie derivatives

LξΨ= ξµ∇µΨ− 1

4
∇[µξν]γ

µγνΨ+α∇µξ
µΨ, (30)

where α= 0 is for Kosmann, α=−1/4 is for Penrose, but we need α= 1/4.

� We find the nonclosure of Lie transport of a spinor around a loop

[Lξ1 ,Lξ2 ]Ψ−L[ξ1,ξ2]Ψ= 1

16
Lξ1ηµρLξ2ηνση

µν[γρ ,γσ]Ψ, (31)

which implies the appearance of helicity flux in [MY ,MZ ].

� For gauge theories, the Lie derivative of tensors is closed around a loop. We introduce
covariant variation by adding connection terms such that /δY γAB = 0 and

/δY FB(s) = 1

2
u∇AY AḞB(s) + 1

2
∇AY AFB(s) +Y A∇AFB(s) + s∇([B1 YA]F

A
B2···Bs). (32)

This makes sure /δY FB(s) = [iMY + iTf = 1
2 u∇·Y ,FB(s)] and implies the appearance of O s.
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Future interests

� Generalize to N = 1 SYM, supergravity and more supersymmetry.

� Investigate the relation between superduality and other S duality, e.g., Seiberg duality.

� Understand spin and orbit angular momentum as well as helicity flux at the null boundary.

� Construct a reasonable flat holography.
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