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Weyl anomaly in CFT

Conformal invariance of classical CFT

8ab = 8o = L8up  008ur =208y ,S[8up P = O.
In quantum theory, the partition function and effective action

cls.

Z[gab] — J'@ qbie_S[gab,qbi]a W[gab] = —In Z[gab] XS [gab9 ¢i(CIS)]

In even dimensions and curved background, we have Weyl (trace) anomaly

SW(g.,]= J'ddx\/lg\aézi = Id‘@q/\g\ (T¢) o, = (T¢) = +V,J°



Structure of Weyl anomaly: central charges

Introduction of a-charge and c-charges

@n)"(Td)y = —aED+ Y I+ V,J°

Where: E9: Euler density (type A Weyl anomaly), Il.(d): Weyl invariants (type B).

Examples:
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Central charge and correlator
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The AdS/CFT correspondence

Quantum gravity in AdS < CFT on the boundary
(weakly coupled) (strongly coupled)

Boundary field ¢,(0,x) <> Source J(x)

time anti—-de Sitter space l \

conformal
boundary

Boundary metric <> Background metric

Zags [gab((),x) — gab(X), ¢i(09x) =J i(x)] — ZCFT[gab(X), J:




Holographic Weyl anomaly

Consider the FG expansion metric

1
ds? = —dp” + —g,,(z)dx"dx" ga(P) =8 +pg') + -+ pg W + p?Inp

a

The bulk action takes the form (introduce cutoff p > ¢)

L 2
SAdS — EIddx\/ ‘ g(O)‘ (_Ee_d/zgo e 6_13611/2—1_111 ng/2> + S;xedgs

Consider variation with 5g") = 26¢"), 6¢ = 20¢

0= 05745 = 5S§dgs - LJddx\/ 18P 6Lyy = A =LLy,
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Example: Einstein gravity

Einstein-Hilbert action

S, = (R = 2A) = gy dd—D
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Higher curvature gravity

Lagrangian constructed from non-differentiated Riemann tensor

= JdD X\ 181 L (8 Ryypi)

e.g.:

Gauss-Bonnet: & = R — 2A + A(R? — 4R RMY + RWMRWPG)

General quadratic: & = R — 2A + a;R* + R, R" + 3R, R’

Non-polynomial example: & = R — 2A + e“ wk™ 4 tanh(a, WPGRWPG)



General higher curvature gravity (GHC)

The equation of motion

EH = PHOTRY  — %ng”‘” —2V,V, PH

Assuming MSS solution R = z/lgﬂ[pg(,]y, (for AdS, 4 = — L_z)

ULPO

_ 1 _ _
& =g [(D— 1)k, | — 555 — L =2D- 1)k,

Linearized theory around MSS has two extra modes

g"([0 - mHh
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The tensor P,

Defining the tensors
"L
OR OR

H1V1P107 Ml PrOn

PHIVIP101 HnVnPrOn — PHYPO = PHYPO
n 1

9

They are defined by the coefficient of 6%

n —_— H1V1P101° KV yuPrOn P
0"ZL =P n 5Rﬂ11/1,0101 5Rﬂn1/npn0n
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Algebraic properties

PHYPO — _ PVHPO — _ pHYOP — PPOpV. PHlpel —



The tensor P,

Consider Riemann tensor IAQWPG = 248,1,851,» the form of P is fixed

Va\

P,uI/pG — Pﬂvpﬁ(gﬂw Rﬂypa) — kl,lg,u[pgﬁ]l/

What about ﬁn? Since it’s defined by

n — AﬂIIJIIOlGl"-//tnI/nIOnGn coe
0" L Ropo = b 5R//l1’/1,0101 5Rﬂn1/nﬂn0n
So P, can be chosen as
n op(n)
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n n,lt ...OR
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where £ is a list of n-th power Riemann scalar



The tensor P,

RV = (R} R = {(8 scalars))
2 2
% = {R*,R, R" R, R""Y, R® = {(26 scalars)}
We have
prvpoafyo — R’ | k az(R””R'W) | k 02( /WPGRIWPG)
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FG expansion for GHC

In FG metric we have

1
uvpe — T Egﬂ[PgU]V + AR,

S0 we can expand

DULPO 1 pDULpcafyd 3
L Gpur Rpe) = Lo+ PUYDR, 4 P AR, AR 5+ O(AR')

How to count the power?

Although AR . = O(1/p), we have AR, " = O(p), so we can expand R, /°



FG expansion for GHC

Choosing (g/w, RW'O") as the independent variables, we have

n | A
L8 Rupo) = Lo+ P ,AR, P+ —Pi AR, °AR,J° + O(AR)

) 200
)
2 O(p°)

< 4 needs expand to P, order.



Equation of motion

The solution of g(l) s fixed by PBH transformation

o) = _ L R, —— Rg| = —L°P
ab d—2 1 2d-1) ab

While g(z) has two free parameters

L 1
g9 = b, C 4 fC8" + by Cpp gt — B, +—P. P°€
ab 1 gab 2 ~acde™~b 4(d—4) ab 4 ac b

Two ways to obtain the equation of motion:

. . . ] .
&' = (P70 4 PgﬂfféaﬁyKARaﬁyK + )R, e + AR, )5) — 555(550 + PPoeSAR ot ) — 2(P’W “WV VAR + )




Weyl anomaly in 8d

Wess-Zumino condition

6> 6, 1WIg,,] = 0

Substituting

92
Wig.,] = Jddx\/lg | o, oA = 2 ai%l@
=1

228 92

1055 05 IW184p] = Jddx\/ F4N%) Z Z Z (6))M;ja;

i=1 j=1

dim ker(M) = 43 =— 43 linearly independent 8d Weyl anomalies



Weyl anomaly in 8d

|dentify trivial anomalies

Jd‘@q/\g\ Z %(4) = Jd‘%@/\g | o Z 9954)3176{,'

1,j=1

r(B) = 32 = 32 trivial anomalies, 43 — 32 = 11 non-trivial Weyl anomalies

[alblR

a~b
a.b, 22 R

a-b a,b,]
a3b333R 494

614174

One type A anomaly E® = §!R

a,b,

10 type B anomalies, with 11(8) ~ C*, I§89) ., contains derivatives



Weyl anomaly in 8d

ldentify Weyl invariants in 8d

92 151 92
0=10, [\/IsI 2 a®?| =1zl Za(a RO +80R ) =181 ), ), (0)Kja
=1 =1 j=I1

dimker(K) = 12 = 12 Weyl invariants in 8d

There are two Weyl invariant trivial anomalies!

I®=v, (4 VP, CP%“C,rt ] — 4V Py CPCe ] — VP, CPCyy! + VAP CC ) + YV cbcdecagbccdfeg),

I\ = va< — 4V Py CPUCE S + 2V P yCPCE S + 2V 4P CPC,E ] + VICPeC?, 8C. 0 — V! Cbcdecagbccdfeg)



Results

a-charge:

L'z* _
0T 36 ki oS o — P76, = 2k

First 7 c-charges ¢ ...,

c; ~ -+ (b, by terms) + 256”4Lk4,i+19»

l

Ci ~ eee 2567T4Lk4’l+19 l — 3,"',7

l

1,2

Last three c-charges €3.9.10

(689 Co, C1()) ~ (CTt29 CTt4’ CT)

After recombining 18’9,10

71'8

€3 = Cyolps Cy = C1plys €10 = 655080

C19 = a for Einstein gravity

8) _ v2p3 ) o Y4R2
18,9 VR, 110 V'R

Cr



Result: the conjecture

Let W,,,) be Weyl invariant with minimum n-th power in curvature

d =4 1(4)€W(2),CO<CT

d =6 ig6) = W(z), 53 X CT ’i(16,% = W(3), 51 X Cth, 52 X CTt4
d=8 1®ew C 19 € Wa. co & Cortr, Co x Cort I® e W,.c
= 10 2) €10 & L1 3.9 3> 8 T'2> ¢9 T*4 1,7 (4)> 1,07



Result: Einstein gravity case

1 1 1 1
L77(T%) = — —tr(P)4 + ﬁtr(ﬂ(m) + gtr(P)tr(mﬂ)) + atr(m<2>) + gtr(P)ztr(Pz)

1 1 1 1
_Etr(pz)2 - gtr(stz(”) — gtr(P)tr(P3) + gtr(P“) + (total derivatives)

Where obstruction tensors

1
() — _ 2) — ...
Qab o d — 4Bab’ Qab o

However, this does not happen in general higher curvature case.



Summary

» Calculated holographic Weyl anomaly in 8d from general higher curvature
gravity,

 There are two Weyl invariant trivial anomalies in 8d,
° C—ChargeS C8 X Cth, C9 X CTt4’ Cl() X CT’

« Conjecture: Weyl invariant W(n) IS related to the energy-momentum tensor n-
point function.



Thanks for you attention!



