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Is the black hole interior finite?



O1. Black Hole Information Paradox



O1. Maldacena’s Black Hole Information Paradox

Maldacena, 2001

AdS/CFT [hep-th/0106112]
Thermofield double (TFD) state

Eternal AdS Black Hole Spacetime

Thermal Correlation functions

(TFDg|O(t,)O(t)| TFDg) = Ze 2(BitEj) e —iT(B—F)) | (B, O| Ej)|?,
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O1. Maldacena’s Black Hole Information Paradox

Maldacena, 2001
[hep-th/0106112]

Thermal correlation functions
(TFDg|O(t.,)O(tr)|TFDg) = Ze 2 (BitBy) e —iT(Ei=Ej) | (E;| O| E;)|?,
%,J

Holographic correlators decay forever
(particles fall into the black hole)

ORr

Maldacena’s Black Hole Information Paradox

Unitary quantum system with a finite and discrete spectrum:
correlation functions cannot decay indefinitely
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O1. Maldacena’s Black Hole Information Paradox

Thermal correlation functions

1 B (. g _F.
(TED3|O(t)O(tx) [TFDg) = 7 ) &2 B8l BB (B O] B,
2,]

Spectral Form Factor (SFF)

Z(B+1T)Z(B —iT) = Z o~ (B+iT)Ey ,—(B—iT)Epn _ Z o B(Bn+Ey)+iT(Eyp—E,)

n,m m,n



O1. Maldacena’s Black Hole Information Paradox

Typical time evolution
Correlation functions/Spectral Form Factor (SFF)

plateau

100 10!

JT

Figure 1: A log-log plot of the spectral form factor in SYK for ¢ =4, N = 34, BJ =5 [22]. A

single sample (red, erratic) is plotted together with an average of 90 samples (black, smoother).
The ramp is approximately linear o< 7" in standard variables, not just in the log-log variables.

Saad, Shenker, Stanford, 2018
3 arXiv: 1806.06840



O1. Maldacena’s Black Hole Information Paradox

Correlators decay forever

| Solution

slope-ramp-plateau structure

We need to include quantum corrections!

Cotler, Gur-Ari, Hanada, Polchinski, Saad,
Shenker, Stanford, Streicher, Tezuka

: - : 1611.04
Random matrix llIllVGI’S&llty Saad Sr?enkoer6g£c)anford

Spectral statistics arXiv: 1806.06840, 1903.11115.
Blommaernrt, Kruthoff, Yao, 2208.13795

Saad, Stanford, Yang, Yao, 2210.11565.
Okuyama, Sakai, 2004.07555.



O1. Maldacena’s Black Hole Information Paradox

Typical time evolution
Correlation functions/Spectral Form Factor (SFF)

Plateau




O1. Wormhole Size Paradox

Wormhole/ Einstein-Rosen Bridge
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O1. Wormhole Size Paradox

Linear growth of the wormhole size
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O1. Wormhole Size Paradox

Linear growth of the wormhole size

Boundary time 7 — oo

Si1ze of BH interior V — o0
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O1. Wormhole Size Paradox

Linear growth of the wormhole size

Geometries behind the horizon,
1.e., black hole interior

Entanglement entropy 1s not enough!

Susskind [1411.0690]
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01. Holographic Complexity
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Susskind, 1403.5695
Susskind, Stanford, 1406.2678

Complexity = Volume Conjecture:

CV — IllaX

GnNloulk

S

Complexity = Action
Complexity = Anything



2. Quantum Circuit Complexity

‘ l//T(t» — € —iH! ‘ l//> Susskind, Brown (2017)

Complexity

Line ar GrOWth ~ F't | A proof for random circuits of qubits]
Nautre Physics 18, 528-532 (2022)



O1. Wormhole Size Paradox

Linear growth of wormhole size = linear growth ot complexity

Wormhole Size Paradox

In semi-classical
Wormbhole size/complexity grows forever

(‘)

For a finite quantum system:
Quantum complexity 1s bounded (plateau)
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O1. Two Paradoxes

Black hole information Paradox Wormbhole Size Paradox

Correlator decays forever Wormbhole/complexity grows forever

t [~ 1 te

Semi-classical limit

geodesic approximation

<@L OR> ~ Z o~ Lgeodesic

Or
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O1. Two Paradoxes

Black hole information Paradox Wormbhole Size Paradox

Correlator decays forever Wormbhole/complexity grows forever

geodesic length/Maximal volume
Semi-classical limit Complexity

geodesic approximation

(OLOR) ~ Z o~ Lgeodesic Linear ’. /
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O1. Two Paradoxes

Black hole information Paradox Wormbhole Size Paradox

Quantum corrections + RMT universality Wormhole/complexity grows torever

Correlators/Spectral form factor

 Slope
Plateau -
R Solution

Slope-ramp-plateau structure
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02. Generating functions of holographic complexity
The key lesson from the two paradoxes

Time evolution of the size of black hole interior 1s governed by the generating function

Example: geodesic length in JT  lim (—0, (e=)) = (f) Iiesiu, Mezei, Sarosi, [2107.06286]
xX—>
Generating function of complexity Holographic complexity measures
(7€) =0, (C)

Slope-ramp-plateau structure Linear-plateau structure
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02. Generating functions of holographic complexity

Quantum corrections + RMT universality Quantum corrections + RMT universality

Generating functions of complexity Quantum complexity/wormhole size

(e7%) (C)

Plateau

Linear growth

>0 !

Slope-ramp-plateau structure linear-plateau structure
22



02. Generating functions of holographic complexity

|  S(E-E)
| | Energy eigenstates \Ei> (E | E) = eSoD(E)
(rigged) Hilbert space
Density of states D(E)
microcanonical Ee B -2 B+ 28|, with AE< By,
Hilbert subspace _ : 2

Heisenberg time

. So
(inverse of the mean energy level spacing) Ty :=2me™ D (Eo)

Random Matrix Theory
GUE, N=100




03. Black hole interior and holographic complexity
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03. Black hole interior and holographic complexity

Belin, Myers, Ruan, Sarosi, Speranza
[2111.02429] [2210.09647]

Complexity=Anything Proposal
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03. Black hole interior and holographic complexity

To appear with Masamichi Miyaji, Shono Shibuya, Kazuyoshi Yano

Infinite generalized volume e—aC .— e ¢|C)(C| dC.
— 2,50 . —
Generating functions (e *) = (TFD(t)|e *“| TFD(¢)) = : - / dE;dE;e "¥i'(D(E;)D(E;)) x (E;le *°|E;)

RMT Universality (e.g., GUE)

(D(E;)D(E;)) = D(E;)D(E;) + (D(E;)D(Ej)).

sin(re’° D(E)(E; — Ej)) ) :

~ D(E;)D(E;) + e >°0(E; — E;)D(E;) — ( eSor(E; — E.)
2 J
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03. Black hole interior and holographic complexity

To appear with Masamichi Miyaji, Shono Shibuya, Kazuyoshi Yano

/\

Infinite generalized volume e—oC .= [ e~*C|C)(C|dC.

- 25
Generating functions (e °“) = (TFD(t)|e ‘| TFD(t)) = eZ

/ dE;dE;e """ (D(E;)D(E;)) x <Ez-\ei“\CIEj>

(ensemble-averaged) spectral two-point function

(D(E;)D(E;)) = e~ **°(p(E;)p(E;)) = e~ **° (Ry(E;, E;) + 0(E; — E;)p(E)) .

joint eigenvalue distribution

Matrix Element of Operator?

27



03. Black hole interior and holographic complexity

To appear with Masamichi Miyaji, Shono Shibuya, Kazuyoshi Yano

/\

Infinite generalized volume e—oC .= [ e~*C|C)(C|dC.

- 25
Generating functions (e °“) = (TFD(t)|e ‘| TFD(t)) = eZ

/ dE;dE;e """ (D(E;)D(E;)) x <Ez-\ei“\CIEj>

Trick: Analytical continuation to the complex energy plane

J'dEidE}- — [dE [ dE,-j
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03. Black hole interior and holographic complexity

To appear with Masamichi Miyaji, Shono Shibuya, Kazuyoshi Yano

A

Infinite generalized volume e—oC .= [ e~*C|C)(C|dC.

250

eZ /dEidEiE@'th(Ez‘)D(Ej» X <Ei‘e_aC|Ej>

Generating functions (e °¢) = (TFD(t)[e | TFD(t)) =

JmE;. . . . .
=y E; Trick: Analytical continuation to the complex energy plane

[dEidE} — JdE [ dEl-j

Time evolution <—

(E;| e~*C | E]>

? —l

Time evolution Pole structure

29



03. Black hole interior and holographic complexity

To appear with Masamichi Miyaji, Shono Shibuya, Kazuyoshi Yano

/\

Infinite generalized volume e—oC .= [ e~*C|C)(C|dC.

- 25
Generating functions (e °“) = (TFD(t)|e ‘| TFD(t)) = eZ

/ dE;dE;e """ (D(E;)D(E;)) x <Ez-\ei“\CIEj>

Time evolution Pole structure

1

(Eile ™ 1Bj) (& + iE;;) (& — iE;;)

sufficient and necessary condition for the linear growth!

30



03. Black hole interior and holographic complexity

Classical linear growth and Pole Structure

pIm E;; E.

<é> = lim (_aozGClassical (04, t)) ~ Mt

classical a—0

Necessary and Sufficient condition

-~

Eile *C|E;) ~ - - O(a).
Eile 1B ~ G By @ =gy O

31
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03. Black hole interior and holographic complexity

Time Evolution 1n Classical Spacetime?

—100 —100 —100

exponential decay oscillatory behavior quadratic growth

32



Quantum Corrections?

(ensemble-averaged) spectral two-point function

(D(Ei)D(E;)) = e *>°(p(Ei)p(Ej)) = e~ > (Ra(Es, Ej) + 6(E; — Ej)p(Ey)) -

33



Generating functions (e *¢) = (TFD(t)|e °%| TFD(¢)) =

(E;| e=*¢ | E;)

04 . Toward the universal time evolution

250

€ —i By /—'a\
7 /dEsz]e E t<D(Ez)D(EJ)> X <EZ‘6 C‘Ej>

JmE; - -
" E; (ensemble-averaged) spectral two-point function

(D(E;)D(E;)) = e % (p(E;)p(E;)) = e > (2(7:,E) +(E; — Ej)p(E;)) -

Includes quantum corrections

el 10/ ] ,' -

Ry(Eij, E) = K (Ei, Ei) K (Ej, E;) — K (E;, Ej) K (Ej, E;) = pipj — (Kij)*.

Time evolution Pole structure

late times: G classical (aa t) + unantum(aa t) ~ Con + e~ x (R2 (E’ija E))

|E7;j:—i& )
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04 . Toward the universal time evolution

o 250
Generating functions (e *“) = (TFD(t)[e ‘| TFD(t)) = eZ

/ dE,dE;e "Bt (D(E;) D(E;)) x (Eile | E;)

! E; (ensemble-averaged) spectral two-point function

(D(Ei)D(E;)) = e *>*(p(E:)p(E;)) = e ** (R2(Ei, E;) + 6(Ei — E;)p(Ey)) -

the late-time evolution of complexity measures

<é> — (CA'HclaSSical + <é>‘quantum ~ Mt X (RQ(Eij’E)) |Ez’j

—=—qa=0 "

. B i—i& :
lim — lim
a—0 L5 —0
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04 . Toward the universal time evolution

o 250
Generating functions (e *“) = (TFD(t)[e ‘| TFD(t)) = eZ

/ dE,dE;e "Bt (D(E;) D(E;)) x (Eile | E;)

i the late-time evolution of complexity measures

. <é> — <C\Y>‘classical + <é>‘quantum ~ Mt X (RZ (Ez'ja E)) |Ez’j

=—3a=0"

Late-time Plateau
(linear growth 1s cancelled by quantum corrections)

l%ZIJIEO Rz(Ei, EJ) — RQ(EZ', Ez) = 0.

Thais 1s the level repulsion (hallmark of Quantum Chaos)!
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04 . Toward the universal time evolution

Complexity (Holographic Measures of BH interior)

Classical Regime Late-time Regime

Pole Structure

|

Linear growth . I

Level Repulsion

Plateau

[ <€ e [~ @ f > e
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04 . Toward the universal time evolution

How about codimension-zero holographic complexity (like CA)?

350 | —— —
(e~ a+C+—a-Cy — ~ / dE\dE>dEs e P12t (D(E)D(E2)D(E3)) x (E1|e—+C+|Es3) (Esle—*-C-|E,).

To appear with Masamichi Miyaji, Shono Shibuya, Kazuyoshi Yano
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04 . Toward the universal time evolution

How about codimension-zero holographic complexity (like CA)?

— _ e3°0 iy S o
<6 a+C+ a_C_> — 7 /dEldEszge ZE12t<D(1)D(2)D3)> X <E1|6_a+c+‘E3> <E3|e—a_C_|E2> .

A S — o m ] T — DS

Spectral three-point function!

(D(E1)D(E2)D(E3)) = D(E1)D(E2)D(E3) + (D(E1)D(E2)D(E3)),
+ (D(E1))(D(E2)D(E3)). + (D(E2))(D(E3)D(Ey)), + (D(E3))(D(E2)D(E1))..-

To appear with Masamichi Miyaji, Shono Shibuya, Kazuyoshi Yano
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04 . Toward the universal time evolution

How about codimension-zero holographic complexity (like CA)?

350 | — —
(ema+Crma-Coy — 7 ~ / dE\dE>dE; e "2 (D(E,)D(E2)D(E3)) x (E1|e=+C+|E3) (Esle=*-C-|Es) .
Spectral three-point function!

Disconnected Bra-operator Bra-ket Bra-operator-Ket

00O

To appear with Masamichi Miyaji, Shono Shibuya, Kazuyoshi Yano

40



Is the black hole interior finite?
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Is the black hole interior finite?

Black hole interior . Dmmof Hilbert space of quantum gravity
is finite | | is finite
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04 . Toward the universal time evolution

The size of black hole mterior = Dim of Hilbert space of quantum gravity
is finite | is finite

Complexity (Holographic measures of BH interior)

Classical Regime Late-time Regime

Pole Structure

|

Linear growth . I

—

Plateau

Level Repulsion

t < e t ~ % t > e [
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Thanks for your attention!

44



