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For physicists, 

it is the best of times,  

it is the worst of times.
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Galileo Galilei (1564-1642)
Phys.Rev. Lett. 124, 010508 (2020)

Data, X

Estimation

Prediction

Machine, {θ}

An inverse problem in science is 
the process of inferring from a set 
of observations the causal factors 
that produced them.

p(X |θ)

̂θ = arg maxθ{p(X |θ)}
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max
θ

N

∏
i=1

p(xi ∣ θ)Maximum Likelihood Estimation(MLE)

{θ}p(θ ∣ X) =
p(X ∣ θ)π(θ)

p(X)
Posterior , Prior  , Evidence p(θ ∣ X) π(θ) p(X)

Maximum A Posterior(MAP)
Bayesian 
Inference
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𝒙1

𝒙2

𝒙𝑛

𝑦

Inputs

Outputs

𝑤1

𝑤2

𝑤𝑛

Σ

…

Back-Propagation

𝑓(𝑢)

ℒ

• Inputs,  
• Weights,  
• Outputs,  
• Summation,  
• Non-Linear Activation Functions,  
• Single Layer 

{x} = x1, x2, …, xn
{w} = w1, w2, …, wn
y

Σ( ⋅ )
f(u)

y = f(Σn
i=1xiwi)

Deep (neural network) Model

• Loss Function,  
• Data, 

ℒ(y, ̂y)
̂y

• Back-Propagation,  

• Stochastical Methods: SGD, Adam, …

∂ℒ
∂ω

Objective

Optimization Algorithm
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Outputs

𝑤1
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Σ

…
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Embedding symmetries introduces 
a scheme for sharing parameters 

in deep models

Convolutional Neural Networks 
(CNNs)

Recurrent Neural Networks 
(RNNs)

Graph Neural Networks 
(GNNs)

Equivariant Neural Networks 
(G-CNNs)

Yi, j,c =
kh

∑
m=1

kw

∑
n=1

Cin

∑
p=1

Xi+m, j+n,p ⋅ Km,n,p,c+bc ht = σ(Wxxt+Whht−1 + b) h(l+1)
i = σ W (l) ⋅ ∑

j∈𝒩(i)

h(l)
j + b(l) Yg =

kh

∑
m=1

kw

∑
n=1

Xg(i + m, j + n) ⋅ K(m, n)

translational symmetry temporal symmetry permutational symmetry  groups
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𝒙1

𝒙2

𝒙𝑛

𝑦

Inputs

Outputs

𝑤1

𝑤2

𝑤𝑛

Σ

…

Symmetry

Back-Propagation Physical Equations

𝑓(𝑢)

Principles

Physical Dataℒ

Embedding symmetries introduces 
a scheme for sharing parameters 

in deep models

• X : Input feature map.


• K : Convolution filter.


• Y : Output feature map.

•   : Input at time   .

•  : Hidden state at time   .

•  and   : Shared weight matrices across time.

xt t

ht t

Wx Wh

•   : Feature vector for node    at layer   .

•   : Shared weight matrix across all nodes.

h(l)
i i l

W (l)

•  : Transformation from the group    
(e.g., rotations).

•   : Input after applying transformation   .

g ∈ G G

Xg g

Convolutional Neural Networks 
(CNNs)

Recurrent Neural Networks 
(RNNs)

Graph Neural Networks 
(GNNs)

Equivariant Neural Networks 
(G-CNNs)

Yi, j,c =
kh

∑
m=1

kw

∑
n=1

Cin

∑
p=1

Xi+m, j+n,p ⋅ Km,n,p,c+bc ht = σ(Wxxt+Whht−1 + b) Yg =
kh

∑
m=1

kw

∑
n=1

Xg(i + m, j + n) ⋅ K(m, n)h(l+1)
i = σ W (l) ⋅ ∑

j∈𝒩(i)

h(l)
j + b(l)
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Principles can enforce the outputs 
are physically meaningful 

𝒙1
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𝒙𝑛

𝑦

Inputs

Outputs

𝑤1

𝑤2

𝑤𝑛

Σ

…

Symmetry

Back-Propagation Physical Equations

𝑓(𝑢)

Principles

Physical Dataℒ

Continuity Positive Definiteness Causality Asymptotic Behaviors

yx

y := f(x) Softplus

ln(1 + ex) dp
dϵ

=
c2

s

c2
< 1

Sigmoid
1

1 + e−x Scattering Wave Function

A
sin(kr)

r
+ f(r)
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Physical data from experiments or 
simulations can align the model 

outputs with physical truths

𝒙1
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𝑦

Inputs

Outputs

𝑤1

𝑤2

𝑤𝑛

Σ

…

Symmetry

Back-Propagation Physical Equations
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Principles

Physical Dataℒ
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Physical equations can be 
encoded into back-propagation 

through automatic differentiation

𝒙1

𝒙2

𝒙𝑛

𝑦

Inputs

Outputs

𝑤1

𝑤2

𝑤𝑛

Σ

…

Symmetry

Back-Propagation Physical Equations

𝑓(𝑢)

Principles

Physical Dataℒ

Easy-To-Compute on GPUs
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accepted at Nature Reviews Physics

𝒙1

𝒙2

𝒙𝑛

𝑦

𝑤1

𝑤2

𝑤𝑛

Σ

…

Symmetry

Back-Propagation Physical Equations

𝑓(𝑢)

Principles

Physical Dataℒ

Physics Knowledge for Designing  
More Controllable and Reliable Deep Models



Inverse Problems 
in QCD Physics
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QCD matter properties

Phys. Rev. C 106, L051901; Phys. Rev. D 103, 116023Heavy-Ion Collisions
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Phys. Rev. D 107, 083028; JCAP08 (2022) 071EoS M-R Neutron Star

Phys. Rev. D 106, L051502; Comput. Phys. Commun. 282, 108547 (2023);
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fθ : X → Y
Physics Data

Model Parameters/ 
Properties/States

Observations

Forward process

Inverse Mapping, fθ
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A feed-forward network with a single hidden layer containing a 
finite number of neurons can approximate arbitrary continuous 
functions.

Universal Approximation Theorem (1989,1991)

fθ : X → Y

https://en.wikipedia.org/wiki/Feedforward_neural_network
https://en.wikipedia.org/wiki/Neuron


Lingxiao WANG /75UCAS-HENPG 2024.11.22

Determine Impact Parameter

S. A. Bass, A. Bischoff, J. A. Maruhn, H. Stöcker, and W. Greiner, Phys. Rev. C 53, 2358 (1996)

QMC data 

1 hidden layer  
with 20 neurons 

Input 5X5

Data-Driven Learning

19
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Determine Impact Parameter

S. A. Bass, A. Bischoff, J. A. Maruhn, H. Stöcker, and W. Greiner, Phys. Rev. C 53, 2358 (1996)

Hydro data 

CNNs+DNNs 

Input 15X48

Data-Driven Learning
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Recognizing QCD 
Phase Transitions

Cross-Over 
or


1st order PT

ρ(pT, Φ)

L.-G. Pang, K. Zhou, N. Su, H. Petersen, H. Stöcker, and X.-N. Wang, Nature Commun. 9, 210 (2018)
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Determine Impact Parameter

S. A. Bass, A. Bischoff, J. A. Maruhn, H. Stöcker, and W. Greiner, Phys. Rev. C 53, 2358 (1996)

Recognizing QCD 
Phase Transitions

Cross-Over 
or


1st order PT

ρ(pT, Φ)

L.-G. Pang, K. Zhou, N. Su, H. Petersen, H. Stöcker, and X.-N. Wang, Nature Commun. 9, 210 (2018)

Point Net for Jet Tomography

Z. Yang, Y. He, W. Chen, W.-Y. Ke, L.-G. Pang, and X.-N. Wang, Eur. Phys. J. C 83, 652 (2023).
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slides@T.Hatsuda

ℒ = −
1
4

Ga
μνG

μν
a + q̄γμ(i∂μ−gtaAa

μ)q−mq̄q

4-d Euclidean Lattice

L

a

Quarks on sites q(x)

Gluons on links Uμ(x, x + μ) = exp[−iaAμ]

Huge integration variables
   for  lattice,  GB/config∼ 109−10 964 ∼ 50

Importance Sampling
Hybrid MC = MD + Metropolis

Continuum ＆Thermodynamic Limits

a → 0, L → ∞

Raffaele Del Grande | XQCD 2023
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Hadrons to Atomic nuclei from Lattice QCD 
(HAL QCD Collaboration)LHC@CERN, RHIC@BNL 

J-PARC@KEK, FAIR@GSI, HIAF
Femtoscopy 

HAL QCD method

Deep Learning
+

?

S. Aoki, T. M. Doi, E. Itou (Kyoto U.) T. Aoyama (ISSP)

T. Doi, T. Hatsuda, Y. Lyu, L. Wang, R. Yamada, L. Zhang (RIKEN) 
Y. Ikeda, N. Ishii, P. Junnarkar, H. Nemura, K. Sasaki(Osaka U.)

T. Inoue (Nihon U.) K. Murakami (TITech)  
K. Murase (Tokyo Metropolitan U.) F. Etminan (U. of Birjand)

T. Sugiura (Rissho U.) H. Tong (U. of Bonn) 

https://conference.ippp.dur.ac.uk/event/1265/contributions/7440/attachments/5623/7814/Lat2024_0728.pdf
https://conference.ippp.dur.ac.uk/event/1265/timetable/?view=standard_inline_minutes#106-phase-and-equation-of-stat
https://conference.ippp.dur.ac.uk/event/1265/contributions/7487/attachments/5739/7520/tdoi.web.pdf
https://conference.ippp.dur.ac.uk/event/1265/timetable/?view=standard_inline_minutes#188-njpsi-and-neta_c-interacti
https://anguswlx.github.io/
https://conference.ippp.dur.ac.uk/event/1265/timetable/?view=standard_inline_minutes#267-lattice-qcd-study-on-lambd
https://conference.ippp.dur.ac.uk/event/1265/timetable/?view=standard_inline_minutes#166-lambda1405-in-the-flavor-s


Lingxiao WANG /75UCAS-HENPG 2024.11.22

Femtoscopy

24

Raffaele Del Grande | XQCD 2023

Correlations

Scattering Length 
Effective Range

Lednicky-Lyuboshits(LL) analytic model 
(Asymptotic wave-function+

Effective range correlation+ 

Gaussian source)

Lednicky, Lyuboshits, Sov.J.Nucl.Phys. 35 (1982) 770
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Correlations

Scattering Length 
Effective Range

Lednicky-Lyuboshits(LL) analytic model 
(Asymptotic wave-function+

Effective range correlation+ 

Gaussian source)

ψ0(r) → ψasy(r) =
e−iδ

qr
sin(qr + δ) = 𝒮−1 [ sin qr

qr
+ f(q)

eiqr

r ]

q cot δ = −
1
a0

+
1
2

reffq2 + O(q4) → f(q) = (q cot δ − iq)−1
Lednicky, Lyuboshits, Sov.J.Nucl.Phys. 35 (1982) 770

Asymptotic wave-function

Scattering amplitude at low energies

CLL(q) = 1 + ∫ drS12(r)( |ψasy(r) |2 − | j0(qr) |2 )
= 1 +

| f(q) |2

2R2
F3 ( reff

R ) +
2Ref(q)

πR
F1(2x) −

Imf(q)
R

F2(2x)

,  is Gaussian Size,  are known functionsx = qR R F1, F2, F3
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Correlations

Potentials

?

with Jiaxing Zhao, etc.in Preparation

Does this inverse mapping exist?

C(k*) = ∫ S( ⃗r) ψ( ⃗k*, ⃗r )
2

d3 ⃗r = 𝒩(k*)
Nsame(k*)
Nmixed(k*)

V(r)
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CATS Framework: D. Mihaylov et al., 
 Eur. Phys. J. C78 (2018) 394

Schrödinger eq.

60 points(k),  correlations NC

Deep 
Neural 

Network
(DNN)

V(r) = b1e−b2r2 + b3(1 − e−b4r2)(
e(−mπr)

r
)nπ

Potential Functions

S(r) = (4πr2
0)−3/2e

− r2
4r2

0 r0 = 1.3 fm
Source Function

in Preparation with Jiaxing Zhao, etc.
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r0 = 1.3 fm, b1 = − 306.5, b2 = 200, b3 = − 266, b4 = 0.78, nπ = 2

60 points

with Jiaxing Zhao, etc.in PreparationNc = 6400

1 parameter

R-squared: 0.99, 0.99, 0.99, 0.99, 0.99R2 = 1 −
∑n

i=1 (yi − ̂y)2

∑n
i=1 (yi − ȳ)2
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R-squared b1 b3
Training 0.99 0.99
Testing 0.99 0.99

b1, b3

r0 = 1.3 fm, b2 = 73.9, b4 = 0.78, nπ = 2

60 points

with Jiaxing Zhao, etc.in Preparation

Nc = 10000

2 parameters
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R-squared r0 b1 b2 b3 b4
Training 0.99 0.86 0.02 0.90 0.00
Testing 0.99 0.86 0.02 0.90 0.00

60 points

with Jiaxing Zhao, etc.in Preparationnπ = 2Nc = 10000

5 parameters

V(r) = b1e−b2r2 + b3(1 − e−b4r2)(
e(−mπr)

r
)nπ

Potential Functions
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in Preparation

r0: [0.52,4.16] fm
b1: [−2145.5,1532.5] MeV
b2: [0.739,147.761] fm−2

b3: [−1064,532] MeV ⋅  fm2

b4: [0.078,154.422] fm−2

nπ: 2

Nc = 25000

Principal Component Analysis(PCA)
with Jiaxing Zhao, etc.
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̂θ = arg maxθ{p(X ∣ θ)}

Physics Data
Model Parameters/ 
Properties/States

Observations

Forward process

Inference
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 Inferring Dynamical Information

J. E. Bernhard, etc.(Duke Group), arXiv:1804.06469 and Nat Phy 15, 1113 (2019).

https://arxiv.org/abs/1804.06469
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 Inferring Dynamical Information

J. E. Bernhard, etc.(Duke Group), arXiv:1804.06469 and Nat Phy 15, 1113 (2019).

 Ectracting Dense Matter EoSs

M. Omana Kuttan, J. Steinheimer, K. Zhou, and H. Stoecker, Phys. Rev. Lett. 131, 202303 (2023).

https://arxiv.org/abs/1804.06469
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 Inferring Dynamical Information

J. E. Bernhard, etc.(Duke Group), arXiv:1804.06469 and Nat Phy 15, 1113 (2019).

 Ectracting Dense Matter EoSs

M. Omana Kuttan, J. Steinheimer, K. Zhou, and H. Stoecker, Phys. Rev. Lett. 131, 202303 (2023).

 Building Nuclear Matter EoS

F. Özel and P. Freire,  Annu. Rev. Astron. Astrophys. 54, 401 (2016)

https://arxiv.org/abs/1804.06469
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 Building Nuclear Forces(Interactions)

Physics Parameters are Finite 
EoS, Wave-Function, Potential, …


Inference is Easy-To-Compute 
ODEs, PDEs, Simulations, …
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Deep Neural Network represented Physics,  fθ Back-Propagation

Flexible Representation Easy-To-Compute on GPUs

̂θ = arg maxθ{p(X ∣ θ)}
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Space

Imaginary Time

x

y

𝒥†
1

𝒥†
2

⟨N1(x, t)N2(y, t)𝒥†
1(0)𝒥†

2(0)⟩

= ∑
n

⟨0 |N1(x)N2(y) |n⟩ane−Ent

⟶ ϕ(r, t) = ∑
n<n*

bnϕn(r)e−Ent
t > t*

(Ek − H0)ϕk(r) = ∫ d3 r′ U(r, r′ )ϕk(r′ ), r < R
LR

2 PI Kernelϕ(r, t) →

Consider the wave function at “interacting region” Phase shift, Binding energy⟶

N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99, 022001 (2007) 
S. Aoki, T. Hatsuda, and N. Ishii, Prog. Theor. Phys. 123, 89 (2010) 

Aoki, S., Doi, T., Front. in Phys. 8, 307 (2020) 
S. Aoki and T. Doi, in Handbook of Nuclear Physics(2023), pp. 1–31
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Nambu-Bethe-Salpeter (NBS) wave function Nulcear Force

HAL QCD method

Local Approx. 
Derivative Expansion

N. Ishii, S. Aoki, and T. Hatsuda, Phys. Rev. Lett. 99, 022001 (2007) 
S. Aoki, T. Hatsuda, and N. Ishii, Prog. Theor. Phys. 123, 89 (2010) 

Aoki, S., Doi, T., Front. in Phys. 8, 307 (2020) 
S. Aoki and T. Doi, in Handbook of Nuclear Physics(2023), pp. 1–31
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minθℒ = ∑
k

∫ d3 r [(Ek − H0) ϕk(r) − ∫ d3 r′ Uθ(r, r′ )ϕk(r′ )]
2

NBS wave function Potential Function
Data(Observations) Physics Properties

Maximize Likelihood Estimation

Gradient Decent

arXiv:2410.03082 ( with HAL QCD)

Universal Approximation Theorem (1989,1991)θi+1 → θi +
∂ℒ

∂Uθ(r, r′ )
∂Uθ(r, r′ )

∂θ

https://arxiv.org/abs/2410.03082
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𝑈𝜃 𝑟, 𝑟′

𝑟 𝑟′

+
𝜙𝑘 𝑟

Residual of 
Schrödinger Eq.

Back-Propagation

𝑅 𝑡, 𝑟
or

NN-1 NN-1

NN-2

Two particle 
interactions

a. Permutation Symmetry

b. Asymptotic Behaviour 
as regulator lim

r>R,r′ >R
Uθ(r, r′ ) → 0

Uθ(r, r′ ) ≡ g( f(r) + f(r′ ))

Physics-Driven Deep Learning

41

(Ek − H0)ϕk(r) = ∫ d3 r′ U(r, r′ )ϕk(r′ )

Ek =
k2

2m
, H0 = −

∇2

2m
, m =

mN

2

{ 1
4mN

∂2

∂t2
−

∂
∂t

− H0} R(t, r) = ∫ 4πr′ 
2dr′ U(r, r′ )R(t, r′ )

Phys. Lett. B 712, 437 (2012)

arXiv:2410.03082 ( with HAL QCD)

https://arxiv.org/abs/2410.03082
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Nambu-Bethe-Salpeter (NBS) wave function

ϕk(r)e−Wkt ≡ ⟨0 |N(x + r, t)N(x, t) |NN, Wk⟩

(Ek − H0)ϕk(r) = ∫ d3 r′ U(r, r′ )ϕk(r′ )

Ek =
k2

2m
, H0 = −

∇2

2m
, m =

mN

2

U(r, r′ ) ≡ ων(r)ν(r′ ), ν(r) ≡ e−μr

ϕ0
k (r) =

eiδ0(k)

kr
sin{kr + δ0(k)} − sin δ0(k)e−μr (1 +

r(μ2 + k2)
2μ )

k cot δ0(k) = −
1

4μ2 [2μ(μ2 − k2) −
3μ2 + k2

4μ3
(μ2 + k2)2 +

(μ2 + k2)4

8πmω ]

UNN(r, r′ ) = ωfθ(r, r′ )

BP

arXiv:2410.03082 ( with HAL QCD)

ℒ = ∑
k

∫ d3 r [(Ek − H0) ϕk(r) − ∫ d3 r′ Uθ(r, r′ )ϕk(r′ )]
2

As a numerical example, we take μ = 1.0,ω = − 0.017μ4, m = 3.30μ, R = 2.5/μ

U(r > 3R, r′ > 3R) → 0

https://arxiv.org/abs/2410.03082
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 Interaction: ΩcccΩccc
1S0

43

Nambu-Bethe-Salpeter (NBS) wave function

Neural Network Hadron Force

ℒ = ∑
t { 1

4mN
R2(t, r) − R1(t, r) +

1
mN

Rr(t, r) − ∫ 4πr′ 
2dr′ Uθ(r, r′ )R(t, r′ )}

{ 1
4mN

∂2

∂t2
−

∂
∂t

− H0} R(t, r) = ∫ 4πr′ 
2dr′ U(r, r′ )R(t, r′ )

R2 = Rt+1 − 2Rt + Rt−1, R1 = (Rt+1 − Rt−1)/2,Rr = ∇2R(t, r)

mN = 2.073, a−1 = 2333.0MeV

arXiv:2410.03082 ( with HAL QCD)

Vθ(r) ≡
∑r′ Δr′ 4πr′ 

2Uθ(r, r′ )R(t, r′ )
R(t, r)

BP

Y. Lyu, etc., Phys. Rev. Lett. 127, 072003 (2021)

U(r > 3fm, r′ > 3fm) → 0

https://arxiv.org/abs/2410.03082
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 Interaction: Non-Local PotentialΩcccΩccc
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Neural Network Hadron Force

(Ek − H0)ϕk(r) = ∫ d3 r′ Uθ(r, r′ )ϕk(r′ )

Ek =
k2

2m
, H0 = −

∇2

2m
, m =

mN

2

Affect ?

arXiv:2410.03082 ( with HAL QCD)

Ũθ(r, r′ ) ≡ 4πr′ 
2Uθ(r, r′ )

Y. Lyu, etc., Phys. Rev. Lett. 127, 072003 (2021)

“3D Map”

https://arxiv.org/abs/2410.03082
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Scattering Behaviors

• In practice, the Euclidean 
correlations have finite number of 
points and with finite precision;


• The ill-posedness of the spectral 
reconstruction fundamentally 
exists even for continuous 
correlation functions(infinite 
observations); 

• It’s caused by the numerical 
inaccuracy of the correlation 
measurements (induced high 
degeneracy in solution space). 

45

in Preparation

a0 = 0.86 fm, reff = 0.57 fm

Prel
im

inary
 Res

ults

Prel
im

inary
 Res

ults
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Summary I
• Physics-Driven Desgins 
• Symmetry

• Physics Principles

• Physical Data

• Physical Equations


• Inverse Problems 

• Data-Driven Learning


• Limited data set


• Physics-Driven Deep Learning 
• Neural network representations

• Embed physics priors explicitly

• Exchange Symmetry and Asymptotic 

Behavior for HH interactions

46

Nat. Rev. Phys.

𝒙1

𝒙2

𝒙𝑛

𝑦

Inputs

Outputs

𝑤1

𝑤2

𝑤𝑛

Σ

…

Symmetry

Back-Propagation Physical Equations

𝑓(𝑢)

Principles

Physical Dataℒ



Generative Models 
as Inverse Modeling
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Generative Models

48

Generative models 
 Underlying Distributions in Data→

@blogs of OpenAI

max
θ

N

∏
i=1

pθ(xi)



Lingxiao WANG /75UCAS-HENPG 2024.11.22

High-Dimensional Distribution

49

p(ϕ) = e−S(ϕ)/Z

⟨O⟩ ≈
1
N ∑

i

Oi

 Physical Distribution, Sampling 
 via Generative Models

→

Global Sampling  

Fast and Independent Sampler

Lattice QCD © Derek Leinweber/CSSM/University of Adelaide

Heavy-Ion Collisions © 2010 CERN

Prog.Part.Nucl.Phys. 104084(2023)

https://www.sciencedirect.com/science/article/pii/S0146641023000650


Lingxiao WANG /75UCAS-HENPG 2024.11.22

Probabilistic Models

50

max
θ

N

∑
i=1

log pθ(xi)

max
θ

N

∏
i=1

pθ(xi) Maximum likelihood estimation(MLE)

Maximum log-likelihood estimation

x ∼ pdata(x)

Bishop, C. M. & Bishop, H. Deep Learning: Foundations and Concepts. doi:10.1007/978-3-031-45468-4.

I. Goodfellow, arXiv:1701.00160 (2017)

https://doi.org/10.1007/978-3-031-45468-4
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Learn to Sample

51

p(ϕ) = e−S(ϕ)/Z

⟨O⟩ ≈
1
N ∑

i

Oi

 Physical Distribution, Sampling 
 via Generative Models

→

Global Sampling  

Fast and Independent Sampler

Prog.Part.Nucl.Phys. 104084(2023)

Hidden Layers

Masked Convolutional LayersInput 
(Configurations)

Output 
 (Parameters of Mixture Distributions)

qθ(s)
…

Sample

Chinese Phys. Lett. 39, 120502 (2022)

Phys. Rev. D 107, 056001

JHEP 05(2024)060

Continuous Autoregressive Models

Fourier Flow-based Model

Diffusion Models

https://www.sciencedirect.com/science/article/pii/S0146641023000650
http://cpl.iphy.ac.cn/Y2022/V39/I12/120502
https://doi.org/10.1103/PhysRevD.107.056001
https://doi.org/10.1007/JHEP05(2024)060
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Learn Micro-Interactions from Observations

52

Likelihood

Nerual Networks
Measurable  

signals

…
…
…
…

… … …
…

pθ(s)

Hθ(s) ∝ − T ln pθ(s)

Pr
es

su
re

Temperature

Phase III

Phase II

Phase I

Learning 
InteractionObservations

Phase Diagram

max
θ

N

∏
i=1

pθ(si)

p(s |T) ← pθ(s |T)

Learn at one specific condition(T) 

Detecting phase transitions for all ?
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Learn Micro-Interactions from Observations

53

Likelihood

Nerual Networks
Measurable  

signals

…
…
…
…

… … …
…

pθ(s)

Hθ(s) ∝ − T ln pθ(s)

Pr
es

su
re

Temperature

Phase III

Phase II

Phase I

Learning 
InteractionObservations

Phase Diagram

max
θ

N

∏
i=1

pθ(si)

Hθ(s, T) = − T ln pθ(s) − T ln Z

ΔHθ(s, T)
T′ 

≡ −
T
T′ 

(ln pθ(s + δs) − ln pθ(s))

p(s) ← pθ(s) ≡
e− Hθ(s)

T

Z

Learn at one specific condition(T) 

Detecting phase transitions for all
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Autoregressive Networks

54

 

• Example (L=3) for 1D spin model 

 

•  can be any naive distribution

pθ(s) =
N

∏
i=1

p(si |s1, . . . , si−1)

pθ(s) = p(s3 |s2, s1)p(s2 |s1)p(s1)

p(si |s<i)

Bernoulli distribution for Ising model

p(si |s<i) = qiδsi,+1 + (1 − qi)δsi,−1

q1 = f(s1 = + 1), q2 = f(s2 = + 1 |s1), q3 = f(s3 = + 1 |s2, s1)

discrete d.o.f.s continuous d.o.f.s

Beta distribution for continuous d.o.f.,  X ∼ Beta(a, b)

 is gamma function, Γ(a) si = θi /2π ∈ [0,1), (ai, bi) > 0

Chinese Phys. Lett. 39, 120502 (2022)

pθ(si |s1, ⋯, si−1) =
Γ(ai + bi)
Γ(ai)Γ(bi)

sai−1
i (1 − si)bi−1

http://cpl.iphy.ac.cn/Y2022/V39/I12/120502
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Autoregressive Networks

55

pθ(s) =
N

∏
i=1

p(si |s1, . . . , si−1)

o induced distribution on visible layer

o scalar field with kinetic (all-to-all) term

and source

o unusual Gaussian LFT: what is the weight matrix D and bias E?

Gaussian scalar field RBM

N

i= i= i=21

a= a= a=1 2 h

Nv

(infinitely) many solutions for weight matrix:        is symmetric and positive-definite

1. Cholesky decomposition : triangular

2. diagonalisation : 

3. non-uniqueness: internal symmetry 

in practice
o all equally valid, realisation depends on initialisation
o non-observable degeneracy due to internal symmetry on hidden layer

Exact results for "" = "#

Gert’s slides@XQCD2023

Network is parametrized by a triangular matrix L, 
which ensures that  is independent with  when 

. This is named as autoregressive property in 
machine learning.

si sj

j ≥ i
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Ferromagnetic Phase Transition

56

2D Ising Model arXiv:2007.01037

H(s) = − ∑
<i,j>

sisj

16

16

Masked Autoencoder for Distribution Estimation (MADE)

http://arxiv.org/abs/2007.01037
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Ferromagnetic Phase Transition

57

2D Ising Model arXiv:2007.01037

Stride = 1

Stride = 2

 spin-block2 × 2
Masked Autoencoder for Distribution Estimation (MADE)

http://arxiv.org/abs/2007.01037
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Learn to Detect Phase Transitions

58

Ferromagnetic Materials In preparation

Magneto-optic Kerr effect (MOKE) microscope to capture images

 for the magnetic domains appearing inside a Ta/CoFeB/TaO_x thin film 

 at room temperature T = 296 K

3000 images

PhysRevLett.125.027206

with Le Zhao and Wan-Jun Jiang

Resolution: 0.5 µm

…

MOKE microscope@THU
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Learn to Detect Phase Transitions

59

Ferromagnetic Materials In preparation

3000 imagesPhysRevLett.125.027206

Ms(T ) = Ms(0)(1 − T/TC)1/3

 KTC = 427.4 ± 2.9

 KT ≃ 427.4
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Finite-Temperature Fields

60

Z = ∫ DΦ exp(−S[Φ])

S[Φ] = ∑ Δτ(Δx)3[(
ΔΦ
Δτ

)2 + (∇Φ)2 + V(Φ)

= ∑ (Δx)3[ (ΔΦ)2

Δτ
+ Δτ((∇Φ)2 + V(Φ))]

= β−1K + βV

Δτ = β/Nτ

K ≡ Nτ ∑ (Δx)3(ΔΦ)2

V ≡ N−1
τ ∑ (Δx)3[(∇Φ)2 + V(Φ)]

S1[Φ] = β−1
1 K[Φ] + β1V[Φ] + C1

S2[Φ] = β−1
2 K[Φ] + β2V[Φ] + C2,

S3[Φ] =
β1(β2

3 − β2
2)

β3(β2
1 − β2

2)
S1 +

β2(β2
1 − β2

3)
β3(β2

1 − β2
2)

S2 + C3

C3 =
β1(β2

2 − β2
3)

β3(β2
1 − β2

2)
C1 +

β2(β2
3 − β2

1)
β3(β2

1 − β2
2)

C2

training data 𝛃𝟐

training data 𝛃𝟏

samples at 𝛃𝟑

𝐍𝐞𝐭𝛃𝟐
action distribution at 𝛃𝟑

𝐍𝐞𝐭𝛃𝟏

arXiv:2405.10493

http://arxiv.org/abs/2405.10493
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Finite-Temperature Fields

61

 0+1 D Quantum Field arXiv:2405.10493

ℒ =
1
2 ( dx

dτ )
2

+ Vk(x) Vk(x) =
λk

4 (x2 −
μ2

k

2k )
2

Z = ∫x(β)=x(0)
Dx e−SE[x(τ)]

= ∫
N+1

∏
j=−N+1

dxj

2πa
× exp {−

N+1

∑
i=−N+1 [

(xi+1 − xi)2

2a
+ aVk(xi)]}

SE[x(τ)] = ∫
β

0
dτ ℒE[x(τ)] = ∫

β

0
dτ [ 1

2 ( dx
dτ )

2

+ Vk(x)]

x(τ) = ± μk

λk
tanh [ μk

2
(τ − τ0)]

Numerical Simulations

Kink/Anti-Kink solutions reach 
 at ±μk / λk τ = ± ∞

λk = 4 μk / λk = 1.4

β = T−1 = 80,40,20 NMC = 5 × 106

http://arxiv.org/abs/2405.10493


Lingxiao WANG /75UCAS-HENPG 2024.11.22

Finite-Temperature Fields

62

 0+1 D Quantum Field arXiv:2405.10493

Model loss

epoch

lo
ss

20
40
80

http://arxiv.org/abs/2405.10493
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Finite-Temperature Fields

63

 0+1 D Quantum Field arXiv:2405.10493

training data 𝛃𝟐

training data 𝛃𝟏

samples at 𝛃𝟑

𝐍𝐞𝐭𝛃𝟐
action distribution at 𝛃𝟑

𝐍𝐞𝐭𝛃𝟏

http://arxiv.org/abs/2405.10493
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Diffusion Models

64

x ∼ pdata(x)

pθ(x) =
e−fθ(x)

Zθ
from a statistical phsyics perspective

😵

∇xlog p(x) Approaching Score Function

sθ(x) → ∇xlog p(x) sθ(x) = ∇xlog pθ(x)

Curse of Dimensionality

= − ∇x fθ(x) − ∇xlog Zθ

=0

= − ∇x fθ(x)
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Diffusion Models
• Forward Diffusion SDE  

• Drift term: pulls towards mode


• Diffusion term: injects noise


• Reverse Generative Diffusion SDE 

• Drift term is adjusted with a “Score Function”


• Represent the score function with neural networks

65

dϕ
dξ

= f(ϕ, ξ) + g(ξ)η(ξ)

dϕ
dt

= [f(ϕ, t) − g2(t)∇ϕlog pt(ϕ)] + g(t)η̄(t)

Song et al., Score-Based Generative Modeling through Stochastic Differential Equations, ICLR 2021

Anderson, in Stochastic Processes and their Applications, 1982 

https://arxiv.org/abs/2011.13456
https://www.sciencedirect.com/science/article/pii/0304414982900515
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Diffusion Models




 
: fictitious time, : diffusion constant


• Fokker-Planck equation 




Equilibrium solution (long-time limit),





• Set the diffusion constant as 


∂ϕ(x, τ)
∂τ

= −
δSE[ϕ]
δϕ(x, τ)

+ η(x, τ)

⟨η(x, τ)⟩ = 0, ⟨η(x, τ)η(x′ , τ′ )⟩ = 2αδ(x − x′ )δ(τ − τ′ )
τ α

∂P[ϕ, τ]
∂τ

= α∫ dnx { δ
δϕ ( δ

δϕ
+

δSE

δϕ )} P[ϕ, τ]

Peq[ϕ] ∝ e− 1
α SE[ϕ]

α = ℏ

Peq[ϕ] ∼ e− 1
ℏ SE[ϕ] = Pquantum[ϕ]

66

!~#[!, & = 0] !~#[!, & = *]
!

Parisi G. and Wu Y. S., Sci. China, A 24, ASITP-80-004 (1980).

1. No need gauge-fixing! 
2. Can handle fermionic fields naturally 

(Complex Langevin method) 
…. 

→

Thermal equilibrium limit  Quantum distribution→

Stochastic Quantization

P. H. Damgaard and H. Hüffel, Stochastic Quantization, Phys. Rept. 152, 227 (1987).

M. Namiki, Basic Ideas of Stochastic Quantization, PTPS 111, 1 (1993).

G. Aarts, L. Bongiovanni, E. Seiler, D. Sexty, and I.-O. Stamatescu, Eur. Phys. J. A 49, 89 (2013).
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Diffusion Models

• Diffusion models(Reverse SDE): 

 

• Define:  

 

 

introducing Noise scale: , time scale: 


• FP equation 

dϕ
dt

= − g(t)2 ∇ϕlog pt(ϕ) + g(t)η̄

τ ≡ T − t(dτ ≡ − dt)

dϕ
dτ

= g2
τ ∇ϕlog qτ(ϕ) + gτη̄

ϕ(τn+1) = ϕ(τn) + g2
τ ∇ϕlog qτn

[ϕ(τn)]Δτ + gτ Δτη̄(τn)

⟨η̄2⟩ ≡ 2ᾱ g2
τ Δτ

∂pτ(ϕ)
∂τ

= ∫ dnx {g2
τ ᾱ

δ
δϕ ( δ

δϕ
+

1
ᾱ

∇ϕSDM)} pτ(ϕ)

67

The reverse mode of 

a well-trained diffusion model at  serves as 

the stochastic quantization for the input
τ → T

DMs as SQ

∇ϕSDM ≡ − ∇ϕlog qτ(ϕ)

peq(ϕ) ∝ e− SDM
ᾱ

O(ᾱ) ∼ O(ℏ)

pτ=T(ϕ) → P[ϕ, T]

JHEP 05(2024)060

https://doi.org/10.1007/JHEP05(2024)060
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Diffusion Models

• Diffusion models

• 


• Data generation 
• 2-d 32×32 lattice; Hamiltonian Monte Carlo(HMC); 

5120 configurations for training.

• Broken phase: , 


• Symmetric phase: ,  

T = 1.0, σ = 25

κ = 1.0 λ = 0.022
κ = 0.21 λ = 0.022

68

DM for Scalar Field

• Euclidean action on lattice





• Dimensionless form








,    


• Hopping parameter , 
Coupling constant 

SE = ∑
x

ad[
d

∑
μ=1

(ϕ0(x + a ̂μ) − ϕ0(x))2

a2
+

m2
0

2
ϕ2

0 +
λ0

4!
ϕ4

0]

SE = ∑
x

[−2κ
d

∑
μ=1

ϕ(x)ϕ(x + ̂μ) + (1 − 2λ)ϕ(x)2 + λϕ(x)4]

a
d − 2

2 ϕ0 = (2κ)1/2ϕ

(am0)2 =
1 − 2λ

κ
− 2d a−d+4λ0 =

6λ
κ2

κ
λ

JHEP 05(2024)060

https://doi.org/10.1007/JHEP05(2024)060
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Physics-Conditioned Diffusion Models

69

∂ϕ(x, τ)
∂τ

= −
δSE[ϕ]
δϕ(x, τ)

+η(x, τ)
dϕ
dt

= − σ2ts ̂θ(ϕ, t)+σtη̄(t)

!~#(!, &!)!~#!(!) !~#(!, &")

−"#"$

−%!%"
"#
"$

Score FucntionDrift Term

S = β∑
□

(1 − Re(U□)) s̃ ̂θ(ϕ, t) ≡ βs ̂θ(ϕ, t)

e.g.,

NeurIPS2024 ML4PS Workshop with Qianteng Zhu, Gert Aarts, etc.
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Gauge Fields

70

2D U(1) Gauge Field S = β∑
□

(1 − Re(U□)) U□ = Ux,μUx+ ̂μ,νU†
x+ ̂ν,μU†

x,ν

plaquette

Q =
1

2π ∑
x

F01(x)W(C) = Tr ∏
(x,μ)∈C

Ux,μ
Learned at  with 10,240 cofigurations, L = 16


Generated 1024 configs for testing
β = 1
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Gauge Fields

71

2D U(1) Gauge Field

Eur. Phys. J. C (2021) 81:873

Generated at  with 1024 cofigurations, L = 16β = 7

Topological Freezing?



Lingxiao WANG /75UCAS-HENPG 2024.11.22

Gauge Fields

72

2D U(1) Gauge Field

Generated at  with 1024 cofigurations, L = 16β = 7

Physics-Conditioned 
Diffusion Models

Training at one, 
Transfer and Generate at all
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Gauge Fields

73

2D U(1) Gauge Field
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Gauge Fields

74

2D U(1) Gauge Field

Different Lattice Sizes, Inverse Coupling Constants

Training at one, 
Transfer and Generate at all

32 64 128 256 128 64 32

Input Output

22

∂ϕ(x, τ)
∂τ

= −
δSE[ϕ]
δϕ(x, τ)

+η(x, τ)

Drift Term

s̃ ̂θ(ϕ, t) ≡ βs ̂θ(ϕ, t)
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Summary II

• Generative Models 
• Probabilistic Models

• Learn to Sample

• Learn to Detect Phase Transition

• Learn for Generating All


• Future works 

• 2D SU(2) Gauge Field


• Complex Langevin Method(CLM)


• DM for full QCD

75

Hidden Layers

Masked Convolutional LayersInput 
(Configurations)

Output 
 (Parameters of Mixture Distributions)

qθ(s)
…

Sample

Chinese Phys. Lett. 39, 120502 (2022)

Phys. Rev. D 107, 056001

JHEP 05(2024)060

http://cpl.iphy.ac.cn/Y2022/V39/I12/120502
https://doi.org/10.1103/PhysRevD.107.056001
https://doi.org/10.1007/JHEP05(2024)060


Thank You !
ML meets Physics, Opportunities and Challenges

Kouzou Sakai @Quanta Magazine
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Representation Learning

77

gθ : X → Y

Physics Data
Model Parameters/ 
Properties/States

Observations

Forward Mapping, fθ

Inverse Mapping, gθ

fθ : Y → X
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Representation Learning

78

Recognizing nuclear liquid-gas phase transition

R. Wang, Y.-G. Ma, R. Wada, L.-W. Chen, W.-B. He, H.-L. Liu, and K.-J. Sun, Phys. Rev. Res. 2, 043202 (2020)

Anomaly Detection 
Latent Variable Extraction
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Recognizing nuclear liquid-gas phase transition

R. Wang, Y.-G. Ma, R. Wada, L.-W. Chen, W.-B. He, H.-L. Liu, and K.-J. Sun, Phys. Rev. Res. 2, 043202 (2020)

Representation Learning

79

Predict relativistic hydrodynamics

H. Huang, B. Xiao, Z. Liu, Z. Wu, Y. Mu, and H. Song, Phys. Rev. Res. 3, 023256 (2021)
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Backups I
Reconstructing Spectral Function

• In practice, the Euclidean correlations 
have finite number of points and with 
finite precision;


• The ill-posedness of the spectral 
reconstruction fundamentally exists 
even for continuous correlation 
functions(infinite observations); 

• It’s caused by the numerical inaccuracy 
of the correlation measurements 
(induced high degeneracy in solution 
space). 
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Comput. Phys. Commun. 282, 108547

D(x) ≡ ∫
∞

0
K(x, ω)ρ(ω)dω

∫
∞

0
ψs(ω) K(x, ω) dω = λsψs(x)

eigenvalue problem

⃗D ≡ K ⃗ρ

vectorization

Kij, i ∈ Nx, j ∈ Nω, Nx < Nω
highly rectangular

https://linkinghub.elsevier.com/retrieve/pii/S0010465522002661
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Backups II: Autoregressive Networks

81

1. Prepare data-set from observations





2. Put them into the deep autoregressive network(DAN)





3. Minimize the negative log-liklihood(NLL)





4. Get your DAN represented Hamiltonian


s ∼ qdata

pθ(s) =
N

∏
i=1

p(si |s1, . . . , si−1, θ)

ℒ = − ∑
s∼qdata

N

∑
d=1

log(p(sd |s<d, θ))

Hθ(s, T ) = − T ln pθ(s)

arXiv:2007.01037max
θ

N

∏
i=1

pθ(si)

on specific degrees of freedom(d.o.f.s)

http://arxiv.org/abs/2007.01037
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Backups II: Topological Phase Transition
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2D XY Model

HXY = − ∑
<i, j>

sisj = − ∑
<i, j>

cos(ϕi − ϕj)

9000 training configurations with L = 16

δq[i,j] ≡ ∑
[i,j]

qθ(sij)

 conditional probability differences 
 in the same given direction

qθ(sij)

Chinese Phys. Lett. 39, 120502 (2022)

http://cpl.iphy.ac.cn/Y2022/V39/I12/120502
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Diffusion Models
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Adding noise

𝔼p(x)[∥∇xlog p(x) − sθ(x)∥2
2]

pσ(x̃) ≡ ∫ pσ(x̃ |x)pdata(x)dx

pσ(x̃ |x) ∼ N(x̃; x, σ2I ), ϵ ∼ N(0,I )

x̃ = x + σϵ

Minimizing the Fisher divergence

∂ log(pσ(x̃))
∂x̃

≡
∂ log(pσ(x̃ |x)pdata(x))

∂x̃
=

∂ log(pσ(x̃ |x))
∂x̃

{
1-D

x ∼ pdata(x) ≡ p(x)

Score-matching a noise-perturbed distribution

Matching a noise-perturbed distribution𝔼pσ(x)[∥∇xlog pσ(x) − sθ(x)∥2
2]

Estimated scores are only accurate in high density regions

No enough data in low-density region! 
But we sample from the low-density region using 

Langevin dynamics… 
🤔
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Diffusion Models
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Matching a noise-perturbed distribution𝔼pσ(x)[∥∇xlog pσ(x) − sθ(x)∥2
2]

🥳

Small noise  Good approximation to data, poor in low-density region! 
Large noise  Poor approximation to data, good in low-density region!

→
→

Multiple noise perturbations!
Matching multi-noise 
perturbed distributions

L

∑
i=1

λi𝔼pσi(x)[∥∇xlog pσi
(x) − sθ(x, i)∥2

2]

Multiple scales of Gaussian noise to perturb the data distribution (first 
row), and jointly estimate the score functions for all of them (second row).

• Choose the noise scheme as a geometric progression, 
, with  being sufficiently small and  

comparable to the maximum pairwise distance between all training data 
points.  is typically on the order of hundreds or thousands.


• Parameterize the score-based model, , with U-Net skip connections.

σ1/σ2 = σi−1/σi = … = σL−1/σL > 1 σ1 σL

L
sθ(x, i)

Ho et al., Denoising Diffusion Probabilistic Models, NeurIPS 2020

Song et al., Score-Based Generative Modeling through Stochastic Differential Equations, ICLR 2021

https://arxiv.org/abs/2006.11239
https://arxiv.org/abs/2011.13456
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Diffusion Models
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Matching multi-noise perturbed distributions
L

∑
i=1

λi𝔼pσi(x)[∥∇xlog pσi
(x) − sθ(x, i)∥2

2]

• Choose the noise scheme as, , where  indicates “time-
step” for adding noise.

σi ≡ στ τ

t ∈ [0,τ]

xi+1 = xi + σiϵ

H. Risken, The Fokker-Planck Equation: Methods of Solution and Applications

dμ
dt

= 0

dσ2

dt
= σ2t

pσi
(xτ ∣ x) = 𝒩(xτ; x,

1
2 log σ

(σ2τ − 1)I)

∇xlog pσi
(x) = ∇xlog(pσi

(xτ |x)p(x)) = ∇xlog pσi
(xτ |x)

Training is Matching



Lingxiao WANG /75UCAS-HENPG 2024.11.22

Backups IIII: Likelihood in DM
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Learned at  with 10,240 cofigurations, L = 16

Generated 128 configs for estimating Likelihood

β = 1

β = 1 β = 7


