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Motivation

What information is encoded in the mass spectrum?
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Motivation

M. A. Martin Contreras WKB in Quarkonium Physics 5 / 27



Bottom-up in a nutshell
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Bottom-up methodology

1. Define an AdS-like geometric background: dS2 = e2 A(z)ηmn dx
m dxn, ηmn = diag(−1, 1⃗, 1).

2. Bulk action for hadrons: I =
∫
d5x

√
−g e−Φ(z) Lhadrons [ψ,∇ψ,M5 . . .], where Φ(z) is the

dilaton (static or dynamic).

3. Obtain Sturm-Liouville bulk equations (after choosing the proper gauge fixing):
∂z

[
e−B(z) ∂zψ(z)

]
+ (−q2) e−B(z)ψ(z)−M2

5 e
2A(z) e−B(z)ψ(z) = 0, with

B(z) = Φ(z) + (3− 2S)A(z), where S is the hadron spin.

4. Transform to the Schrödinger-like equation −ϕ′′(z) + V (z)ϕ(z) =M2
n ϕ(z), using

ψ(z) = e
1
2B(z)ϕ(z), where M2

n = −q2, and

V (z) =
B′(z)2

4
− B′′(z)

2
+M2

5 e
2A(z),

defines the confining holographic potential.

5. Compute the Mass spectrum and the eigenfunction spectrum.

Note : A Similar procedure applies for LF-holographic QCD.
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Example: Vector Softwall model

▶ Quadratic dilaton (Karch et al. 2005):
Φ(z) = κ2 z2 for light hadrons.

▶ Poincaré Patch: A(z) = log R
z . It can

be extended to dynamic models (see the
EMD model).

▶ Bulk action
IH = − 1

4 g2
5

∫
d5x

√
−g e−κ2z2

Fmn F
mn,

with Fmn = 2 ∂[mAn].

▶ Holographic potential
V (z) = 4

3 z2 + κ2 z2.

▶ Mass spectrum for ρ mesons
IG(JPC) = 1+(1−−): M2

n = 4κ2(n+ 1)
with κ = 0.388 GeV, and eigenunctions

ϕ(z) =
√

2κ4 n!
(n+1)! e

− 1
2κ

2 z2

z
3
2 L1

n

(
κ2 z2

)
.
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WKB I: Rydberg-Klein-Rees Formula
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Rydberg-Klein-Rees formula (See C Quigg, 1979)

Given a phenomenological structure for V (z), it is possible to infer Φ(z). Consider the holographic
potential for vector bulk fields:

V (z) =
1

4
Φ′(z)2 − 1

2
Φ′′(z) +

1

2 z
Φ′(z) +

4M2
5 R

2 + 3

4 z2

The high z region is dominated by Φ(z) derivatives.

▶ From a eigenvalue spectrum M2
n(n), calculate

the potential at high z (turning point), V ∗(z):

z(V ) = 2

∫ V

0

dM2

∂ M2

∂ n

√
V ∗ −M2

.

▶ Compute the dilaton and deformation as

V ∗[Φ′,Φ′′] =
1

4
Φ′(z)2 − 1

2
Φ′′(z)− β

2 z
Φ′(z).

▶ Build the full potential by adding the low-z part.
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Illustrative Example: ”Bottom-up” D3/D7

1. From the spectrum, we solve the high-z potential V ∗:

M2
n,l =

4L2

R4 (n+ l + 1) (n+ l + 2) → z(V ∗) = 2
∫ V ∗

0

dM2
n,l

∂ M2
n,l

∂ n

(
V ∗−M2

n,l

)1/2
= 2√

a
tan−1

(
2
√

V ∗
a

)
Thus

V ∗(z) =
a

2
tan2

(√
a z

2

)
.

with a = 4L2/R4.

2. The bottom-up effective potential has the structure

VD3/D7(z) =
(2 l + 3) (2 l + 1)

4 z2
+
a

4
tan2

(√
a z

2

)
.

3. Wall locus:

zcutoff =
π√
a
γ =

π R2

2L
γ, γ ∈ N.
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Dilaton Reconstruction

Once we have the potential, we can calculate the associated dilaton as:

V ∗(z) =
1

4
Φ′(z)2 − 1

2
Φ′′(z)− β

2 z
Φ′(z).

We choose as BCs: Φ(z → 0) = 0 and Φ(z → ∞) =
√
VWKB(z∗), with z

∗ a turning point at infinity.

Figure: Reconstructed dilaton
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WKB Bottom-up model for Charmonium

▶ How to infer the confining potential Vqq̄ and the dilaton Φ(z) from a given Regge trajectory.

VQQ̄(z) =
β(β − 2) + 4M2

5 R
2

4 z2
+ VΦ

[
Φ′,Φ′′]

M2
5 R

2 = (3 + L− J) (L+ J − 1)

β = −3 + 2 J,

▶ Main idea: linearity in radial Regge trajectories ceases when considering heavy quarks (J. K. Chen,
2018), i.e., M2

n = a(n+ b)ν .

▶ From RKR formula (MAMC et al, 2024), we obtain a static dilaton Φ(z) = (κ z)2−α with:

κ =

[
a1/ν

2π1/2

ν Γ
(
ν+2
2 ν

)
Γ
(
1
ν

) ] ν
2

(2− ν)
2−ν
2 and α =

2 (ν − 1)

2− ν
.

▶ We consider the vector charmonium n3S1 to fit the radial trajectory.
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Bottom-up Charmonium spectroscopy
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Tetraquarks from a bottom-up perspective

▶ Starting point: confining potential for charmonium (MAMC and A. Vega, 2021.)

VQQ̄(z) =
β(β − 2)− 4M2

5 R
2

4 z2
+ V ∗[Φ′,Φ′′], with: Φ(z) = (κ z)2−α, Parameters: {κ(mq), α(mq)}

Consider tetraquarks as an interacting diquark-antidiquark cluster.

▶ Inner structure effects: O4Q
m = Q̄1 ΓrD

2iQ2 × Q̄3 ΓpD
2j Q4, i, j ∈ Z, with m = r + p, flavor and color

indices are omitted,and Dµ is the (boundary) gauge covariant derivative.

▶ dimO4Q
m = 6 + 2(i+ j) + L, therefore M2

5 R
2 = [6 + L+ 2(i+ j)− J ] [6 + L+ 2(i+ j)− 4].

▶ From the Bethe-Salpeter equation, we learn that Regge trajectories for heavy diquarks (X. Feng, et al.,
2023) can be written as

M2
n ∼ (3π)2/3 (m1 +m2)

(
σ2
c

2µ

)1/3

n2/3, for largen,

with m1 +m2 is the diquark mass, µ the reduced mass, and σc is the string tension for charmonium-like
states described by the Cornell potential (W. Lucha, 1991).
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RKB potential for heavy tetraquarks

▶ WKB reconstructed potential:

VWKB(z) = 2 geff (m1 +m2)
3/2

(
σ2
c

2µ

)1/2

z

▶ Tetraquark potential

V4Q(z) = Vqq̄(z) + VWKB(z),

▶ Schrodinger-like equation:

−u′′
n(z) + V4Q(z)un(z) =M2

n un(z)

▶ Parameters and constituent masses:
ml 0.3375 GeV σc 0.24 GeV2

ms 0.510 GeV geff
1
2π

mc 1.55 GeV κc 2.174
- - α 0.561

Tetra
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Numerical Results for charm tetraquarks

Figure: Experimental data is read from PDG 2024.
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WKB II: Segre-Fermi formula
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Fermi-Segre formula in QCD

Fermi-Segre formula (C. Quigg and Rosner, 1977) connects the hadron binding energy spectrum En with
the hadron wave-function at the origin

|Ψn(0)|2 =
(2µ)

3
2

4π2
E

1
2
n
d

dn
En.

with Mn = 2mQ + En. From the Van Royen-Weisskopf formula, we connect with the decay constants fn
(in MeV): f2

nM
2
n ∝ |Ψ(0)|2. Thus, for two different radial states we have

|Ψn1(0)|2

|Ψn2(0)|2
=
Mn1f

2
n1

Mn2f
2
n2

=
(Mn1 − 2mq)

1/2

(Mn2 − 2mq)
1/2

dMn
d n

∣∣
n=n1

dMn
d n

∣∣
n=n2

.

Thus, from the mass spectrum, we can infer information related to quotients of the wave function at the
origin, connected with other decay properties as branching ratios (see Lucha et al., 1991.)
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Illustrative example: Heavy quark mass in the softwall model

▶ Suppose a linear Regge trajectory for heavy quarks Mn = 2κ(n+ 1)1/2 = 2mQ + En.

▶ Compute decay constants: f2
n = 1

g25 M2
n

limε→0 e
−2B(ε) |ψn(ε, q)|2 = 2κ2

g25
.

▶ Use Segre-Fermi formula:

|Ψn1(0)|2

|Ψn2(0)|2
=
Mn1

Mn2

=

[
2κ(n1 + 1)1/2 − 2mQ

]1/2
[2κ(n2 + 1)1/2 − 2mQ]

1/2

(n1 + 1)−1/2

(n2 + 1)−1/2
.

We obtain: [
2κ(n1 + 1)1/2 − 2mQ

]1/2
[2κ(n2 + 1)1/2 − 2mQ]

1/2
=
n1 + 1

n2 + 1
.

▶ Fix for the ground (n1 = 0) and the first excited (n2 = 1) states, and solve for the quark mass, we

obtain: mQ = 4−
√
2

3
κ.

▶ For J/ψ, we obtain: mc = 1.33(14.1%) GeV.

▶ For Υ, we obtain: mb = 4.07(13.9%) GeV.

▶ For ρ(770), we obtain: ml = 0.334 GeV.
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Conclusions
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Summary and Conclusions

▶ Mass spectrum controls high-z behavior observed in the confining potential ⇒ Dilaton reconstruction.

▶ Using WKB, it is possible to include hadronic inner structure effects.

▶ RMS for 17 cc̄ states with two parameters is 12.18%

▶ RMS for 17 charm exotic states with four parameters is 5.75%.
▶ Things to do next:

– Include Coulombian effects (1-Gluon Exchange) for heavy states (See Afonin & Solomonko, 2023)
– Test other hadron structures, such as hadroquarkonium and molecular pictures.
– Extend to Pentaquarks.
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Backup slides
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Hadrons in holography

In AdS/CFT:

▶ Gauge/gravity duality: hadrons are
non-perturbative boundary objects dual to bulk
fields.

O |0⟩ = α |p⟩

with operator creating hadrons O defined as

O = f(q, q̄, Gµν , Dµ)

dimO = ∆+ L+ γ

L = Orb. Ang. momentum, γ = anom. Dim.

▶ Field Operator duality (L = γ = 0):

dimO ⇔ dimψ(z, q) ≡ ∆

Bulk field: p-form in AdS5

Ap(z, q) = Ap(q)ψ(z, q) with mass M5.

ψ(z, q)|z→0 = C z∆−p

See Polchinski 2002.

▶ Hadronic identity: is defined by the bulk field
mass M5 =M5(∆, L, γ).

▶ In this perspective, a hadron is a bag of constituents characterized by M5(∆) (No inner structure ab
initio).

▶ Hadrons in AdS/QCD are normalizable modes labeled by their bulk mass.
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Bottom-up approach

AdS-like Background

dS2 =
R2

z2
[
dz2 + ηµν dx

µ dxν
]

with R defined as the AdS radius and ηµν = diag(−1, 1⃗).

General Action with minimal coupling for p−forms

IH =

∫
d5x

√
−g e−Φ(z) [

∇m ϕm1...mp ∇m ϕm1...mp +M2
5 ϕ

m1...mp ϕm1...mp

]
,

with Φ(z) defined as a static dilaton field (confinement). The bulk field ϕm1...mp carries the information
about the hadron living at the boundary.
In general, for bulk p−forms (dual to hadrons at the boundary), the equations of motion have the structure:

∂z
[
e−B(z) ∂z ψ(z)

]
+

(
−q2

)
e−B(z) ψ(z, q)− M2

5 R
2

z2
e−B(z)ψ(z, q) = 0

Where in Fourier space, the p−form is written as: ϕµ1...µp (z, q) = ϕ̃µ1...µp (q) ψ (z, q).
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Bottom-up approach

with the following definitions:

B(z) = Φ(z) + β log

(
R

z

)
M2

5 R
2 = (∆+ L− p) (∆ + L+ p− 4)

β = −(3− 2 p), Defines hadronic spin: p ≡ J

J = L+ S

M2
n = −q2, on-shell condition.

Boguliubov transformation: ψ(z) = e
1
2
B(z) u(z).

From the action, we construct the Schrödinge-like form as (Karch et al., 2005):

−u′′(z) + V (z)u(z) =M2
n u(z),

where V (z) is the holographic potential written in terms Φ(z), and M2
n is the hadronic spectrum (Regge

trajectory).
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Tetraquarks spectra calculation

▶ We organize the quark content in
diquark-antidiquark clusters:

– Open charm: [c Q̄2][Q1 c̄].
– Closed charm: [c c̄][Q1 Q̄2].

▶ One diquark cluster defines the
parameters for Vqq̄(z) following
M.A.M.C and A. Vega, 2023. We use
calibration curves from the isoscalar
mesons to compute {κ, α}:

κ(m̄) = 15.2085− 14.808 e−0.0524 m̄2

α(m̄) = 0.8454− 0.8455 e−0.4233 m̄2

▶ The other cluster defines VWKB(z).

▶ We solve the Schrödinger-like bulk
equations to find M2

n for each
tetraquark candidate.

V4Q(z) = Vqq̄(z) + VWKB(z)

Vqq̄(z) =
β(β − 2)− 4M2

5 R
2

4 z2
+ V ∗[Φ′,Φ′′]

Φ(z) = (κ z)2−α

VWKB(z) = 2 geff (m1 +m2)
3/2

(
σ2
c

2µ

)1/2

z

M2
5 R

2 = [6 + L+ 2(i+ j)− J ] [2 + L+ 2(i+ j)]
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