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Motivation: HH production in gluon fusion

✓ Understand the scalar sector of the Standard Model (SM)

• The Higgs self-coupling is important for understanding the mechanism of electroweak 

symmetry breaking and testing the electroweak theory.

• The most promising such measurement is the production of a pair of Higgs bosons.

• One central objective of the LHC at CERN is to refine the experimental bounds on the trilinear 

self-coupling of the Higgs boson (𝝀 =
𝒎𝑯
𝟐

𝟐𝒗𝟐
≈ 𝟎. 𝟏𝟑).

𝜿 factor (𝝀𝑯𝑯𝑯/𝝀𝑯𝑯𝑯
𝑺𝑴 ): −𝟏. 𝟐 < 𝜿𝝀 < 𝟕. 𝟐 [ATLAS collaboration ‘24]

−𝟏. 𝟒 < 𝜿𝝀 < 𝟔. 𝟒 [CMS collaboration ‘24]

• Gluon fusion dominates Higgs pair production at the LHC due to the large gluon luminosity.

(key process at HL-LHC)

Higgs self-coupling 𝜆
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Motivation: beyond LO status

1. Numerical evaluation 
2. Expansion in various kinematic limits

✓ Beyond LO: no fully analytic results

NLO QCD:

• Large-𝒎𝒕 [Dawson et al. ’98; Grigo, et al. ‘13]

• Threshold expansion [Gröber et al. ‘18]

• High-energy expansion [Davies et al. ‘18, ‘19]

• Small-𝒑𝑻 expansion [Bonciani et al. ‘18]

• Small-t expansion [Davies et al. ‘23]

• Numeric [Borowka et al. ’16; Baglio et al. ’20]

NNLO QCD:

• Large-𝒎𝒕 [Davies et al. ’19; Grigo et al. ‘15]

• Small-t expansion [Davies et al. ‘23]

𝐍𝟑𝐋𝐎 QCD:

• Large-𝒎𝒕 limit [Chen, Li, Shao, Wang ‘19]

EW calculations:

• Yukawa-top corrections in high-energy expansion and 

large-𝒎𝒕 limit [Davies et al. ’22; Mühlleitner et al. ’22]

• Full top-induced EW corrections in large-𝒎𝒕 expansion 
[Davies et al. ‘23]

• Higgs self-coupling corrections with SecDec [Borowka et al. ‘19]

• Full EW corrections with AMFlow [Bi, Huang, Huang, Ma, Yu ‘23]

• EW corrections mediated by light quarks [Bonetti et al. ‘25]
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Motivation: QCD & EW 
NLO QCD [Borowka, Greiner, Heinrich, Jones, Kerner ‘16]

( 𝑠 = 13 TeV)

About 40% larger than LO

NLO EW [Bi, Huang, Huang, Ma, Yu ‘23] ( 𝑠 = 14 TeV)
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Motivation: mass uncertainty [Baglio, Campanario, Glaus, Mühlleitner, Ronca, Spira, Streicher ‘20]

The scale and scheme dependence 
of 𝒎𝒕 induces sizeable variations
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scheme uncertainty in the high 
energy limit [Jaskiewicz, Jones, Szafron, Ulrich ‘25]



Motivation: bottom quark effect

✓ Percent level corrections

LO cross sections under different cuts at the 13 TeV LHC

𝑴𝑯𝑯
𝒎𝒂𝒙 𝝈𝒕(fb) 𝝈𝒕,𝒃(fb)

𝝈𝒕,𝒃 − 𝝈𝒕
𝝈𝒕

300 0.229(3) 0.242(6) 5.7%

350 1.38(0) 1.41(3) 2.2%

400 4.33(2) 4.37(7) 0.92%

✓ Enhanced by logarithms

• At one-loop level the bottom quark contribution to single Higgs production is suppressed by 

𝒎𝒃
𝟐/𝒎𝑯

𝟐 ≈ 𝟎. 𝟎𝟎𝟏𝟒 but enhanced by 𝐥𝐧𝟐(𝒎𝒃
𝟐/𝒎𝑯

𝟐 ) ≈ 𝟒𝟑. 𝟎𝟓 relative to the top quark 

contribution

✓ Results can be used to other physical processes induced by light quarks

• 𝒈𝒈⟶ 𝒁𝒁, 𝒈𝒈⟶ 𝒁𝑯 (𝒆𝒙𝒑𝒂𝒏𝒅 𝒐𝒏𝒆𝒎𝒂𝒔𝒔)
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Notations
◆ Scales:

s = p1 + p2
2 , u = p2 + p3

2 , mb
2 , mH

2

◆ Hierarchy of scales:
𝑠, 𝑢,𝑚𝐻

2 ≫ 𝑚𝑏
2

◆ Dimensionless variables 𝒙, 𝒛, 𝜿:

𝑠 = 𝑚𝐻
2 1+𝑥 2

𝑥
, 𝑢 = −𝑚𝐻

2 𝑧 , 𝑚𝑏
2 = 𝑚𝐻

2 𝜅

Same as the massless internal quarks 
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Master Integrals
◆ Integral families:

I. One-loop: 2 families, 11 MIs

II. Two-loop planar: 10 families, 177 MIs

III. Two-loop non-planar: 3 families



Differential Equations (DEs) and Asymptotic Expansion 

◆ DEs:

𝝏𝒌 𝑰𝒊 𝒙, 𝒛, 𝜿, 𝝐 = 𝑨𝒊𝒋
𝒌 𝒙, 𝒛, 𝜿, 𝝐 𝑰𝒋 𝒙, 𝒛, 𝜿, 𝝐 , 𝒌 ∈ {𝒙, 𝒛, 𝜿}

◆ Asymptotic Expansion:

Considering the following ansatz as the solutions:

𝑰𝒊 𝒙, 𝒛, 𝜿, 𝝐 = 

𝒏=𝒏𝒎𝒊𝒏

𝒏𝒎𝒂𝒙



𝒋=𝟎

𝟐



𝒌=𝟎

𝟐

𝒄𝒏,𝒋,𝒌
𝒊 𝒙, 𝒛, 𝝐 𝜿𝒏−𝒋𝝐 𝐥𝐨𝐠𝒌 𝜿

In the limit of 𝜅 ≪ 1

𝜅 =
𝑚𝑏
2

𝑚𝐻
2

[Melnikov, Tancredi, Wever ‘16]
[Davies, Mishima, Steinhauser, Wellmann, ’17, ‘18]

1. 𝒏𝒎𝒂𝒙 can goes to infinity, high order terms can be obtained without solving 𝒙, 𝒛-DEs.

2. 𝒏 may take half-integer values such as in the non-planar case of  𝒈𝒈 → 𝑯𝒈. [Melnikov, Tancredi, Wever ‘16]

3. 𝒄𝟎,𝟎,𝟎
𝒊 corresponds to the integrals with massless internal quarks. [Gehrmann, Manteuffel, Tancredi, Weihs ‘14]
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Methods: overview

✓ 𝜿-differential equations

✓ A system of linear equations for 𝒄𝒏,𝒋,𝒌
𝒊

✓ Solve 𝒙, 𝒛-differential equations

✓ Fit boundary conditions
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Methods 𝑰𝒊 𝒙, 𝒛, 𝜿, 𝝐 = 

𝒏=𝒏𝒎𝒊𝒏

𝒏𝒎𝒂𝒙



𝒋=𝟎

𝟐



𝒌=𝟎

𝟐

𝒄𝒏,𝒋,𝒌
𝒊 𝒙, 𝒛, 𝝐 𝜿𝒏−𝒋𝝐 𝐥𝐨𝐠𝒌 𝜿

✓ 𝜿-differential equations

✓ A system of linear equations for 𝒄𝒏,𝒋,𝒌
𝒊

✓ Solve 𝒙, 𝒛-differential equations

✓ Fit boundary conditions

1. Insert into 𝜅-DEs

2. Require the coefficient of 𝜅𝑛−𝑗𝜖 log𝑘 𝜅 are independent, 

leaving a linear system

3. Solve this system, arriving at independent 𝑐𝑛,𝑗,𝑘
𝑖 , with 

their number equal to that of MIs

4. Expand 𝑐𝑛,𝑗,𝑘
𝑖 in powers of 𝜖

𝜕𝜅 𝐼𝑖 𝑥, 𝑧, 𝜅, 𝜖 = 𝐴𝑖𝑗
𝜅 𝑥, 𝑧, 𝜅, 𝜖 𝐼𝑗 𝑥, 𝑧, 𝜅, 𝜖

𝑐𝑛,𝑗,𝑘
𝑖 𝑥, 𝑧, 𝜖 =𝜖𝑟𝑐𝑛,𝑗,𝑘

𝑖,(𝑟)
(𝑥, 𝑧)
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Methods 𝑰𝒊 𝒙, 𝒛, 𝜿, 𝝐 = 

𝒏=𝒏𝒎𝒊𝒏

𝒏𝒎𝒂𝒙



𝒋=𝟎

𝟐



𝒌=𝟎

𝟐

𝒄𝒏,𝒋,𝒌
𝒊 𝒙, 𝒛, 𝝐 𝜿𝒏−𝒋𝝐 𝐥𝐨𝐠𝒌 𝜿

✓ Insert into 𝜿-differential equations

✓ A system of linear equations for 𝒄𝒏,𝒋,𝒌
𝒊

✓ Solve 𝒙, 𝒛-differential equations

✓ Fit boundary conditions

5. Insert into 𝑥, 𝑧-DEs

6. Require the coefficient of 𝝐𝒓𝜿𝒏−𝒋𝝐 𝐥𝐨𝐠𝒌 𝜿 are 

independent, leaving a system of differential equations 
(coupled or decoupled)

7. Solve this system and express the results in terms of 
Multiple polylogarithms (MPLs) 

𝝏𝒙(𝒛) 𝑰𝒊 𝒙, 𝒛, 𝜿, 𝝐 = 𝑨𝒊𝒋
𝒙(𝒛)

𝒙, 𝒛, 𝜿, 𝝐 𝑰𝒋 𝒙, 𝒛, 𝜿, 𝝐

𝒄𝒏,𝒋,𝒌
𝒊 𝒙, 𝒛, 𝝐 =𝝐𝒓𝒄𝒏,𝒋,𝒌

𝒊,(𝒓)
(𝒙, 𝒛)
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Methods 𝑰𝒊 𝒙, 𝒛, 𝜿, 𝝐 = 

𝒏=𝒏𝒎𝒊𝒏

𝒏𝒎𝒂𝒙



𝒋=𝟎

𝟐



𝒌=𝟎

𝟐

𝒄𝒏,𝒋,𝒌
𝒊 𝒙, 𝒛, 𝝐 𝜿𝒏−𝒋𝝐 𝐥𝐨𝐠𝒌 𝜿

✓ Insert into 𝜿-differential equations

✓ A system of linear equations for 𝒄𝒏,𝒋,𝒌
𝒊

✓ Solve 𝒙, 𝒛-differential equations

✓ Fit boundary conditions

8. Fit boundary conditions by numerical approach
➢ Using PLSQ algorithm

➢ Require that we can get stable results at least 30 digits

• Set small values of 𝜅. We set 𝜅 = 10−25

• Increase the expansion power of 𝜅

𝒄𝒏,𝒋,𝒌
𝒊 𝒙, 𝒛, 𝝐 =𝝐𝒓𝒄𝒏,𝒋,𝒌

𝒊,(𝒓)
(𝒙, 𝒛)

numerical results
(AMFlow)

Specific point

MPLs’ results 
(GiNac)

Boundary constant
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Example: top-sector in PL5, 4 in 60 MIs 

✓ Solving 𝜅-DEs leaves 60 independent 𝑐𝑛,𝑗,𝑘
𝑖 , 4 in top-sector:

𝑐0,−1,0
57 𝑥, 𝑧 , 𝑐0,0,0

57 𝑥, 𝑧 , 𝑐0,0,0
58 𝑥, 𝑧 , 𝑐0,0,0

60 𝑥, 𝑧

✓ Expanding them in powers of 𝜖:

✓ 𝑥, 𝑧-DEs for 𝑐0,−1,0
57 are decoupled.

✓ 𝑥, 𝑧-DEs for 𝑐0,0,0
57 , 𝑐0,0,0

58 , 𝑐0,0,0
60 form a coupled system.

𝑰𝒊 𝒙, 𝒛, 𝜿, 𝝐 = 

𝒏=𝒏𝒎𝒊𝒏

𝒏𝒎𝒂𝒙



𝒋=𝟎

𝟐



𝒌=𝟎

𝟐

𝒄𝒏,𝒋,𝒌
𝒊 𝒙, 𝒛, 𝝐 𝜿𝒏−𝒋𝝐 𝐥𝐨𝐠𝒌 𝜿
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Example: top-sector in PL5, 4 in 60 MIs 

✓ Solving 𝜅-DEs leaves 60 independent 𝑐𝑛,𝑗,𝑘
𝑖 , 4 in top-sector:

✓ Expanding them in powers of 𝜖:

✓ 𝑥, 𝑧-DEs for 𝑐0,−1,0
57 are decoupled.

𝐼𝑖 𝑥, 𝑧, 𝜅, 𝜖 = 

𝑛=𝑛𝑚𝑖𝑛

𝑛𝑚𝑎𝑥



𝑗=0

2



𝑘=0

2

𝑐𝑛,𝑗,𝑘
𝑖 𝑥, 𝑧, 𝜖 𝜅𝑛−𝑗𝜖 log𝑘 𝜅
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Example: top-sector in PL5, 4 in 60 MIs 

✓ Solving 𝜅-DEs leaves 60 independent 𝑐𝑛,𝑗,𝑘
𝑖 , 4 in top-sector:

✓ Expanding them in powers of 𝜖:

✓ 𝑥, 𝑧-DEs for 𝑐0,−1,0
57 are decoupled.

✓ 𝑥, 𝑧-DEs for 𝑐0,0,0
57 , 𝑐0,0,0

58 , 𝑐0,0,0
60 form a coupled system.

𝐼𝑖 𝑥, 𝑧, 𝜅, 𝜖 = 

𝑛=𝑛𝑚𝑖𝑛

𝑛𝑚𝑎𝑥



𝑗=0

2



𝑘=0

2

𝑐𝑛,𝑗,𝑘
𝑖 𝑥, 𝑧, 𝜖 𝜅𝑛−𝑗𝜖 log𝑘 𝜅
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Example: boundary conditions

✓ After solving 𝑥, 𝑧-DEs, we have

✓ Analytical form of 𝑐0,0,0
57 , 𝑐0,0,0

58 , 𝑐0,0,0
60 are easy to fit (no dependence on mass)

✓ 𝜅 = 10−25, 𝑥 =
1

6
, 𝑧 = 2:

= 4366.89695…+ 891.86882… 𝑖 + 𝑂(𝜖)

≅
0.007… −1+𝑐0

−4

𝜖4
+

0.007…𝑐0
(−3)

𝜖3
+

−0.003…(𝜋2−2𝑐0
(−2)

)

𝜖2
+

−0.003…(14 𝜁 3 +𝑖 𝜋3−2𝑐0
(−1)

)

𝜖

+(4366.67787…+ 892.01038… 𝑖 + 0.00749…𝑐0
(0)
) + 𝑂(𝜖)

function of MPLs

constant

AMFLOW

GiNaC

𝑐0
−4

= 1, 𝑐0
−3

= 0, 𝑐0
−2

=
𝜋2

2
, 𝑐0

−1
= 7𝜁 3 +

𝑖𝜋

2
,

𝑐0
0
= 29.2227310…− 𝑖18.881865… =

3𝜋4

10
− 5𝑖𝜋𝜁(3)
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Crosschecks

✓One loop results are consistent with the results of 𝑝𝑎𝑐𝑘𝑎𝑔𝑒-X [Patel ‘16]

✓ 𝒄𝟎,𝟎,𝟎
𝒊 𝒙, 𝒛, 𝜿  are consistent with the massless internal case

✓Set values to 𝒙, 𝒛, 𝜿 for different groups and compare with numerical results

✓Choose another basis of MIs and check their differential equations  
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Conclusion

✓ We computed the two-loop planar master integrals for gg → HH with an expansion for bottom quark mass

✓ Results are expressed in Multiple polylogarithms with dimensionless variables 𝒙, 𝒛

✓ Analytical form of boundary conditions are obtained by numerical approach

✓ High order terms can be obtained by differential equations for 𝜿, which are easy to solve

✓ We believe that the non-planar Feynman integrals could also be solved in the same way
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Thank you for your attention!

On-going work: non-planar MIs

Family PL5 NPL1 NPL2 NPL3

File size 30 MB 2.5 GB 10.1 GB 18.7 GB
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