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Semi-inclusive charm decays

• Experimental detection of partial final state particles 

➡  ( , only  is detected)


• Sum of a group of exclusive channels  

➡  

➡ 

D → e+X D → e+νeX e+

D0 → e+Xs = D → e+νeK−, e+νeK−π0, e+νeK̄0π−, . . .

D0 → e+Xd = D → e+νeπ−, e+νeπ−π0, e+νeπ−π+π−, . . .
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Why inclusive charm decays?

• As weak decays of heavy hadrons 

➡ Probe new physics 

➡ Understand QCD


• Compared to exclusive decays 

➡ Better theoretical control 


• Compared to beauty decays 

➡ Special to new dynamics attached with up-type quarks  

➡ More sensitive to power corrections
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★  Determination by charm, application in beauty. 

★  More important with stronger experiment 



Why inclusive charm decays?

• Resolve (or at least give hints to) current flavor puzzles/anomalies 

➡ Puzzles in charmed hadron lifetimes: theory vs experiment 

➡  puzzles: inclusive vs exclusive


➡  anomalies:  in 

Vcb, Vub

b → s P′ 5 B → K*ℓℓ
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Why inclusive charm decays?
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[Lenz et al, ’22]

0 1

[Cheng, ’21]

• Key issue: Nonperturbative power corrections with 
large/unknown uncertainties 

• Solution: Extraction in the inclusive decay spectrum 
and application to lifetime 


➡  Dependence on identical hadronic HQET parameters, ⟨Hc |Oi |Hc⟩

[Lenz et al, ’22]

• Flavor puzzle 1. Charmed hadron lifetimes: theory vs experiment 



Why inclusive charm decays?
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• Flavor puzzle 2. : inclusive vs exclusive  

• Key issue: Systematic uncertainties from 
theoretical inclusive and exclusive frameworks


• Give hints:  

➡ Test : inclusive vs exclusive 


➡ Await the first inclusive value

Vcb, Vub

Vcd, Vcs



Why inclusive charm decays?
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• Flavor puzzle 3.  anomalies:  in   

• Key issue:  form factor receive large long-
distance quark loop contributions, whose first-
principle calculation is still missing 


• Give hints:  

➡ Test the  transition, by angular distribution in 
inclusive 

b → s P′ 5 B → K*ℓℓ

B → K*

c → u
D → Xuℓℓ



Theoretical framework

• Optical theorem 


• Operator product expansion (OPE)


➡ Short distance 


➡ Dynamical fluctuation in D meson 

x ∼ 1/mc

∼ ΛQCD
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∑ ⟨D |H |X⟩⟨X |H |D⟩ ∝ Im∫ d4x⟨D |T{H(x)H(0)} |D⟩

T{H(x)H(0)} = ∑
n

Cn(x)On(0) → 1 +
ΛQCD

mc
+

Λ2
QCD

m2
c

+ . . .

Systematic OPE in HQET.



Theoretical framework

• Heavy quark effective theory
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hv(x) ≡ e−imcv⋅x 1 + γ ⋅ v
2

c(x)

Similar to 
m

1 − v2
= m +

1
2

mv2 + . . .

Subtract the big intrinsic momentum,

L ∋ h̄viv ⋅ Dhv

v = (1,0,0,0)

−h̄v
D2

⊥

2mc
hv − a(μ)gh̄v

σ ⋅ G
4mc

hv + . . .

Leave only ~  degrees of freedom.ΛQCD



Theoretical framework

• OPE 

• Contribute to inclusive decay rate and also lifetime 


➡ Matrix elements of the same operators 


➡ Only different short-distance coefficients
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T{H(x)H(0)} = ∑
n

Cn(x)On(0)

λ1 ≡
1

4mD
⟨D | h̄v(iD)2hv |D⟩ = − μ2

π

λ2 ≡
1

16(sc ⋅ sq)
1

2mD
⟨D | h̄vgσ ⋅ Ghv |D⟩ =

μ2
G

3

Cn(x)

 Dim-3: partonic decay rate.h̄vhv (c̄γμc) →

 Dim-5: h̄vD2
⊥hv, gh̄vσ ⋅ Ghv .

 Dim-6: , h̄vDμ(v ⋅ D)Dμhv (h̄vΓ1q)(q̄Γ2hv), . . .

 …

On(0)

 LO: α0
s (mc)

 NLO: αs(mc)
 …

Question:  
convergent expansion  

of  and ?αs(mc) ΛQCD/mc



Theoretical results

• Analytical differential decay rate


• Up to finite power, the obtained differential decay rate is NOT the experimental spectrum


➡  Observables require integration over final states


➡  ,   (n=1,2,3,4)Γ = ∫
dΓ
dy

dy ⟨En
ℓ⟩ =

1
Γ ∫

dΓ
dy

En
ℓ dy
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y ≡ 2Ee/mc

1
Γ0

dΓ
dy

= 12(1 − y)y2θ(1 − y)

+
2μ2

π

m2
c

[ − 10y3θ(1 − y) + 2δ(1 − y)]
−

2μ2
G

3m2
c

[6y2(6 − 5y)θ(1 − y)] + 𝒪(αs,
Λ3

m3
c

)



Theoretical results

• Analytical results for total decay rate and energy moments (NNLO & )Λ3
QCD/m3

c

12
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sector, specifically examining the inclusive and exclusive values of Vcd,cs, would be highly beneficial. This comparison
hinges on the first determination of Vcd,cs in semi-leptonic inclusive charm decays. Additionally, the intriguing B
anomaly observed in flavor-changing-neutral-current exclusive channels such as B ! K⇤µµ [15] warrants exploration
in the corresponding inclusive channels [3–5], including those in charm decays [16].

The CLEO experiment has conducted measurements of the electronic inclusive decays of the three types ofD mesons,
D+, D0, D+

s ! e+X, providing data on branching ratios and electron energy spectra as reported in [17]. Recently, the
BESIII collaboration updated the results for the D+

s channel [18] and made the first and second measurements for
⇤c ! e+X [19, 20]. Comprehensive theoretical discussions on the heavy quark expansion for inclusive charm decays
can be found in [21]. Phenomenological studies include attempts of extracting weak annihilation contributions [22, 23]
and determining the strong coupling constant ↵s [24] from experimental data. In addition, the potential for extracting
the HQET parameters from current and future BESIII data has been explored in [25]. By this work, we achieve for
the first time extracting the HQET parameters by utilizing available data.

The remaining sections of this paper are structured as follows. In the subsequent section, we present the theoretical
formulas for the decay widths and electron energy moments of the inclusive D+, D0, D+

s ! e+X decays by expanding
them in inverse powers of the charm mass using OPE. The leading power contributions, corresponding to the partonic
results, are computed up to next-to-next-to-leading order (NNLO) of ↵s. We incorporate power corrections up to
1/m3

c , which are characterized by the HQET parameters, matrix elements of dimension-five and -six HQET operators,
and their associated coe�cients calculated to leading order (LO) of ↵s. In Section III, we extract the experimental
results for the electron energy moments based on the corresponding spectra provided by CLEO and BESIII. Moving
on to Section IV, we perform a data fitting of the theoretical formulas to the experimental data, determining the
HQET parameters µ2

⇡, µ
2
G, ⇢

3
D, and ⇢3LS , in inclusive charm decays. Finally, we conclude with a summary and prospect

to possible theoretical and experimental improvements.

THEORETICAL FORMULAS

In this section, we present the theoretical formulas for the inclusive D ! e+X decay widths and the electron energy
moments, which are used for fitting the data. By employing OPE and perturbatively calculating the short-distance
coe�cients, these formulas are expanded in powers of ⇤QCD/mc and ↵s, with the strange quark mass ms treated as
a quantity of order ⇤QCD as in [21]. We will consider power corrections up to (⇤QCD/mc)3. For the leading power
contributions, we will include ↵s corrections up to NNLO, while for power corrections, only LO ↵s contributions will
be considered. Various charm mass schemes, including pole mass, MS mass, and 1S mass [26–28], will be tested, and
our analysis shows that the 1S mass scheme is the most favorable choice.

For the decay widths in the pole mass scheme, the results read
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where the constant �̂0 = G2
F /(192⇡

3), Vcq is the corresponding CKM matrix element, the index i = u, d, s denotes
the three types of D mesons, �0 = 11 � 2nf/3 is the first coe�cient of the QCD �-function, and the mass ratio
⇢ ⌘ m2

s/m
2
c . For the perturbative calculation, we have chosen the active quark number nf = 4 corresponding to the

light quark number nl = 3. It has been verified numerically that changing it to nf = 3 does not produce a sizable
impact. The partoic NLO correction agrees with [29, 30]. The NNLO perturbative corrections to b ! u decay width
have been calculated in [31, 32], a replacement of the active quark flavor number from five to four gives the result for
charm decays here. For the HQET parameters, the hadronic matrix elements of the HQET operators, we accept the
convention used by [21],

µ2
⇡(Di) ⌘ hDi|c̄v(iD)2cv|Dii/(2mDi), µ

2
G(Di) ⌘ hDi|c̄v(iD↵)(iD�)(�i�↵�)cv|Dii/(2mDi), (2)

⇢3LS(Di) ⌘
1

2
hDi|c̄v{(iD↵), [iv ·D, iD� ]}(�i�↵�)|Dii/(2mDi), ⇢

3
D(Di) ⌘

1

2
hDi|c̄v[(iD

µ), [iv ·D, iDµ]]cv|Dii/(2mDi).

The dimension-six four-quark operators should theoretically contribute, but they are omitted in practice here due to
their vanishing e↵ects under the vacuum insertion approximation [33]. This choice helps avoid an excessive number
of free parameters, enabling a successful global fit.

NLO analytical integration NNLO numerical results 

provided by Long Chen 

[Chen,Chen,Guan,Ma,’23]

Dim-5, Λ2
QCD/m2

c Dim-6, Λ3
QCD/m3

c



Mass scheme

• Pole mass scheme


1 - 30% - 36% 


•  mass scheme


 1 + 52% + 46%

Γ/ΓLO = 1 − 0.768104αs − 2.37521α2
s ≈

MS

Γ/ΓLO = 1 + 1.35αs + 3.02α2
s ≈

13

Become negative at NNNLO!

Γ = m5
c (Γ(0) + αsΓ(1) + α2

s Γ(2)) = (mc(1 + αsm(1) + α2
s m(2)))

5
(Γ(0) + αsΓ(1) + α2

s Γ(2))

• 1S mass scheme (half of  mass)


 1 - 13% - 5% 

J/ψ

Γ/ΓLO ≈ Answer: convergent expansion of  !αs(mc)

Very slow convergence!



Theoretical results

• Analytical results for total decay rate and energy moments (NNLO & )Λ3
QCD/m3

c
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For the initial four electron energy moments, the theoretical results are as follows,
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where the NLO and NNLO coe�cients are given by

a(1)1 =
1093� 180⇡2
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4
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with ` ⌘ log(µ2/m2
c). The NLO results a(1)1�4 are obtained by phase space integration of the analytical di↵erential

decay widths given by [34]. The numerical NNLO results a(2)1�4 are provided by authors of [35]. Our results for the
NLO corrections to the first two electron energy moments are consistent with [36], and first four ones at LO align
with [21].

The aforementioned results are highly sensitive to the charm quark mass mc, given that they are proportional to
high powers ofmc. A proper choice of the charm mass, such as its scheme, is essential for precise theoretical predictions
and hence the extraction of non-perturbative parameters. While the perturbative calculations mentioned above rely
on the pole mass, this choice is deemed inappropriate due to the renormalon ambiguity. To circumvent this issue, an
appropriate short-distance mass is required. The kinetic mass scheme has been e↵ectively utilized in semileptonic B
decays, utilizing a cuto↵ scale of 1 GeV [37, 38]. However, this approach does not result in a convergent expansion in
the case of charm [39]. In the following, we will thus consider two other charm mass schemes:1

• The MS mass scheme: the pole mass mc is expressed in terms of the MS mass mc(µ) as [40–43]
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• The 1S mass scheme: the pole mass mc is expressed in terms of the 1S mass mc,1S as [26–28]

mc = mc,1S +mc,1S
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For the MS mass scheme, we substitute the pole mass in (1) and (3) with (5) and expand consistently up to order
↵2
s. The formulas are listed in (15).

1 An alternative method for treating the quark mass within the heavy quark expansion is proposed by [39].



Experimental status
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[CLEO, ’09]

[BESIII, ’21]

CLEO measurements BESIII measurements

D+ → e+XD0 → e+X D+
s → e+X D+

s → e+X

B(D+
s → Xe+νe) = (6.30 ± 0.13 ± 0.10) %



Experimental status
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[BESIII (4.5 fb ), ’23]−1[BESIII (567 pb ), ’18]−1

BESIII measurements

Λc → e+X Λc → e+X

B(Λ+
c → Xe+νe) = (3.95 ± 0.34 ± 0.09) %



Experimental status
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Data
dΓ
dy

= ay2(1 + by)(1 − y)

Lorentz boost

Lab frame

Rest frame

Extrapolation

Uncertainties are obtained assuming independent bins



Global fit
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MS scheme �2/d.o.f. Di µ2
⇡/GeV2 µ2

G/GeV2 ⇢3D/GeV3 ⇢3LS/GeV3

Scenario 1 4.5
D0,+ 0.09± 0.01 0.27± 0.14 - -

Ds 0.09± 0.02 0.39± 0.12 - -

Scenario 2 2.1
D0,+ 0.11± 0.02 0.26± 0.14 �0.002± 0.002 0.003± 0.002

Ds 0.12± 0.02 0.38± 0.13 �0.003± 0.002 0.005± 0.002

TABLE I. The �2 fitting results in the MS mass scheme. Scenario 1 excludes the dimension-six operator contributions while
Scenario 2 includes them. The �2/d.o.f. in the fit, along with the central values and uncertainties for the HQET parameters,
are displayed.

1S scheme �2/d.o.f. Di µ2
⇡/GeV2 µ2

G/GeV2 ⇢3D/GeV3 ⇢3LS/GeV3

Scenario 1 4.9
D0,+ 0.04± 0.01 0.33± 0.02 - -

Ds 0.06± 0.02 0.44± 0.02 - -

Scenario 2 0.33
D0,+ 0.09± 0.02 0.32± 0.02 �0.003± 0.002 0.004± 0.002

Ds 0.11± 0.02 0.43± 0.02 �0.004± 0.002 0.005± 0.002

TABLE II. Same as Table I except for the 1S scheme.

expansion and its superior fitting performance, we adopt the results from “Scenario 2, 1S scheme” as our primary
outcomes, with the correlation matrices for the extracted parameters given in (19) in the appendix. We consider
their discrepancies from “Scenario 1, 1S scheme” results as systematic uncertainties arising from unknown power
corrections, and eventually suggest the values for the HQET parameters are quoted as

µ2
⇡(D

0,+) = (0.09± 0.05)GeV2, µ2
⇡(D

+
s ) = (0.11± 0.05)GeV2, (14)

µ2
G(D

0,+) = (0.32± 0.02)GeV2, µ2
G(D

+
s ) = (0.43± 0.02)GeV2,

⇢3D(D0,+) = (�0.003± 0.002)GeV3, ⇢3D(D+
s ) = (�0.004± 0.002)GeV3,

⇢3LS(D
0,+) = (0.004± 0.002)GeV3, ⇢3LS(D

+
s ) = (0.005± 0.002)GeV3,

which are exactly the values that are presented in the abstract.

FIG. 1. The comparison between the results for µ2
⇡ (left) and µ2

G (right) in “Our work” and those obtained in the literature. The
“Inclusive(B), 2021” [37] results are obtained in a global fit to semi-leptonic inclusive B decay observables for the corresponding
B meson parameters, which are related to the D meson ones by the heavy quark symmetry. The “LQCD(B), 2018” [47] and
“QCDSR(B), 1996” [48] results for µpi

2 are also for the B meson, calculated by using lattice QCD and QCD sum rules,
respectively. The “Mass Relation(D), 2002” [49] and “Mass Relation(D), 1992” [50] results for µ2

G are obtained by using the
two versions of mass relations between the D(s) and D⇤

(s) mesons.

The parameter of the chromomagnetic operator, µ2
G, can be determined using the two versions of mass relations

between the D(s) and D⇤
(s) mesons [49–51], and the average values of the two determinations are given by [8] to be

µ2
G(D

0,+) = (0.34±0.10)GeV2 and µ2
G(D

+
s ) = (0.36±0.10)GeV2. Our results obtained in the 1S scheme are consistent

with these values but exhibit smaller uncertainties and indicate a larger breaking of the SU(3) flavor symmetry. Our
results are also basically consistent with the values ⇠ 0.3GeV2 for the B mesons extracted from inclusive B meson
decays [37] in various bottom mass schemes. Regarding the parameter of the kinetic operator, µ2

⇡, our results are
in basic agreement with the imprecise lattice result µ2

⇡ = (0.05 ± 22)GeV2 [47] and the QCD sum rule calculation
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Difference between Scenario 1 & 2 as systematic uncertainties.
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Data determination of HQET parameters in inclusive charm decays

Kang-Kang Shaoa,b,⇤ Chun Huangc,† and Qin Qina‡
aSchool of physics, Huazhong University of Science and Technology, Wuhan 430074

bFrontiers Science Center for Rare Isotopes, and School of Nuclear Science and Technology,
Lanzhou University, Lanzhou 730000, China and

cPhysics Department and McDonnell Center for the Space Sciences,
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This work delves into the phenomenology of electronic inclusive decays ofD mesons, encompassing
D0, D+, D+

s ! Xe+⌫. The theoretical formulas for the decay widths and electron energy moments
of these decays are presented as expansions with powers of ↵s and ⇤QCD/mc. Remarkably, the
expansion exhibits excellent convergence properties when we choose the 1S mass scheme for charm.
The formulas are subsequently fitted to experimental data, and the D meson matrix elements of
operators in the heavy quark e↵ective theory are hence determined by data for the first time,
including

µ2
⇡(D

0,+) = (0.09± 0.05)GeV2, µ2
⇡(D

+
s ) = (0.11± 0.05)GeV2,

µ2
G(D

0,+) = (0.32± 0.02)GeV2, µ2
G(D

+
s ) = (0.43± 0.02)GeV2,

⇢3D(D0,+) = (�0.003± 0.002)GeV3, ⇢3D(D+
s ) = (�0.004± 0.002)GeV3,

⇢3LS(D
0,+) = (0.004± 0.002)GeV3, ⇢3LS(D

+
s ) = (0.005± 0.002)GeV3.

These determined parameters will play a crucial role as inputs in various physical quantities, in-
cluding D meson lifetimes. KeibaiQian

INTRODUCTION

Semi-leptonic inclusive heavy hadron decays present an optimal setting for precision testing of the standard model,
owing to the systematic power expansion of the heavy quark mass within the framework of operator product expansion
(OPE), which renders it theoretically more robust than exclusive decays. The inclusive charm decays such as D !

Xd,se+⌫, in addition to serving as complementary channels to inclusive beauty decays [1–7], hold intrinsic value.
Despite criticisms regarding the slower convergence of the expansion in inclusive charm decays compared to beauty
decays, an alternative perspective underscores a notable advantage: the enhanced impact of power corrections in
charm decays allows for more e�cient extraction of the corresponding nonperturbative parameters, which can be
utilized in beauty decays through the principles of heavy quark symmetry.

The investigation of inclusive charm decays is further motivated by its close connection to several key issues
of heavy flavor physics, including the determination of charmed hadron lifetimes, testing the Cabibbo-Kobayashi-
Maskawa (CKM) mechanism, and addressing anomalies observed in B meson decays. Notably, the calculation of
charmed hadron lifetimes has yielded perplexing results, such as the observation of a negative central value for the
D+ decay width [8] and the distinct ordering of charmed baryon lifetimes from experimental data [9–11]. These
discrepancies can be largely attributed to significant theoretical uncertainties resulting from imprecise and model-
dependent input for non-perturbative hadronic parameters [12, 13]. In the realm of heavy quark e↵ective theory
(HQET), the theoretical framework governing the semi-leptonic inclusive decay rates and total decay widths of
charmed hadrons relies on the same hadronic matrix elements of HQET operators. Referred to as HQET parameters,
their precise determination from model-independent analyses of spectra from inclusive decays is crucial for resolving
the lifetime anomalies observed in D mesons and charmed baryons. Moreover, the longstanding discrepancy between
the inclusive and exclusive determinations of Vcb,ub [14] raises questions regarding whether this discrepancy arises
from dynamics beyond the CKM mechanism or from overlooked QCD e↵ects. A comparative analysis in the charm
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MS scheme �2/d.o.f. Di µ2
⇡/GeV2 µ2

G/GeV2 ⇢3D/GeV3 ⇢3LS/GeV3

Scenario 1 4.5
D0,+ 0.09± 0.01 0.27± 0.14 - -

Ds 0.09± 0.02 0.39± 0.12 - -

Scenario 2 2.1
D0,+ 0.11± 0.02 0.26± 0.14 �0.002± 0.002 0.003± 0.002

Ds 0.12± 0.02 0.38± 0.13 �0.003± 0.002 0.005± 0.002

TABLE I. The �2 fitting results in the MS mass scheme. Scenario 1 excludes the dimension-six operator contributions while
Scenario 2 includes them. The �2/d.o.f. in the fit, along with the central values and uncertainties for the HQET parameters,
are displayed.

1S scheme �2/d.o.f. Di µ2
⇡/GeV2 µ2

G/GeV2 ⇢3D/GeV3 ⇢3LS/GeV3

Scenario 1 4.9
D0,+ 0.04± 0.01 0.33± 0.02 - -

Ds 0.06± 0.02 0.44± 0.02 - -

Scenario 2 0.33
D0,+ 0.09± 0.02 0.32± 0.02 �0.003± 0.002 0.004± 0.002

Ds 0.11± 0.02 0.43± 0.02 �0.004± 0.002 0.005± 0.002

TABLE II. Same as Table I except for the 1S scheme.

expansion and its superior fitting performance, we adopt the results from “Scenario 2, 1S scheme” as our primary
outcomes, with the correlation matrices for the extracted parameters given in (19) in the appendix. We consider
their discrepancies from “Scenario 1, 1S scheme” results as systematic uncertainties arising from unknown power
corrections, and eventually suggest the values for the HQET parameters are quoted as

µ2
⇡(D

0,+) = (0.09± 0.05)GeV2, µ2
⇡(D

+
s ) = (0.11± 0.05)GeV2, (14)

µ2
G(D

0,+) = (0.32± 0.02)GeV2, µ2
G(D

+
s ) = (0.43± 0.02)GeV2,

⇢3D(D0,+) = (�0.003± 0.002)GeV3, ⇢3D(D+
s ) = (�0.004± 0.002)GeV3,

⇢3LS(D
0,+) = (0.004± 0.002)GeV3, ⇢3LS(D

+
s ) = (0.005± 0.002)GeV3,

which are exactly the values that are presented in the abstract.
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FIG. 1. The comparison between the results for µ2
⇡ (left) and µ2

G (right) in “Our work” and those obtained in the literature. The
“Inclusive(B), 2021” [37] results are obtained in a global fit to semi-leptonic inclusive B decay observables for the corresponding
B meson parameters, which are related to the D meson ones by the heavy quark symmetry. The “LQCD(B), 2018” [47] and
“QCDSR(B), 1996” [48] results for µpi

2 are also for the B meson, calculated by using lattice QCD and QCD sum rules,
respectively. The “Mass Relation(D), 2002” [49] and “Mass Relation(D), 1992” [50] results for µ2

G are obtained by using the
two versions of mass relations between the D(s) and D⇤

(s) mesons.

The parameter of the chromomagnetic operator, µ2
G, can be determined using the two versions of mass relations

between the D(s) and D⇤
(s) mesons [49–51], and the average values of the two determinations are given by [8] to be

µ2
G(D

0,+) = (0.34±0.10)GeV2 and µ2
G(D

+
s ) = (0.36±0.10)GeV2. Our results obtained in the 1S scheme are consistent

with these values but exhibit smaller uncertainties and indicate a larger breaking of the SU(3) flavor symmetry. Our
results are also basically consistent with the values ⇠ 0.3GeV2 for the B mesons extracted from inclusive B meson
decays [37] in various bottom mass schemes. Regarding the parameter of the kinetic operator, µ2

⇡, our results are
in basic agreement with the imprecise lattice result µ2

⇡ = (0.05 ± 22)GeV2 [47] and the QCD sum rule calculation
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G (right) in “Our work” and those obtained in the literature. The
“Inclusive(B), 2021” [37] results are obtained in a global fit to semi-leptonic inclusive B decay observables for the corresponding
B meson parameters, which are related to the D meson ones by the heavy quark symmetry. The “LQCD(B), 2018” [47] and
“QCDSR(B), 1996” [48] results for µpi

2 are also for the B meson, calculated by using lattice QCD and QCD sum rules,
respectively. The “Mass Relation(D), 2002” [49] and “Mass Relation(D), 1992” [50] results for µ2

G are obtained by using the
two versions of mass relations between the D(s) and D⇤

(s) mesons.

The parameter of the chromomagnetic operator, µ2
G, can be determined using the two versions of mass relations

between the D(s) and D⇤
(s) mesons [49–51], and the average values of the two determinations are given by [8] to be

µ2
G(D

0,+) = (0.34±0.10)GeV2 and µ2
G(D

+
s ) = (0.36±0.10)GeV2. Our results obtained in the 1S scheme are consistent

with these values but exhibit smaller uncertainties and indicate a larger breaking of the SU(3) flavor symmetry. Our
results are also basically consistent with the values ⇠ 0.3GeV2 for the B mesons extracted from inclusive B meson
decays [37] in various bottom mass schemes. Regarding the parameter of the kinetic operator, µ2

⇡, our results are
in basic agreement with the imprecise lattice result µ2

⇡ = (0.05 ± 22)GeV2 [47] and the QCD sum rule calculation

Considerable SU(3) and heavy quark symmetry breaking.
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Contributions to the inclusive D and Ds decay widths 

Answer: convergent expansion of  and  !αs(mc) ΛQCD/mc



Summary and Prospect

• -expansion and heavy quark expansion are valid in inclusive charm decays


• HQE parameters in inclusive charm decays are determined by data model 
independently for the first time 

• Possible improvements


➡ Include higher order radiative corrections, 


➡ Include higher power corrections, complete dimension-6 and -7 operator


➡ Extend the study to charmed baryons


➡ ……

αs

𝒪(α3
s )
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Wishlist

• Measurements performed in the rest frame of charmed hadrons


• Direct measurements of , instead of the electron energy spectrum


• Measurements of  moments, good for higher-dimensional operators


• Separate , to give first inclusive measurements of 

⟨En
e ⟩

q2

Xd, Xs Vcd, Vcs
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Thank you!
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Mass scheme transformation

3

For the initial four electron energy moments, the theoretical results are as follows,
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where the NLO and NNLO coe�cients are given by

a(1)1 =
1093� 180⇡2

900
, a(1)2 =

4243� 720⇡2

10800
, a(1)3 =

144037� 25200⇡2

1058400
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1411200
, (4)

a(2)1 =
�0

4
a(1)1 `� 7.70077, a(2)2 =

�0

4
a(1)2 `� 2.77835, a(2)3 =

�0

4
a(1)3 `� 1.06371, a(2)4 =

�0

4
a(1)4 `� 0.42438,

with ` ⌘ log(µ2/m2
c). The NLO results a(1)1�4 are obtained by phase space integration of the analytical di↵erential

decay widths given by [34]. The numerical NNLO results a(2)1�4 are provided by authors of [35]. Our results for the
NLO corrections to the first two electron energy moments are consistent with [36], and first four ones at LO align
with [21].

The aforementioned results are highly sensitive to the charm quark mass mc, given that they are proportional to
high powers ofmc. A proper choice of the charm mass, such as its scheme, is essential for precise theoretical predictions
and hence the extraction of non-perturbative parameters. While the perturbative calculations mentioned above rely
on the pole mass, this choice is deemed inappropriate due to the renormalon ambiguity. To circumvent this issue, an
appropriate short-distance mass is required. The kinetic mass scheme has been e↵ectively utilized in semileptonic B
decays, utilizing a cuto↵ scale of 1 GeV [37, 38]. However, this approach does not result in a convergent expansion in
the case of charm [39]. In the following, we will thus consider two other charm mass schemes:1

• The MS mass scheme: the pole mass mc is expressed in terms of the MS mass mc(µ) as [40–43]
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• The 1S mass scheme: the pole mass mc is expressed in terms of the 1S mass mc,1S as [26–28]

mc = mc,1S +mc,1S
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For the MS mass scheme, we substitute the pole mass in (1) and (3) with (5) and expand consistently up to order
↵2
s. The formulas are listed in (15).

1 An alternative method for treating the quark mass within the heavy quark expansion is proposed by [39].
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[CLEO (818 , 602 ), ’09]pb−1(D0,±) pb−1(D±
s )

[BESIII, ’21]

CLEO measurements BESIII measurements

D+ → e+XD0 → e+X D+
s → e+X D+

s → e+X


