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lXYZ: charmonium-like states

lModels
p Charmonium

p Compact tetraquark
p Hadronic molecules

l Structures ⟺ symmetries?
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𝑿𝒀𝒁 charmonium-like structures
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Symmetries
l Symmetries play important role in modern physics

p Gauge symmetries
p Global symmetries

lApproximate symmetries in hadron physics
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Emergent symmetries
l Emergent symmetries: not explicit in fundamental theory

Ø SU(4), SU(6) spin-flavor symmetry in nonrelativistic quark model

Ø Wigner’s SU(4) among neutrons and protons

Ø Approximate SU(16) symmetry in low-energy baryon-baryon scattering

p LO contact-term Lagrangian Savage, Wise (1995)

NPLQCD, PRD 96, 114510 (2017)

SU(16) symmetry 
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Entanglement suppression
lConjecture: entanglement suppression is a low-energy property of strong interactions and gives rise to

emergent symmetries.
p explains Wigner’s SU(4)

p explains SU(16) for baryon-baryon interactions

Following studies: 
S. Beane, R. Farrell, Annals Phys. 433 (2021) 168581; S. Beane, R. Farrell, M. Varma, IJMPA 36 (2021) 2150205;
 I. Low, T. Mehen, PRD 104 (2021) 074014; Q. Liu, I. Low, T. Mehen, PRC 107 (2023) 025204; Q. Liu, I. Low, PLB 856 (2024) 138899; …

l For octet baryon-baryon scattering:
p SU(6), SO(8), SU(8) or SU(16) from

entanglement minimization for different
scattering channels

Q. Liu, I. Low, T. Mehen, PRC 107 (2023) 025204
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Entanglement measure
l Entanglement measure: measures the

degree of entanglement of any given state
p Many different ways, for bipartite

system (density matrix: 𝜌 = |𝜓⟩⟨𝜓| ; 
partial trace: 𝜌! = Tr"(𝜌)), e.g.,
Øvon Neumann entropy:
𝐸(𝜌) = −Tr 𝜌!ln 𝜌! = −Tr 𝜌"ln 𝜌"
Ø linear entropy: 
𝐸(𝜌) = −Tr 𝜌! 𝜌! − 1 = 1 − Tr(𝜌!")

p Common property: vanishes for a direct
product state 𝜓 = 𝜓! ⊗ |𝜓"⟩ ,
maximizes for maximally entangled
states

Ian Low, HEP Seminar at Nanjing Normal University, Oct. 12, 2022 



7

Entanglement power
l Entanglement power: quantifies the ability of an operator 𝑈 to generate entanglement by averaging over 

all states obtained by acting it on tensor-product states

l Entanglement power of S-matrix for 2-body scattering

p For (iso)spin-1/2 particle, qubit, 2 real parameters for ℂℙ! manifold, |𝜓⟩ = cos #" , 𝑒
$%sin #"

&
, with 𝜃 ∈

0, 𝜋 , 𝜙 ∈ [0,2𝜋). For 2-body scattering

p In general, a (𝑚 + 1)-dim. qudit quantum state, 2𝑚 parameters: ℂℙ" manifold: 

I. Bengtsson and K. Życzkowski, Geometry of Quantum States: 
An Introduction to Quantum  Entanglement, 2nd ed. (2017)

<latexit sha1_base64="4LteCLZ27fGeLyloLmwE0IsjBqU="></latexit>

|ωm+1→ =
(
cos ε1

m∏

i=2

sin εi,
m∏

i=1

sin εi e
iω1 , . . . , cos εmeiωm

)
, εi ↑

[
0,

ϑ

2

)
, ϖi ↑ [0, 2ϑ)

<latexit sha1_base64="tPTMXw7H2XIRFEswV62CCEjYctg="></latexit>

dωm+1 =
m!

εm

m∏

i=1

dϑi dϖi cos ϑi sin
2i→1 ϑiFubini-Study measure: 



Heavy quark spin symmetry (HQSS)
Ø In the heavy quark limit, heavy quark spin decouples
Ø Good quantum number 𝑠ℓ: light quark spin + orbital AM

8

HQSS
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HQSS for hadronic molecules

Hidalgo-Duque et al., PLB 727 (2013) 432; Baru et al., PLB 763 (2016) 20

Bondar et al., PRD 84 (2011) 054010; Voloshin, PRD 84 (2011) 031502; Mehen, Powell, PRD 84 (2011) 114013

Two parameters at LO 
for each isospin!

Light quark spin symmetry (emergent) in 𝑍( resonances? M. Voloshin, PRD 93 (2016) 074011
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Heavy-meson scattering
l LO Lagrangians for heavy-meson scattering with HQSS

p For 𝐷(∗)𝐷(∗)scattering

p For 𝐷(∗)C𝐷(∗)scattering

l Then we compute the entanglement power of the S-matrix, find solutions vanishing it

p E.g., for the isospin subspace: 𝐸 𝑆, = !
-
sin" 2 𝛿., − 𝛿!, , vanishes for

Ø 𝛿., − 𝛿!, = 0

Øor 𝛿., − 𝛿!, = /
"

S. Fleming, R. Hodges, T. Mehen, PRD 104 (2021) 116010; M.-L. Du et al., PRD 105 (2022) 014024

M. T. AlFiky, F. Gabbiani, A. A. Petrov, PLB 640 (2006) 238; J. Nieves, M. P. Valderrama, PRD 86 (2012) 056004; T. Ji et al., PRD 106 (2022) 094002 

Heavy mesons and anti-heavy mesons: 
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Heavy-meson scattering from entanglement suppression

l Input: 𝑋(3872) as isoscalar 𝐷C𝐷∗ molecule with 𝐽01 = 122: ̅𝛿.!2 = 𝜋/2
p Two possible solutions 

T.-R. Hu, S. Chen, FKG, PRD 110 (2024) 014002
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Heavy-meson scattering from entanglement suppression

l Input: 𝑇33(3875) as isoscalar 𝐷𝐷∗ molecule: 𝛿.! = 𝜋/2
p Two possible solutions 
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Heavy-meson scattering from entanglement suppression

l In both cases, for a given isospin, all possible heavy-meson pairs allowed by Bose-Einstein statistics either 
at the unitary limit (molecules at threshold) or at the noninteracting limit
p Meson pairs with different 𝑠ℓ have the same interaction strengths 

p⇒ light quark spin symmetry !   
ØSU 2 ×SU(2) is enlarged to SU(4)

ØX(3872) has 5 isoscalar partners (v.s. 3 partners predicted with only HQSS)

ØExperimental evidence for 𝑋" in 𝛾𝛾 → 𝜓4𝛾

|0,0⟩
|1, +1⟩
|1,0⟩
|1, −1⟩

Belle, PRD 105 (2022) 112011



lConsider the scattering of two SU(3) flavor-decuplet baryons. Spin =	3/2
l For scattering of distinguishable spin-3/2 particles

p To be compared with scattering of distinguishable spin-1/2 particles:
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Decuplet baryon scatterings

<latexit sha1_base64="vkYy1/x0awRLg10KCQsL0lrq5fc="></latexit>

E(Ŝ) =
1

200000
{77482→ 2100 cos [2 (ω0 + ω1 → ω2 → ω3)]

→ 2100 cos [2 (ω0 → ω1 + ω2 → ω3)]→ 2100 cos [2 (ω0 → ω1 → ω2 + ω3)]

→ 1200 cos [2 (ω0 → 2ω1 + ω2)]→ 4200 cos [2 (ω0 + ω2 → 2ω3)]

→ 8400 cos [2 (ω1 → 2ω2 + ω3)]

→ 375 cos [4 (ω0 → ω1)]→ 10800 cos [2 (ω0 → ω2)]→ 625 cos [4 (ω0 → ω2)]

→ 875 cos [4 (ω0 → ω3)]→ 2175 cos [4 (ω1 → ω2)]→ 26376 cos [2 (ω1 → ω3)]

→5481 cos [2 (ω1 → ω3)]→ 10675 cos [2 (ω2 → ω3)]}
<latexit sha1_base64="3UJx41W2f1pJXIQ7MAlgF9O6gZQ="></latexit>

ω0 = ω2 → ωeven, ω1 = ω3 → ωodd; |ωeven ↑ ωodd| = 0 or
ε

2
Vanishing entanglement solution:

<latexit sha1_base64="LpScBpMAcUa61vKj2AUd7CBGlBQ="></latexit>

E(Ŝ) =
1

6
sin2[2 (ω0 → ω1)]

<latexit sha1_base64="6b1gp1BXu98iUyqVkqoToZVcim4="></latexit>

|ω0 → ω1| = 0 or
ε

2
Vanishing entanglement solution: S. Beane et al., PRL 122 (2019) 102001; 

Q. Liu, I. Low, T. Mehen, PRC 107 (2023) 025204

a general pattern

T.-R. Hu, K. Sone, FKG, T. Hyodo, I. Low, arXiv:2506.08960



l S-matrix: 

p Phase shifts are all equal, X𝑆 ∝ 𝑒$5 ⇒ Identity gate 

p Difference of 𝜋/2, 𝛿6768 − 𝛿9:: = 𝜋/2 ⇒ SWAP gate:

SWAP can be defined from symmetric and antisymmetric projectors:
Similarly, Identity gate:

lGeneral result:
For bipartite system with same dimensions, entanglement power vanishes iff the operator ∝ Identity or SWAP
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Decuplet baryon scatterings

<latexit sha1_base64="xk5kF38j+kf4PF0wlOLEyjS752M="></latexit>

SWAP|i→ ↑ |j→ = |j→ ↑ |i→

<latexit sha1_base64="zTXElEAzSwc1yIUQv+Ekz9lRctM="></latexit>

Ŝ =
∑

J

JJe
2iωJ : projector into irrep with a total spin J

<latexit sha1_base64="PnCC2js8lzaeqlSR/Kv/w0EKbrw="></latexit>JJ

<latexit sha1_base64="C63Mst1i6mKn2hP0F+YmQsCZMyI="></latexit>

Ŝ → ↑ (J0 ↑ J1 + J2 ↑ J3) = ↑
∑

even J

JJ +
∑

odd J

JJ

<latexit sha1_base64="dOdmioFTP1MFtX3mIzQCtAdo000="></latexit>

3

2
→ 3

2
= 0↑ 2︸ ︷︷ ︸

antisymmetric

↑ 1↑ 3︸ ︷︷ ︸
symmetric

10→ 10 = 27↑ 28︸ ︷︷ ︸
symmetric

↑ 10↑ 35︸ ︷︷ ︸
antisymmetric

<latexit sha1_base64="la3g2v6QF5qCwLc1CwqxabcpIus="></latexit>

SWAP =
∑

i

Si →
∑

j

Aj
<latexit sha1_base64="Pw8B6STaGOQL2mw0LNV2v1+9i3o="></latexit>∑

i

Si +
∑

j

Aj

E. Alfsen, F. Shultz, JMP 51 (2010) 052201; N. Johnston, arXiv:1008.3633; S. Friedland et al., JMP 52 (2011) 042203;
I. Low, T. Mehen, PRD 104 (2021) 074014



lConsider generalized identical particles in SU(3) flavor space
S-matrix: 

lQuantum statistics ⇒ spin and flavor spaces totally symmetric (Bose-Einstein) or antisymmetric (Fermi-Dirac)
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Decuplet baryon scatterings

<latexit sha1_base64="ua3VCWzuLa35pDqjH4anz6SGHtQ="></latexit>

Ŝ =
∑

JF

JJ → FF e
2iωJF

projectors into spin, flavor irreps

<latexit sha1_base64="YNtUyRVtQVoC1VNBB2gU0BNW1d4="></latexit>

SWAPspin → SWAPflavor |s1, f1↑ → |s2, f2↑ = |s2, f2↑ → |s1, f1↑
<latexit sha1_base64="VpRNv3I/7OkMJZDmCEqMZHEq45Y="></latexit>

|s2, f2→ ↑ |s1, f1→ =
{
+ |s1, f1→ ↑ |s2, f2→ , BE

↓ |s1, f1→ ↑ |s2, f2→ , FD

<latexit sha1_base64="kQJ3HBImZVXB6VKqeTMYUafLhBQ="></latexit>

SWAPspin → SWAPflavor =

{
+1spin → 1flavor , BE

↑1spin → 1flavor , FD

<latexit sha1_base64="L3fB4Uf6nmMLCC9P7/mqSBk/Zyo="></latexit>

SWAPspin → 1flavor =

{
+1spin → SWAPflavor , BE

↑1spin → SWAPflavor , FD

Thus,

the ability of an operator to generate entanglement in the spin space is equivalent to its  ability to entangle in the flavor 
space



l For two decuplet baryons, spin-flavor structures:

l The S-matrix
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Decuplet baryon scatterings
<latexit sha1_base64="dOdmioFTP1MFtX3mIzQCtAdo000="></latexit>

3

2
→ 3

2
= 0↑ 2︸ ︷︷ ︸

antisymmetric

↑ 1↑ 3︸ ︷︷ ︸
symmetric

10→ 10 = 27↑ 28︸ ︷︷ ︸
symmetric

↑ 10↑ 35︸ ︷︷ ︸
antisymmetric

<latexit sha1_base64="ZJo2ZhRYtt7QZaUqBrNZZoLEKsM="></latexit>

SWAPspin = → (J0 → J1 + J2 → J3) ,
<latexit sha1_base64="ivQ4wgzBG/SonrDgOyg0HlR9gw4="></latexit>

SWAPflavor = F27 + F28 → F10 → F35

<latexit sha1_base64="0xhsx0+GRS12CMmLNACQPUH0qBA="></latexit>

Ŝ = J0 →
(
F27e

2iω0,27 + F28e
2iω0,28

)

+ J1 →
(
F10e

2iω1,10 + F35e
2iω1,35

)

+ J2 →
(
F27e

2iω2,27 + F28e
2iω2,28

)

+ J3 →
(
F10e

2iω3,10 + F35e
2iω3,35

)



l For two decuplet baryons, spin-flavor structures:

l Identity gate is achieved with:
p Symmetry:

p Effective Lagrangian for decuplet baryons 𝑻 = Δ++, Δ+, Δ0, Δ−, Σ∗+, Σ∗0, Σ∗−, Ξ∗0, Ξ∗−, Ω− :
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Decuplet baryon scatterings
<latexit sha1_base64="dOdmioFTP1MFtX3mIzQCtAdo000="></latexit>

3

2
→ 3

2
= 0↑ 2︸ ︷︷ ︸

antisymmetric

↑ 1↑ 3︸ ︷︷ ︸
symmetric

10→ 10 = 27↑ 28︸ ︷︷ ︸
symmetric

↑ 10↑ 35︸ ︷︷ ︸
antisymmetric

<latexit sha1_base64="oFx1gwIfuJZ4gGvBE4fjOSdE4kM="></latexit>

ω0,27 = ω2,27 = ω0,28 = ω2,28 = ω1,10 = ω3,10 = ω1,35 = ω3,35
<latexit sha1_base64="A1KIi1Tbeem8OioygT7I/lvimxw="></latexit>

SU(40)spin+flavor : 40→ 40 = 820︸︷︷︸
symmetric

↑ 780︸︷︷︸
antisymmetric

27 + 28 × 1 + 5 + 10 + 35 × 3 + 7
= 780

has an SU(40) symmetry

<latexit sha1_base64="HJM7MT2rO8R36sr9WfwtXJuv+Zs="></latexit>

L = c1
(
T †
abcTabc

)(
T †
defTdef

)
+ c2

(
T †
abc!

ωTabc

)(
T †
def!

ωTdef

)

+ c3
(
T †
abc!

ωεTabc

)(
T †
def!

ωεTdef

)
+ c4

(
T †
abc!

ωεϑTabc

)(
T †
def!

ωεϑTdef

)

+ c5
(
T †
abcTabd

)(
T †
defTcef

)
+ c6

(
T †
abc!

ωTabd

)(
T †
def!

ωTcef

)

+ c7
(
T †
abc!

ωεTabd

)(
T †
def!

ωεTcef

)
+ c8

(
T †
abc!

ωεϑTabd

)(
T †
def!

ωεϑTcef

)

<latexit sha1_base64="ct4faQl7bw4PVBw18jOS1udGQuI="></latexit>

c1
(
T †i · T i

)2



l For two decuplet baryons, spin-flavor structures:

l SWAP>?@8 gate is achieved with:

p Symmetry:

p Justified by effective Lagrangian, remaining terms with SU 4 >?@8 × SU 10 ABC79D:
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Decuplet baryon scatterings
<latexit sha1_base64="dOdmioFTP1MFtX3mIzQCtAdo000="></latexit>

3

2
→ 3

2
= 0↑ 2︸ ︷︷ ︸

antisymmetric

↑ 1↑ 3︸ ︷︷ ︸
symmetric

10→ 10 = 27↑ 28︸ ︷︷ ︸
symmetric

↑ 10↑ 35︸ ︷︷ ︸
antisymmetric

<latexit sha1_base64="ISzvcLVZSqjBU+RIjBJu7NLQrxk="></latexit>

ω0,27 = ω2,27 = ω0,28 = ω2,28, ω1,10 = ω3,10 = ω1,35 = ω3,35,
∣∣ω0,27 → ω1,10

∣∣ = ε

2
,

<latexit sha1_base64="2iqh5MsSCsng9BeKyZu0hQerzgA="></latexit>

SU(10)flavor : 10→ 10 = 55︸︷︷︸
symmetric

↑ 45︸︷︷︸
antisymmetric

27 + 28 = 55; 10 + 35 = 45

SU 4 #$%& × SU 10 '()*+,

<latexit sha1_base64="1lT2QkLT3cO7IT9ZYW+np0po+h0="></latexit>

SU(4)spin : 4→ 4 = 6︸︷︷︸
antisymmetric

↑ 10︸︷︷︸
symmetric

<latexit sha1_base64="qhdIaelcvrbEEtAur/pItQN10h0="></latexit>

→ ↑1

4

(
T †i · T i

)2 ± 1

4

(
T †i · T j

) (
T †j · T i

)



l Entanglement suppression (conjectured) leads to emergent symmetries
p For for low-energy heavy-meson scattering, entanglement suppression conjecture + 𝑋(3872) and 𝑇33 

as molecules: 
Ø emergent light quark spin symmetry

p For spin-3/2 decuplet baryon scattering:
Ø X𝑆 ∝ 𝕀 ⇒ SU 40 >?@82ABC79D

Ø X𝑆 ∝ SWAP ⇒ SU 4 >?@8 × SU 10 ABC79D

p Not discussed here (see T.-R. Hu, K. Sone, FKG, T. Hyodo, I. Low, arXiv:2506.08960):
Scattering of spin-𝑠 identical particles, non-unitary 𝑆-matrix in restricted Hilbert space (symmetric for
BE or antisymmetric for FD)
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Summary

Thank you for your attention!


