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Motivation and overview

Strongly interacting QFTs at finite temperature and density are of interest for 
heavy ion collision physics (RHIC, NICA, FAIR…) and relativistic astrophysics
(cores of neutron stars etc) 



Motivation and overview (continued)

Holography was instrumental in providing insights into transport in
strongly interacting QFTs at finite temperature (e.g. shear viscosity)

Theories at finite density were considered from 1998-1999
(Cai and Soh, hep-th/9812121, Cvetic and Gubser, hep-th/9902195, hep-th/9903132)

For N=4 SYM theory, the top-down construction involved rotating
black 3-branes in 10d whose dimensional reduction on a 

five-sphere gave the STU solution of 5d gauged SUGRA
(Behrndt, Cvetic, Sabra, hep-th/9810227)

A special case of the STU solution is the Reissner-Nordstrom black hole
(brane) of Einstein-Maxwell gravity – used later in many bottom-up scenarios

However, the STU solution is unstable w.r.t. fluctuations of neutral scalars.
Here, we shall describe thermodynamic and hydrodynamic aspects of this instability



For black branes, classical instabilities (e.g. the Gregory-Laflamme instability) occur 
if and only if the system is thermodynamically unstable,  typically indicated by a 
negative specific heat.

The Gubser-Mitra conjecture (Correlated Stability Conjecture)



Finite-temperature QFT with multiple conserved charges

Consider a QFT with a global symmetry group G

 (for N=4 SYM, this  is the R-symmetry SU(4)_R)
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Z(�, µA) = Tr exp [��(H � µAQ
A)]

The grand canonical partition function involves a maximal set of commuting conserved charges
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Any group element g is equivalent under conjugation to an element h  of a maximal 
Abelian subgroup of G, which, in turn, can be written as an  exponential 

of a sum of generators of a Cartan subalgebra

For SU(4)_R, need to introduce 3 chemical potentials

Yaffe and Yamada, hep-th/0602074; Haber and Weldon, 1982



Probability of a fluctuation in a thermodynamic system in thermal equilibrium 
is given in the microcanonical ensemble by Einstein's formula
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w� = e�S

For small fluctuations characterised by the parameters                      we have
<latexit sha1_base64="RHTSYxFVpkUgV8liWN+UFzFXsJQ=">AAAB+HicdZDLSgMxFIYz9VbrpaMu3QSL4EKGTCljuyu4cVnBXqAdhkyatqGZzJBkxDr0Sdy4UMStj+LOtzHTVlDRA4GP/z+Hc/KHCWdKI/RhFdbWNza3itulnd29/bJ9cNhRcSoJbZOYx7IXYkU5E7Stmea0l0iKo5DTbji9zP3uLZWKxeJGzxLqR3gs2IgRrI0U2OXBHQvcc8dxchClwK4gB5nyPJiDW0eugUajXq02oLuwEKqAVbUC+30wjEkaUaEJx0r1XZRoP8NSM8LpvDRIFU0wmeIx7RsUOKLKzxaHz+GpUYZwFEvzhIYL9ftEhiOlZlFoOiOsJ+q3l4t/ef1Uj+p+xkSSairIctEo5VDHME8BDpmkRPOZAUwkM7dCMsESE22yykP4+in8HzpVx/Uc77pWadZWcRTBMTgBZ8AFF6AJrkALtAEBKXgAT+DZurcerRfrddlasFYzR+BHWW+fGr+SEg==</latexit>

⇠1, ...⇠n

<latexit sha1_base64="zSN0I/fVT/6QS06iUsWHfCkzZUI="></latexit>

w� ⇠ exp

(
�1

2

X

ik

�ik⇠i⇠k

)

<latexit sha1_base64="xPeeb1mQ8Tl6lJfcJZMoIL4okUs=">AAAB+XicdVDLSgMxFM34rPU16tJNsIhuLJlSxnYhFHThslL7gHYomTTThmYyQ5IplKF/4saFIm79E3f+jZm2gooeuHA4517uvcePOVMaoQ9rZXVtfWMzt5Xf3tnd27cPDlsqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sfXmd+eUKlYJO71NKZeiIeCBYxgbaS+bfduKNcYNuAVbJxdNPJ9u4CKyMB1YUacCnIMqVYrpVIVOnMLoQJYot6333uDiCQhFZpwrFTXQbH2Uiw1I5zO8r1E0RiTMR7SrqECh1R56fzyGTw1ygAGkTQlNJyr3ydSHCo1DX3TGWI9Ur+9TPzL6yY6qHgpE3GiqSCLRUHCoY5gFgMcMEmJ5lNDMJHM3ArJCEtMtAkrC+HrU/g/aZWKjlt078qFWnkZRw4cgxNwDhxwCWrgFtRBExAwAQ/gCTxbqfVovVivi9YVazlzBH7AevsEtpKRvw==</latexit>

�S = S0 � S is the difference between the entropy of a near-equilibrium state 
emerging as a result of the fluctuation and the entropy of the system in thermal equilibrium. 

For a stable thermodynamic equilibrium, the quadratic form should be positive definite. 
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�ik = �(@2S/@⇠i@⇠k) |⇠i=0Here, the coefficients are:

(The leading principal minors must be positive.)



For the entropy and charges as independent variables,
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xi ⌘ (s, nk)In this formula,                             are the entropy density and the densities of charges
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The eigenvalues and eigenvectors of the Hessian identify the unstable hydrodynamic 
and dual quasinormal modes of the gravitational background

To see this explicitly, we need to develop relativistic hydro with multiple charges 

For now, we can just see what happens when we have an equilibrium state
at finite temperature and finite density of one charge
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Hydrodynamics at finite density of one charge: predictions
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(for details, see e.g. P.Kovtun, 1205.5040 [hep-th])

With the spatial momentum along z direction, we have

1) The shear momentum diffusion pole in correlators of currents and energy-momentum 
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2)  The sound and the charge diffusion poles in correlators of currents and energy-momentum 
      tensor such as
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We may suspect instabilities arising in the sound channel
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w = "+ P : enthalphy density

n : charge density

⌘ > 0 : shear viscosity

⇣ > 0 : bulk viscosity

� > 0 : conductivity

�ab = @na/@µb : susceptibility matrix related to the Hessian

Sound attenuation constant:

Charge diffusion constant:

Note: charge diffusion constant is sensitive to the determinant changing sign



Hydrodynamics with multiple conserved charges
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@µT
µ⌫ = 0
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µ
a = 0 <latexit sha1_base64="XmgKZ2qZwAKIL7TmGEYulea7phI=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCixImRWK6EApuXEkFawttCJPppB06eTAzEWrol7hxoYhbP8Wdf+OkraCiBy4czrmXe+8JUs6kQujDKK2srq1vlDcrW9s7u1Vzb/9WJpkgtEMSnohegCXlLKYdxRSnvVRQHAWcdoPJReF376iQLIlv1DSlXoRHMQsZwUpLvlmFEJ/b9Ubdsix45Ye+WUMW0nAcWBDbRbYmzabbaDShPbcQqoEl2r75PhgmJItorAjHUvZtlCovx0IxwumsMsgkTTGZ4BHtaxrjiEovnx8+g8daGcIwEbpiBefq94kcR1JOo0B3RliN5W+vEP/y+pkKXS9ncZopGpPFojDjUCWwSAEOmaBE8akmmAimb4VkjAUmSmdV0SF8fQr/J7cNy3Ys5/q01nKXcZTBITgCJ8AGZ6AFLkEbdAABGXgAT+DZuDcejRfjddFaMpYzB+AHjLdPKLOQ1Q==</latexit>

a = 1, 2, ...Nf
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Conservation laws are supplemented by the constitutive relations: 

<latexit sha1_base64="Ry1EHfM8xPzyqUJCxdDhlDt81rw="></latexit>
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<latexit sha1_base64="T+XINrlk45NmCPittkDsYMC2mc8="></latexit>
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<latexit sha1_base64="EPNJxjQhsispfzqMVltYAg7rvLY=">AAAB8nicdVDLSgMxFM34rPVVdekmWARXJVNknO4KblxWsA9oh5JJM21oHkOSEcrQz3DjQhG3fo07/8ZMW0FFD1w4nHMv994Tp5wZi9CHt7a+sbm1Xdop7+7tHxxWjo47RmWa0DZRXOlejA3lTNK2ZZbTXqopFjGn3Xh6Xfjde6oNU/LOzlIaCTyWLGEEWyf1B4aNBR7mOJ4PK1VUQw5BAAvih8h3pNEI6/UG9BcWQlWwQmtYeR+MFMkElZZwbEzfR6mNcqwtI5zOy4PM0BSTKR7TvqMSC2qifHHyHJ47ZQQTpV1JCxfq94kcC2NmInadAtuJ+e0V4l9eP7NJGOVMppmlkiwXJRmHVsHifzhimhLLZ45gopm7FZIJ1phYl1LZhfD1KfyfdOo1P6gFt5fVZriKowROwRm4AD64Ak1wA1qgDQhQ4AE8gWfPeo/ei/e6bF3zVjMn4Ae8t0/sxJGt</latexit>�ab
<latexit sha1_base64="G9HPeYcQKJaRF12kf1EzPSolow0=">AAAB63icdVBNS8NAEN34WetX1aOXxSJ4KkmRmN4KXjxWsB/QhrLZTtqlu5uwuxFK6F/w4kERr/4hb/4bN20FFX0w8Hhvhpl5UcqZNq774aytb2xubZd2yrt7+weHlaPjjk4yRaFNE56oXkQ0cCahbZjh0EsVEBFx6EbT68Lv3oPSLJF3ZpZCKMhYsphRYgppAIYMK1W35lr4Pi6IF7ieJY1GUK83sLewXLeKVmgNK++DUUIzAdJQTrTue25qwpwowyiHeXmQaUgJnZIx9C2VRIAO88Wtc3xulRGOE2VLGrxQv0/kRGg9E5HtFMRM9G+vEP/y+pmJgzBnMs0MSLpcFGccmwQXj+MRU0ANn1lCqGL2VkwnRBFqbDxlG8LXp/h/0qnXPL/m315Wm8EqjhI6RWfoAnnoCjXRDWqhNqJogh7QE3p2hPPovDivy9Y1ZzVzgn7AefsEYLeOdg==</latexit>⌘

<latexit sha1_base64="+n7vEHc/lQSiM+m12EoTUVeLHLc=">AAAB7HicdVBNS8NAEN3Ur1q/qh69LBbBU0mKxPRW8OKxgmkLbSib7aRdutmE3Y1QQ3+DFw+KePUHefPfuGkrqOiDgcd7M8zMC1POlLbtD6u0tr6xuVXeruzs7u0fVA+POirJJAWfJjyRvZAo4EyAr5nm0EslkDjk0A2nV4XfvQOpWCJu9SyFICZjwSJGiTaSP7gHTYbVml23DVwXF8TxbMeQZtNrNJrYWVi2XUMrtIfV98EooVkMQlNOlOo7dqqDnEjNKId5ZZApSAmdkjH0DRUkBhXki2Pn+MwoIxwl0pTQeKF+n8hJrNQsDk1nTPRE/fYK8S+vn+nIC3Im0kyDoMtFUcaxTnDxOR4xCVTzmSGESmZuxXRCJKHa5FMxIXx9iv8nnUbdcevuzUWt5a3iKKMTdIrOkYMuUQtdozbyEUUMPaAn9GwJ69F6sV6XrSVrNXOMfsB6+wRAYo76</latexit>

⇣

Conservation laws:

First order transport coefficients:

(shear viscosity, bulk viscosity, conductivity matrix)

<latexit sha1_base64="MyVJ1eM2KB+WI0oTWKaeuwF0yC4=">AAACAHicdVBNS8NAEN34WetX1YMHL4tF8FSTIrG9Fbx4rNAvaEqYbLft0t0k7m4KJfTiX/HiQRGv/gxv/hs3bQUVfTDweG+GmXlBzJnStv1hrayurW9s5rby2zu7e/uFg8OWihJJaJNEPJKdABTlLKRNzTSnnVhSEAGn7WB8nfntCZWKRWFDT2PaEzAM2YAR0EbyC8feEIQAH7BH7xI2wZ5IfLho+IWiXbINXBdnxKnYjiHVaqVcrmJnbtl2ES1R9wvvXj8iiaChJhyU6jp2rHspSM0Ip7O8lygaAxnDkHYNDUFQ1UvnD8zwmVH6eBBJU6HGc/X7RApCqakITKcAPVK/vUz8y+smelDppSyME01Dslg0SDjWEc7SwH0mKdF8aggQycytmIxAAtEms7wJ4etT/D9plUuOW3JvL4u1yjKOHDpBp+gcOegK1dANqqMmImiGHtATerburUfrxXpdtK5Yy5kj9APW2ydImZY1</latexit>

�a ⌘ µa/T
Parameters and tensor structures
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Kubo formulas for transport coefficients 
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For small fluctuations around equilibrium, one has the system of equations



<latexit sha1_base64="WweqlzGbpJ3Tu0nUz1rYEt/fLj4="></latexit>⇥
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This system can be written in a matrix form
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The parameters are

The hydro modes dispersion relations are determined from the condition



<latexit sha1_base64="+8MQnVLS+QAD8EoDZW3+h5CgPl0="></latexit>

!(a)(k) = �iD(a)k
2 + . . .

There are              diffusion modes
<latexit sha1_base64="wHRu9MqLzkb0G4d3rKXRG9nPocY=">AAAB63icdVDLSgMxFM3UR2vro+qym2ARXJVMF3W6K7pxJRXsA+pQMmmmDU0yQ5IRytA/EDcuFHHrD7nzN1y7MNMqqOiBC4dz7uXee4KYM20QenVyK6tr6/nCRrG0ubW9U97d6+ooUYR2SMQj1Q+wppxJ2jHMcNqPFcUi4LQXTE8zv3dNlWaRvDSzmPoCjyULGcEmk+D5MByWq6iGLBoNmBHXQ64lzaZXrzehu7AQqrYqbyf50s17e1h+uRpFJBFUGsKx1gMXxcZPsTKMcDovXiWaxphM8ZgOLJVYUO2ni1vn8NAqIxhGypY0cKF+n0ix0HomAtspsJno314m/uUNEhN6fspknBgqyXJRmHBoIpg9DkdMUWL4zBJMFLO3QjLBChNj4ynaEL4+hf+Tbr3mNmqNC5uGB5YogAo4AEfABcegBc5AG3QAARNwC+7BgyOcO+fReVq25pzPmX3wA87zBwcokTg=</latexit>
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�k2 + . . .

and two sound modes

whose parameters are determined by the matrices X,Y,Z, e.g.

<latexit sha1_base64="qo8I5jxWwyilznWTFG9oy9NZqdM="></latexit>
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The analysis shows that positive definite Hessian (thermodynamic stability) implies
hydrodynamic stability 



• Field content:

• Action:

Gliozzi,Scherk,Olive’77
Brink,Schwarz,Scherk’77

(super)conformal field theory = coupling doesn’t run

supersymmetric SU(N) YM theory

• Large N: effective coupling = ‘t Hooft coupling � = g2YMN



supersymmetric SU(N) YM theory

Consider the theory at finite temperature and finite density of three R-charges 
(or three chemical potentials)

a) In 3+1 Minkowski space

b) On a three-sphere (plus time)

Do we know the equilibrium state at all values of              , 
including the low-temperature limit? 

<latexit sha1_base64="tZoCj9wkXvHWvuQpEMfckra8T/Y=">AAAB73icdVBNSwMxEJ2tX7V+VT16CRbBU82Wsra3ghePFdpaaJeSTbNtaLK7JlmhlP4JLx4U8erf8ea/MdtWUNEHA4/3ZpiZFySCa4Pxh5NbW9/Y3MpvF3Z29/YPiodHHR2nirI2jUWsugHRTPCItQ03gnUTxYgMBLsNJleZf3vPlOZx1DLThPmSjCIeckqMlbqoddGX6YAPiiVcxhaehzLi1rBrSb1eq1TqyF1YGJdgheag+N4fxjSVLDJUEK17Lk6MPyPKcCrYvNBPNUsInZAR61kaEcm0P1vcO0dnVhmiMFa2IoMW6veJGZFaT2VgOyUxY/3by8S/vF5qwpo/41GSGhbR5aIwFcjEKHseDbli1IipJYQqbm9FdEwUocZGVLAhfH2K/iedStn1yt5NtdSoruLIwwmcwjm4cAkNuIYmtIGCgAd4gmfnznl0XpzXZWvOWc0cww84b5+Zko+t</latexit>

T/µi

Holography may help to answer this question in the limit of infinite N and large ‘t Hooft 
coupling. But we can also consider the perturbative regime, and compare

Here, we’ll focus on the scenario a).  Scenario b) involves Hawking-Page transition 
(see e.g. Yamada and Yaffe, hep-th/0602074)



M,J,Q 
Holographically dual system
     in thermal equilibrium

M, J, Q 

T       S

Gravitational fluctuations
(and fluctuations of other fields)

Deviations from equilibrium

????

and B.C.
Quasinormal spectrum

10-dim gravity
4-dim gauge theory – large N,
strong coupling

Birmingham, Sachs, Solodukhin, 2001; Son and AOS, 2002

A(0)
µ + aµ

”⇤”aµ = 0



In quantum field theory, the dispersion relations such as

appear as poles of the retarded correlation functions, e.g.

- in the hydro approximation -



Singularities of a (retarded) Green’s function in the complex frequency plane
=

Quasinormal modes of dual black holes

Strong (infinite) coupling

Real spatial momentum q

Shear channel

w = �iDq2 + · · ·



Gravity dual to N=4 SYM
<latexit sha1_base64="8UwfXUMvfDFb1aIWbcZz0CiakaI="></latexit>
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The Lagrangian of 5d SUGRA contains the metric, three Abelian fields and three scalars

<latexit sha1_base64="gu1M9EMxRuNYGd/1lzgf+Ji7gn0="></latexit>
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The STU background depends on the non-extremality parameter          and three charges        
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<latexit sha1_base64="J5IEIEgC23ZTY1/c3rG3VXaQzXA=">AAAB/nicdVDLSgMxFM34rPU1Kq7cBIsgCCVTytguhIKbLivYB7TDkEkzbWhmJiQZoQwFf8WNC0Xc+h3u/BszbQUVPXDh5Jx7yb0nEJwpjdCHtbK6tr6xWdgqbu/s7u3bB4cdlaSS0DZJeCJ7AVaUs5i2NdOc9oSkOAo47QaT69zv3lGpWBLf6qmgXoRHMQsZwdpIvn3c9Bm8gg68gIMJFgKbZ1r07RIqIwPXhTlxasgxpF6vVSp16MwthEpgiZZvvw+GCUkjGmvCsVJ9BwntZVhqRjidFQepogKTCR7RvqExjqjysvn6M3hmlCEME2kq1nCufp/IcKTUNApMZ4T1WP32cvEvr5/qsOZlLBappjFZfBSmHOoE5lnAIZOUaD41BBPJzK6QjLHERJvE8hC+LoX/k06l7Lhl96ZaalSXcRTACTgF58ABl6ABmqAF2oCADDyAJ/Bs3VuP1ov1umhdsZYzR+AHrLdPKdGTsA==</latexit>
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H(u) = H1H2H3 = (1 + 1u)(1 + 2u)(1 + 3u)
<latexit sha1_base64="nyE1ZJ4gQUUYQ+WOsdPjW2bE/k8=">AAAB+3icdVDLSgMxFM3UV62vsS7dBIsgCDUzlLFdCAU3LlxU6AvaccikaRuaeZBkxDL0V9y4UMStP+LOvzHTVlDRAxcO59zLvff4MWdSIfRh5FZW19Y38puFre2d3T1zv9iWUSIIbZGIR6LrY0k5C2lLMcVpNxYUBz6nHX9ymfmdOyoki8KmmsbUDfAoZENGsNKSZxabHoIXUHinZ/2Ywetbu+CZJVRGGo4DM2JVkaVJrVa17Rq05hZCJbBEwzPf+4OIJAENFeFYyp6FYuWmWChGOJ0V+omkMSYTPKI9TUMcUOmm89tn8FgrAziMhK5Qwbn6fSLFgZTTwNedAVZj+dvLxL+8XqKGVTdlYZwoGpLFomHCoYpgFgQcMEGJ4lNNMBFM3wrJGAtMlI4rC+HrU/g/adtlyyk7N5VSvbKMIw8OwRE4ARY4B3VwBRqgBQi4Bw/gCTwbM+PReDFeF605YzlzAH7AePsE2bWSXw==</latexit>
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Gravity dual to N=4 SYM (continued)
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Thermodynamics follows from the standard black brane thermodynamics
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The equation of state 

allows to find the stability region via the Hessian



The thermodynamic stability region

Computing the leading principal minors of the Hessian (rather than the eigenvalues),
we find the stability conditions in the space of 3 chemical potentials
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Zero temperature
limit is shown as
a blue surface



We can consider simple examples such as the case of a single chemical potential
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We can compute all parameters of the first-order hydro analytically:
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The full set of hydro modes
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Thermodynamic and dynamic instability
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The Hessian in variables
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Eigenvalues: 
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There is a thermodynamic instability at 
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Thermodynamic and dynamic instability

Fluctuation equations of the STU background follow from the equations of motion of 5d SUGRA
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Generically, fluctuations of the metric, the three U(1) fields and the three scalars are coupled.

However, eigenvectors of the Hessian help to isolate the set of fluctuations
 the unstable mode couples to. In the single charge case, the relevant U(1) field couples to 

the metric, other two U(1) fields decouple.
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In 1005.0819 [hep-th], Buchel numerically found an unstable mode of the type

This is exactly the hydro diffusion mode postdicted by our analysis
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The background metric can be brought to the AdS-Reissner-Nordstrom form, with
background scalars trivial:
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The STU solution in this case is given by

Numerous bottom-up constructions use this background as a basic finite density gravity dual 



Thermodynamic and dynamic instability
in the case of three chemical potentials
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Thermodynamic instability is seen by computing the Hessian:

<latexit sha1_base64="c6oHNEGah55pN1c3oORzFFF/siE="></latexit>

�1,2 =
1� 

(1 + )2

�3,4 =
2 + 24⇡2 + 5⌥

p
576⇡4 + 48⇡2(3� 2) + (5+ 2)2

48⇡2(1 + )

The eigenvalues of the Hessian are:
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Two identical eigenvalues change sign, the determinant remain non-negative 

The eigenvectors of the Hessian suggest the unstable mode decouples from metric fluctuations
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Dynamic instability
in the case of three chemical potentials
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We now consider linear fluctuations of the background

Note that although                                   , generically,                                          , and
similarly for scalars   
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Generically, coupled fluctuations of the metric, 3 gauge fields and 3 scalars



Dynamic instability
in the case of three chemical potentials (continued)

Using the eigenvectors of the Hessian, we can re-arrange the fluctuations as 
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sCM = (s1 + s2 + s3) /3

where the “center of mass” variables are defined as
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The equations for the new variables decouple:
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In fact, we can compute the diffusion coefficients analytically:

Single chemical potential state:

Two equal chemical potentials state:

Three equal chemical potentials state:
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In all cases, the change of sign in the diffusion coefficient comes from the matrix of 
susceptibility (i.e. thermodynamic instability implies hydro instability)



Conclusions

We have constructed relativistic fluid dynamics with multiple charges,
 including relevant dispersion relations for quasiparticle excitations 

We have explicitly demonstrated that due to the instability we identified, 
the low-temperature equilibrium state of strongly coupled N=4 SYM theory 
is not described by a dual AdS-Reissner-Nordström (RN-AdS) black hole, 

contrary to a widely held belief (see also Minwalla et al, 2024). 

This finding challenges the common paradigm of using the RN-AdS 
solution as a benchmark in holographic models of low-temperature 

condensed matter systems.

We show how predictions from fluid dynamics with multiple charges 
help establish an explicit  connection between
 thermodynamic and dynamic instability in a 

quantum field theory with a gravity dual.




