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Universal Time Evolution of Holographic Complexity



๏ 01. Two paradoxes of black holes

๏ 02. Generating functions of holographic complexity

๏ 03. Black Hole interior and holographic complexity

๏ 04. Universal time evolution
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Is the black hole interior finite?
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01. Black Hole Information Paradox
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01. Maldacena’s Black Hole Information Paradox
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Maldacena, 2001 
[hep-th/0106112]

Eternal AdS Black Hole Spacetime Thermofield double (TFD) state
AdS/CFT

In semi-classical limit
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01. Maldacena’s Black Hole Information Paradox

Thermal correlation functions

Unitary quantum system with a finite and discrete spectrum:  
correlation functions cannot decay indefinitely

Holographic correlators decay forever    
(particles fall into the black hole)

Maldacena’s Black Hole Information Paradox

Maldacena, 2001 
[hep-th/0106112]
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01. Maldacena’s Black Hole Information Paradox

Thermal correlation functions

Spectral Form Factor (SFF)
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01. Maldacena’s Black Hole Information Paradox

Correlation functions/Spectral Form Factor (SFF)
Typical time evolution

Saad, Shenker, Stanford, 2018 
arXiv: 1806.06840
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01. Maldacena’s Black Hole Information Paradox

We need to include quantum corrections!

Correlators decay forever   

slope-ramp-plateau structure

Cotler, Gur-Ari, Hanada, Polchinski, Saad, 
Shenker, Stanford, Streicher, Tezuka 

1611.04650 
Saad, Shenker, Stanford,  

arXiv: 1806.06840, 1903.11115. 
Blommaert, Kruthoff, Yao, 2208.13795 
Saad, Stanford, Yang, Yao, 2210.11565. 

Okuyama, Sakai, 2004.07555. 
…….

Solution

Random matrix universality 
Spectral statistics
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01. Maldacena’s Black Hole Information Paradox

Correlation functions/Spectral Form Factor (SFF)
Typical time evolution

eS0 t

Slope

Ramp

Plateau



Wormhole/ Einstein-Rosen Bridge

B

r = 0

r = 0

r = ∞ r = ∞

tL tR
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01. Wormhole Size Paradox



Linear growth of the wormhole size
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01. Wormhole Size Paradox



Linear growth of the wormhole size

B

r = 0

r = 0

r = ∞ r = ∞

tL tR
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01. Wormhole Size Paradox

Boundary time t → ∞

Size of BH interior V → ∞



Linear growth of the wormhole size

size ∼ tL + tR
B

r = 0

r = 0

r = ∞ r = ∞

tL tR

Geometries behind the horizon, 
i.e.,  black hole interior

Entanglement entropy is not enough!
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01. Wormhole Size Paradox

Susskind [1411.0690]



B

r = 0

r = 0

r = ∞ r = ∞

tL tR
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01. Holographic Complexity

Complexity = Volume Conjecture:
<latexit sha1_base64="yTOZjc6p06P19l+AcrevheReWUU="></latexit>

CV = max


V

GN `bulk

�

CV ∼ M | tL + tR |

Susskind, 1403.5695
Susskind, Stanford, 1406.2678

Complexity = Action
Complexity = Anything



2. Quantum Circuit Complexity

|ψT(t)⟩ = e−iHt |ψ⟩

t

Complexity

∼ eS

Linear Growth ∼ E t [A proof for random circuits of qubits]
Nautre Physics 18, 528-532 (2022)

16

Susskind, Brown (2017)
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01. Wormhole Size Paradox

B

r = 0

r = 0

r = ∞ r = ∞

tL tR

Linear growth of wormhole size   =   linear growth of complexity

Wormhole Size Paradox

In semi-classical 
Wormhole size/complexity grows forever 

For a finite quantum system:  
Quantum complexity is bounded (plateau)

?



18

01. Two Paradoxes

Wormhole Size Paradox
Wormhole/complexity grows forever 

tRtL

Correlator decays forever 
Black hole information Paradox

<latexit sha1_base64="WkG142xo6A54iO+TPQ1L4hJp4hM="></latexit>

OR
<latexit sha1_base64="hnpFuoKbx7uAR75hX75QgO9RWP4="></latexit>

OL
<latexit sha1_base64="sAsLSeuhA/kl8o4VCyQuBcoEqFs="></latexit>

hOLORi
<latexit sha1_base64="wZN6CpizyNF2glE3qdQ4rNxwhO0=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4scxoH7orunHhooJ9QKeWTHrbhiYzQ5IRyjAf4MZfceNCEbd+gDv/xvRB8XUgcDjnXG7u8ULOlLbtTyu1sLi0vJJezaytb2xuZbd36iqIJIUaDXggmx5RwJkPNc00h2YogQiPQ8MbXoz9xh1IxQL/Ro9CaAvS91mPUaKN1MnmXBUJDLfxEXYJDwcEX3ViV4q4D0EXFKNJkpiUnbcnwH+JMyM5NEO1k/1wuwGNBPiacqJUy7FD3Y6J1IxySDJupCAkdEj60DLUJwJUO54ck+ADo3RxL5Dm+RpP1O8TMRFKjYRnkoLogfrtjcX/vFake6ftmPlhpMGn00W9iGMd4HEzuMskUM1HhhAqmfkrpgMiCdWmv8ykhLPSiVMuzE/GY8UplotzpX6cd0r54nUhVzmf1ZFGe2gfHSIHlVEFXaIqqiGK7tEjekYv1oP1ZL1ab9NoyprN7KIfsN6/APA0m8Q=</latexit>X

e�↵Lgeodesic

geodesic approximation

∼

Semi-classical limit
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01. Two Paradoxes

Wormhole Size Paradox
Wormhole/complexity grows forever 

<latexit sha1_base64="sAsLSeuhA/kl8o4VCyQuBcoEqFs="></latexit>

hOLORi
<latexit sha1_base64="wZN6CpizyNF2glE3qdQ4rNxwhO0=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4scxoH7orunHhooJ9QKeWTHrbhiYzQ5IRyjAf4MZfceNCEbd+gDv/xvRB8XUgcDjnXG7u8ULOlLbtTyu1sLi0vJJezaytb2xuZbd36iqIJIUaDXggmx5RwJkPNc00h2YogQiPQ8MbXoz9xh1IxQL/Ro9CaAvS91mPUaKN1MnmXBUJDLfxEXYJDwcEX3ViV4q4D0EXFKNJkpiUnbcnwH+JMyM5NEO1k/1wuwGNBPiacqJUy7FD3Y6J1IxySDJupCAkdEj60DLUJwJUO54ck+ADo3RxL5Dm+RpP1O8TMRFKjYRnkoLogfrtjcX/vFake6ftmPlhpMGn00W9iGMd4HEzuMskUM1HhhAqmfkrpgMiCdWmv8ykhLPSiVMuzE/GY8UplotzpX6cd0r54nUhVzmf1ZFGe2gfHSIHlVEFXaIqqiGK7tEjekYv1oP1ZL1ab9NoyprN7KIfsN6/APA0m8Q=</latexit>X

e�↵Lgeodesic

geodesic approximation

∼

Correlator decays forever 
Black hole information Paradox

Slope

t

Linear growth

geodesic length/Maximal volume

ComplexitySemi-classical limit

t



20

01. Two Paradoxes

Wormhole Size Paradox
Wormhole/complexity grows forever 

Slope-ramp-plateau structure

Black hole information Paradox

Slope

Ramp

Plateau

Quantum corrections + RMT universality

Correlators/Spectral form factor

Solution?
eS0 t
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The key lesson from the two paradoxes 

Generating function of complexity Holographic complexity measures

⟨e−αC⟩ ⟨ Ĉ ⟩
Slope-ramp-plateau structure Linear-plateau structure

α → 0

Time evolution of the size of black hole interior is governed by the generating function

Iliesiu, Mezei, Sárosi, [2107.06286]
<latexit sha1_base64="5kn5fXtugQsRzxavBq34eLPQ7WU="></latexit>

lim
↵!0

�
�@↵

⌦
e�↵`

↵�
= hˆ̀iExample: geodesic length in JT

02. Generating functions of holographic complexity
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02. Generating functions of holographic complexity

Slope-ramp-plateau structure linear-plateau structure
eS0 t

Slope Plateau

Generating functions of complexity
⟨e−αC⟩

eS0 t

Plateau

Linear growth

α → 0

Quantum complexity/wormhole size

⟨ Ĉ ⟩

Ramp

α → 0

Quantum corrections + RMT universality Quantum corrections + RMT universality
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(rigged) Hilbert space
Energy eigenstates |Ei⟩

Density of states D(E)

microcanonical  
Hilbert subspace

⟨E ∣ E′ ⟩ =
δ (E − E′ )
eS0D(E)

,

Heisenberg time 
(inverse of the mean energy level spacing)

Random Matrix Theory

GUE, N=100

<latexit sha1_base64="BUaMru21ihiEgon7g9rrxE34Q60="></latexit>

TH := 2⇡eS0D (E0)

02. Generating functions of holographic complexity
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03. Black hole interior and holographic complexity
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Belin, Myers, Ruan, Sárosi, Speranza 
[2111.02429] [2210.09647]

Complexity=Anything Proposal

03. Black hole interior and holographic complexity

tL tRΣ tL

Σ+
tR

Σ−

<latexit sha1_base64="acKuvboYgsDHHtBHB6E0R/DmyRc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPah+6KbtwIFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM9Oh+DoQOJxzLzn3+BGjStv2p1VYWV1b3yhulra2d3b3yvsHXSViiUkHCyZk30eKMMpJR1PNSD+SBIU+Iz1/ep36vQciFRX8Xs8i4oVozGlAMdJGcgch0hOMWHI7H5YrdtXOAP8SJycVkKM9LH8MRgLHIeEaM6SU69iR9hIkNcWMzEuDWJEI4SkaE9dQjkKivCSLPIcnRhnBQEjzuIaZ+n0jQaFSs9A3k2lE9dtLxf88N9bBhZdQHsWacLz4KIgZ1AKm98MRlQRrNjMEYUlNVognSCKsTUulrITLxrnTrC1Phqni1Jv1pdI9qzqNau2uVmld5XUUwRE4BqfAAU3QAjegDToAAwEewTN4sbT1ZL1ab4vRgpXvHIIfsN6/AJ9+kak=</latexit>

M

WDW

⟨e−α(CΣ++CΣ−)⟩⟨e−αCgen⟩



26

Infinite generalized volume

Generating functions

To appear with Masamichi Miyaji, Shono Shibuya, Kazuyoshi Yano 

03. Black hole interior and holographic complexity

tL tRΣ tL

Σ+
tR

Σ−

<latexit sha1_base64="acKuvboYgsDHHtBHB6E0R/DmyRc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPah+6KbtwIFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM9Oh+DoQOJxzLzn3+BGjStv2p1VYWV1b3yhulra2d3b3yvsHXSViiUkHCyZk30eKMMpJR1PNSD+SBIU+Iz1/ep36vQciFRX8Xs8i4oVozGlAMdJGcgch0hOMWHI7H5YrdtXOAP8SJycVkKM9LH8MRgLHIeEaM6SU69iR9hIkNcWMzEuDWJEI4SkaE9dQjkKivCSLPIcnRhnBQEjzuIaZ+n0jQaFSs9A3k2lE9dtLxf88N9bBhZdQHsWacLz4KIgZ1AKm98MRlQRrNjMEYUlNVognSCKsTUulrITLxrnTrC1Phqni1Jv1pdI9qzqNau2uVmld5XUUwRE4BqfAAU3QAjegDToAAwEewTN4sbT1ZL1ab4vRgpXvHIIfsN6/AJ9+kak=</latexit>

M

WDW

⟨e−α(CΣ++CΣ−)⟩⟨e−αCgen⟩

RMT Universality (e.g., GUE)
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Infinite generalized volume

Generating functions

To appear with Masamichi Miyaji, Shono Shibuya, Kazuyoshi Yano 

03. Black hole interior and holographic complexity

tL tRΣ tL

Σ+
tR

Σ−

<latexit sha1_base64="acKuvboYgsDHHtBHB6E0R/DmyRc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPah+6KbtwIFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM9Oh+DoQOJxzLzn3+BGjStv2p1VYWV1b3yhulra2d3b3yvsHXSViiUkHCyZk30eKMMpJR1PNSD+SBIU+Iz1/ep36vQciFRX8Xs8i4oVozGlAMdJGcgch0hOMWHI7H5YrdtXOAP8SJycVkKM9LH8MRgLHIeEaM6SU69iR9hIkNcWMzEuDWJEI4SkaE9dQjkKivCSLPIcnRhnBQEjzuIaZ+n0jQaFSs9A3k2lE9dtLxf88N9bBhZdQHsWacLz4KIgZ1AKm98MRlQRrNjMEYUlNVognSCKsTUulrITLxrnTrC1Phqni1Jv1pdI9qzqNau2uVmld5XUUwRE4BqfAAU3QAjegDToAAwEewTN4sbT1ZL1ab4vRgpXvHIIfsN6/AJ9+kak=</latexit>

M

WDW

⟨e−α(CΣ++CΣ−)⟩⟨e−αCgen⟩

(ensemble-averaged) spectral two-point function

Matrix Element of Operator?

joint eigenvalue distribution
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Infinite generalized volume

Generating functions

To appear with Masamichi Miyaji, Shono Shibuya, Kazuyoshi Yano 

03. Black hole interior and holographic complexity

tL tRΣ tL

Σ+
tR

Σ−

<latexit sha1_base64="acKuvboYgsDHHtBHB6E0R/DmyRc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPah+6KbtwIFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM9Oh+DoQOJxzLzn3+BGjStv2p1VYWV1b3yhulra2d3b3yvsHXSViiUkHCyZk30eKMMpJR1PNSD+SBIU+Iz1/ep36vQciFRX8Xs8i4oVozGlAMdJGcgch0hOMWHI7H5YrdtXOAP8SJycVkKM9LH8MRgLHIeEaM6SU69iR9hIkNcWMzEuDWJEI4SkaE9dQjkKivCSLPIcnRhnBQEjzuIaZ+n0jQaFSs9A3k2lE9dtLxf88N9bBhZdQHsWacLz4KIgZ1AKm98MRlQRrNjMEYUlNVognSCKsTUulrITLxrnTrC1Phqni1Jv1pdI9qzqNau2uVmld5XUUwRE4BqfAAU3QAjegDToAAwEewTN4sbT1ZL1ab4vRgpXvHIIfsN6/AJ9+kak=</latexit>

M

WDW

⟨e−α(CΣ++CΣ−)⟩⟨e−αCgen⟩

Trick: Analytical continuation to the complex energy plane

∫ dEidEj ⟶ ∫ dĒ∫ dEij
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Infinite generalized volume

Generating functions

To appear with Masamichi Miyaji, Shono Shibuya, Kazuyoshi Yano 

Time evolution Pole structure

03. Black hole interior and holographic complexity

Trick: Analytical continuation to the complex energy plane

∫ dEidEj ⟶ ∫ dĒ∫ dEij

Time evolution                              e−iEijt

Eij
Im Eij

Re Eij
iα̃

−iα̃⋯Ei | ̂e−αC |Ej⟨

−⟩E ⟩E

−iΔ
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Infinite generalized volume

Generating functions

To appear with Masamichi Miyaji, Shono Shibuya, Kazuyoshi Yano 

Time evolution Pole structure

03. Black hole interior and holographic complexity

Eij
Im Eij

Re Eij
iα̃

−iα̃⋯Ei | ̂e−αC |Ej⟨

−⟩E ⟩E

−iΔ

sufficient and necessary condition for the linear growth!
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03. Black hole interior and holographic complexity

Classical linear growth and Pole Structure

<latexit sha1_base64="X+FmSEhVooMR6bbE9ZgV3IMNxyY="></latexit>

hĈi
���
classical

= lim
↵!0

(�@↵Gclassical (↵, t)) ⇠ Mt

Necessary and Sufficient condition 

Eij
Im Eij

Re Eij
iα̃

−iα̃⋯Ei | ̂e−αC |Ej⟨

−⟩E ⟩E

−iΔ <latexit sha1_base64="wwf/iLesLetFxZ/mbbXuPaRMBlQ="></latexit>

↵̃ = M↵+O(↵2)
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03. Black hole interior and holographic complexity

Time Evolution in Classical Spacetime?

exponential decay oscillatory behavior quadratic growth
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Quantum Corrections?

(ensemble-averaged) spectral two-point function
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Eij
Im Eij

Re Eij
iα̃

−iα̃⋯Ei | ̂e−αC |Ej⟨

−⟩E ⟩E

−iΔ

Generating functions

(ensemble-averaged) spectral two-point function

Includes quantum corrections

Time evolution Pole structure

04. Toward the universal time evolution
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Eij
Im Eij

Re Eij
iα̃

−iα̃⋯Ei | ̂e−αC |Ej⟨

−⟩E ⟩E

−iΔ

Generating functions

(ensemble-averaged) spectral two-point function

the late-time evolution of complexity measures

04. Toward the universal time evolution
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Eij
Im Eij

Re Eij
iα̃

−iα̃⋯Ei | ̂e−αC |Ej⟨

−⟩E ⟩E

−iΔ

Generating functions

the late-time evolution of complexity measures

Late-time Plateau 
(linear growth is cancelled by quantum corrections)

This is the level repulsion (hallmark of Quantum Chaos)!

04. Toward the universal time evolution
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04. Toward the universal time evolution

t ∼ eS0 t

Plateau

Linear growth

Complexity

Classical Regime Late-time Regime

t ≫ eS0

Pole Structure

Level Repulsion

t ≪ eS0

(Holographic Measures of BH interior)
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How about codimension-zero holographic complexity (like CA)? 

tL tRΣ tL

Σ+
tR

Σ−

<latexit sha1_base64="acKuvboYgsDHHtBHB6E0R/DmyRc=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjPah+6KbtwIFewDpkPJpJk2NJMMSUYoQz/DjQtF3Po17vwbM9Oh+DoQOJxzLzn3+BGjStv2p1VYWV1b3yhulra2d3b3yvsHXSViiUkHCyZk30eKMMpJR1PNSD+SBIU+Iz1/ep36vQciFRX8Xs8i4oVozGlAMdJGcgch0hOMWHI7H5YrdtXOAP8SJycVkKM9LH8MRgLHIeEaM6SU69iR9hIkNcWMzEuDWJEI4SkaE9dQjkKivCSLPIcnRhnBQEjzuIaZ+n0jQaFSs9A3k2lE9dtLxf88N9bBhZdQHsWacLz4KIgZ1AKm98MRlQRrNjMEYUlNVognSCKsTUulrITLxrnTrC1Phqni1Jv1pdI9qzqNau2uVmld5XUUwRE4BqfAAU3QAjegDToAAwEewTN4sbT1ZL1ab4vRgpXvHIIfsN6/AJ9+kak=</latexit>

M

WDW

⟨e−α(CΣ++CΣ−)⟩⟨e−αCgen⟩

To appear with Masamichi Miyaji, Shono Shibuya, Kazuyoshi Yano 

04. Toward the universal time evolution
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To appear with Masamichi Miyaji, Shono Shibuya, Kazuyoshi Yano 

How about codimension-zero holographic complexity (like CA)? 

Spectral three-point function!

04. Toward the universal time evolution
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To appear with Masamichi Miyaji, Shono Shibuya, Kazuyoshi Yano 

How about codimension-zero holographic complexity (like CA)? 

Spectral three-point function!

04. Toward the universal time evolution



Is the black hole interior finite?

41



Is the black hole interior finite?

42

Black hole interior
is finite

Dim of Hilbert space of quantum gravity
is finite
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t ∼ eS0 t

Plateau

Linear growth

Complexity

Classical Regime Late-time Regime

t ≫ eS0

Pole Structure

Level Repulsion

t ≪ eS0

04. Toward the universal time evolution

(Holographic measures of BH interior)

The size of black hole interior
is finite

Dim of Hilbert space of quantum gravity
is finite



Thanks for your attention!

44


