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Holographic Weyl anomaly in 8d 
from general higher curvature gravity

Holographic applications：from Quantum Realms to the Big Bang
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Weyl anomaly in CFT
Conformal invariance of classical CFT

In quantum theory, the partition function and effective action

In even dimensions and curved background, we have Weyl (trace) anomaly

gab → g′ ab = Ω2gab, δσgab = 2σgab, δσS[gab, ϕi] = 0.

Z[gab] = ∫ 𝒟ϕie−S[gab,ϕi], W[gab] = − ln Z[gab]
cls.≈ S[gab, ϕ(cls)

i ]

δσW[gab] = ∫ ddx |g | σ𝒜 = ∫ ddx |g | ⟨Ta
a⟩ σ, ⟹ ⟨Ta

a⟩ = 𝒜 + ∇aJa



Structure of Weyl anomaly: central charges
Introduction of a-charge and c-charges

Where: : Euler density (type A Weyl anomaly), : Weyl invariants (type B).E(d) I(d)
i

Examples:

(4π)d/2⟨Ta
a⟩ = − aE(d) + ∑

i

ciI(d)
i + ∇aJa

d = 2 : E(2) = R,

d = 4 : E(4) = R2 − 4RabRab + RabcdRabcd, I(4) = CabcdCabcd

d = 6 : E(6) ∼ R3, I(6)
1 ∼ C3, I(6)

2 ∼ C3, I(6)
3 ∼ R □ R



Central charge and correlator

For :d = 4 For :d = 6

c =
π4

40
CT

⟨Tab(x)Tcd(y)⟩ = CT
ℐabcd(x − y)

|x − y |d

⟨Tab(x)Tcd(y)Tef(z)⟩ =
𝒜ℐabcdef

1 + ℬℐabcdef
2 + 𝒞ℐabcdef

3

|x − y |d |y − z |d |z − x |d

c3 =
π6

3024
CT

Energy flux parameters , t2, t4 (CTt2, CTt4, CT) ∼ (𝒜, ℬ, 𝒞)



The AdS/CFT correspondence
Quantum gravity in AdS  CFT on the boundary↔

Boundary field   Source ϕi(0,x) ↔ Ji(x)

Boundary metric  Background metric↔

(weakly coupled) (strongly coupled)

ZAdS[gab(0,x) = gab(x), ϕi(0,x) = Ji(x)] = ZCFT[gab(x), Ji]



Holographic Weyl anomaly

The bulk action takes the form (introduce cutoff )ρ > ϵ

Consider variation with , δg(0)
ab = 2σg(0)

ab δϵ = 2σϵ

SAdS =
L
2 ∫ ddx |g(0) | (−

2
d

ϵ−d/2ℒ0 + ⋯ − ϵ−1ℒd/2−1−ln ϵℒd/2) + Sreg
AdS

0 = δSAdS = δSreg
AdS − L∫ ddx |g(0) | σℒd/2 ⟹ 𝒜 = Lℒd/2

Consider the FG expansion metric

gab(ρ) = g(0)
ab + ρg(1)

ab + ⋯ + ρd/2g(d/2)
ab + ρd/2 ln ρh(d/2)

ab + ⋯ds2 =
L2

4ρ2
dρ2 +

1
ρ

gab(z)dxadxb



Example: Einstein gravity

For d = 4

Einstein-Hilbert action

For d = 6

SEH =
1

16πG
(R − 2Λ) =

1
16πG [R +

d(d − 1)
L2 ]

ℒ2 =
L2

16πG (−
1
12

R2 +
1
4

RabRab) ⟹ a = c =
L3π
8G

=
π4

40
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ℒ3 =
L4

16πG ( 3
1600

R3 +
3

640
∇aR∇aR −

1
64

∇cRab ∇cRab −
1
64

RRabRab +
1
32

RacRbdRabcd)
a = c3 =

π2L5

48G
, c1 = −

π2L5

16G
, c2 = −

π2L5

4G



Higher curvature gravity
Lagrangian constructed from non-differentiated Riemann tensor

e.g.:

Gauss-Bonnet: ℒ = R − 2Λ + λ(R2 − 4RμνRμν + RμνρσRμνρσ)

General quadratic: ℒ = R − 2Λ + α1R2 + α2RμνRμν + α3RμνρσRμνρσ

Non-polynomial example: ℒ = R − 2Λ + eαRμνRμν + tanh(α2RμνρσRμνρσ)

S = ∫ dDx |g | ℒ(gμν, Rμνρσ)



General higher curvature gravity (GHC)
The equation of motion

Assuming MSS solution , (for AdS, )R̄μνρσ = 2λḡμ[ρḡσ]ν λ = − L−2

Linearized theory around MSS has two extra modes

ℰμν = PμρστRν
ρστ −

1
2

ℒgμν − 2∇ρ ∇σPμρσν

ℰ̄μν = ḡμν [(D − 1)λk1,1 −
1
2

ℒ̄] ⟹ ℒ̄ = 2(D − 1)λk1,1

ℰμν
L ∼

−1
m2

gκeff
( □ − 2λ)( □ − 2λ − m2

g)h⟨μν⟩ −
#

m2
s

gμν( □ − m2
s )h

m2
g , m2

s , κeff ∼ k1,1, k2,1, k2,2, k2,3



The tensor Pn
Defining the tensors

Algebraic properties

They are defined by the coefficient of δnℒ

Pμ1ν1ρ1σ1⋯μnνnρnσn
n =

∂nℒ
∂Rμ1ν1ρ1σ1

⋯∂Rμnνnρnσn

, Pμνρσ ≡ Pμνρσ
1

∂Rαβγδ

∂Rμνρσ
= Tμνρσ

αβγδ − Tμ[νρσ]
αβγδ , Tμνρσ

αβγδ =
1
2 (δ[μ

α δν]
β δ[ρ

γ δσ]
δ + δ[μ

γ δν]
δ δ[ρ

α δσ]
β ) .

Pμνρσ = − Pνμρσ = − Pμνσρ = Pρσμν, Pμ[νρσ] = 0

δnℒ = Pμ1ν1ρ1σ1⋯μnνnρnσn
n δRμ1ν1ρ1σ1

⋯δRμnνnρnσn

We have



The tensor Pn
Consider Riemann tensor , the form of  is fixedR̂μνρσ = 2λgμ[ρgσ]ν Pμνρσ

What about ? Since it’s defined bŷPn

So  can be chosen aŝPn

where  is a list of n-th power Riemann scalarℛ(n)

̂Pμνρσ = Pμνρσ(gμν, R̂μνρσ) = k1,1gμ[ρgσ]ν

δnℒ
R̂μνρσ

= ̂Pμ1ν1ρ1σ1⋯μnνnρnσn
n δRμ1ν1ρ1σ1

⋯δRμnνnρnσn

̂Pμ1ν1ρ1σ1⋯μnνnρnσn
n = ∑

i

kn,i
∂nℛ(n)

i

∂Rμ1ν1ρ1σ1
⋯∂Rμnνnρnσn



The tensor Pn

We have

Important property: 
∂Rαβγδ

∂Rμνρσ
Hμνρσ = Hαβγδ

ℛ(3) = {(8 scalars)}
ℛ(4) = {(26 scalars)}

̂Pμνρσ = k1,1
∂R

∂Rμνρσ
= k1,1gμ[ρgσ]ν

̂Pμνρσαβγδ
2 = k2,1

∂2R2

∂Rμνρσ∂Rαβγδ
+ k2,2

∂2(RμνRμν)
∂Rμνρσ∂Rαβγδ

+ k2,3
∂2(RμνρσRμνρσ)
∂Rμνρσ∂Rαβγδ

= Cμνρσαβγδ − Cμ[νρσ]αβγδ − Cμνρσα[βγδ] + Cμ[νρσ]α[βγδ]

Cμνρσαβγδ = 2k2,1gμ[ρgσ]νgα[γgδ]β + 2k2,2δ
[μ
(ϵ gν]δ[ρ

κ) gσ]gϵ[αgβ][γgδ]κ

+k2,3 (gμ[αgβ]νgρ[γgδ]σ + gμ[γgδ]νgρ[αgβ]σ)

ℛ(1) = {R}
ℛ(2) = {R2, RμνRμν, RμνρσRμνρσ},



FG expansion for GHC
In FG metric we have

So we can expand

How to count the power? 

Although , we have , so we can expand ΔRμνρσ = 𝒪(1/ρ) ΔRμν
ρσ = 𝒪(ρ) Rμν

ρσ

Rμνρσ = −
1
L2

gμ[ρgσ]ν + ΔRμνρσ

ℒ(gμν, Rμνρσ) = ℒ0 + ̂PμνρσΔRμνρσ +
1
2!

̂Pμνρσαβγδ
2 ΔRμνρσΔRαβγδ + 𝒪(ΔR3)



FG expansion for GHC
Choosing  as the independent variables, we have(gμν, Rμν

ρσ)

 needs expand to  order.ℒ4 P4

[ ∂ℒ
∂gμν ]

gμν,Rμν
ρσ

= 0

ℒ(gμν, Rμνρσ) = ℒ0 + ̂Pμν
ρσΔRμν

ρσ +
1
2!

̂Pμν
2 ρσ

αβ
γδΔRμν

ρσΔRαβ
γδ + 𝒪(ΔR3)

𝒪(ρ)
𝒪(ρ2)



Equation of motion
The solution of  is fixed by PBH transformationg(1)

ab

While  has two free parametersg(2)
ab

Two ways to obtain the equation of motion:

ℰμ
ν = ( ̂Pμρσδ + ̂Pμρσδαβγκ

2 ΔRαβγκ + ⋯)(R̂νρσδ + ΔRνρσδ) −
1
2

δμ
ν (ℒ0 + ̂PρσαβΔRρσαβ + ⋯) − 2( ̂Pμρσ

2 ν
αβγκ ∇ρ ∇σΔRαβγκ + ⋯)

δ
δgab

( |g | ℒ)

g(1)
ab = −

L2

d − 2 [Rab −
1

2(d − 1)
Rg(0)

ab ] = − L2Pab

g(2)
ab = b1 CcdefCcdefg(0)

ab + b2 CacdeCb
cde −

L4

4(d − 4)
Bab +

1
4

PacPc
b



Weyl anomaly in 8d
Wess-Zumino condition

Substituting

43 linearly independent 8d Weyl anomaliesdim ker(M) = 43 ⟹

[δσ1
, δσ2

]W[gab] = 0

W[gab] = ∫ ddx |g | σ𝒜, 𝒜 =
92

∑
i=1

aiℛ(4)
i

[δσ1
, δσ2

]W[gab] = ∫ ddx |g | σ2

228

∑
i=1

92

∑
j=1

ℋi(σ1)Mijaj



Weyl anomaly in 8d
Identify trivial anomalies

32 trivial anomalies,  non-trivial Weyl anomaliesr(B) = 32 ⟹ 43 − 32 = 11

One type A anomaly E(8) = 8!Ra1b1
[a1b1Ra2b2

a2b2Ra3b3
a3b3Ra4b4

a4b4]

10 type B anomalies, with ,  contains derivativesI(8)
1,⋯,7 ∼ C4 I(8)

8,9,10

δσ ∫ ddx |g |
92

∑
i=1

aiℛ(4)
i = ∫ ddx |g | σ

92

∑
i,j=1

ℛ(4)
i Bijaj



Weyl anomaly in 8d
Identify Weyl invariants in 8d

12 Weyl invariants in 8ddim ker(K) = 12 ⟹

There are two Weyl invariant trivial anomalies!

I(8)
11 = ∇a(4∇f PdeCabcdCb

e
c
f − 4∇ePdfCabcdCb

e
c
f − ∇f Pa

eCbcdeCbcd
f + ∇aPefCbcdeCbcd

f + ∇f CbcdeCag
bcCdfeg),

I(8)
12 = ∇a( − 4∇f PdeCabcdCb

e
c
f + 2∇ePdfCabcdCb

e
c
f + 2∇dPefCabcdCb

e
c
f + ∇f CbcdeCa

bd
gCcgef − ∇f CbcdeCag

bcCdfeg)

0 = δσ [ |g |
92

∑
i=1

aiℛ(4)
i ] = |g |

92

∑
i=1

ai(δσℛ(4)
i + 8σℛ(4)

i ) = |g |
151

∑
i=1

92

∑
j=1

ℋ′ i(σ)Kijaj



Results

ci ∼ ⋯ + (b1, b2 terms) + 256π4Lk4,i+19, i = 1,2

ci ∼ ⋯ + 256π4Lk4,i+19 i = 3,⋯,7

First 7 c-charges c1,⋯,7

a-charge:

Last three c-charges c8,9,10

After recombining I(8)
8,9,10 c8 = c10t2, c9 = c10t4, c10 =

π8

622080
CT

I(8)
8,9 ∼ ∇2R3, I(8)

10 ∼ ∇4R2

 for Einstein gravityc10 = a

a =
L7π4

36
k1,1 ∝ S ∝ − P̄μνρσϵμνϵρσ = 2k1,1

(c8, c9, c10) ∼ (CTt2, CTt4, CT)



Result: the conjecture
Let  be Weyl invariant with minimum -th power in curvatureW(n) n
d = 4 I(4) ∈ W(2), c ∝ CT

d = 6 Ĩ(6)
1,2 ∈ W(3), c̃1 ∝ CTt2, c̃2 ∝ CTt4Ĩ(6)

3 ∈ W(2), c̃3 ∝ CT

d = 8 I(8)
10 ∈ W(2), c10 ∝ CT I(8)

8,9 ∈ W3, c8 ∝ CTt2, c9 ∝ CTt4 I(8)
1,⋯,7 ∈ W(4), c1,⋯,7
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Result: Einstein gravity case
L−7 ⟨Ta

a⟩ = −
1
48

tr(P)4 +
1
24

tr(Ω(1)2) +
1
6

tr(P)tr(PΩ(1)) +
1
24

tr(PΩ(2)) +
1
8

tr(P)2tr(P2)

−
1
16

tr(P2)2 −
1
6

tr(P2Ω(1)) −
1
6

tr(P)tr(P3) +
1
8

tr(P4) + (total derivatives)

Where obstruction tensors

Ω(1)
ab = −

1
d − 4

Bab, Ω(2)
ab = ⋯

However, this does not happen in general higher curvature case.



Summary

• Calculated holographic Weyl anomaly in 8d from general higher curvature 
gravity,


• There are two Weyl invariant trivial anomalies in 8d,


• c-charges ,


• Conjecture: Weyl invariant  is related to the energy-momentum tensor n-
point function.

c8 ∝ CTt2, c9 ∝ CTt4, c10 ∝ CT

W(n)



Thanks for you attention!


