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Sakai-Sugimoto — AdS/QCD

Isospin symmetry breaking
The Skyrme model

The Sakai-Sugimoto (SS) model [Prog.Theor.Phys.113, 843 (2005)] builds on the
work of Witten [Adv.Theor.Math.Phys.2, 253 (1998)] where Ny D8- and
D8-branes are intersecting N, D4-branes

o1 2 3 4 5 6 7 8 9
D4 o o o o o
D8D8 o o o o o o o o o

o The SS model: type IIA string theory

o SUSY-breaking by anti-periodic boundary conditions on the S* for the
fermions on D4

o Chiral symmetry is explicit by the two 8-branes, when they stretch

o Chiral symmetry breaking is string geometric as the 8-branes touch and
merge — the low-energy supergravity geometry is that of a cigar-shaped
space, which is AdSs-like
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Sakai-Sugimoto — chiral symmetry breaking

D8
S1 Sl
D8
. .

[Sakai-Sugimoto, Prog.Theor.Phys.113, 843 (2005)]

o Notice that the confined geometry ends at Ugk
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o The ’t Hooft limit is considered N, > Ny, so that the 8-branes can be
considered in the probe branes embedded in the D4-background (color d.o.f.)

ds? = (%)3/2 (v dx’da” + f(u)dr?) + (5)3/2 <;%2) + u2d93>

¢ _ E 3/4 _ _ 271’Nc 1 uﬂ

e =a(g) - Fi=dG="ra  fw= :

o The flavor d.o.f. are described by the DBI action and the Chern-Simons term
at level N, — both scale as N,

o The leading order approximation to the DBI action is the 5-dimensional
Yang-Mills term, hence the Sakai-Sugimoto model:

S:—.%Tr/ F AxF + N, ws,
AdSs AdS;

with YM coefficient x = %, and ’t Hooft coupling \ = gZ;N, (fixed),

g = h(2)k(z)dxtdx, + h*(2)d2®,  k(z) =h °(2) =1+2°
o The U(2) gauge fields is split as A, = AZT + A, L
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Sakai-Sugimoto — Mesons

o The flavor fields are expanded as

A, = Z V2 (6 hon—1(2) + Zai"(x)%n(z)»

n

Az = H(x)¢0(z) + ZHn(x)¢n(z)v

with profile functions

pions : ¢o(z) = \/%% vectors : —h 1 (2)0 (k(2)Duthn) = Anthn,
60(2) = —=0un(e).

with vector meson masses M,, ~ v\,

o Fitting the pion decay constant and the rho meson mass, one obtains

Mgk = 949 MeV, A =16.63
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Sakai-Sugimoto — The Skyrme model

o If we truncate to the pions, one gets the Skyrme model
S = T(2ra)’ / d'x Tr [AL% 4 BIL,, L.}?]

with the left-invariant chiral current L, = U718, U, and the constants
determined by string theory

3
A:guKK B_Rb

47T 5 = 2771_4, b ~ 1525

o The Skyrme coupling is determined by the model

s 277" 1
~ 2b AN
which can be compared to [Adkins-Nappi-Witten, NPB228, 552 (1983)],

where they find e = 5.45 by fitting to the masses of the nucleon and Delta
resonance

~(7.32:)
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Sakai-Sugimoto — The baryon

The baryon is:
o the coupling of N, strings from the D4-branes to the 8-branes

o the instanton in an (x',x?, 2%, 2) slice of the AdS;-like geometry
o the Skyrmion in the pion effective theory, which is a soliton of 1 dimension
less than the instanton, but same S? target space

m3(8°)=Z>k =B

o The 3rd homotopy group is due to the mappings being from ~ dR* ~ S in
the instanton case, and from R? U {co} ~ S? in the Skyrmion case

o The precise mathematical relation is given by the instanton holonomy of
[Atiyah-Manton, PLB, 438 (1989)]
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The instanton in SS

o In the large-\ limit, the curved-space instanton is well approximated by the
flat-space BPST instanton solution in the non-Abelian fields
[Hata-Sakai-Sugimoto-Yamato, Prog.Theor.Phys.117, 1157 (2007)]

62
T
(z—2)—ix—-X) T
¢ .

o The Abelian electric field is new, this field acts as a size stabilization against
gravitational collapse

~ N 1 p4
A= gnee (U @)

o Minimization of the pseudo-moduli Z, p gives

Ay = —if (€)gomg ™, f(&)

E=@-X)"+-2)7" gk=

N. /6

2
Z=0, P =82 \'5

o Rotation of the instanton gives rise to spin and isospin quantum numbers
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Quark and pion masses in SS

o The issue with the quark mass in SS, is that it involves both the left- and
right-handed fermions

mq(Yivr + hr),

which must be nonlocal in the bulk!

o [Aharony-Kutasov, PRD78, 026005 (2008)] solved this problem with a
Wilson line

Sak :c/d4x TrP [M (ei“" +e7' 721)] , o= f/dzAz7

o It can be interpreted also as an effect from world-sheet instantons

o Inclusion of the AK action (quark masses) deforms the size of the instanton
and the mass of the instanton

o It also induces a pion mass (kg of ¢p becomes nonvanishing) and in turn
yields the Gell-Man-Oakes-Renner relation

2 9
dmgc = fim;,.

i.e. the pion mass squared is proportional to the quark mass
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Chiral symmetry breaking induced by the Yukawas

o We will introduce the chiral symmetry breaking along the lines of the
Standard Model: i.e. by the mass term (Yukawa interactions):

Sak = c/d4x Tr [M (ei“’ +e v — 2]1)} , e = Pexp (% /dzAz) )

my —mg

1
M =m41 Mgt mg=—=(my, +m = .
qllg + emqgT77, q (Mmu + maq), € M+ g

2
o Phenomenologically m, ~ 3 MeV and ¢ ~ —0.36.
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Quantum baryons

o Turning on isospin moduli:

" N. > n N. > iab_a
Azz—m(gziipmx-x, Ai:_m(fhf—ipz)f by x.
o Protons: |p 1) « (a1 +1iaz) and |p |) x (a4 — ias)
o Neutrons: |n 1) x (a4 +ias) and |n |) x (a1 — ia9)
o Angular velocity: x* = —1 Tr(ATA7%) with A = 1sa4 + ia;7".
o Matching linearized EOM with BPST core [Hashimoto-Sakai-Sugimoto,
Prog.Theor.Phys.120, 1093 (2008)]
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Isospin breaking: modified tails of the soliton

o Linearized EOMs:

R Y +oco R +oco -~
Kk (2) (a?Az - aiazAi) = mye { dz A, + e dzAZ*S’] ,
—+o0 +oo R
Kk (2) (a?Ag=3 - aiazA;’ZS) = ch{ de A3 4 e / dzAz] .
o Diagonalize into the mass basis (7 and 7):
1 a=3 n 1 a=3 n
A, = — (AP 1 A4,), A.= (A" _A4A,).
)= (A +A) U -Ay

o Solutions:
A, = by OgH, —bTx (ATI’ATT?’) OgHy, Ax =dyogH_ —dTr (ATI’ATT?’) OgH .

o 2 B
be—d, bed, b= b= v2r2p2.

- \/28.%’
o Modified Green’s functions:
1 e VAnr
Hi=-kY @)@ - ——, do=ml, mi=m’1to).

n=0
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Isospin breaking: modified inertia

o Inserting the solutions into the Yang-Mills:

2 4

T:”g""m{(?ﬁR (z+\/1Te+m)
~(2-Vite-vi—)x

o Inertia tensor:

10 0 2
IT=ILl;+6|0 1 0|, &6="L0netom?d).
00 -2 12

o Iy requires numerical computation!

o § is computed analytically to leading order in ¢ !
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Isospin breaking: new quantization

o The AK term contains O(e) modification of the angular momentum
(J2 =~ 1.054):

Lax = ¢ Tr / &'x [Me#AUAT + e *AUTATM — 21,

mgceN, 3 ;
= Rs;,
12, 7T B

o The usual angular momentum gets modified:
Ji = Lyx; — J; =Ijx; — K,
o The AK shift

o Hamiltonian
R T N AN S S
Hia = 5 (2 +7) + 5T (72 + K2 + 27K ) + Mo,

o Quantized energy
1 1/1 1\se 1. 1 _,
Ein = 2IAJ(] +1)+ B (Ic IA> I3 IOKcls +2IOKC + M,,
——

ANW BBGR Bigazzi-Niro
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Isospin breaking: new quantization

X3

XlAXZ

[p,1) [n,7)

HDDE

[AF11) [A*,11) [A0,11) [, 1)
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Isospin breaking: proton-neutron splitting

o Proton-neutron mass splitting [Bigazzi-Niro, PRD98 (2018), 046004]

em?N,

mpjz ~ —4.74MeV .

M, - M, =
o PDG value
(M, — M,)™% = —1.293 MeV

o Baryon observables always overestimated by meson-fitted parameters in
large-N, theories.

o It’s better to compare ratios:

M, - M
2Pt~ 25%x107°
M, + M, 51077,

o PDG:

M. — M.\ PG
il ~_-14x1072.
( M, +Mn) x10
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Isospin breaking: application to the As

del

o Splitting of As

1
2

(Mp++ —Ma+ —Mpo+Mpa-) =

o Numerical values of the splitting

Mat+ —Mpyt

M,y —M,o >~

M

a0 — My~

35  em?N,
2 T 18

0 TR
—1.25MeV,
em?N,
4873k

pJ2

pJ2

~ —4.67MeV,

36  em?N,
Ig 4873k

—8.08 MeV .

pJ2

HIER

35 27 me”
=~ — o~ ~ 3.41MeV.
T+o)I-20) " 8 N~ o4tMey

M-y IMe]
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It’s hard to calculate I, in the WSS (3-dimensional PDE)

4

we’ll do it in the Skyrme model
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Detour — the Skyrme model: small pion mass expansion

o The linear tail:

r r?

pra 2

o Related to gnnx:

o C(m)’s m-dependence:

C(m) = C(0) — 2m*C(0)? (5 - i) +0m®),  C(0)

22

215

21

© 205

87M,

8ENNn =

f(r) = C(m)

fre?

mr+1 _,,,
e
r

Sk C(m).

\

\

0 0.1
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Detour — the Skyrme model: splitting

o Mass matrix for = and 7:

1 0 0 O
29 920 1 0 O 9 ..
M’ =m 00 1 |~m diag (1,1,1+¢,1—¢).
0 0 ¢ 1
o Tails:
7T1 _ Cmr;— le—mril, 7\'2 _ Cmr;— ]-e—rrLr:)AC27
r r
o Qm\/l +er+ le,m\/mr&:3 + Em\/l —€r+ 1e,m\/§r£3’
2 r2 2 r2
Dmvli+er+1 _,igers Emyvl—er+1 a3
n=_——— € X — = e X,
2 r2 2 r2
o Moments of inertia:
2 2 2
jo ArD HET+4C7 2n (\/1 T eD? + V1= cE? +4CZ) m + O(m?, m2),
9 Ryv 3
2 2 on2
5= %”Dfizc — & (VIFeD? 4 VI— B —2C*) m + O(m?, m)
uv
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o Leading order (with C = D = E):
2
T(m) = 10) - 47C(0)* (1= 51 ) m + O(m?, me,met),
6= %0(0)262771 + O(m®, m*e, me*).

o Numerical computation in the Skyrme model:
22 T T T T T

2.15
2.1

2.05

5 ] ) . 1
1.95 B ’ -
19 o :
185 | N . -
8 : : : : i : ,
0 0.1 02 03 0.4 05 .
z AT : R 1

m
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Detour — the Skyrme model: splitting

o Leading order (with C = D = E):

2
I(m) =1(0) — 47C(0)? (1 - i) m+ O(m?, m?e, me*),
0= %C(O)ZEZm + O(m® m*e, me").
o Expansion vs. full numerics

55 T T T T 0.04 T T T T
0.035 1
0.03 4
0.025 | Bl
~ < 002 | 1
0.015 | 4
0.01 | Bl
0.005 1

0 ‘ ‘ ‘ ‘

0 0.1 0.2 0.3 0.4
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o The mechanism of mass splitting the Yukawa way is complicated and
requires 4 conditions:
@ Mass-splitting in the quark/pion mass term
@ Including the 7 (extending SU(2) to U(2))
@ Chern-Simons (or in 4D Wess-Zumino) term
@ Vectors
o Easy to calculate:
o In the Skyrme model: the zeroth-order moment of inertia (Iy)
o In holography (WSS): the leading-in-¢ splitting of the moment of inertia
o Myriads of possibilities for improvement:
o Full-PDE computation of the baryon with core and tail = I,
Higher-order ¢, N; 1, A=1, ... corrections
3 flavors (U(3))
Non-antipodal branes?
Gravitational backreaction
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