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Based on

Feynman integral Integral evaluation
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analytic computation of all Zloop 6point massless planar integrals 1s done

The first analytic computation of 3loop 5-point Feynman integral tamily

Henn, Matijasic, Miczajka, Peraro, Xu, YZ, Phys. Rev. Lett. 135, 051601
Liu, Matjasic, Miczajka, Xu, Xu, YZ, 2411.18697 (Phys. Rev. D Editors' Suggestion)
Henn, Matijasic, Miczajka, Peraro, Xu, YZ, JHEP 03(2024) 027

2



4
3

p2
p6

p1



Based on package development

“Neatl BP 1.0, a package generating small-size integration-by-parts relations for Feynman integrals”

Wu, Boehm, Ma, Xu, YZ, Comput. Phys. Commun. 295 (2024), 108999

“Performing integration-by-parts reductions using NeatlBP 1.1+ Kira”
Wu, Boehm, Ma, Usovitsch, Xu, YZ., arXiw: 2502.20778

NeatlBP collaborators
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Methodology

Analytic Feynman integral frontiers
Case 1:  2loop O6point Feynman integrals
Case 2:  3loop Spoint Feynman integrals

Summary and Outlook



Introduction

Julius Wess
Jonathan Bagger

Supersymmetry
and Supergravity

Formal

theory

PRINCETON SERIES IN PHYSICS

Precision physics

N=38 ity UV finit
oLO | oNLO |  NNLO Feynman supergravity niteness

o = :
integrals
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Gravitational wave
template computations

for instance,

Driesse, Jakobsen , Klemm, Mogull, Nega, Plefka, Sauer, Usovitsch
Nature 641 (2025) 8063, 603-607



Why analytic?

® Numeric method slow or not available yet for some multi-loop multi-leg Feynman integral
Sloop opoint Feynman integrals (numeric softwares do not finish the computing)
® ['heoretical aspects of quantum field theory
for examples: 2loop N=4 SYM theory spacelike splitting amphtude
Henn, Ma, Xu, Yan, Y7, Zhu, arXiv 2406.14604
® (Quantum field theory computation of gravitational wave

analytic continuation/ Fourier transform 1s sometimes needed



Analytic Feynman integral

computation and the methodology

T Rb = 1 == ¥ J = pLAS Y
__A,ﬁj\%:/> \A 3 - b M\%$I Ve \Alg_ﬁ

CGBiE. BRAY

A craftsman who wants to do his work well must first sharpen his tools.

— The Analects: Duke Liing of Wei



Current status ol analytic Feynman integral computation

4-point J-point 6-point 7-point 3-point
One-loop known known known known known
most some
Two-loop P P P
known results
some
Three-loop P P P P
results
some
Four-loop P P P P
results

with dimensional regulation
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Goal of analyticity

Feynman integral
arguments related to

Letters, algebraic function of kinematics

I = Z eianG(Wal,...,WQZLH;Z)

1=—21. 0"
Goncharov polylogarithm function
G0 2) = —(log 2)*, G ) / T e, apt)
. . L. ' Z) = — Z)", A1,...,052) = R
Dimensional regularization © 1S : " o t—a; "

arameter : : :
P well studied function with Hopf algebra structure

For more complicated cases, iterative integral of elliptic functions, Calabi-Yau functions can appear
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Canonical Differential Equation, new insights

Blade, Guan, Liu, Ma, Wu 2024
Comput.Phys.Commun. 310 (2025) 109538

NeatlBP, Wu, Boehm, Ma, Xu, Y7 2023
Comput.Phys.Commun. 295 (2024) 108999

Better Integration-by-parts (1BP) reduction

Effortless, Matijasic, Miczajka to appear
https://github.com/antonela-matijasic/Effortless

Alphabet searching Baikovl.etter, Jiang, L.iu, Xu, Yang, 2401.07652
PL.D, Fevola, Mizera, lTelen
Comput. Phys. Commun. 303 (2024) 109278
SOFIA Correia, Giroux, Mizera
2503.16601

Solving differential equation Novel representation of one-fold integration

Liu, Matijasic, Miczajka, Xu, Xu, YZ, 2411.18697
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Using NeatlBP

“NeatlBP 1.0, a package generating small-size integration-by-parts relations for Feynman integrals”

Wu, Boehm, Ma, Xu, YZ, Comput. Phys. Commun. 295 (2024), 108999

Using algebraic geometry (see Kosower’s talk)

“Performing integration-by-parts reductions using NeatlBP 1.1 + Kira” to find short IBP system,

Wu, Boehm, Ma, Usovitsch, Xu, YZ., arXiv: 2502.20778

2 or 3 orders of magnitudes shorter

than that from Laporta algorithm.

Studies that used NeatIBP Reference

Differential Equations for Energy Correlators in Any Angle arXiv:2506.02061

One-loop amplitudes for ¢tj and tty

productions at the LHC through O(e?) arXiv:2505.10406
Two-loop Feynman integrals for leading color Wtt production JHEP 07 (2025) 001
Two-loop QCD helicity amplitudes for gg — gtt at leading color | JHEP 03 (2025) 070

Full-color double-virtual amplitudes for ¢ — bbH JHEP 03 (2025) 066

Three-loop five-point pentagon-box-box Feynman diagram arXiv:2411.18697

Two-loop QCD corrections for pp — ttj arXiv:2411.10856

Two-loop amplitudes for W~~ production at LHC JHEP 12 (2025) 221

NLO corrections to J/Wce photoproduction Phys.Rev.D 110 (2024) 9, 094047
Two-loop five-point two-mass planar integrals JHEP 10 (2024) 167

Two-loop integrals for t¢j production at hadron colliders

in the leading color approximation JHEP 07 (2024) 073

phenomenology application of NeatIBP
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2loop Opoint Feynman integrals

Henn, Mat

Henn, Matyj

asic, Micza

Ika, Peraro, Xu, YZ, Phys. Reo. Lett. 135, 031601

asic, Micza

|ka, Peraro, Xu, YZ, JIHEP 08(2024) 027



2loop Feynman integral: Scale frontier

2loop dpoint massless

2loop dpoint one-mass

2loop Spoint two-mass

2loop 6point massless

Gehrmann, Henn, .o Presti 2015
Chicherin, Gehrmann, Henn, Wasser, Y7, Zoia 2019 o scales

Papadopoulos, Tommasini, Wever 2019
Abreu, lta, Moriello, Page, Tschernow, Zeng 2020

Abreu, Chicherin, lta, Page, Sotnikoy, Tschernow, Zoia 2023 b scales
Jiang, L, Xu, Yang 2024
Badger, Becchetti, Giraudo, Zoia 2024
Cordero, Figueiredo, Kraus, Page and Reina 2023 7 scales
for leading-Color pp—ttH amplitudes with a light-quark loop
Henn, Matyasic, Miczajka, Peraro, Xu, Y7, 2025 '
3 scales!

Jor NNLO 4 jets production, 2 jets+ 2photons

512,523,534, 545, 556, 516y 5123 5345
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All planar 2loop 6point integrals

J. Henn, A. Matijasic, J. Miczajka,’l. Peraro, Y. Xu, YZ, PR1.. 155, 051601

267/
UT integrals

202
UT integrals

p3

p4
p5

p2

12

pl

3
p2 i p4

11 12
p6
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M()mentum TW ist()r external momenta d="1

Pi = Tij11 — Ty dual coordinates

S

€4aT Ay = Ha g

€552 ABy = Hp (Za,ZB) > @ (Zis Zig1) = Tita

R———

[ = ( ’ | > , 1=1,...0 momentum twistor (ZaZpZcZp) is dual conformally invariant

! (i, +1)(i — 1, 3) ’

()\i,om )\i,d) spinor helicity

S—
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Momentum Twistor external momenta d=1

7. )\i,a 1 6 5\ - <7Jv L+ 1>:ui—1 + <Z + 1,1 — 1>:uz T <Z — 1, Z>:u7l—|—1
7. — . ] 1 — g o o o (A . . 1 - 1 . ?
[y <Zal_|— ><Z_ 7Z>
1,0
r1 = S12
A particular parameterization Badger, Frellesvig, Y7 2013 T (1234)
= —
2512834
T, (1345)
1 0 1 1 L 1 | 1 L 1 | 1 1 4 o 2545513
X1 o1 | X1 o1 | o3 | X1 Lo | o231 L2341 | X1
0 1 1 1 1 1 T
Y 0 0 0 ;;_Z Te 2556514
_ 523
0O O 1 1 L7 — i_i = 512
vy (1532) 4 Try (1542)
e 2515512
. , , e (1542) + Tr (1543)
Momentum parametrization rationalizes all pseudo scalars T 2515923
Cijkl = 4Z€uupap5p§pzp?7 €ijkl — G’ijkl
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Uniformly transcendental (UT) basis determination

key step

d4—2el d4—2€l N |
\ / Idb,i:/ -2_1 -2_2 : 9 7/:17“'77
P2 P3 P4 ime— ¢ ame= ¢ D1 Do D3 D1gD11D12D13
\ 3 * 10 /
N1 = —5125455156 ,
2 13 11 Ny = —s12845(l1 + ps + pe)*
N, = 515 G( l1 P1 P2 D5+ D >
1 * 12 €5126 pP1 P2 D5 Pe ’
p/ .\Ps N, = 512 G ( lo —ps D5 Pa D1+ Ds >
/ Pe \. €1543 P1 D5 D4 pP3 ’
o 1 €1945 l1 pP1 P2 D5 Do )
Ny = —— G |
° 4G(1,2,5,6) ( lo p1 P2 D5 D6
N — 1G< [ p1 D2 > - D2D11(s123 + S126)

- 6O — S 1 ,
Chiral numerator 8 lo—ps pPsa D5 8
(Arkani-Hamed, Bourjaily; Cachazo, Trnka 2011 No — 1 Ag G < li p1 P2 Ps Ds )

/ Gram determinant 2¢ G(1,2,4,5)Dq3 la p1 P2 psa D5
correspondence

Ag = (12)[23](34)[45](56)[61] — (23)[34](45)[56](61)[12] .
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Chiral numerator to UT integral numerators

\ i} /

P2 P4

\\- 3 * 10 ‘//

P+ Pe Ps

/

lhnear combination
parity even

Noa = 545((15)[52] + (16)[62]) 11 - (Ao) 1 .
~ Ng+Np = —=512845(l1 + ps +P6)” + =5125455156 + - - -
NB = s45([15](52) + [16](62))11 - (A1 A2) . 2 2

parity odd

—8345G< li p1 P2 p5+p6>

Ps DP1 D2 Pe6
NA_NB: 9

€5126
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Chiral numerator to Ul integral numerators

quadratic combination ,\ ' /.
(15) SN/ A S P2 fs P4
824@ (L - A2Ar) (I3 - Aads) N\ 3 . 10 /
. 13 11
1 . 12
P1/ Pe \p5
parity even parity odd

1G< l1 P1 P2 > | Dy D11(8123 + 5126)
8 lo—ps DPs D5 ) 8

additional term added
from the canonical DE construction

20

Ag = (12)]23](34)[45](56)[61] — (23)[34](45)[56](61)[12] .

1 Ag

One-loop

hexagon leading singularity

li p1 p2 pa

2€ G(l, 2,4, 5)D13G ( l2

P1 P2 P4

P5
P5

)



2loop 6point top sector, UT integrals

J. Henn, A. Matjasic, J. Miczajka,’l. Peraro, Y. Xu,YZ, PRIL 155, 051601

UT integrals list

[1DP-a _ / d4—2€l1 d4—26l2 NlDP—a . NEP—a

: : —_—
im2—€ jr2—¢ D, ... D evanescent
4—2 4—2 DP- DP-
]DP—a _ d Ell d 612 N2 & _ N3 &
: gre—€  qul—¢ D1 c o Dg

> Mls (this sector)
267 Mls (whole family)

d4—2€l d4—2€l
ISDP—a:FS/ 1 2 fh12

: : ——evanescent
im2—€ im2=€ Dq...Dy

d®=2cly d°4¢l5 1 : :
JPF-a — B 2 / ——— >  evanescent. 6D weight-6 integral
4 1€ ITS—€ g3 D1 - Dg v ’ W g g

IDP—a _ / d4—2€l1 d4_2612 NlDP—a e NEP—a 1 F5,u12
: gre—€ qul—¢ D1 . Dg

245 letters 1n total

except the 6D ones 0

(44 99 * *
evanescent : vanishing up to €

N1, Ny, N3 and N4 are chiral numerators Arkani-Hamed, Bourjaily, Cachazo, Trnka 2010
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Complete canonical differential equation for 216p planar integrals

Use momentum twistor 267 X 267 for double pentagon
Variables 202 x 202 for hexagon box
0,
I(x,e) =€A;(x)](x,€)
6’%
A= LA A=Y aplog(Wy)
i — : - A 10

the canonical differential equation
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Even letter, Odd letter and the more complicated ...

Even letter F(s) a polynomial 1n Mar.ldelste.tm variables
or homogeneously linear in square roots

Conjecture: a Feynman integrals’ even letters are all from L.andau singularity?

P(s) —+/Q(s) .
Odd letter log(W) — —log(W) under the sien change of the square root
P(s) + /Q(s) ° ° 1
“square roots”:  €ijn, Qe VvV A(512, 534, 556)
Kallin function
pseudo ¢ . . |
[ar | rom massive trlang e
>t leading diagrams
More singularity
complicated Ps) = V@i(5)vQa(s) hexagon
P P(s) + v/Q1(5)/Qa(5)

letter
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A new algorithm to search for odd letters

P(s) — /Q(s)
Odd letter
P(s) + v/ Q(s)
PQ—Q:(:HWZ-@"?, ceQ, e eN
()
ven letter
An observation (and conjecture) from Heller, von Manteuffel, Schabinger 2020
Matjasic, Miczajka, to appear
Algorithm to solve for e, Effortless

https://github.com/antonela-matijasic/Effortless
24



Even letter, Odd letter and the more complicated ...
245 letters

S12, S123

156 Even letters S15) — Giog

—812845 + S1235345

VA(512, 834, 856),  €ijkl

79 Odd 1 812 + 834 — S56 — \/)\(8127834, S56)
etters 12 + 834 — 856 + /A(S12, S34, S56)
S12523 — 523534 + 523556 + S345123 — S234(S12 + S123) — €1234
912823 — 523834 F 523856 + S345123 = $23(512 + $123) + 1230 Then the canonical DE 1s derived analytically
—S5125455234 R 5345615123 S 8345(—823856 - 81238234) — A6 o after N5O timGS Of ﬂumeri(} IBP I'Uﬂﬂiﬂg

— 5128455234 + S345615123 + S345(—S23S56 + S1235234) + Qg

10 More

complicated
letters

P — €1234 \/)\(812, $34, 556)
P + €1234 \/A(812, $34, 556)
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Boundary Values

Numeric boundary values

It 1s fine to use the package AMFlow to get ~100 digits as the boundary value

L, Wang, Ma, 2015

for double-box, pentagon-triangle, hexagon-bubble diagrams Lau, Ma 2022
Analytic boundary values
It is still possible to get fully analytic boundary values
Xo: {512,523, 534, 545, 556, 516, 5123, 5234, 8345} — {—1,—1,—-1,-1,—-1,—-1,-1,—1,—1}
- analytic
Solve the canonical DE on a curve starting with Xy and require the finite solution '\ boundary
y value

Some known integrals” boundary values

boundary value for a point in the physical region also obtained

20



Boundary Values

Analytic boundary values

Boundary values at the initial point, are combination of poly-logarithm of roots of unity

€4Idb’1(X()) — 1

€4Idb,2 (XO) =3

I 3(Xo) = Iap.4(Xo)

e*Iap.6(Xo) = — (

E4Idb77(X0) — ().

32

T 38C 3 4974
| € |
6 3 > 216
w2 34 4 7174
"5 ¢ T3 +(360 |
= Iqp.5(X0o) =0,
7T4 4 9
- — Im [L 4
540 3 m[ 12(p)] ) 6 Y

27

1V

IO_

2

2

S i [Lia(p))*) ¢

20 Im [Lig(p)]2> e,

from the ordinary differential equation
spurious pole asymptotic analysis

0



Solution of canonical DE

S

dl = e(dA)I

64

7 1 (I(O) + 6](1) 1 621(2) i €31(3) 4 E4[(4) 4+ > I(n) _ Ié?;)) T /(dA)I(n_l)
N

weight-1, weight-2

All'in logarithm and classical poly-logarithm

—log (—v1) log (—vg)—log (—wv1) log (—v3)1+10g (—v1)log (—v4)—log (—v1) log (—v5)—
log (—v1) log (—vg) + 41og (—v1) log (—vg) + 5 log? (—v1) +log (—v2) log (—v3) —

\ ? / log (—v3) log (—vy) —Lis (1 — Ziig) +log (—wv2) log (—vg)+log (—v2) log (—v7) —
o P3 P2 2Lis (1 — Z—z) —log (—v2) log (—uvg)—log® (—v3)—log (—vs3) log (—vy)+log (—v3) log (—vs)—
3 7 10 Lis (1 — ZZ:S) — 2Lis (1 — Z—z) — log (—v3) log (—vs) + log (—v3) log (—vg) —
1(2) L log2 (—v3) — log (—v4) log (—v5) — log (—v4) log (—ve) + 4log (—v4)log (—vg) +
2 13 11 db, 1 % log? (—v4)+log (—vs) log (—vg)+log (—vs) log (—v7)—2Liy (1 — Z—Z) —log (—vs) log (—vg)—
log® (—vs)—2Lis (1 — %> —log (—ug) log (—vg)+log (—ve) log (—ve)—log® (—ve)—
1 * 12 \ 1 vs 1
/ log (—vr) log (—vs)— log” (—vr) —log (~vs) log (—vo)+3log” (—vs) — log® (—vo)+

P1 Pe Ps T2

~ 0
28




Solution of canonical DE

S

dl = e(dA)I

1

64

! ([(0) eI 4 272 L 310G) L AT@ ) 7(n) — Iég)) 4 /(dﬁ)l(n—l)
R

weight-3, weight-4

. - dA - 1 dA dA -
74 — @)z / di——718) (7 / dt / dt (2) (+
(Zo) + LT (Zo) + Cdi o dtz g dt2f (t2)

1 = - one-fold mtegration
g+ o (S50 + (A0 - d) G700 )
; dt dt

It takes minutes on a laptop to get 14 digits for all 2loop 6point integrals

from our solution i both Euclhidean and Physical regions
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3loop Spoint Feynman integrals

Liu, Matijasic, Miczajka, Xu, Xu, YZ, arXiv: 2411.18697 PRD editors’ suggestion



3loop Spoint planar family

X

= = = ™ - =

3
T — S\
T Ve
5 “"\\&
1

5 scales S$12, 823, S34, S45, S15

316 Master Integrals

2

Liu, Matijasic, Miczajka, Xu, Xu, YZ, arXiv: 2411.18697

U'l" basis found! Baikov analysis

Gram determinant

Canonical We use NeatlBP to
differential derive the differential equation
equation ~100 million IBPs — 85000 IBPs

complicated ?

hard to integrate A novel one-fold

to weight-6? representation
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A novel representation of iterative integrals

.
dA(t
I(n—|—2)(x) :I(”+2)(x0) +/ dE )I(”H)(xo)dt

dA(t)

+ [ (A - A=

dB = (dA)A,

B exists due to Poincare lemma

1) (¢)dt.

Weight — +2
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First family of 3loop Spoint calculated

UT basis found!
3
4 . . .
\_ // Canonical differential
- 5 % 5 equation.
! > o found with NeatlBP
1 5l letters ... Al boundary values up to weight-6 are
obtained by spurious pole analysis
D scales S12, 823, 834, S45, S15
316 Master Integrals

weight-1,2.5 classical polylogarithm, weight-4,5,6 one-fold integration
It takes 2 minutes on a laptop to get 10 digits from our analytic solution

Liu, Matijasic, Miczajka, Xu, Xu, YZ, PRD editors’ suggestion
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Summary and Outlook

A EFOPR, BT, 22 )E, Bl ) mA#
CEA - ALY

Now the situation 1s like splitting a bamboo stalk

once you break through the first few sections, the rest will yield of itself.
— The Book of Jin: Biography of Du Yu



Analytic computation of all 2loop 6point planar massless integrals 1s done
The first computation on 5loop Spoimnt family 1s done; all families” result 1s coming

NeatlBP, a powertul package for cutting-edge 1BP reduction

a lot of future applications

Wilson loop bootstrap computation (see Henn'’s talk)

2-loop amplitude for four jets (photons) production
r 2-loop multi-collinear analysis
uture , . :
3-loop amplitude for three jets (photons) production

3-loop iftrared structure studies

Multi-loop multi-leg Feynman integrals are no longer that ditficult!
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