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Maxwell’s equations

4

In the absence of source

E + iB → eiα(E + iB)

Enlarged  symmetry U(1)

∇ × (E + iB) − i
∂
∂t

(E + iB) = 0

∇ ⋅ (E + iB) = 0

This symmetry is broken in the presence of electric-charged particles

If there are magnetic-charged particles, the symmetry can be restored

∇ × E = −
∂B
∂t

∇ ⋅ B = 0

∇ ⋅ E = 0

∇ × B = μ0ε0
∂E
∂t

∇ × E = −
∂B
∂t

∇ ⋅ B = 0

∇ ⋅ E =
ρ
ε0

∇ × B = μ0(J + ε0
∂E
∂t )



Magnetic fields in a Coulomb-like potential
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E =
qe

4πr2
̂r

qe qm

B =
qm

4πr2
̂r

∯ B ⋅ dS = qm

Parity

∯ E ⋅ dS = qe



Dirac’s monopole, 1931
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B =
g
r2

̂r

AI = g(cos θ − 1)eθ AII = g(cos θ + 1)eθ

Given a monopole with charge , 
the magnetic field distributes as 

qm

+

We calculate the vector potential   
via 

A
B = ∇ × A

+

−

Scheme I

Dirac  
string

+

−

Scheme II

Dirac  
string

spherical  
coordinate

Gauge difference AII − AI = ∇(2gϕ)

+

e−

U = exp(i e∮ dx ⋅ A) = exp(i4π eg)

If the Dirac string has no physical meaning

gD =
1
2eDirac magnetic charge

4π eg = 2π,4π, ⋯

g =
qm

4π

emin =
1

2gmax
Quantisation of electric charge
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Soliton solution
A global U(1) theory with a complex scalar ϕ =

1

2
(h + ia)

8

E. Weinberg, Classical solutions in quantum field theories, 2012

V(ϕ, ϕ*) = − μ2(ϕ*ϕ) + λ(ϕ*ϕ)2

f′￼′￼+
1
r

f′￼−
f

r2
+ λ(v2 − f2)f = 0

v = μ2/λ

ℒ = ∂μϕ*∂μϕ − V(ϕ, ϕ*)

(time-independent solution)EOM  ∂2ϕ +
∂V
∂ϕ

= 0 ⇒ ∇2ϕ =
∂V
∂ϕ

VEV: ⟨ϕ⟩ = eiα v

A two-dimensional soliton solution

ϕ =
1

2
f(r)ei α(θ) α(θ) = θ S1 → S1Parameterisation 

ODE for f(r)

With Boundary conditions     &  f(0) = 0 f(∞) = v



Soliton solution
A global SO(3) theory with a triplet scalar ϕ = (ϕ1, ϕ2, ϕ3)T
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E. Weinberg, Classical solutions in quantum field theories, 2012

V(ϕ) = −
μ2

2
(ϕTϕ) +

λ
4

(ϕTϕ)2

h′￼′￼+
2
r

h′￼−
2
r2

h + λ(v2 − h2)h = 0

ℒ =
1
2

∂μϕT∂μϕ − V(ϕ)

Parameterisation 

VEV: 

A three-dimensional soliton solution

ϕa = ̂ra h(r)

ODE for h(r)

With boundary conditions     &  h(0) = 0 h(∞) = v

⟨ϕ⟩ = O3×3 (
0
0
v)

∇2ϕ =
∂V
∂ϕ

S2 → S2



’t Hooft-Polyakov monopole 
 gauge theory with an adjoint scalar


After  gains the VEV,  
 is spontaneously broken to 


The  VEV does not have to be globally diagonal in the gauge space


This field configuration leads to a energy condensation, which we call mass of monopole 
 

SU(2)

Φ
SU(2) U(1)

Φ

10

’t Hooft, NPB, 74; Polyakov, JEPT Lett., 74

=
1
2 [ Φ3 Φ1−iΦ2

Φ1−iΦ2 −Φ3 ]

U(1)

SU(2)
⟨Φ⟩ = U(Ω)

1
2 [v 0

0 −v] U−1(Ω)

In the BPS limit, λ/e2 → 0, f(λ/e2) → 1

Most energy is restricted in the narrow radius R ∼ 1/v

Mmono =
4πv

e
f(λ/e2)



Basic feature of a monopole

A soliton solution in 3D spatial space.


It arises from spontaneous breaking of non-abelian symmetry


It appears as an object of a certain mass  and most mass restricted in 
a radius  from the centre


It has a “magnetic” charge (does not need to be real magnetic in QED)

M
R
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Homotopy group  topological defects⇔
Kibble mechanism, 1976  
—— originally proposed for defects generated in a continuous phase transition. 


Topological defects depend on the homotopy groups (同伦群) of the manifold of 
degenerate vacua.  
 

If , ( )-dim topological defects defects formπk(G/H) ≠ 1 2 − k

12

k For symm breaking , degenerate vacua form a manifold , a homotopy 
group  is defined by the set of mapping  ( -dim sphere)

G → H ℳ = G/H
πk(ℳ) ℳ → Sk k

• monopoles      (单极⼦),   0-dim point in the core


• cosmic strings (宇宙弦),  1-dim string in the core


• domain walls    (畴壁),     2-dim surface in the core

k = 2 ⇒

k = 1 ⇒

k = 0 ⇒



Monopoles in grand unified theories
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SO(10)

GC
422

G422

GC
3221

G421

G3221

G3211

GSM

G51 Gflip
51

SU(5)

cosmic string

monopole 

domain wall

G51 = SU(5) × U(1)

G422 = SU(4)c × SU(2)L × SU(2)R

: parity C ψL ↔ ψC
R

G3221 = SU(3)c×SU(2)L×SU(2)R×U(1)B−L

G3211 = SU(3)c×SU(2)L×SU(1)Y×U(1)B−L

G421 = SU(4)c×SU(2)L×U(1)R

flip: isospin flipping , u ↔ d ν ↔ e



Monopoles in grand unified theories

Gauge symmetry 


 is spontaneously broken to 


The breaking of  can be embedded into 


Monopole arises from the breaking of Pati-Salam symmetry. 
Its property is determined by the embedding of   into the gauge space of 

G422 = SU(4)c × SU(2)L × SU(2)R

SU(4)c SU(3)c × U(1)B−L

SU(2) → U(1) SU(4) → SU(3) × (1)

SU(2) SU(4)

14

Pati-Salam monopoles

Preskill, Ann. Rev. Nucl. Part. Sci., 1984

Since  is unbroken, there 
is only one type of monopole

SU(3)c



Monopoles in grand unified theories

Gauge symmetry , broken to SM gauge 
symmetry directly via an adjoint 24-plet Higgs

SU(5)

15

SU(5) monopoles

SU(5) → SU(3)c × SU(2)L × U(1)Y

SO(10) monopoles: two types

SU(10) → SU(4)c × SU(2)R × SU(2)L

SU(4)c → SU(3)c × U(1)B−L

Preskill, Ann. Rev. Nucl. Part. Sci., 1984



Monopole searches at colliders

16

Measuring magnetic monopoles via Schwinger mechanism in Pb-Pb heavy-ion collisions at the LHC

MoEDAL, 2106.11933, Nature 602, 63 (2022)
Altas in 2408.11035 excludes monopole with mass below 80-120 GeV.



GUT monopole problem
GUT monopoles are produced after the breaking of GUTs, with masses naturally around 
the GUT scale  and number density .


Monopoles, once they are produced, evolve as matter during Hubble expansion. The 
number density today is given by


Their energy density fraction  is given by

Mmono > 1015 GeV n⋆ = H3
⋆

Ωmono = Mmonon(t0)/ρc

17

nmono(t0) = ( a(t⋆)
a(t0) )

3

n⋆

Ωmono =
8πGMmonoH3

⋆

3H2
0(1 + zRh)3

∼ 1040 ( TRh

1015 GeV )
4

≫ 1



Monopole as one of the main motivations of inflation
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GUT inflation

20

Shifted hybrid inflation in PS model, Jeannerot, Khalil, Lazarides, Shafi, hep-ph/0002151

timeco
m

ov
in

g 
fa

ct
or

 a inflation ΛCDM
reheatingNInf ≃ 60

GUT PT

Smooth hybrid inflation, Lazarides, Panagiotakopoulos, hep-ph/9506325

SU(5) inflation, Vilenki, Shafi, PRL, 1984

Most GUT inflation models assume GUT phase transition (PT) in the beginning of or 
smoothing during inflation



GUT breaking during inflation
Locating the GUT PT during inflation can also solve the problem. 
And if the PT is first order …

21

timeco
m

ov
in

g 
fa

ct
or

 a inflation ΛCDM

GUT PT at N⋆

reheatingNInf ≃ 60

GWs via phase transition during inflation can generate distinguishable features in the GW 
spectra, as pointed out by Haipeng An’s group An, Lyu, Wang, Zhou, 2009.12381, 2201.05171 

NInf > N⋆ > 0 Ωmono ∼ 10−5 ( TRh

1015 GeV )
4

e−3(N⋆−15)



Inflated GWs via GUT phase transition
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GHz → Hz, mHz, nHz
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10-6

h2ΩGW( f ) = h2 Ω̃ GW( feN⋆) × S( f )

redshift deformation

Inflated GW Uninflated GW

X.H. He, YLZ, 2501.01491 

The mechanism was reviewed, 
more general formalism was obtained,

And we applied it in GUT phase transition

TRh = 1015 GeV

β
H⋆

= 5

ρPT

ρtot
= 0.1



Inflated GWs via GUT phase transition
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Inflated GWs via phase transition below the GUT scale
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Standard picture of GWs via cosmic strings

Most GUTs include a U(1)B-L symmetry.

26

loops

long strings

Strings intersect and intercommute to form loops and cusps

Vanchurin, Olum, Vilenkin, 0511159Loops oscillate via gravitational radiation

Spontaneous breaking of this U(1) generates cosmic strings.

Another mechanism: GW via GUT phase transition?

GW via cosmic strings

——require technique developments to measure high-frequency GW, see e.g., 2011.12414, 2310.06607

π1(U(1)) = Z



Standard picture of GWs via cosmic strings
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Blanco-Pillado, Olum 
1709.02693

ΩGWh2 ∼ 5 × 10−5 Gμ

Matter era

Radiation era PlateauGμ

∝
MB−L

MPlanck

 Newton constantG = M−2
Planck

in GUTs



Tensions between NANOGrav and GWs via Nambu-Goto strings
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In GUTs beyond SU(5), GUT is broken to SM via several steps, e.g.,


If monopole mass scale is not far away from the string tension scale, string can decay to 
monopole-antimonopol pairs and become metastable


Decay rate is calculated via bounce action, which is effectively parametrised to be

Way out: metastable strings

29

κ =
M2

mono

μstring
Γd =

μ
2π

e−πκ Preskill, Vilenkin, hep-ph/9209210;

Leblond, Shlaer, Siemens, 0903.4686;

Monin, Voloshin, 0808.1693

SO(10) ⟶ SU(3)c × SU(2)L × SU(2)R × U(1)B−L ⟶ SU(3)c × SU(2)L × U(1)Y
monopole cosmic string 

+ −

Monopole nucleation

string Monopole-antimonopole pair



GW spectrum via metastable strings
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κ ≃ (8,9) ⇒ MGUT ∼ MB−L

Buchmuller, Domcke, Schmitz, 2307.04691

Antusch, Hinze, Saad, Steiner, 2307.04595

A GUT inflation separates the GUT 
breaking and B-L breaking in the 
time scale is required. 

 of loops from usual stringsn(l, t)  of metastable loopsn(l, t) e−Γd l t

SUSY GUTs and flipped SU(5) GUT 
can provide such  in this regimeκ

Fu, King, Marsili, Pascoli, Turner, Zhou, 2308.05799

King, Leotaris, Zhou, 2311.11857

κ ∼ α−1/2
GUT

MGUT

MB−L



  Summary
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Monopole as an extension of electromagnetic theory 
 

enlarge the symmetry of electromagnetism;  
explanation of quantisation of electric charge via Dirac’s argument


Monopole as a topological defect in QFT  
 

a type of soliton solution in QFT,  
universally predicted in GUTs,  
motivation of inflation


Monopole’s motivation on inflated GWs via GUT phase transition 
 

Solving monopole problem leaves room for GUT phase transition during inflation.  
If GUT phase transition, an inflated GWs, with spectrum redshifted and deformed, 
might be observed.  
This feature can be used to prove GUT and inflation


Monopole’s influence on GW via cosmic strings 
 

cosmic strings can decay to monopoles if their generating scales are not far away.  
It can explain NANOGrav-15 data. 

Thank you very much!


