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VITMO Outline

1. An r-t/phase-space approach in photon emission
2. Example: Cherenkov radiation and its Wigner function
3. Photon field dynamics at a finite distance:

* The photon spreading time

* The Mach cone formation

* The photon arrival time and its quantum shift

4. Summary and Outlook

Based on arxiv: 2411.00212
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V/ITMO The problem (dP> PHYSICS

The r-t description of particle interactions in QFT is challenging,

but sometimes unavoidable:

Collisions of beams at large impact parameters,

Collisions of non-Gaussian packets (say, the vortex particles)

Neutrino oscillations,

Near-field, formation zone, pre-wave zone effects in radiation and scattering,
Generalized measurements and entanglement in collisions,

Studying process dynamics in real space and time,

and so on 2/46



R-t approach to photon emission

An S-matrix within the 15t order of the perturbation theory:

S~1+8M=1- if/d'l.z'j“(.t'):i“ (x),
An evolved state in the photon emission:

e,v) = (1 + S'”"’) in),,

)
"

’ I \ & '!l
= |in) + / 5 3 P, A @ |k, A\y) bfl|

Al=

If the electron is detected as a plane wave, the photon states becomes:

0.) Z/ 1‘3A Y
v T fi>

> = \p A |C111f
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Field operators:

A BA(-r,t) d>k . ; A . - ‘/E —iwt+ik-r
E(r,t)=— Y — /\21/ (23 W (AkAyU ,t) Crea., — h.c.) , Apa, (7, t) = T €k, € i
Energy density:
: 1 2( 2 0 1 ; . i 2
W(r,t) = — (|E*(r,t) + H(r,t)n) — = = - ( |OLE(, )| + |OlH (r, D))
s 4 4w

3 |
(0| E(r,t)| Z/ o FiwAga, (T, 1) }?(k-./\q-),

A vacuum contribution:

B , &k
€0 = (7'7) Z (27[_)3 w |Ak)\-, (1‘?t)| a <’}|A!) Z (Qﬂ_)g 27w
\ o \

)"'r
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Energy density:

3

2 1 . d>k s

1 Bk Bk, ~ £ /9) o= . ir-
" 4 Z f 5 B5 (k—k/2)- By, (k+ k/2) e (0 0ctk/2)-wlk/n)irk -
~ 3 Ay

= |0, o

)? (2m)3

3
E/ (;1 ’; W(r,k,t), The 1st marginal distribution

W 4
o P X / 3 190 (. )S[ (P, A K Ay

wn“

The wave function of the incoming electron:

: 2\/m 3/2 —_ 2
f mJ(p )\) (I)~/\|€irl> = S, (T\/_) exp {_(D Qog)n } ,
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)—To(f(l))

The Wigner function:

k—f{/'- .Ex, (k +k/2)

The photon field in phase space:
more information than we get from

the 2nd marginal distribution:

/ B WL, K, t)  [S7:((D), Ae, K, A

W ‘ d3p

2n2 Z/ (27)
41

)n?(w(k))2s(p)2

/ ErW(r,k,t) =

__:" 4
e (p') (D)

= F8 (P, A)Sri(p, Ak, Ay

Z f(m] p

No phase, not r-t

2

) Msi(p, K, A Ay)

2

“

o—it(w(k+k/2)—w(k—k/2))+irk

(17)

p=p’'+k
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We calculate the Wigner function (r, k, t) for Cherenkov radiation
in the paraxial approximation:

The electron packet is narrow

. g << m
in momentum space:
w dn(w)
The medium dispersion is weak: * _ w < 1, k2 = n?(w)w?
n(w) dw S

The phase of the amplitude sz‘ Mei(p,k, Aes Ay) = | Mpi(p, k, Aey Ay)| exp {iCri(p, K, Ae, Ay) }
comes into play:
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Cherenkov radiation in a transparent medium

A[fl - V—]:'TCI u I/\I’) 6‘ up/\ |\[fz|€lgfl

Up\ = Z ui_i')dgll\/m(ﬁ)e_m*”,

o=+41/2
The amplitude phase is not vanishing even at the tree level: . =(0") §(1/2) (pr\ ic' ¢’
Up’x Ugryr dyry (0) €77
'=+1/2
exr, = Z X(U"')di,l_,))\_r(gv)f‘_w”é’-
o~=0,41
crcrcr) ,c""“:) (L _11) 1g(%_%'“
‘.[fz —— gA/\’ Z OCT O'I'J{—O'w \_[ fi —_ g/\AI __‘_[f{ = € fi +
o.0" 0'
(3,30 310 L (-31-1) i GTEY L (-3-30) ¢l 3RO
+M 32 e M TR s + My 375 et
c .A (0o o) (oo’ o~
Z OO' o-f_‘_o-_\ ..'.\.[fz C )
o,0',0,
(fi = arctan (M =~ -
2. o040, My, (ffz ’)
o0’ O~ 8/46



The amplitude phase is non-vanishing over a finite region of frequencies,

defined by the conservation laws
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Figure 1: The phase of the scattering ampli
including the quantum recoil (44) for 5 =0
whereas the blue one is for the second

de i = argMy; from Eq.(59) at the Cherenkov angle
79. Black line is for the first triangle point from Eq.(46),
int. Upper panel: n = 1.5,p; = 10"°m,p’, =0.99 x p;,p, =
0.99 x B,A =X =1/2,\y = £1. Lower panel: n=1.7,p1 =10"*m,p/, =0.99 x p1,p, =0.99 x B, A =

—XN'=1/2,Ay = £1. When A = -\ = —1/2, the black and blue lines swap.

0.000201
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The paraxial Wigner function is reduced to a 1D integral
(akin to the retarded potentials):

Q\;

3 9
. 2 ) (P—(pP)°
) (2n2( zwz (p) 2 IMypi(p Ae. K, As)[* exp {_ = }

Y

W,(r,p, k,t) = (

+00
X / ; y =P {it’(f-:(p) — &' —w(k)) — - g(t')—

1 ()[R x (up — up))® + x () (R - [up x ug])?
2n(t') (') (up — ur)? + x(t) [up x ug)’ |

R =r—upt+ (8 + 0)Cri(ps Ao K, \y) =
={X,Y,Z} = R{smBR cos Op,sinflp bmqu,cosQR}-
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The group velocities of the Bohmian trajectories:

' ¥ 2 (u, — ug)?
N . v _ ,
g1(t") = arctan " @ - — : 2

D s (1D
1 2 wn?
ik _l _021—721.2@'/5'
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Most concisely:

X

o R?/R2(t")
W(r, K, t) / dt’ -
()
R =TI — upt -+— ((_)p + (_)k )Cfl(l)‘ /\(_'. k /\f, )

\ a shift from the electron classical path

ThiS Wigner function: due to the medium polarization

and a finite free path of the virtual photon

cos (F(t")).

G(t')

Is not everywhere positive -- the «most quantum» feature,
If not for the phase, it would be concentrated around the classical path r ~u_p*t

It has an effective correlation length R_eff

oW

It has the spreading time interval t_d and space region <u>*t_d (formation length)
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With the Wigner function, we can trace
the spatio-temporal dynamics
of the photon formation
(phase-space tomography)

The classical Cherenkov angle (no quantum recoil)

Och.c1. = arccos 1/upn

The quantum Cherenkov angle (with quantum recoil)

1 w n?—1
cosbch = — + ,

Bn 2 fBn

The cut-off in the spectrum:

Bn—1

Weut-off = 2€
n®—1

?

far field




1. Spreading time of the photon field

u—Oﬂle\’ r—lO m o.=1/0c~38 nm

...... LT ey
= | ——— B=0.65(y=1.3), n=1.46
: J— 8=0.7 (y=1.4), n=1.46
' =0.9999 (y=70.7), n=1.05
'3 ol  N— - p=0.9999 (y=70.7), n=1.3
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The spreading time turns negative
nearby the classical Cherenkov angle due to the quantum recoil

415 42.0 25 430

A(deg)

cos 0=1/nu,

The spreading time
of the electron packet
itself!

/

2
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2. The Mach cone shows the photon near-field,
a.k.a. the wake-field
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2. The Mach cone shows the photon near-field,
a.k.a. the wake-field
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Figure 2: The effective correlation radius from Eq.(7) divided by the distance u,t’ traveled by the electron
during the time t’'. Left: 8 =0.7(y = 1.4),n = 1.5, Och.c. = arccos1/upyn ~ 17.8 deg, Oyjach =~ 107.8 deg.
Right: 8 =0.9999 (v = 70.7),n = 1.33, Ocn.c1. = 41.2 deg, Onjach =~ 131.2 deg. Nearby the Mach angle,
space-time dependence of the Wigner function quickly vanishes within the correlation radius R < Reg(t').
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3. The photon arrival time

Classically, a photon generated at r=0, t=0 arrives at the point detector at

(far-f.) :
[ ty =T/Uur =T n.}

In our QFT approach:

{ R? } { (t — tg)? }
exp {4 —— X expl ———=——— p .
Y RZ(t") 1 207(t')
2

to = lo- (r+ (0p + 0k)Cri)  lo = [(up — uk) x [k x up|] / [up x ux|”

The shift from the classical arrival time is due to the phase:

At =ty —ta. = lo - (0p + k)i 18/46



3. The photon arrival time

The width of the distribution

exp {— 3 } X exp {——(t — t“‘)z }
R (t') 207 (1) The length
defines the Cherenkov flash duration of the electron packet

—

a(t) (tp — ur) 2(¢) = o2 (L+ (¢/ta)?)

NN

—
~

=1

e
o;(t') = — : o
t 2 [up x ugl?

Nearby the classical Cherenkov angle:

[ot(t') —nox(0)/V2, }

o,(0) ~1—100nm: . 0¢(0) ~ 10as — 11s:

The first classical estimate by I.M. Frank yielded < 1 ps,
Uspekhi Fiz. Nauk [Sov. Phys. Usp.] 58, 111 (1956), (in Russian). 19/46
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Figure 4: The quantum shift At =ty — tq. = lp - (Op + Ok )(si from Eq.(15) of the photon arrival time
compared to the classical value and the Cherenkov flash duration (the green lines with ¢ = p; ). The
electron energy is typical for a transmission electron microscope: 3= 0.7, and p/, = 0.99 xp,p, = 0.9 x
B,n = 1.5. The left panel (a.): p1. = 1072 m, 1/p1 2 10nm, the right panel (b.): p1 =10"%m, 1/p, 2>
100nm. The behaviour at small angles is shown in the insets. The shifts vanish in those regions that
are not allowed by the momentum conservation law, they stay roughly the same for other p’, , p/ and for
ultrarelativistic electrons, v > 1, though the Cherenkov angle grows.
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Figure 5: Dependence of the shift At =ty —tq. = lo - (Op + O)(si from Eq.(15) of the photon arrival
time on the refractive index n at the emission angle § = 10 deg. Left: 8 = 0.7,p, = 0.9 x 5 (a TEM
regime; the minimal refractive index for which the Cherenkov condition is met is n &~ 1.429, whereas
n = 1.45 — 1.55 for fused silica in the given spectral range), right: 3 = 0.9999(y = 70.7),p’, = 0.99 x 3
(an accelerator regime). The classical Cherenkov angle Ocy, o). = arccos 1/5n is shown in the insets.
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4. Summary and Outlook

The R-t approach allows us to study much reacher physics
We describe the formation of Cherenkov radiation in real space and time

The photon Wigner function is not everywhere-positive, so such quantum-optical techniques
as tomography and the Radon transform can come in handy

The attosecond time scales hint to microscopic (atomic) physics. It has two origins:
1. The size of the electron packet: ~ 1 nm = attoseconds,
2. The finite frequency interval contributing to the field: this interval”™-1 defines
a time uncertainty in the photon arrival time, exactly as in the AC-Stark effect
Nm-sized electron packets with no spreading = attosecond photon flashes

Nm-sized vortex electron packets can produce attosecond twisted Cherenkov photons

The quantum shift of the photon arrival time can be observed nearby the Cherenkov angle
https://arxiv.org/abs/2411.00212 22/46



Thank you
and special thanks to my group!
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If the electron 1s a plane wave:

+8(¢" — (dx +H))’¢ke[0 ﬂ)

3(p' +k1) =8(py +kx)3(py +ky) = P, L —k1) (S(qb’ ~ @k =) drelm,2n]
o € [r,27] | oL o €[0,7] k.
R &' N
k, P

d3’l d3 /
) = (F9em)0,) + / o) (4, X)) 2,
N r w

3 delta-functions 4 delta-functions

The photon evolved state 1s a plane wave! 24/46



If the final electron is not detected:

Z/ d3pl d3

W(r,k,t) =
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On the way to experiments at accelerators.. ..

The project of the relativistic vortex electron source

at Joint Institute for Nuclear research (Dubna):

* Firstata 6-MeV electron photo-gun,
* Then at the 200-MeV linac

@

https://rscf.ru/en/project/23-62-10026/




