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Background
1. The nature of black hole

mm) | Singularity

2. Singularity

(1) Penrose Singularity Theorem

(2) Belinskii, Khalatnikov and Lifshitz (BKL) hypothesis
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Without Cauchy Horizon
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rVithout Cauchy Horizon

Einstein-Rosen Bridge collapse Josephson oscillation
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[1] Y.-S. An, L. L1, F.-G. Yang and R.-Q. Yang, Interior structure and complexity growth rate of holographic superconductor
from M-theory, JHEP 08 (2022) 133 [2205.02442]. 5




From Kasner behavior to Billiards

1. Belinskii-Khalatnikov-Lifshitz Singularity(BKL limit)
(1) Close to a space-like singularity

(2) The spatial points dynamically decouple =) | (ODE with respect to time).

(a space-like singularity is local).

2. Kasner solution

Power law evolution of scale factors:
ds* = —d7* + Cyr*Ptdt* + Cszpde?l—l,o :

3. Kasner-like behavior

Mimick the Kasner solution at each spatial point.



Cosmological Billiards

A billiard motion in a region of Lobachevskii space

(An hyperboloid in the space of logarithmic scale factors)
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Beautiful physical picture!

Kinetic term

Wall: define the billiard table

Beyond Billiard
Complicated potential?
Modified Gravity?

[2] T. Damour, M. Henneaux and H. Nicolai, Cosmological billiards, Class. Quant. Grav. 20(2003) R145 [hep-th/0212256].
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From the EoMs

Challenges and Attempts

(1) Nonlinear effect is important = The details of the model is sensitive

(a) Neutral scalar hair, arXiv:2004.01192&2006.10056 '
(b) Charged scalar hair, arXiv:2008.12786

More general?

(2) Vector field == Anisotropic geometry mmmp More complicated behavior

(a) Some rules were summarized, arXiv:2112.04206
(b) Kasner Oscillation, arXiv: 2210.01046

(3) EoMs are differential equations mmmp Hard to get analytical description

(a) Analytical transformation rules(scalar hair), arXiv: 2205.02442



Method

Method 1:

Kasner hypothesis == Action == Possible Kasner behavior

—)

Method 2:

Action === FEoMs

=

Simple, general

the order of terms

More detail

/ Possible Kasner behavior

The limit of near singularity(z — o) \

Conditions for transformations
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General scalar couplings and local U(1) symmetry
The action and metric:

§=_1 /dd+1mf[3+£]
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Result: Kasner Structure

With approximations, in the far interior z — o (e.g. F(Y) ~ exp(ky)):
2

Y =alnz+ Cy, X:dallanrC’X,

Al = Oy, 203X/ W = Chzt3e X2
d o2

r~ 2 2T

ds® = —dr® + 7P dt* + 7P dE; . Y~ —V2pyInT,

o? —2(d—1)(d - 2) p — 4(d — 1) . :2\/§(d—1)a
a2+dd—1) = T @2+dd-1) YT 2+dd-1)°

Pt —
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Other terms come into play | W | Transformations are triggered
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Result: Kasner Alternation

The laws of Kasner Transformation(e.g. F () «~ exp(ky)):

Kasner Inversion, aa; =2(d—1)(d —2), |a|< \/Z(d —1)(d — 2)

. 4
Kasner Transition, a+ar=- (d—1), ka > 2(d —1)
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Result: Classification
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Complex vector field p,, charged under a U(1) gauge field 4,:

Action and metric:

g — 21 /dd+1$ ﬁ—g(R—QAwLﬁm)} ﬁm:—l HUF#U—EPL:;P'W:.
K{141) 4 2
d82 _ l —f(Z)e_X(z)dtQ + ] dZQ + 82(d—2)§(3)d$2 + - d22
2 7(z) X))

Aydx” = ¢(2)dt, pydat =1p(z)da.
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Result: Kasner Structure

With approximations, in the far interior z — oo:

(=pBlnz+C:, zpl, = Czp;zg(d_g)ﬁ_a Al = CA;zd_?’e_X/Q,
X =2(d—2)5%Inz + Cy, h'= Clyz33e™X/2,

l _d_ (d—2)B?
T ~ 2 2 2

ds? = —d7? + 7Pt dt? + c,7Prdz? + CUTQPUdZ%_Q :

pr+pe+(d—2)p, =1, pi+p2+(d—2)pz=1.
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Result: Kasner Alternation
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Retlection(p < —1)
d=5, T =0.918T.

The relationship of 3
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Result: Classification

The laws of Kasner transformation:

f

Kasner transition : 84 87 = 725, 8> ¢,
{ Kasner inversion: £8r=1, —-1<p3< 8.,
\Kasner reflection : B+ Br = -2, (B < —1,

where 3. = —1++/2(d —1)/(d — 2).

Blue dashed curve:
the boundary
between 1nversion and transition
Green dashed curve:
the boundary
between 1nversion and reflection
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1. Rich interior dynamics of black holes
Cauchy horizon, ER collapse, Josephson oscillation, Kasner epoch...

2. Difterent Method approaching space-like singularities
Cosmological Billiards, BKL limit, EoMs...

3. The transformation between Kasner epochs, and their analyzed transformation laws

4. Possible extensions in other models
Modified gravity, model with low symmetry...
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