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Masses in the Stellar Graveyard
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Matters in Neutron stars
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The nuclear matter phase depends on non-perturbative QCD

vacuum which is uncertain.

There are some phenomenological models, e.g. MIT bag model,

NJL model, etc.
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mass (M_sun)

Mass radius relation of a cold spherically symmetric neutron star
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What are TOV equations?

Neutron stars and, to some extent, also white dwarfs are relativistic objects and computations
of their structure should be carried out in a general-relativistic (GR) framework.
Assuming zero space velocity, spherical symmetry, and an ideal fluid model.

The Tolman-Oppenheimer-Volkoff Equations

M’ = 4xr?p,

p'=—-Gn(p+Dp)d,

, M + 47r3p

r(r—2GNM)’
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FIG. 10. PDFs for the tidal deformability parameters A; and
A2 using the high-spin (top) and low-spin (bottom) priors.
The blue shading is the PDF for the precessing waveform
PhenomPNRT. The 50% (dashed) and 90% (solid) credible
regions are shown for the four waveform models. The seven
black curves are the tidal parameters for the seven represen-
tative EOS models using the masses estimated with the Phe-
nomPNRT model, ending at the Ay = A2 boundary.



Adding quarks ---
Sakai-Sugimoto- model

Witten Edward. Anti-de Sitter space, thermal phase transition, and confinement
in gauge theories. Adv Theor Math Phys 1998;2:505-32.

- _ - Sakai Tadakatsu, Sugimoto Shigeki. More on a holographic dual of QCD. Progr
0 Weak coupling D-brane picture of SS model ~ ** e s

Sakai Tadakatsu, Sugimoto Shigeki. Low energy hadron physics in holographic
QCD. Progr Theoret Phys 2005;113:843-82.

N.D4 0123 (4)
N,D8/D8 0123 56789

4-8 strings: chiral quark
4-8 strings: anti-chiral quark

Massless U(Nc) QCD with N¢
flavors:

ey
=
-—

U(Nc)XU(Nf)L xU(Nj)R

Li Si-wen, Schmitt Andreas, Wang Qun. From holography towards real-world
nuclear matter. Phys Rev D 2015;92(2).
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Hoyos Carlos, Rodriguez Ferndndez David, Jokela Niko, Vuorinen Aleksi.
Holographic quark matter and neutron stars. Phys Rev Lett 2016;117(3):032501.

D3/D7 model Hoyos Carlos, Jokela Niko, Rodriguez Fernidndez David, Vuorinen Aleksi.
additional inputs to break the conformal sound barrier. Breaking the sound barrier in AdS/CFT. Phys Rev D 2016;94(10):106008.
explores the static and dynamical properties Annala Eemeli, Ecker Christian, Hoyos Carlos, Jokela Niko, Rodriguez Fernan-

dez David, Vuorinen Aleksi. Holographic compact stars meet gravitational wave
constraints. JHEP 2018;12:078.

Aleixo M, Lenzi CH, de Paula W, da Rocha R. Quark stars in D,—D, holographic
model. Eur Phys J C 2024;84(3):253.

of quark star

homogeneous ansatz case, in the Hard-Wall
model or in the WSS model, including Bartolini Lorenzo, Gudnason Sven Bjarke. Symmetry energy in holographic QCD.
the proton and lepton fractions as well O

crust modeled with henomenoloaical Kovensky Nicolas, Poole Aaron, Schmitt Andreas. Building a realistic neutron
as a crus O eled with a phenomenoiogica star from holography. Phys Rev D 2022;105(3):034022.
surface tension.

the instanton gas shows chiral restoration at high densities but an unrealistic second-order baryon onset

the homogeneous ansatz behaves exactly the other way around
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Thermodynamics
The on-shell D8-brane action is the grand-canonical free energy
density.
T
QIT, u;ny,mg, k] = VS|on—shell

V O
Slao, xa; Apu(my)] = N?/ du L= Sppr + Scs

14

BC: 5 :/ du x'y(u) , p = ao(U = 00)

C

The derived thermodynamics is

o
pressure p := —Q|u, T , baryon density n := _8—|T
v

o1
energy density € := Q+np  +T's with s:= _8—T|“
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FIG. 1: Mass-Radius relations for different EoS
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FIG. 2: TLN (A) vs Mass (M) for the holographic stars

of EoS with the same sets of values and labels for 7 as
in Fig. 1.
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Extract the EoS from the holographic model built by
Prof. Rong-Gen Cai, Prof. Song He, Prof. Li Li and Prof. Yuan-Xu Wang

R.-G. Caj, S. He, L. Li and Y.-X. Wang, Probing QCD critical point and induced gravitational wave by black hole physics, Phys. Rev. D 106
(2022) 1121902, [2201 . 02004].

Y.-Q. Zhao, S. He, D. Hou, L. Li and Z. Li, Phase structure and critical phenomena in two-flavor QCD by holography, Phys. Rev. D 109
(2024) 086015, [2310.13432].
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L. Zhang and M. Huang, Holographic cold dense matter constrained by neutron stars, Phys. Rev. D 106 (2022) 096028, [2209.00766].
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We start from the action of the five dimensional

EMD theory,

S :% d5:13\/—g
2K%
1 2(9) b
[R_ 5 VM¢VM¢_ TF;U/FHV _V(Cb) ’

where Kk is the effective Newton constant, ¢ is the
scalar field, Z(¢) and V(¢) are the coupling constants
determined from the lattice QCD data at p = 0.

V(¢) = —12cosh[c; @] + (6¢2 — g)(bQ + 90,

_ sech[ca¢’] c3

—cs5¢ 2
1+ e¢3 +1+036 ( )

Z(¢)

The parameters Ky and c¢; are fixed |24] with lattice
data, that 3, = 27(1.68), ¢; = 0.7100, c; = 0.0037, c3 =
1.935. ¢ = 0.085, and ex = 3.
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Fig. 1: The energy-pressure data and fitting curves under five different T, i conditions. The blue dots represent
the numerical data, and the red lines are the fitting curves. The data near the origin have small blanks, which

indicate reaching the phase transition point.
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Their fitting results (p;,€; corresponds to /T =
4.5, pa, €9 corresponds to p /1" = 5.28, p3, €3 corresponds
to u/T = 6, py, €y corresponds to T' = 105MeV, ps, €5
corresponds to p = 555MeV ) are listed respectively:

1 = 0.0592293p0-651253 4 1 43266 x 101°p3-42233,
p1 € [6.07854 x 107°,2.42143 x 1079, (6)
€1 € [8.65502 x 10™7,0.000013846],

o = 0.027042p3-°93438 1 1.80685 x 1019p2-87626
p2 € [3.97089 x 107%,2.5162 x 107°], (7)
€z € [7.09555 x 10™7,0.0000142],

ez = 0.000833022p3270%7 1 8, 72125p1- 9871,
p3 € [3.03394 x 1078, 9.51759 x 1079, (8)
€3 € [1.36385 x 107°,0.000019245],

ez = 0.017254p)°°701¢ 1 333() 5,909,
pa € [3.97113 x 1078, 7.12588 x 1079, (9)
€4 € [7.98295 x 107", 0.0000305948],

e5 = 0.0235768p0-590736 4 93025 1pL-77162
ps € [3.97265 x 1078, 3.60026 x 10~°], (10)
e5 € [6.111821 x 10~7,0.00001945].



(1) (111a) (11b)

FIG. 1. Three scenarios of hybrid stars. Black color denotes
dark matter and brown color denotes nuclear matter. In the
first scenario we have a pure nuclear matter core and a pure
dark matter crust, and swap the dark and nuclear matter
in the second scenario. In the third scenarios, we have a
mixed core and either a pure dark matter crust (Illa) or a
nuclear matter one (IIIb). They can form the systems of

binary hybrid stars (BHS).
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Fig. 4: The EoS, M-R relation and I-Love-Q-C relations for "simple" quark star with different models in eq@-@
For reference, the black dotted line representing a polytropic NS € = 0.09p°5 is plotted in the panels of I-Love-Q-C
relations.

Fig. 6: The EoS, M-R relation and I-Love-Q-C relations of the hybrid stars consist of quark cores and neutron
outer layers with n = 1.2 in eq.(12). For reference, the black dotted line representing a polytropic NS e = 0.09p°-°
is plotted in the panels of I-Love-Q-C relations.
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We conduct research within the EMD theoretical framework in five-dimensional space. The
action of the system is represented as:

s [Eev=i[R-gvievto- Elm, e v, e

2K,N 4

where Kk represents the effective Newton constant, ¢ is a scalar field called dilaton, which
breaks conformal symmetry, F},, is the field strength tensor of the U(1) gauge field, and
g denotes the determinant of the five-dimensional spacetime metric tensor, R is the Ricci
scalar curvature. The scalar potential U(¢) and the gauge coupling function Z(¢), are
chosen to reproduce key features of 2-flavor lattice QCD at zero chemical potential. Based
on the work of [40], we adopt the following forms:

U(8) = ~12 coshler] + (66 — 5)67 + a6’

sech[cy’] €3 . o
Zl] = — e %%, 20
(¢ =Sl o 2.2)

As established by lattice data in [40], the parameters ky and ¢; are determined as the
following values: KJ‘]ZV = 27(3.72), ¢; = 0.7100, co = 0.0002, c3 = 0.530, ¢4 = 0.085, and
Cy = 30.
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The metric form of a five-dimensional AdS black hole with scalar hair is as follows

ds® = —f(r)e ") dt? + + r2(dz? + dy? + d2?), (2.3)

dr
f(r)
and

¢ =o(r), A= Ai(r). (2.4)

where f(r) and n(r) are all functions of r, and Ay is the t-component of the gauge field.
The temperature 7" and entropy density s can both be obtained from the horizon

T = L fra)e /2 s = 2Tk (2.5)

where 7, is the horizon radius.
Through the calculation method in [23], the specific form of energy density € and
pressure p can be obtained

1 1 48b
= gz (3o duo + 1),
3—48b—8C1 4
p= 2 55 (= fo+ ¢sdy + A8 Ds)s (2.6)



The fitting results corresponding to different physical conditions are listed below: p1, €1

SRE for /T =1, pa, € for p/T = 1.2033, p3, €3 for p/T = 1.25, py, €4 for T' = 182 MeV, ps, €5

for p =219 MeV.

e1 = 0.000501863 p{-*1540%  1.15292 pf-39651,
p1 € [3.0018 x 1073, 7.3047 x 1079,
€1 € [2.1682 x 107°, 4.066 x 107°],

€2 = 0.00139264 p-375%7 2 6989 p-952421
p2 € [2.627 x 1077, 7.3045 x 107,
€2 € [1.7023 x 107, 4.0658 x 1077,

e3 = 0.000928211 p3-249754 1 2 15744 3958067
p3 € [2.3732 x 107°, 7.35366 x 1077,
€3 € [1.6962 x 1079, 4.08 x 1077],

€4 = 0.00117483 pJ-3991 4 11.3855 pl- 13679
ps € [2.61368 x 107, 1.1615 x 1079,
eq € [2.1067 x 107°, 4.9673 x 1077,

€5 = 0001427 pg.378816 4+ 2.096271?%958741,
ps € [2.60394 x 107, 6.97167 x 107°],
e5 € [1.5845 x 1079, 3.967 x 107°].

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
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Figure 3: The EoS, M-R relation, and I-Love-Q-C relations for the "combined" QS con-
sisting of quark cores and hadron shells with m = 1 in Eq.(3.2). For comparison, the panels

showing the I-Love-Q-C relations of a polytropic NS, given by €, = 0.09p25, is plotted with
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Figure 4: The EoS, M-R relation, and I-Love-Q-C relations for the "combined" QS con-
sisting of quark cores and hadron shells with m = 1.2 in Eq.(3.2). For comparison, the
panels showing the I-Love-Q-C relations of a polytropic NS, given by e, = 0.09p%5, is
plotted with a black dotted line.
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(1) (111a) (11b)

FIG. 1. Three scenarios of hybrid stars. Black color denotes
dark matter and brown color denotes nuclear matter. In the
first scenario we have a pure nuclear matter core and a pure
dark matter crust, and swap the dark and nuclear matter
in the second scenario. In the third scenarios, we have a
mixed core and either a pure dark matter crust (Illa) or a
nuclear matter one (IIIb). They can form the systems of

binary hybrid stars (BHS).
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Given aset of (B, ry ) we first obtain the mass—radius rela-
tion by solving the Tolman—Oppenheimer—Volkoff (TOV)
equations [51,52] for multi-component cases [53,54] using
mits G =g=1;

—|—47rr3p
/, e 2 : A i :
p;=—(o1+pn¢, mp=dnrip;, ¢ P05

4)
where / = %, I = D or N, the mass inside radius r

is m(r) = Y ;my, pressure p = > ; py, energy density
p = Y_; pr by summing the contributions from both dark
matter (/ = D) and nuclear matter (/ = N), and the Newton
potential ¢ := %ln(— g:+) with g;; the tr-component of the
metric. The size R of the star is determined by p(r = R) = 0,
and the mass of the star is given by m(R). For the first sce-

strength. To consider the tidal deformability for the hybrid
stars of scenario III, we need to generalize the derivation
of [56,57] for the single fluid to the multi-fluid cases. We
again need to solve the following equation for y(r) :=
rH’(r)/H (r) with H (r) the linear perturbation of g;, around
a TOV configuration:

ry' +y*+ P(r)y +r*Q(r) =0, (6)

with the boundary condition y(0) = 2 and

P = (1+4r?(p— p))/(1 —2m/r), (7)
B prt+pr 6 B
O = dxn (5,0 = Dpet : T 47”2) J(1 —2m/r)
—~4¢7%. (8)

The above equations are rigorously derived from Einstein
equation, and the main difference from the single-fluid case

is encoded in the ), % term of (8).
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Suppose the pressure reads py on the domain wall located
at r = ry. The sound speed near a density discontinuity is

dp 1 dp
dp 2 dp

s

+ App 8(p — pw), 9)
p#pw

where Ap, = p(pw + 0) — p(pw — 0) is the energy den-
sity jump across pw. Yet since p decreases as r increases,
equivalently Ap, = — (p(rw +0) — p(rw — 0)) = —Ap.

to the §-function can contribute. Therefore, this then results
n

d
Y (r) +r%wdepvy+pv»3§

r=ry r=rwy

=4 110

2 dp _ dp 1 dp
Since 3 = e where 4, can be read off from the first

TOV equation (4), and Z—’r’ lr=rw = Ap 8(r — rw), we obtain
that®

A
Ay a

= g 11
" p+mrw)/(dnr;y) L

6 There are typos in the counterpart of (11) in [57].



BESE to the §-function can contribute. Therefore, this then results

=]
in
Suppose the prc;,ssﬁre reads py on the domain wall located ry’(r) + r?47 e (p(r) + p(r)) g =0. (10)
at r = ry. The sound speed near a density discontinuity is r=ry 4y r=ry
dp B 1 B dp P : Since Z_Z = %dp}dr, where Z—f) can be read off from the first
E - g - % S + App (P — pw), ©) TOV equation (4), and Z—“r’lr:rw = Ap §(r — rw), we obtain
that®
where Ap, = p(pw + 0) — p(pw — 0) is the energy den- i Ap (11
y

sity jump across pw. Yet since p decreases as r increases,

. T ptmGrw)/(@ar)
equivalently Ap, = — (p(rw +0) — p(rw — 0)) = —Ap.

6 There are typos in the counterpart of (11) in [57].

‘ _on e PURES ) —pley—E)
yirg+ €) = ylrg —€) e

S. Postnikov, M. Prakash, J.M. Lattimer, Phys. Rev. D 82, Ap
024016(2010). https://doi.org/10.1103/PhysRevD.82.024016 = y(hg — € — 37, (14)

where € — 0 and p = m(ry)/(47r}/3) is the average en-
ergy density of the inner (r < r,;) core.
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to the é-function can contribute. Therefore, this then results

Suppose the pressure reads py on the domain wall located in
i i o : q |
at r = rw. The sound speed near a density discontinuity is ry®)|  +rre® (o) + pry) 2 = 0. (10)
r=ry ‘IP r=rw
d_p = i — d_,O I App 5([’ — pW), (9) Since :;;: = j‘;’ Jp}dr‘ where t’/f’ can be read off from the first
dp Cg d[) pEPW TOV equation (4), and %I,-:,“. = Ap8(r — rwy)., we obtain
that®
- A
where Ap, = p(pw + 0) — p(pw — 0) is the energy den- Ay = = (1)

: . . 4 c p+ m(_rw)/(-‘lzrra,)'
Slty jump across pw. Yet since P decreases as r 1mcreases,

equivalently Ap, = — (p(rw +0) — p(rw — 0)) = —Ap.

6 There are typos in the counterpart of (11) in [57].
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dividual tidal deformabilities. The corrected fits — as it

was claimed by the authors of Ref. [1] — are negligibly
different from the reported fits in Ref. [2]. We also add
that the correct formula appears in Ref. [6] as well.

6] K. Zhang, G. Z. Huang, F. L. Lin, arXiv:2002.10961.
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FIG. 4. The mass as a function of the visible radius, which is the
radius of ordinary matter, for the stable static solutions shown in
Fig. 1 (dark matter is a free Fermi gas with fermion mass
my = 1 GeV). The thick black curve is for the single-fluid star
with only ordinary matter, i.e., for a neutron star without dark
matter. The color scheme is the same as in Fig. 1, with green
indicating a dark matter halo and red a dark matter core.
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Colpi M, Shapiro SL, Wasserman I. Boson stars: Gravitational equilibria of
selfinteracting scalar fields. Phys Rev Lett 1986,57:2485-8.
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Appendix A. Derivation of isotropic equations of state

In this paper, we study the canonical (massive) complex scalar for
boson stars with the following Lagrangian

L=-38"0,6"0,6 - V(). A1)
where
V@) = 3mRI$ +U(6D (A.2)

where U is the potential for the self-interactions.
Under spherical symmetry, we consider the following the metric
ansatz form

ds* = —=B(r)di* + A(r)dr* + r*dQ . (A.3)

In such a background, we assume the following stationary and spherical
symmetric ansatz for the scalar field,

ot r)=e"D(r) . (A.9)

The field equations for the boson star configurations contain two
parts: The first part is the Einstein equation with anisotropic stress
tensor given by T = diag(—p, p,p,,p,) with

2 UM,0)
_ 2,2[1 822 2, 19x0l pl ]
p=m Mpl 2( = + 1o” + oA o §| (A.5)
1 02 |0 0-|2 U(Mpla)
2arg2 2, x
= m*M2 [~ (5 -1 - ] A6
e it e s 2 (A.6)
m2M§1|axa|2
Bl S~ —— " (A7)

where we have introduced the following dimensionless scaled quanti-
ties
@2

(A.8)

x=mr, Q=

SRS

b 6=

with the Planckian mass M}, = 1/4/47G . Note that the anisotropy of
the pressures is due to the gradient term |9, c|. The second part of the
field equations is the one for @ (or now o),

4
, [B : @ UMuo)y
0,63\ 20,0) +x AB[( =~ 1o =i, ]_0, (A.9)

._ 8UX)
where U'(M,0) := x| X=Myo-

Due to the anisotropic stress tensor, the Einstein equation cannot
be further reduced to TOV equations. The only way to solve the boson
star configuration is to solve the coupled field equations by the shooting
method, which is numerically difficult to obtain the full mass-radius or
even mass-TLN relations. One simplification is to assume the scalar field
profile is almost flat inside the boson stars so that the gradient term
d.0/% in (A.5)-(A.6) and (A.9) can be dropped. However, the gradient
term cannot always be small unless for some particular self-interaction
regime. To see this, let us assume that for some proper choice of a
dimensionless parameter A, which is the combination of m, ¢, and
coupling constants in U, one can have

U(Mp]o-) N U*(O'*)

Ve 1 where o, = \/ZO’ (A.10)
m
pl

with U, being in a universal form involving none of the model param-
eters in V. Note that this above implies

U’(MPIO') U;(a*)
—_
m? My VA

If we further scale x by x, = x/ \/Z and assume that A and B are not
affected by this scaling, then it is straightforward to see that the terms
involving the gradient d o in (A.5)-(A.6) and (A.9) are suppressed
by 1/A factor than the other non-gradient terms in the corresponding
equations. Therefore, the gradient terms can be neglected in the large A
limit. In this case, scalar field equation (A.9) is reduced to the algebraic
one

with U/(X) = 5[{5*)(()( ), (A11)

QZ
(Z — Do, = U/(s,) . (A.12)
Then we obtain that, (A.5) and (A.6) reduce to
p = no|30.UL6)+ Ulo) +2) (A13)
1

p=pL=n|50.Ul0) - V.|, (A.14)
and the overall energy density scale

m2M?>

pl

pPo= T (A.15)

Then, for specific EoS, we can insert the corresponding potential U,
and find the results listed in the main text.
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The EoS can usually be described by a pair of parameter

2@
functions in the form of 2"
p B -~
— = Bflo.), (52)
Po
B
— = Bg(o.); (53)
Po
where f and g are some arbitrary functions, and B is a control 0 20 It 0 0

parameter. Then we can confirm that, if B — kB, then p — KRy

kp is consitent with p — kp.

10" 5

And it is easy to check that the TOV condition is invariant
under the symmetric transformation:

10"

p — kp, (54)

p — kp, (55) Z
1 10 7

m — ﬁm, (56) T

r = L'r. (57) 10" 4

Vk

That i1s to say, if we set B — kB, then the variables change ' '
according to the above, while the “compactness” C' = M /R 0 | 2 qu-(M | 4 5 6
remains the same. ss (M
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In Y; = az—{—bz In T;+C; (lIl LIZ‘Z)Q—Fdz (ln 5137;)3—|-€7;(1n Z‘z‘)4.

Yi Iy a; bi & di €
A(td) 147 0.0817 0.0149 2.87 x 10~% —3.64 x 10~°

Q 1.35 0.697 -0.143 9.94x 1072 —1.24 x 1072
A 0,194 0.0936 0.0474 —4.21 x 10~2 1.23 x 10~

Q1 NI M

TABLE I. Estimated numerical coefficients for the fitting for-
mulas of the NS and QS I-Love, I-Q and Love-Q relations.
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FIG. T

18 Rl

(Top Left and Right) The neutron star (NS) and quark star (QS) universal I-Love and Love-Q relations for various
EoSs, together with fitting curves (solid). On the top axis, we show the corresponding NS mass with an APR EoS. The thick
vertical lines show the stability boundary for the APS, SLy, LS220 and Shen EoSs from left to right. The parameter varied
along each curve is the NS or QS central density, or equivalently the star’s compactness, with the latter increasing to the left
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Dark I-Love-0

Although the I-Love-Q relations have been verified for many continuous EoS [32-38],
there is no insurance that any continuous EoS will give the same results. Recently there
seems to be an opinion that any smooth EoS (without strong discontinuity) satisfies the
universal relation. But as is already pointed out in the original paper [13], that even for a
ploytropic EoS with gamma=0.75 (or equivalently n=3 !), there is an obvious violation of
I-Q relation by 20% while 10% for I-Love and Q-Love relations. Also, deviations will occur
when applying some extreme models, and this conclusion is verified in [39, 40]. Therefore,
it is worthy and necessary to check whether a new EoS (continuous or not) will obey the
I-Love-Q relations.

p=rkp orp=rp /"
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ABSTRACT: We present new analytic results on black hole perturbation theory. Our results are
based on a novel relation to four-dimensional N = 2 supersymmetric gauge theories. We propose
an exact version of Bohr-Sommerfeld quantization conditions on quasinormal mode frequencies in
terms of the Nekrasov partition function in a particular phase of the {2-background. Our quantiza-
tion conditions also enable us to find exact expressions of eigenvalues of spin-weighted spheroidal
harmonics. We test the validity of our conjecture by comparing against known numerical results
for Kerr black holes as well as for Schwarzschild black holes. Some extensions are also discussed.
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from Daniele Gregori

o Schwarschild BH: SU(2) Nf =3

o Kerr BH: SU(2) Nf =3

o Extremal limit Kerr BH: SU(2) Nf = 2

(A)dS Schwarschild BH: SU(2) Nf =4 & SU(2) x SU(2)
Higher dim. (A)dS BH: SU(2)P—2 & SU(2)P—3

D3 brane BH: SU(2) Nf =0

© © ©



RiR from Daniele Gregori

Schwarzschild BH / SU(2) Nf =3 N =2 SYM - |

o Schwarzschild metric for static and spherically symmetric solutions to the Einstein
equation in the vacuum

2M -
ds® = — (1 - T) dt* + (1 - g) dr? + r*(d#? + sin? 0d?) (12)

o Scalar (s = 0), electromagnetic (s = 1) and odd-parity gravitational (s = 2) linear
perturbations of the metric are governed by the Regge-Wheeler type equation

d d > B
505+ = V()| o) =0. (13)
2M I(1+1) 2 2M
f(f):(]_—T), V(r):f(r)[ r2 ‘l—(l_S)? 5 (14)
o e—iw(r+2MIn(r—2M)) r-—s oM
boundary conditions o(r) ~ {e+iw(r+2M|n(r2M)) . (15)



R
Schwarzschild BH / SU(2) Nf =3 N =2 SYM - |l

o By the change of variable [1]

r=2Mz,  o(r) =/ =5%(), (16)
(13) becomes the equation
1 LI
"(2)+ Q(2)P(z2) =0  Q(z) = TP > Az (17)
i=0
~ 1 ~ ~ ~ ~
Ay = —52—|—Z, AL = I(I+1)+s%, Ay =—I(I+1), A3=0, Az=(2Mw)*. (18)

o Equation (17) has two regular singularities at z = 0,1 and one irregular singularity (of
Poincaré rank 1) at z = oo. It corresponds to the Confluent Heun equation.
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We refer to appendix A for a definition of these quantities. More precisely the quantum A period
is given by

" (E,m, Ay, h) = a(E,m, Ay, h) (2.17)

while the quantum period B is

N
My’ (B, m, Ay,, h) = 0, F N (a,m, Ay, , h) (2.18)

a:a(E,m,ANf,h) .

The very important fact is that we have a combinatorial formula of the Nekrasov partition function
[15]. It directly computes the NS free energy exactly in 4. The quantum mirror map is also exactly
related to the NS free energy. As a consequence, the quantum periods can be exactly reconstructed
by only the NS free energy. This is a main reason why the geometric/gauge theoretical approach
is so powerful in analyzing spectral theory.

According to general expectations coming from the Bethe/gauge correspondence, the discrete
part of the spectrum of Hy, is captured by the following quantization condition

1
") (B, m, An,, h) = N (n + 5) . I=AB, n=012,... (2.19)
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@ Accelerating black holes [Griffiths et.al. '06]

1 dr? 2d92

52 = r
a (1 — arcos 0)2( f(r)de*+ f(r) ) P(0)

+ P()r”sin® 0d¢?)

f(r)=(1—2M 1 (1 —a?r?).
@ o — 0: Reissner-Nordstrom BH, Q,a — 0: Schwarzchild BH.

@ BH ODE at radial direction

(f(r)%f(r)% + w? — V(r))¢(r) =0,
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= Oz 532 50 )

° §(r) = —=(r),

(82 + Qi) d(r) =0

@ Four regular singular points at

1 1

ri:{_aar—ar-HE}J r:]::le:\/M2—Q2

@ Heun equation!
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@ The low energy effective theory of 4D N =2 SYM can be solved
exactly via the Seiberg-Witten theory [Seiberg-Witten '94]

H(x,p) =E, Asw = pdx

@ One can use the localization to compute the exact partition functions
of the gauge theory, where two deformation parameters (€1, €3) are
turned on [Nekrasov '02].

@ In the classical limit (¢; = e = 0), one obtains the partition function
of SW theory.

@ In the Nekrasov-Shatashvili limit (e; # 0,€e, = 0), the SW curve is
quantized, where €; plays the role of Planck constant (p = €0y):

Quantum SW curve :  H(x,p) = Evp  [Nekrasov et.al '09]



e SU(2) gauge theory with Nf = 4 flavor: <h28§ -+ QSW(Z))w(z) =i

12 12 ik .3 i 9 .p 5,5
23— dttasetu u

Qsw(z) =4+ oz + ﬁz ey T 2@z-1)
e Four regular points at z = (0, 1, t, 00).

e BH data (r,w,M,---) <> SW data (z,t,aj,-- )

1 2c0(r— — ry)
r=— < z=1, r=r & z=t, t= o
o) (ar— —1)(ary: +1)

(t—z)%_af z—t
(l—z)%_al Zegll

Need connection formula!

g = Al + By, Y~ (1 2)7,
A(SW data) =0 — A(w) =

Bdy condition: (z) ~ {




Connection formula

Numeric data (Destounis et.al '20)

Woy —0.0505984/ —0.00506/
wps | 0.11131 — 0.102548i 0.1112 — 0.1042/
Table: aM = 0.05, Q = 0.3M, A = 0.3317, # instanton =3
Connection formula | Numeric data (Destounis et.al '20)
WNE —0.0412141/ —0.0412/
wps | 0.11194 — 0.0806261 0.117 — 0.0814/

Table: aM = 0.3, Q = 0.999M, A = 0.3033, # instanton =3
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Sciberg-Witten theory is introduced to solve four dimensional N/ = 2 asyminetric
gauge theory by evaluating the singularities and asymptotic behaviors. We leave the
details to the references [1, 2|, and here focus on SU(2) theory with flavor number
N¢ = 3, which is our main concern in this paper. The quantum SW curve in this
case can be rewritten in the following form after some reparameterizations:

R (2) + (zz E ZA z ) =0, (2.1)

which is in the normal form of the so—callcd Conﬂuont Heun equation (A.7) [32]. The
coefficients are expressed in gauge parameters by

~ (m1 — m2)2 h2
An = — o
0 A T
~ m3A3 h2
Ay =—-F— _ s
1 myms 3 1
~ 3m3A3 AZ FLZ
A, =F
2 T3 M+4
4 + 327
oM
64’

(2.2)
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For a massive scalar boson field 1) around a BH, it obeys the wave equation
VOVt = i, (3.1)

with @ = MG /he for a particle of mass M. Equation (3.1) is also separable in the
Kerr geometry. When we assuine

b = TS (0) R(r), (3:2)
the separate equations are similar as before. For the angular part, we obtain:
1 d dsS 5, ‘ ‘ m?
— [sin f— 2(w? — 12 20 — — sAmm| S =0, 3.3
sin 6 do [sm d9] T [a (" = p) cos sin? 6 e ' (3:3)

and for the radial part:

Adir [A%l + [w2(7‘2 +a?)? — daMrmw + o*m? — A(°r* + ow? + sAgm)] R=0.
(3.4)

Or cquivalently
A(r)R"(r) + N () R () + (Ve(r) = 1) R(r)]o=o = 0, (3.5)

where we set the spin s = 0 because we focus only on the scalar field here. The
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Comparing the potential of the wave equation in the gauge theory side, we obtain
the dictionary for the massive scalar field. For the radial part, we find

A3 = —16i/w? — pu2v/ M? — o2,
‘ o ‘ o 1
E = —yA,, — (2]\/[2 — ozz),uz -+ (8]\/[2 — Ozz)wz — Z,

iM (2w? — 11?) (3.7)

my = —2iMw, ms =

i(—2M?w + am)
VM2 —a?2
For the angular part, we have the same dictionary as the case of the massless scalar

field (2.20) with ¢ = ay/w? — 2. As in the previous section, the angular eigenvalue
oA, can be expanded in ¢ as

mo —

oo
0 A = 6(6 + 1) + Z fkczk, (38)

k=1
and we employ up to the ¢® order in our numerical calculations. Note that if we take
i = 0, the dictionary straightforwardly reduces to the identifications in the massless

scalar case.
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To compute the complex eigenfrequencies for the radial part of Teukolsky equation,
we need to impose the boundary conditions at the horizon and spatial infinity. In
general, we obtain the following asymptotic behaviors of the field at the horizon and
spatial infinity:
R(r—s ) ~ {r—ry )=, (4.1)
R(r — o0) ~ LM =207/ gar (4.2)

2Mriw — am
_ = 44/ 2 — 2. 4.3
o R ¢ A (4.3)

The sign of the exponent in (4.1) corresponds to an outgoing and ingoing wave near

where

the horizon. Also, the sign of the real part of ¢ in (4.2) determines the asymptotic
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In terms of the field y(z) solving the radial equation in Schrédinger form, the
above boundary conditions are rewritten as

y(z = 1) ~ (2 — 1)2%%, (4.4)

Agz

y(z = 00) ~ (Agz)T™ eT s, (4.5)

Note that the asymptotic behavior at spatial infinity is written in terms of the
quantities in the gauge theory. According to the connection formula [17], asymp-
totic expansions at different boundaries are related each other due to crossing sym-
metry. Now if we impose the ingoing wave boundary condition at the horizon,
Yz = 1) ~ (z — 1)%_i”, and use the connection formula studied in [13], we can
derive the asymptotic behavior at spatial infinity as

y(z = 00) ~ C1(As, a,m) (Agz)T" et F 4+ Cy(As,a,m) (Azz)™ "™ 6_%, (4.6)

which is written as the linear combination of the asymptotic behaviors in (4.5).
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The full SU(2) Nekrasov-Shatashvili free energy F&7) (a;m; Ay, k) [11] has con-
tributions from its classical, one-loop and instanton components, with this relation
given explicitly as [8]

1
Ay, 2T |
[ Ny —7h

h
T o
r(i+ ﬂﬂ,;—)] OF it (a;m; Ay, )

inst
F(% + mj;—ia) aa

8af(Nf)(a;m;ANf, h) = —2a(4 — Ny¢)log

| r(l+3)] X
_21h10g [1_‘(1_2% —lh. log

Jj=1

The SU(2) instanton part Fils )(a; m; Ay,, i) can be obtained by removing the

inst

U(1) contribution in the U(2) instanton part Fs )(a; m; Ay, k), which is defined by

inst

Fig;[tf)(a;m; An;,h) = —h lim e log ZWN) (ia, m, B, €). (4.10)

ea—0

The Nekrasov partition function ZWr)(ia, m, €, €y) is exact in ¢, and can be
written explicitly in terms of ANf instanton expansion [16], as a convergent series.
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B Quantization condition for quasi-bound states

Following [14] we derive the quantization condition for the calculations of quasi-bound state
frequencies. By imposing the ingoing boundary condition at the horizon, the field y(z) for
the radial part is written as

Az

y(z = 00) ~ C1(A,a,m) (Az)*™s et + Ca(A,a,m) (Az) "™ e 7, (B.1)

where we follow the convention in [14] and A relates to our convention via A = Az/4.
Additionally, we have to change a — —ia to match our convention, which gives a different
U(1) factor and a sign difference in the definition of the free energy F. The coefficients
C1,2 are explicitly given by

(Aa+aA0am0+lVa (I)IACI )
Ci(A,a,m) = A My, o, Aa.m . i
1( ) T o <AmA0,m0|Vaz+(1)|Aa1)
(Aa—,AO,m0+|Vaz(1)|A01>

+A Moy, 0 Aa_m , B.2
za—Aa—mor TR R o Vons (DlBar) (B-2)
(Aa-}—’AO’mO—lVa (l)lAa >
Ca(A,a,m) = A" Mo, o, Aayme_ > L
2(A,d, m) s Aaimo S o Vons (D Bas)
Aa_, Ao, mo_ |V, (1)|Ag
+A™ Moy, 0 Aa_mo_ ( 0,0 |Vao (D] Aa) (B.3)

(Aa, Ao, m0|V02+(1)|A01) .

Here, we omit to write down the definitions of each factor because we use the same convention
as in [14]. The condition of C; = 0 reads

M012+,cx_ -Acx_mo+ (Aa—a AO’ mo4 |Va2 (l)lACXl) _

Ma2+,a+Aa+mo+ (Aa+’ Ao, moy |Vaz(1)|Aal> B

In the Nekrasov-Shatashvili limit,

14+ A2 0. (B.4)

<Aa—7AO; mO+IV02(1)|A01) _ Z(g) (A’a + E22-’ mi, ma, mg + E22)
<Aa+,AO, mO+IV02(1)|Aa1) Z®) (A,a - 522_, my, m2,m3 + 522)

1 € € € €
=exp — [.E(,i)t (A,a+—2,m1,m2,m3+—2 — i(js)t A,a——2,ml,m2,m3+—2 ]
€1€9 2 2 2

3
. BuF L (A, ae, mi, m, ms), (B.5)
1
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and

Moso Ao moy _ T (&) T (142 (3 +22285m2) 1 (5 + =25=2) 1 (5 + =)

1 1

Moy, 0pAaymoy T (—2—;‘) r (1 - E) r (% + axtarta) p (% + 22-—?&&) r (% + mafﬂ)

_r(E)r(eE) mrlees)
P (- 2) ()
([l e

F(l_f_f) i=11‘(%+’";1+a)
—ex P(1+2) & r(4+mes0)
= exp |—im + 2log (_g_f)+iz=:llogr(%+ﬂéj-_ﬂ)

where we use the relations of parameters between CFT and gauge theory
mi =a; +a2, Mm2=—a+as.

Setting €; = 1, the second term of (B.4) becomes

r(1+2 3 r(l+ mi—a

exp | —2alog A —im + 210gFE1—€1) + ZIOgM +9 ]:1(35)]
= exp [8af(3)(A, a,m,h= 1)] .

Therefore, we obtain the quantization condition for the QNM:

0. F®)(A,a,m,1) =i(2n + 1),

where n is an integer.

(B.6)

(B.7)

(B.8)

(B.9)
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Table 1. The complex frequencies 2w,, of the QNM in the Schwarzschild geometry.

Numerical SW-QNM

n=0,s=1=0

n=0,s=10=2
n=1s=101=2

n=2s=101=2

0.22091 — 0.209791¢ 0.235216 — 0.205777:

____________________________________

0.496527 — 0.1849757 0.495127 — 0.186617
0.429031 — 0.5873351% 0.428845 — 0.588262¢

0.747343 — 0.177925¢ | 0.743992 — 0.01753521
0.693422 — 0.54783: 0.690244 — 0.542829:
0.602107 — 0.9565544 0.602514 — 0.959309:

Table 2. The complex frequencies w,, of the QNM in the Kerr geometry.

Numerical

SW-QNM

n=0,s=l=m=0, a/M

= 0.1 | 0.110533 — 0.104802:

n=0,s=l=m=0,a/M~1 0.110245 — 0.089433:

0.117687 — 0.102787:
0.117755 — 0.08835681¢
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Figure 1. The QNM with [ = 1, m = 0,+£1, and g = 0.3 as a function of the rotating
parameter « in the complex frequency plane. The points denote each plot for from a = 0
to a = 0.99.
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Table 3. The complex frequencies w/u of the quasi-bound state for a = 0.99 and several
values of M pu near the superradiant regime. The values of Continued fraction method are
obtained following [37].

Myp | Continued fraction method SW-QNM

0.400 0.976311 + 3.31172 x 10~ 74 1.15754 + 2.12772 x 107%
0.421 0.973191 + 3.57332 x 10774 1.10408 + 2.01818 x 10~ %
0.450 0.968326 — 9.69046 x 10~ % 1.03881 + 1.83035 x 1077
0.500 0.957896 — 3.93289 x 10~ 0.942834 — 8.93944 x 10~ %
0.520 0.952658 — 1.73567 x 10 0.910458 — 6.81511 x 10~ %




Proca fields in
Schwarzschild geometry

2 Proca fields in Schwarzschild geometry

Following the description in [24], we consider the Schwarzschild BH geometry

ds® = —f(r)dt® + f~1(r)dr? + r? (d«92 + sin® Hdcpz) : (2.1)
with
2M
Considering the vector fields coupled to the gravitational fields, the Proca equation is given
as
V,F* — 2 AF =0, (2.3)

where FM = 0,A, — 0, A, is the field strength and p is the mass of the vector field. Since
V.V, ,FI =0, the Lorentz condition V,A#* = 0 is derived from the field equations. This



Proca fields in
Schwarzschild geometry

Table 1. The lower frequencies of the QNM in the numerical calculations and SW curve method.

We choose Mpu = 0.01, Mp = 0.10, and Mp = 0.25 as the vector field mass.

n

Mu

Numerical results

SW curve

0

0.01
0.10
0.25
0.01
0.10
0.25

0.110523 — 0.104649;:
0.121577 — 0.0791124
0.222081 — 0.012994
0.086079 — 0.348013:
0.082277 — 0.344140¢
0.062605 — 0.3251914

0.113683 — 0.097919¢
0.128517 — 0.072731¢
0.225000 — 0.014527¢
0.086755 — 0.350993¢
0.082957 — 0.347425¢
0.061854 — 0.316085¢



Proca fields in
Schwarzschild geometry

Table 2. The lowest frequencies of the QNM in the numerical calculations and SW curve method
with n = 0. We choose Mpu = 0.01, Mp = 0.10, and Mp = 0.25 as the vector field mass.

[ My Numerical results SW curve

1 0.01 0.221028 — 0.0986582  0.247620 — 0.0932672
0.10 0.225895 — 0.094428:  0.253229 — 0.0894932
0.25 0.251250 — 0.070101z  0.283507 — 0.0684362

Z 0.01 0.443745 — 0.0968462  0.436065 — 0.08556012
0.10 0.447099 — 0.0955832  0.439503 — 0.0843902
0.25  0.465036 — 0.088755z  0.457766 — 0.07782%N




Proca fields in
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Table 3. The lowest frequencies of the quasi-bound state for the monopole mode and odd sector
mode in the numerical calculations and SW curve method with n = 0. We choose My = 0.40,

M = 0.50, and Mp = 0.60 as the vector field mass.

mode

My

Numerical results

SW curve

Monopole
(n=0)

Odd
(n=0,l=1)

0.40
0.50
0.60
0.40
0.50
0.60

0.389603 — 0.004629:
0.483253 — 0.0126162
0.577496 — 0.0241077
0.395322 — 0.0005612
0.478042 — 0.0090562
0.567624 — 0.0226722

0.369759 — 0.003110z
0.418001 — 0.012913¢
0.553471 — 0.025139:
0.389260 — 0.000781z
0.429927 — 0.0070977
0.553683 — 0.0241322
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0.228¢ 0.000F™
0.227}
0.226f -0.005(
3 0.225] g .
S 0204} = 0,010}
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N
039 o] 0.00f~
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; -0.08}
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Figure 2. The real (left) and imaginary (right) parts of the lowest-frequency (n = 0) of the QNMs
(upper) and quasi-bound states (lower) for the monopole mode, plotted as functions of the Nth
order in the instanton series expansion. \We choose My = 0.25 for the QNMs and Mp = 0.40 for
the quasi-bound states. The black dashed lines denote the numerical results with the continued
fraction method.
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In 2002, Nekrsov performed a technique called 2 deformation in the reduction
from 6D o = 1 gauge theory to 4D N =2 gauge theory, and implied its

connection with 2D conformal theory.

M5 brane
6d theoryon Rx T

N=2 gauge
4d theory on R

CFT
2d theoryon T

He found exact formulae of the partition function (Nekrasov partition
function) of the & =2 gauge theory, and showed that it reproduces the

prepotential as determined by the Seiberg—Witten curve.



AGT conjecture
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AGT deriva

2D CFT oC Three point X Conformal
functions blocks

SU(2) [Alday—Gaiotto—Tachikawa '09]

SU(N) [Wyllard ‘09]
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We have been working on the proof of AGT conjecture through two different ways.

DIRECT APPROACH

Conformal blocks

We calculated the conformal block in the form of

1 Dotsenko—Fateev integral and reduce it in the
form of Selberg integral of N Jack polynomials.

Dotsenko-Fateev

integral
1 | We found a formula for such Selberg average
Selbere inteeral of which satisfies some nontrivial consistency
Jack pgolynogmials conditions and showed that it reproduces the

SU(N) version of AGT conjecture.

1

Instanton part of A =1 SU2) [A. Mironov et. al. "10]

partition function

A =1 SU(N) [Zhang Matsuo "11]



RECURSIVE APPROACH

2D CFT 4D Gauge

Conformal AGT conjecture Partition

blocks ? function
(VIVIW) = 2

Satisfy Ward

- Constrained by a
identity trivial nontrivial

recursion Relation

SO IVI) =0 >0z =0

A =1 SU(N) [Kanno—Matsuo—Zhang "12]
arbitrary /£ SUN) [Kanno—Matsuo—Zhang '13]
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Consider lifting the &%= 2 four dimensional theory to &%= (1, 0) six

dimensional theory, and then compactify the six dimensional %=1 SUSY
gauge theory on the manifold with the topology T2 X R4 with the metric :

ds* = r’dzdz + g, (da" + VFdz + V*dz) (dz¥ + VVdz + VVdZ)

where — VH =QHz¥ VH =QFzY,  and
0O ¢ 0 O 0O & 0 O
Quv _ —e 0 0 0 Q= —€1 0 0
0 0 0 e 0 0 0 &
0 0 —e O 0 0 —& O

The action of the four dimensional theory in the limit » — 0 /s not that of

the pure supersymmetric Yang—Mills theory on R4. Rather, it is a
deformation of the latter by the Q2 —dependent terms. It is called an A= 2

theory in the Q-background.

B=—€1/€



Nekrasov partition function

With his idea of the $2-background, Nekrasov calculated Y '_J
the following partition function

Z(t,a,m,€) = / D®DADN...e 5 |
$(c0)=a

It has the important property that it gives the prepotential
of the Seiberg-Witten theory in the limit ¢, = —e5 = h — 0

F(r,a,m) = %im(.) h? log Zga (T, a, m; h, —h)

Zrai(q; a,m; €) = ZireeL1loopLinst,  Linst(q; a,m;€) = Z qu(Y,a,, m)
Y

where the instanton is labeled by a N-tuple of Young diagrams: Y := (Y(),... [ Y(®) (Fig. 1). The parameter a
(resp. m) represents the diagonalized VEV of vector multiplets (resp. mass of hypermultiplets) whereas ¢; = €™ is
the instanton expansion parameter for ith gauge group SU(N;), q¥ := H:;l qzl-f(l}l. The total partition function is
decomposed into a product of the contributions of the perturbative parts Zi;ce, Z1-100p and non-perturbative instan-
ton correction Z;,.. The latter is further decomposed into a sum of sets of Young diagrams. YO = (Yl(i), e ’K{’i))
1s a collection of N; Young diagram which parameterizes the fixed points of instanton moduli space for 7 th gauge
group U(N;).



Nekrasov partition function

Single gauge group case

qull(q:. a, L 6) — ZtrecZIIOOpZinstv Zinst (Qs @, mm;, 6) — Z q|}"|13\,r)i%15t ((l, ,Ll.),
)-,:

2N N oN
E y % [laei [Ths: fv. (i + as)
N (a, =évcct(Y,a,)Hgfund(y’#i): s=111k=1JY. ).

N
i=1 Ht,s:l 9v,.Y. (at _ a‘s)

linear quiver gauge case with gauge group SU(N:) X - - X SU(Nn).

~Nek Z Y| < ‘
A — q; "’ﬁl) ' Z?(l)y“'('z) e ‘Z?(n—l)y“'(n) ’ "?(n)
Y1) ... Y(n)
Zowypary = 2Z(@, YOgoth yern, @),
"'3,“'(1) = Z( .ﬁl(_lvﬁ(l).}_:(l)lﬂ(o)).
Tl-) s

STl

>

Vom = Z((

1

Y™ X 1™,

Q



AGT conjecture

For a Liouville theory on a sphere, the four—point correlation function of V at
positions oo, [, g, O s

r 4 r dj * / Ag—LAmym, —AR mp m
(Vo (00) Vo (DVim, (0)V5, (0)) = [ 5-C(B5,m0,B)C(B*,my, Br) ¢~ Ema =85 F g ™0 5™ 5, (q))

2

* ]aﬁdﬂ |Z.'3c] m[}ﬁml.31 (QNZ
Where C(B 1, B2, B 3) is the three point function given by the DOZZ formula.

The function F carries the coordinate (g) dependence and reflects the
contributions of the conformal descendants. It is called conformal block.

2),Nr=4 ~ ~ 9 _ ‘
Z - ), Ny ((l, mo., Mo, M. 772.1) — (1 . q)._m()(Q n”)‘FB() mo BmI 8, (q)

(

it is Checked Fs,"08™ 8,(q) is the conformal block of a virasoro
algebra with central charge ¢ = 1 + 6Q2 at position @0, 1, q, O,

Up to order q11



AGT conjecture

SU(N) generalization

<VO4 (OO)V'as (]‘)‘/0'2 (Q)Vva‘l (O)>

The conformal block of this
correlation function is written in the form,

fa4.a3.02,a1 (Q) - Z q|}"|lz\r;£oda(a,l , (¥g, (X3, 0'4)
Y



and Delbery - Formula



SUIN) Toda

Bosons o(2) = (d1(2), -+ ,on(2))
¢7(3)¢)1 (O) ~~ (5-,jj lIl(Z)
Symmetry: Wy algebra

N

: d L T (k) (4 - =
Ry = H (QI - ’(hm-():‘r'))' = ; W (2) <(2I)

m=1

c=(N-1)(1+ NN +1)Q?

wik satisfies Ww algebra (a nonlinear algebra) with central charge

Vz(z) =: e(®2()

dz dz "
Qg':t) — /—.‘/}(i)(z) — /_ . eai(ejgp(‘,)) :

2w 2mi



Zpr(q) =
N-—-1 q N. o N,
600 1 (2.0 1 (G6(1) (@t . ] ( / : blead(2)) . dz) ( / . blead(2)) . dz)
a=1 0 1
We apply Wick's theorem to evaluate the correlator
<<: (@1:6G)Y . p(Gnid(zn) >> = [I -z
1<i<j<n
N—1 N, ,q No+No oo Nao+N.
ZDF(Q) _ q(01,0'2)/e'3(1 _ q)(az,aa)/ﬁ H H/ dzla) H / dzsa) H (z§a) . Z‘ga))Qﬁ X
a=11=1"0 J=N,+1"71 i<j
N,+N, N—2N,+N, Noz1+N,11

a @1 .€q a a9.€, a ag.e, a+1 a)y —¢
S | G e G R G Vil I 1 A B C )
1 a=1 i j



.-

k
/ Az |2’\ — ( _ Ii)B—l dor — H Na+ (i —1)y(B+ (i —1)y)I(iy+ 1)

: Na+B8+(i+ k=29 (y+1)
[0,1]% =1

When A =1 the Selberg integral simplifies to the Euler beta integral

1 D(a)T(8)
! ilde = ——Z, R - R(/ .
/0 (1-o)"de = oo R(@) >0, R(B) >0,

Here we consider its AN-1 extension (AN-1 Selberg integral):

/le[|A (a) ﬁ (a) ]H|/_\ (a) g(at1) ’—'



n Nr
= / O(:L"(l), . ,.I:(n)) H H ( 57))% il — x§r))vr
Cévl,---'an 0.1] g=ta—1
n n—1
x [T1aE)* [T 1869, o049) 7 de. .. dz®
r=1 r=1

Seamus P. Albion, Eric M. Rains, and S. Ole Warnaar, 2021

ForB =1 T e SO,  liele 2" =Cp X--- X Cyp

o~

~"

N, times

n N,
1 n T r)\ur (T Up
Nit+-+Nn / O(=Y,...,a) 11 (Jjg )) ( 5 e 1)
(27i) i
CN1,--Nn r=1li=1
n n—1

< [ 22 [] A~} @, a0 +D) da® ... dz®



ZDF(Q)=;q" <HJ> i /v"+> <HJ<3>(7<a> é_

Jack polynomials

DI Selberg average

p,(f) Z(LEQ))k

Cauchy—Stanley identity

exp(B ) Epkp’k)= > i )iy @)
k=1 R

)



Jack polynomials

Jack polynomials are characterized by the fact that they are the eigenfunctions of

Calogero-Sutherland Hamiltonian written in the form,

H = ZD2+3Z”+'JD D;). Di::;.a,,_‘?_

i<h

The explicit form of low level ones are listed below;

T v) =p1

B p2 + Bp3 3 1
-][(Q])(I’L) Tll *][(11)] (pr) = 5(1’1 - 1’2)

(B), \ _ 2p3+3Ppip2 + /32 Pi () (1 —08)pip2 —p3 + .;"))])'1 (8) L 3
Ty (1) = BB Jon(Pr) = B+ 13 +2) Juiy (Pe) = 1 —

1
2

—P1P9 I

1

—P2 |
33



Schur functions, X (z) =

Seamus P. Albion, Eric M. Rains, and S. Ole Warnaar, 2021

n+1 N0 Nn
< IT xye [ - $(7‘_1)}>
r=1

|5 SRS | SO |

B riif H }/Z(”) }/](7') +4—1 Ti‘_F[l Er (Ar,s e WV e g NG —1 1)}/1_(7‘)
r=11<i<j <ty iy rs=1i=1 (Ars + s =i+ 1))

< I I — 5 —
A7~’8+j_ll: 3



AGT. conjecture ﬁom Cée/ﬁey z'nte:graf



Reduction to Selherg integral
Before we go to the details conclusion first
Zinst (@) = ZprF(q)
Ninst — yToda

A‘ri_‘nsty — Afinst-j\rinst ArTod'l — ArTodaj\rToda
> — v - . + } _ 3

n n n+1
Ninst  — [122, Tty f. G+ as) f[ )Yl Gy,,v.(0)
Y+ ) ’

1 f
:t::l Gy’t wy’.‘? (at - as) s=1 G}’a ,}”3 (1 _ '3

n+1 8) 'l',:t n+1 G) v, n+1 (&) () .
v = (T2 - 500) =TT [ (T -
+ @ ==

a=1



Known results on Selberg average

SU(2) case: The relevant Selberg averages for one and two Jack polynomials were obtained
by Kadell.

SU(2) i
(8) > | , SU(2)
<Jy (p) - <J‘E1‘3)(p+ u.r).]g)(p)>

SU(n+1) case:
The one-Jack Selberg integral for SU(n+1) could be calculated by the formula offered by Warnaar.

SU(n+1)
5] n
(T9w™)
u,v.3
| | SU(3)
He also gives A: two Jack integral <J§3)(p§\_l))¢]g)(p§{2))>
' u,v,3



A conjecture on Selberg average

To evaluate we need Selberg average of (n + 1) Jack polynomials. While we do not
perform the integration so far, we find a formula for 8 = 1 which reproduces known results
and satisfies consistency conditions.

The Jack polynomial for 8 = 1 is called Schur polynomial. .]y(,fj)|3=1 = Yy.

Conjecture : We propose the following formula of Selberg average for n + 1

Schur polynomials,
(n+1)

(1) —1 r
<\Y1(—1)k - 11) e \)’,-(1—’};.7 ) —pi') - l,) \1"+1(1’An))>~ 7, 8=1
u,v,B=

. H { D | [l s + \. rq 1])’/ % H (I _ ] + 1))’;":—}’9{1 } v H (.] _ ] + 1)}’("’_{_1)?;_}’(”4_1))_
[\ + \ —1]) f (_] = 'I‘))'/ r y R ;

—V! -_1 L i

]-S'i'<jg‘.\’.s—l+l\rs i )Sj ].SI{_]SJ'\'-,” (J )}(77—4—1)1 }(71-{-1)]
o H { [l't + Uy —|— - + Ug—1 + \‘ = \t 1]}'! 9 [_l"s + Uy _I_ . 10l & + Ug—] — -’NTS _|_ -‘\TS—].])VS

i — U u Ny — Ni—1 — Ng U — Vg cort+uUg—1 — Ni—1 — Ng + No—1ly

lSt<SS71+1 [if lS+ f+ +u§‘ 1+ 1 ] [ t ‘_+“t+ + S 1 t 1 ._+ S 1])3

l'.tA'rs— AT AT AT AT . .
" 1\—[ 1—[1 vp —vs+up+ - g1+ Ny — Ny — Ng+ N1 +1—-(i4+7) }
Uy — Ug + ty + + Ug—1 + \* - \'t 1 — -‘N—s + -‘Nrs—l + 1 + },t,l + );J - (1 +]) .

i=1 =1



y)

B=1

ntl n—i—l |Y(S)| n+1 n—l—l
<H Xy () [x( D) — g )]> 1(~1) y (s (1 )
+

e Gy(r),y(s) (ar — ag)

and the second part,

o ") _ =D Tt ()Y ITIEES S T Fre (s + as)
H Xy (r) [ ] =

Hr,s:l GY(") Y (9) (a'r o as)

B=1



Lemma 1
(Vi =Y+ B —i)s 15 1 |
1<’L£7[<ly (B —1))p g (Bly —i+1)) Gyy (0)
Lemma 2
ly
[I(=2=B8i+ By, = (-1 fr (2)
=1
Lemma 3
ly lw Y W j—i ly 1 i 1
LI *’HJ -H(—x+lw—i+1)ng(fc+ly—z'+1)wi

i=1j=1 i=1
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Lemma 2
ly
[I(=2=B8i+ By, = (-1 fr (2)
=1
Lemma 3
ly lw Y W j—i ly 1 i 1
LI *’HJ -H(—x+lw—i+1)ng(fc+ly—z'+1)wi

i=1j=1 i=1
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- Gyw(z)Gwy (—x)
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1nst Z qlYINmSt

n+1

Ngt* = 11 Fy ) (4r + s, ¢~ )Fy ) (Bnti4r + @s,9)
ras—=1 GY(T)aY(S) (a”' — Us, Q)GY(s),Y(r) (CLS — i +foll == 57 q_l)7

FY(Z,Q) = H (1 — qzw("'—l)—(j—l))’
(2,7)€Y

Gyw(r,q) = J[ (1 — ¢ HP0T-D+Wimi+sy
(4,5)€Y






g-deformed Selberg integral

1N, v, (O3t i, 03 B)
1 Nn q /x ql a”x . E o ()
- (1) (™) ) Joo r
=mrmaey | 0k ) [t T [
TN1+:+Nn &=

r=1 ¢=1
s ﬁ H ( (7)/3351")’ jT)/x r)’q ﬁﬁNﬁl )1/2 (r—l—l)/x(r)’ Q)oo dCC(l) dZC(n)
7 T r 1 T 1 o n) ’

Ol o o R L I e e (e R R T )

In [11] the Selberg integral formula for n 4+ 1 Schur polynomials is proposed. We now

find a new g-deformed Selberg integral average formula, containing a product of n+1 Schur
functions:

n+1 N1,...,Np,
< I xye [z — 33(T_1>]>
r=1

UL yuneyUpy U

n+l1 1 _ q—Nr+Nr—1+i_j Y(T) LY(S) q_Y;-(T)‘FY;-(S)_Ar,S_j+i
SV | = muauy | B | (| (e R——
r=1 (i,j)eY(T) 1— q J 1<r<s<n+1 =1 j=1
o H H 1 _ q_AT,S+NS—1_NS+i_j 1 . q_A’f‘,S_i—N’r‘_N’r—]__i—*_j

. _AT‘,S_L (s)‘f‘l_] L —Ar,s—l-L (T.)—Z—|—]
1<r<s<n+1 (4,5)eY(r) 1 q Y (i,5)€Y (s) 1 Y



g-deformed conformal blocks

n+1

qu |<H Xy [ (r—1) _xm}

<<ﬁ{ﬁ 23 @), lji[qyz ,qvﬁ}j[ul“(qﬂ?( "y ,q)B > >

) Al

N N,

n—+1

H Xy (r)

+' —

) - y<r—1>}>



n—+1 n+1
<H Xy [a7D :z:<?“>]> <H Yy [y - y<r_1)}>
=1 4+ \r=1 2

= ﬁl Fy (o) (ftr + @5, O)Fy @) (Bnt14r + a5, ¢77)

rs=1 GY(T‘),Y(S) (ar — as, q)GY(S),Y(T) (as —ar +1—5, q_l) |

Lemma
Ly Lw 1 — q:p+YZ~—Wj+j—z’ 1 1
H H 1 — gzti—i H 1 — q:c+LW—i+j H 1 — qx—LYH'—j
1=175=1 (1,7)€Y (2,0)EW
1

- GY,W(—Qf,q_l)GW,Y(x7Q) B=1 .
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