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Neutron Stars



Matters in Neutron stars

The nuclear matter phase depends on non-perturbative QCD 
vacuum which is uncertain.

There are some phenomenological models, e.g. MIT bag model, 
NJL model, etc.

c.f. 1508.05019





What are TOV equations?

Neutron stars and, to some extent, also white dwarfs are relativistic objects and computations
of their structure should be carried out in a general-relativistic (GR) framework.
Assuming zero space velocity, spherical symmetry, and an ideal fluid model.

The Tolman-Oppenheimer-Volkoff Equations



在双星合并期间，首先通过引力波频率等信息可以给出星体的总质量与质量比范
围。另一方面，因为潮汐变形会使互绕加速，会使引力波波形相比点质量互绕产
生相位移动，如图所示。虽然是高阶修正(正比于光速的负5次方，相当于2.5后
牛顿展开)，但仍在探测器的灵敏度范围内。





Adding quarks ---
Sakai-Sugimoto- model



D3/D7 model 
additional inputs to break the conformal sound barrier. 
explores the static and dynamical properties
of quark star

homogeneous ansatz case, in the Hard-Wall
model or in the WSS model, including
the proton and lepton fractions as well
as a crust modeled with a phenomenological 
surface tension. 

the instanton gas shows chiral restoration at high densities but an unrealistic second-order baryon onset 

the homogeneous ansatz behaves exactly the other way around



Thermodynamics
The on-shell D8-brane action is the grand-canonical free energy 

density.

The derived thermodynamics is 
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Extract the EoS from the holographic model built by 
Prof. Rong-Gen Cai, Prof. Song He, Prof. Li Li and Prof. Yuan-Xu Wang

中子星
夸克星
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Mixed Stars





提出了中子与暗物质构成混合星体的三种模型，能够解释中子星合并事件
GW170817以及GW190425。这三种模型考虑了暗物质与中子有相互作用
的情况和无相互作用只靠引力耦合的情况。其中首次推导出无相互作用时的
混合星体潮汐变形的计算公式。







S. Postnikov, M. Prakash, J.M. Lattimer, Phys. Rev. D 82, 
024016(2010). https://doi.org/10.1103/PhysRevD.82.024016







稳定性 BTM准则 
压强增⼤ 逆时针 



稳定性 BTM准则 

混合星？





Dark Stars



Colpi M, Shapiro SL, Wasserman I. Boson stars: Gravitational equilibria of
selfinteracting scalar fields. Phys Rev Lett 1986;57:2485–8.

Maselli Andrea, Pnigouras Pantelis, Nielsen Niklas Gronlund, Kouvaris Chris, Kokkotas Kostas D. 
Dark stars: Gravitational and electromagnetic observables. Phys Rev D 2017;96(2).



Colpi M, Shapiro SL, Wasserman I. Boson stars: Gravitational equilibria of
selfinteracting scalar fields. Phys Rev Lett 1986;57:2485–8.

isotropic limit method





cosh-Gordon field

sine-Gordon field

non-topological soliton stars

Liouville field







Scaling Symmetry



Scaling Symmetry

Maselli Andrea, Pnigouras Pantelis, Nielsen Niklas Gronlund, Kouvaris Chris, Kokkotas Kostas D. 
Dark stars: Gravitational and electromagnetic observables. Phys Rev D 2017;96(2).



I-Love-Q



I-Love-Q



I-Love-Q



Dark I-Love-Q



Dark I-Love-Q













Black Holes







2D CFT

4D Gauge

Correlation 
function

Seiberg-
Witten curve

Quasinormal 
Modes

Heun type 
equation

AGT

BPZ equation

AdS/CFT ??

SW/QNM correspondence 

Black Hole
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Strings, Gravity, and Gravitational Waves
15th - 18th August 2025@Rizhao City

            

Rizhao（日照）
means Sunshine

Blue Sky, 
Green Sea, 
and Golden Beach





In 2002, Nekrsov performed a technique called Ω deformation in the reduction 
from 6D N = 1 gauge theory to 4D N = 2 gauge theory, and implied its  

connection with 2D conformal theory. 

He found exact formulae of the partition function (Nekrasov partition 
function) of the N = 2 gauge theory, and showed that it reproduces the 

prepotential as determined by the Seiberg-Witten curve.

M5 brane
6d theory on R x T

N=2 gauge
4d theory on R

CFT
2d theory on T

?



2D CFT

4D Gauge

Correlation 
function

Conformal 
blocks

Three point 
functions

Partition 
function

Instanton 
partOne-loop part

∝

∝

AGT
Strict 
derivation

Instanton
expansion

SU(2)  [Alday-Gaiotto-Tachikawa ’09]

SU(N)  [Wyllard ’09]

AGT conjecture 



We have been working on the proof of AGT conjecture through two different ways.

Direct approach

Dotsenko-Fateev 
integral

Selberg integral of  
Jack polynomials

Instanton part of 
partition function

Conformal blocks
We calculated the conformal block in the form of 
Dotsenko-Fateev integral and reduce it in the 
form of Selberg integral of N Jack polynomials. 

We found a formula for such Selberg average 
which satisfies some nontrivial consistency 
conditions and showed that it reproduces the 
SU(N) version of AGT conjecture. 

β = 1  SU(2)  [A. Mironov et. al. ’10]

β = 1  SU(N)  [Zhang Matsuo ’11]



2D CFT 4D Gauge

Conformal 
blocks

AGT conjecture

Satisfy Ward 
identity

Constrained by a 
recursion Relation

Partition 
function

Recursive approach

β = 1  SU(N)         [Kanno-Matsuo-Zhang ’12]
arbitrary β SU(N)   [Kanno-Matsuo-Zhang ’13]

trivial nontrivial



A brief review of AGT conjecture 
and Nekrasov formula



Consider lifting the N = 2 four dimensional theory to N = (1, 0) six 
dimensional theory, and then compactify the six dimensional N = 1 SUSY 

gauge theory on the manifold with the topology T2 × R4 with the metric :

Nekrasov partition function

The action of the four dimensional theory in the limit r → 0 is not that of 
the pure supersymmetric Yang-Mills theory on R4. Rather, it is a 
deformation of the latter by the Ω-dependent terms. It is called an N = 2
theory in the Ω-background.

where and



Nekrasov partition function
With his idea of the Ω-background, Nekrasov calculated 
the following partition function

It has the important property that it gives the prepotential
of the Seiberg-Witten  theory in the limit



Nekrasov partition function

linear quiver gauge case with gauge group SU(N1)×· · ·×SU(Nn).

Single gauge group case



AGT conjecture

Where C(β1, β2, β3) is the three point function given by the DOZZ formula.

it is Checked                              is the conformal block of a virasoro
algebra with central charge c = 1 + 6Q2 at position ∞, 1, q, 0,

Up to order q11

For a Liouville theory on a sphere, the four-point correlation function of V at
positions ∞, 1, q, 0 is

The function F carries the coordinate (q) dependence and reflects the 
contributions of the conformal descendants. It is called conformal block.



AGT conjecture
SU(N) generalization

The conformal block of this
correlation function is written in the form,



Correlation functions of Toda theory 
and Selberg Formula



SU(N) Toda
Bosons

Symmetry: WN algebra

satisfies WN algebra (a nonlinear algebra) with central charge



Dotsenko-Fateev integral 

We apply Wick’s theorem to evaluate the correlator



Selberg integral 

When k = 1 the Selberg integral simplifies to the Euler beta integral

Here we consider its AN−1 extension (AN−1 Selberg integral):



Selberg integral 

For β = 1

Seamus P. Albion, Eric M. Rains, and S. Ole Warnaar, 2021



Reduction to Selberg integral

Cauchy-Stanley identity

:            Selberg average

:            Jack polynomials



Jack polynomials are characterized by the fact that they are the eigenfunctions of 
Calogero-Sutherland Hamiltonian written in the form,

The explicit form of low level ones are listed below;



Selberg integral 

Seamus P. Albion, Eric M. Rains, and S. Ole Warnaar, 2021

Schur functions,



AGT conjecture from Selberg integral 



Reduction to Selberg integral

Before we go to the details        conclusion first



SU(2) case: The relevant Selberg averages for one and two Jack polynomials were obtained 
by Kadell.

SU(n+1) case: 
The one-Jack Selberg integral for SU(n+1) could be calculated by the formula offered by Warnaar.

He also  gives A2 two Jack integral



To evaluate we need Selberg average of (n + 1) Jack polynomials. While we do not 
perform the integration so far, we find a formula for β = 1 which reproduces known results 
and satisfies consistency conditions. 

Conjecture : We propose the following formula of Selberg average for n + 1 
Schur polynomials,

The Jack polynomial for β = 1 is called Schur polynomial.















q-deformed Selberg integral



q-deformed conformal blocks



Lemma



Conclusions




