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Chiral EFT is a systematic tool for 
derivation of nuclear forces  
below pion-production threshold
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eventually exceed the speed of light. Surprisingly, this limit carries
over into general relativity (GR), but in addition, GR predicts a
number of further constraints on compactness. Besides the addi-
tional limit imposed on the mass, GR also predicts that the mea-
surement of any neutron star mass leads to a limit on the
maximum density inside any neutron star, and is thus a limit to
the ultimate energy density of cold, static, matter in our universe.

Einstein’s equations form the equation of hydrostatic equilib-
rium, also known as the Tolman–Oppenheimer–Volkov (TOV)
equation in GR:

!p0ðrÞ
qðrÞ þ pðrÞ

¼ mðrÞ þ 4pr3pðrÞ
rðr ! 2mðrÞÞ

: ð1Þ

Here, p is the pressure, q is the mass-energy density and m(r) is the
mass interior to the radius r. From thermodynamics, if there is uni-
form entropy per nucleon, the first law gives d(q/n) = !pd(1/n)
where n is the number density. If e is the internal energy per nu-
cleon and mb is the nucleon mass), we have q = n(mb + e). Since
p = n2de/dn, dn = dq/h, where h = (q + p)/n is the enthalpy per nu-
cleon or the chemical potential.

The total number of nucleons in the star, N, is not M/mb due to
the binding energy which represents a decrease of the gravitational
mass. The nucleon number is

N ¼
Z R

0
4pr2ek=2nðrÞdr ¼

Z R

0
4pr2nðrÞ 1! 2mðrÞ

r

! "!1=2

dr: ð2Þ

The binding energy BE = Nmb !M. can be approximated (Lattimer
and Prakash, 2001) as

BE=M ’ 0:6b=ð1! 0:5bÞ; ð3Þ

shown in Fig. 2 along with various EOS’s and analytical solutions.

The moment of inertia of a star in the limit of a small rotation
rate X is obtained from the expression

I ¼ 8p
3

Z R

0
r4ðqþ PÞeðk!mÞ=2 !x

X
dr ¼ R3

2
1!

!xR

X

# $
; ð4Þ

where !x is a solution of

d r4j
d !x
dr

! "
þ 4r3 !xdj ¼ 0 ð5Þ

Fig. 1. Internal structure of a neutron star. Top band illustrates potential geometric transitions from high density uniform matter to low density spherical nuclei. Superfluid
aspects of the crust and core are shown in insets.

Fig. 2. Binding energy per unit mass of neutron star models. Key to EOS’s is in
(Lattimer and Prakash, 2001). The thicker curves with larger text symbols represent
various analytic solutions. The yellow shaded band indicates approximation. (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

102 J.M. Lattimer / New Astronomy Reviews 54 (2010) 101–109

Lattimer: NAR54 (2010) 101Livechart, IAEA: https://www-nds.iaea.org



Nuclear χEFT in the Precision Era Evgeny Epelbaum

Zwei-Nukleon-Kraft

Führender Beitrag 
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Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

N4LO (Q5)

Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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Adjustable Parameters in NN

Nuclear χEFT in the Precision Era Evgeny Epelbaum

Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

N4LO (Q5)

Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
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Couplings of short-range interactions are fixed from NN - data

LO [Q0]:
NLO [Q2]:

N3LO [Q4]:

2 operators (S-waves)
+ 7 operators (S-, P-waves and ε1)

+ 12 operators (S-, P-, D-waves and ε1, ε2) 
N4LO [Q5]: + 5 IB operators

N2LO [Q3]: no new terms

N4LO+ [Q6]: + 4 operators (F-waves) 

# of adjustable LECs = 25 IC + 5 IB + 3 𝛑N constants = 33 parameters

Summary on NN
Employed a Bayesian approach to account for statistical and systematic uncertainties

Extracted 𝛑N couplings from NN data within chiral EFT

Achieved a statistically perfect description of NN data
𝛘2/dat = 1.005 for ~5000 data in the energy range Elab = 0 - 280 MeV

Reinert, HK, Epelbaum PRL126 (2021) 092501



Three-Nucleon Forces

Most general Spin-Isospin-Momentum Structure



Most general structure of a local 3NF
Epelbaum, Gasparyan, HK, PRC87 (2013) 054007;  Schat, Phillips, PRC88 (2013) 034002,
Epelbaum, Gasparyan, HK, Schat, EPJA51 (2015) 3, 36

Complete set of local independent operators 

Building blocks:

Constraints:

Locality

Isospin symmetry

Parity and time-reversal invariance

~p 0
1
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2
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i � ~pi
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~ki =
1
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(~p 0

i + ~pi)
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been extensively explored in few- and many-body studies during the past decade. Leading corrections to the 3NF
emerge at next-to-next-to-next-to-leading order (N3LO) from one-loop diagrams constructed from the lowest-order
vertices in the e↵ective Lagrangian and have been worked out recently [17–19]. The very first calculations of nucleon-
deuteron scattering observables using the 3NF up to N3LO indicate that the N3LO corrections are rather weak and
will not provide solution to the low-energy puzzles mentioned above [20, 21]. In fact, given that the lowest-order
pion-nucleon vertices in the e↵ective chiral Lagrangian do not receive contributions from the �(1232) resonance, one
might expect large corrections from subleading, i.e. next-to-next-to-next-to-next-to-leading order (N4LO) terms. The
corresponding long- and intermediate-range contributions are driven by the low-energy constants (LECs) ci which
accompany subleading pion-nucleon vertices. The LECs c2,3,4 are, to a large extent, governed by the � isobar and
known to be numerically rather large. This observation provides a strong motivation to extend the derivation of the
3NF to N4LO in the chiral expansion. In Refs. [2, 22], this task was accomplished for the longest-range 2⇡-exchange
and the intermediate-range two-pion-one-pion (2⇡-1⇡) exchange and ring topologies, respectively. In order to be able
to address the convergence of the chiral expansion in a meaningful way, a set of 22 operators parametrizing the most
general operator structure of a local 3NF was suggested in Ref. [2]. By applying all possible permutations of the
nucleon labels, these operators give rise to 89 structures in the 3NF. The structure of the 3NF was also analyzed
independently in Ref. [1] in the context of the large-Nc expansion in QCD. It was found in this work that only 80
independent structures appear in a most general parametrization of a local 3NF.

In this paper we confirm the conclusion of Ref. [1] that the number of independent operators for the local three-nucleon
force can be reduced to 80 and give a set of 20 operators which generate these 80 structures upon performing all
possible permutations. Since these findings a↵ect the results for the structure functions in coordinate space plotted
in Figs. 4-8 of Ref. [2], we re-analyze the chiral expansion of the long- and intermediate-range topologies employing
the new set of 20 operators. We also correct for a numerical error we found in the Fourier transformation of the
2⇡-exchange in Ref. [2] which resulted in enhanced size of certain structure functions. Notice that only figures but
none of the expressions given in that work are a↵ected by the above-mentioned error. Finally, we discuss implications
of the large-Nc expansion in QCD for the size of the various three-nucleon force contributions.

Our paper is organized as follows. In section II we provide explicit relations between the redundant operators given in
Ref. [2] and define a set of 20 independent operators both in coordinate and momentum spaces. Next, in section III,
we show the results for the corresponding structure functions of the 2⇡-, 2⇡-1⇡-exchange and ring topologies in the
equilateral triangle configuration and discuss convergence of the chiral expansion. Section IV addresses implications
of the large-Nc expansion on the size of the various terms. Finally, the main results of this study are summarized in
section V.

II. LOCAL THREE-NUCLEON FORCES

A general local three-nucleon force in momentum space can be written in a form

V3N =
X

i

Oi(~�1,~�2,~�3, ⌧ 1, ⌧ 2, ⌧ 3, ~q1, ~q3)Fi(q1, q3, ~q1 · ~q3) ,

where ~�i (⌧ i) denote spin (isospin) Pauli matrices for the nucleon i and ~qi = ~pi
0
� ~pi, with ~pi

0 and ~pi being the
final and initial momenta of the nucleon i. Further, Oi are spin-momentum-isospin operators and the scalar structure
functions Fi depend on q1 ⌘ |~q1|, q3 ⌘ |~q3| and the scalar product ~q1 · ~q3 or, equivalently, on q1, q2 and q3. Here
and in the following, we require that the 3NF V3N is given in a symmetrized form with respect to interchanging the
nucleon labels. Assuming parity and time-reversal invariance as well as isospin symmetry, a set of 89 operators Oi was
suggested in Ref. [2]. Alternatively, V3N can be generated by 22 operators upon applying all possible permutations of
the nucleon labels

V3N =
22X

i=1

Gi(~�1,~�2,~�3, ⌧ 1, ⌧ 2, ⌧ 3, ~q1, ~q3)Fi(q1, q3, ~q1 · ~q3) + 5 permutations , (2.1)

where Fi denote the structure functions in this representation. We show in Table I both sets of the operators
given in Ref. [2]. The functions S,A,G11, G12, G21, G22 appearing in this table refer to the corresponding irreducible
representations of the group S3 and are defined via:

S(O) =
1

6

X

P2S3

PO, A(O) =
1

6

X

P2S3

(�1)w(P )
PO, Gij(O) =

1

3

X

P2S3

Dij(P )PO, with i, j = 1, 2 , (2.2)

V3N =
20

∑
i=1

𝒢iFi(q1, q2, q3) + 5 perm .

𝒢1 = 1
𝒢2 = τ1 ⋅ τ3
𝒢3 = ⃗σ1 ⋅ ⃗σ3
𝒢4 = τ1 ⋅ τ3 ⃗σ1 ⋅ ⃗σ3

𝒢5 = τ2 ⋅ τ3 ⃗σ1 ⋅ ⃗σ2

𝒢6 = τ1 ⋅ (τ2 × τ3) ⃗σ1 ⋅ ( ⃗σ2 × ⃗σ3)
𝒢7 = τ1 ⋅ (τ2 × τ3) ⃗σ2 ⋅ ( ⃗q1 × ⃗q3)
𝒢8 = ⃗q1 ⋅ ⃗σ1 ⃗q1 ⋅ ⃗σ3

𝒢9 = ⃗q1 ⋅ ⃗σ3 ⃗q3 ⋅ ⃗σ1
𝒢10 = ⃗q1 ⋅ ⃗σ1 ⃗q3 ⋅ ⃗σ3

𝒢11 = τ2 ⋅ τ3 ⃗q1 ⋅ ⃗σ1 ⃗q1 ⋅ ⃗σ2

𝒢12 = τ2 ⋅ τ3 ⃗q1 ⋅ ⃗σ1 ⃗q3 ⋅ ⃗σ2

𝒢13 = τ2 ⋅ τ3 ⃗q3 ⋅ ⃗σ1 ⃗q1 ⋅ ⃗σ2
𝒢14 = τ2 ⋅ τ3 ⃗q3 ⋅ ⃗σ1 ⃗q3 ⋅ ⃗σ2
𝒢15 = τ1 ⋅ τ3 ⃗q2 ⋅ ⃗σ1 ⃗q2 ⋅ ⃗σ3
𝒢16 = τ2 ⋅ τ3 ⃗q3 ⋅ ⃗σ2 ⃗q3 ⋅ ⃗σ3

𝒢17 = τ1 ⋅ τ3 ⃗q1 ⋅ ⃗σ1 ⃗q3 ⋅ ⃗σ3

𝒢18 = τ1 ⋅ (τ2 × τ3) ⃗σ1 ⋅ ⃗σ3 ⃗σ2 ⋅ ( ⃗q1 × ⃗q3)
𝒢19 = τ1 ⋅ (τ2 × τ3) ⃗σ3 ⋅ ⃗q1 ⃗q1 ⋅ ( ⃗σ1 × ⃗σ2)
𝒢20 = τ1 ⋅ (τ2 × τ3) ⃗σ1 ⋅ ⃗q1 ⃗σ3 ⋅ ⃗q3 ⃗σ2 ⋅ ( ⃗q1 × ⃗q3)

Rotation invariance in 3-dim

80 operators generated by 20 operators



Most general structure of 3NF
Topolnicki, Golak, Skibinski, Witala, PRC96 (2017) 014611
Topolnicki, EPJA53 (2017) 9, 181

 incoming  outgoings 
spin configurations

23 × 23

Possible spin-momentum structures in 3NF 5 isospin structures:

1, τ1 ⋅ τ2, τ1 ⋅ τ3, τ2 ⋅ τ2, τ1 ⋅ (τ2 × τ3)

  
spin-isospin-momentum  

structures 

23 × 23 × 5 = 320

Assume that  &  are linear independent⃗q1 ⃗q3 , , is a basis of  ⃗q1 ⃗q3 ⃗q1 × ⃗q3 ℝ3

⃗kj = ⃗q1

⃗kj ⋅ ⃗q1 q2
3 − ⃗kj ⋅ ⃗q3 ⃗q1 ⋅ ⃗q3

( ⃗q1 × ⃗q3)2
+ ⃗q2

⃗kj ⋅ ⃗q3 q2
1 − ⃗kj ⋅ ⃗q1 ⃗q1 ⋅ ⃗q3

( ⃗q1 × ⃗q3)2
+ ⃗q1 × ⃗q3

⃗kj ⋅ ( ⃗q1 × ⃗q3)
( ⃗q1 × ⃗q3)2

3NF can be described by local spin-isospin-momenum operators  
mul%plied with non-local scalar func%ons

V3N =
68

∑
i=1

𝒢iFi( ⃗q1, ⃗q3, ⃗k1, ⃗k2, ⃗k3) + 5 perm . By permutation of 68 local operators  
one can generate all 320 operators



Most general structure of 3NF
 Epelbaum, HK, forthcoming

An%symmetriza%on reduces the number of structures

−
1
5

q2
1 [ ⃗σ1 ⋅ ⃗σ2 ( ⃗q1 × ⃗q3) ⋅ ⃗σ3 + ⃗σ1 ⋅ ⃗σ3 ( ⃗q1 × ⃗q3) ⋅ ⃗σ2 + ⃗σ2 ⋅ ⃗σ3 ( ⃗q1 × ⃗q3) ⋅ ⃗σ1])

𝒫1 = 1

𝒫2 = τ2 ⋅ τ3 ⃗σ1 ⋅ ⃗σ2

𝒫3 = ⃗q1 ⋅ ⃗σ1 ⃗σ2 ⋅ ⃗σ3 + ⃗q1 ⋅ ⃗σ3 ⃗σ1 ⋅ ⃗σ2

𝒫4 = i ( ⃗q1 × ⃗q3) ⋅ ⃗σ1 ⃗σ2 ⋅ ⃗σ3 + i ( ⃗q1 × ⃗q3) ⋅ ⃗σ3 ⃗σ1 ⋅ ⃗σ2

𝒫5 = τ1 ⋅ τ2 ⃗σ1 ⋅ ⃗q1

𝒫6 = i τ1 ⋅ τ2 ⃗σ1 ⋅ ( ⃗q1 × ⃗q3)

𝒫7 = τ1 ⋅ τ2 ⃗σ1 ⋅ ⃗q3

𝒫8 = τ1 ⋅ τ3 ( ⃗q1 ⋅ ⃗σ1 ⃗q1 ⋅ ⃗σ2 −
1
3

q2
1 ⃗σ1 ⋅ ⃗σ2)

𝒫9 = i τ1 ⋅ τ3 ( 1
2

⃗q1 ⋅ ⃗σ1 ( ⃗q1 × ⃗q3) ⋅ ⃗σ2 +
1
2

⃗q1 ⋅ ⃗σ2 ( ⃗q1 × ⃗q3) ⋅ ⃗σ1)
𝒫10 = τ1 ⋅ τ3 ( 1

2
⃗q1 ⋅ ⃗σ1 ⃗q3 ⋅ ⃗σ2 +

1
2

⃗q1 ⋅ ⃗σ2 ⃗q3 ⋅ ⃗σ1 −
1
3

⃗q1 ⋅ ⃗q3 ⃗σ1 ⋅ ⃗σ2)
𝒫11 = i τ1 ⋅ τ3 ( 1

2
⃗q3 ⋅ ⃗σ1 ( ⃗q1 × ⃗q3) ⋅ ⃗σ2 +

1
2

⃗q3 ⋅ ⃗σ2 ( ⃗q1 × ⃗q3) ⋅ ⃗σ1)
𝒫12 = τ3 ⋅ τ3 ( ⃗q3 ⋅ ⃗σ1 ⃗q3 ⋅ ⃗σ2 −

1
3

q2
3 ⃗σ1 ⋅ ⃗σ2)

𝒫13 =
1
3 ( ⃗q1 ⋅ ⃗σ1 ⃗q1 ⋅ ⃗σ2 ( ⃗q1 × ⃗q3) ⋅ ⃗σ3 + ⃗q1 ⋅ ⃗σ1 ⃗q1 ⋅ ⃗σ3 ( ⃗q1 × ⃗q3) ⋅ ⃗σ2 + ⃗q1 ⋅ ⃗σ2 ⃗q1 ⋅ ⃗σ3 ( ⃗q1 × ⃗q3) ⋅ ⃗σ1

𝒫14 =
1
3 ( ⃗q1 ⋅ ⃗σ1 ⃗q1 ⋅ ⃗σ2 ⃗q3 ⋅ ⃗σ3 + ⃗q1 ⋅ ⃗σ1 ⃗q1 ⋅ ⃗σ3 ⃗q3 ⋅ ⃗σ2 + ⃗q1 ⋅ ⃗σ2 ⃗q1 ⋅ ⃗σ3 ⃗q3 ⋅ ⃗σ1

+
1
5

q2
1[ ⃗q3 ⋅ ⃗σ3 ⃗σ1 ⋅ ⃗σ2 + ⃗q3 ⋅ ⃗σ2 ⃗σ1 ⋅ ⃗σ3 + ⃗q3 ⋅ ⃗σ1 ⃗σ2 ⋅ ⃗σ3] −

2
5

⃗q1 ⋅ ⃗q3[ ⃗q1 ⋅ ⃗σ3 ⃗σ1 ⋅ ⃗σ2 + ⃗q1 ⋅ ⃗σ2 ⃗σ1 ⋅ ⃗σ3 + ⃗q1 ⋅ ⃗σ1 ⃗σ2 ⋅ ⃗σ3]

V3N =
14

∑
i=1

𝒫iFi( ⃗q1, ⃗q3, ⃗k1, ⃗k2, ⃗k3) + 5 perm .

Number of spin-isospin-momentum structures  
in moving 3NF  and NN is comparable: 14 vs 13

Structure functions in 3NF are reacher 
due to five momenta compared to three 
in moving NN force

Minimal basis is inconvenient for  
practical calculations due to kinematic 
singularities (instable)



Path-Integral Framework 
for Derivation of Nuclear Forces

HK, Epelbaum, PRC110 (2024) 4, 044003



Illustration fo Yukawa Model
We start with generating functional:

ℒ = N†(i
∂

∂x0
+

⃗∇2

2m
+

g
2F

⃗σ ⋅ ⃗∇ π ⋅ τ)N +
1
2 (∂μπ ⋅ ∂μπ − M2π2)

Yukawa toy-model:

Perform a Gaussian path-integral over the pion fields

Z[η†, η] = ∫ [DN†][DN]exp(i SN + i ∫ d4x(η†(x)N(x) + N†(x)η(x)))

Z[η†, η] = ∫ [DN†][DN][Dπ]exp(i ∫ d4x(ℒ + η†(x)N(x) + N†(x)η(x)))

SN = ∫ d4x N†(x)(i
∂

∂x0
+

⃗∇2

2m )N(x) − VNN
Non-instant one-pion-exchange 
interaction 

VNN = −
g2

8F2 ∫ d4x d4y ⃗∇x ⋅ [N†(x) ⃗στ]N(x) ΔF(x − y) ⃗∇y ⋅ [N†(y) ⃗στ]N(y)

with non-instant pion propagator: ΔF(x) = ∫
d4q

(2π)4

e−i q⋅x

q2 − M2 + i ϵ



Instant Interactions from Path-Integral 
To transform        into an instant form we rewrite a pion propagatorVNN

1
q2

0 − ω2
q

= −
1

ω2
q

+
1

q2
0 − ω2

q
+

1
ω2

q
= −

1
ω2

q
+ q2

0
1

ω2
q

1
q2

0 − ω2
q

, ωq = ⃗q2 + M2

In coordinate space this corresponds to                                          withΔF(x) = ΔS(x) −
∂2

∂x2
0

ΔFS(x)

ΔS(x) = − ∫
d4q

(2π)4

e−i q⋅x

ω2
q

= − δ(x0)∫
d3q

(2π)3

ei ⃗q⋅ ⃗x

ω2
q

, ΔFS(x) = ∫
d4q

(2π)4

e−i q⋅x

ω2
q(q2

0 − ω2
q)

The decomposition                                          can be generalizedΔF(x) = ΔS(x) −
∂2

∂x2
0

ΔFS(x)

G(x) = ∫
d4q

(2π)4
e−i q⋅xG̃(q2

0 , q2) and               is differentiable at G̃(q2
0 , q2) q0 = 0

    Defining                                              andGS(x) = ∫
d4q

(2π)4
e−i q⋅xG̃(0,q2) GFS(x) = ∫

d4q
(2π)4

e−i q⋅x G̃(q2
0, q2) − G̃(0,q2)

q2
0

G(x) = GS(x) −
∂2

∂x2
0

GFS(x)



VNN = −
g2

8F2 ∫ d4x d4y ⃗∇x ⋅ [N†(x) ⃗στ]N(x) ΔF(x − y) ⃗∇y ⋅ [N†(y) ⃗στ]N(y)

Instant Interactions from Path-Integral 

is instant

Perform an instant decomposition of the pion propagator ΔF(x) = ΔS(x) −
∂2

∂x2
0

ΔFS(x)

VNN = VOPE + VFS

VOPE = −
g2

8F2 ∫ d4x d4y ⃗∇x ⋅ [N†(x) ⃗στ]N(x) ΔS(x − y) ⃗∇y ⋅ [N†(y) ⃗στ]N(y)

VFS =
g2

8F2 ∫ d4x d4y ⃗∇x ⋅ [N†(x) ⃗στ]N(x)
∂2

∂x2
0

ΔFS(x − y) ⃗∇y ⋅ [N†(y) ⃗στ]N(y) is non-instant

VFS        is time-derivative dependent and thus can be eliminated 
                by a non-polynomial field redefinition

N(x) → N′￼(x) = N(x) + i
g2

8F2 ∫ d4y [ ⃗στN(x)] ⋅ [ ⃗∇x
∂

∂x0
ΔFS(x − y)] ⃗∇y ⋅ [N†(y) ⃗στN(y)]

N†(x) → N′￼†(x) = N†(x) − i
g2

8F2 ∫ d4y ⃗∇y ⋅ [N†(y) ⃗στN(y)][ ⃗∇y
∂

∂y0
ΔFS(y − x)] ⋅ [N†(x) ⃗στ]



Instant Interactions from Path-Integral 

VOPE = −
g2

8F2 ∫ d4x d4y ⃗∇x ⋅ [N′￼†(x) ⃗στ]N′￼(x) ΔS(x − y) ⃗∇y ⋅ [N′￼†(y) ⃗στ]N′￼(y)

Non-local field transformations remove time-derivative dependent two-nucleon
interactions but generate time-derivative dependent three-nucleon interactions. 

These contributions can be eliminated by similar field transformations

Z[η†, η] = ∫ [DN′￼†][DN′￼] det (δ(N′￼†, N′￼)
δ(N†, N) )exp(i SN(N′￼†,N′￼) + i ∫ d4x(η†(x)N(N′￼†, N′￼)(x) + N(N′￼†, N′￼)†(x)η(x)))

≃ ∫ [DN′￼†][DN′￼] det (δ(N′￼†, N′￼)
δ(N†, N) )exp(i SN(N′￼†,N′￼) + i ∫ d4x(η†(x)N′￼(x) + N′￼†(x)η(x)))

Equivalence theorem: nucleon pole-structure is unaffected by the field-transf.

SN(N′￼†,N′￼) = ∫ d4x N′￼†(x)(i
∂

∂x0
+

⃗∇2

2m )N′￼(x) − VOPE + 𝒪(g4)

Instant one-pion-exchange interaction



One-Loop Corrections to Interaction
One loop corrections to NN & NNN interaction come from functional determinant

det (δ(N′￼†, N′￼)
δ(N†, N) ) = exp(Tr log

δ(N′￼†, N′￼)
δ(N†, N) )

Due to non-local structure of field transformations det (δ(N′￼†, N′￼)
δ(N†, N) ) ≠ 1

SN(N′￼†,N′￼) = ∫ d4x N′￼†(x)(i
∂

∂x0
+

⃗∇2

2m
+

3g2M3

32πF2 )N′￼(x) − VOPE + 𝒪(g4)

Nucleon mass-shift 
is reproduced from functional determinant

Gasser, Zepeda, NPB 174 (1980) 445

Note: The Z-factor of the nucleon is equal to one. This is due to the replacement 

η†N + N†η → η†N′￼+ N′￼†η in the generating functional Z[η†, η]

The original Z-factor of the nucleon is reproduced if we remove this replacement

Z = 1 −
9M2g2

2F2 (λ̄ +
1

16π2 (log
M
μ

+
1
3

−
π
2

M
μ

)))



 Path-integral Approach
We start with generating functional:

Z[η†, η] = ∫ [DN†][DN][Dπ]exp(i ∫ d4x(ℒπ + ℒπN + ℒNN + ℒNNN + η†(x)N(x) + N†(x)η(x)))
Integrate over pion fields via loop-expansion of the action

expansion of the action around the classical pion solution

Perform instant decomposition of the remaining interactions between nucleons

Perform nucleon-field redefinitions to eliminate non-instant part of the interaction

Calculate functional determinant to get one-loop corrections to few-nucleon forces

Unitary transformation (Okubo) & path-integral approaches lead to the same chiral EFT 
nuclear forces up to N4LO

Checks in dimensional regularization



Symmetry Preserving Regulator

HK, Epelbaum, PRC 110 (2024) 4, 044004



Gradient-Flow Equation (GFE)

Yang-Mills gradient flow in QCD: Lüscher, JHEP 04 (2013) 123

∂τBμ = DνGνμ with Bμ |τ=0 = Aμ & Gμν = ∂μBν − ∂νBμ + [Bμ, Bν]

 is a regularized gluon fieldBμ

Apply this idea to ChPT:
(Proposed in various talks by D. Kaplan for nuclear forces)

Introduce a smoothed pion field  with  satisfying GFEW W |τ=0 = U

 with  and ∂τW = i w EOM(τ) w w = W EOM(τ) = [Dμ, wμ] +
i
2

χ− −
i
4

Tr(χ−)

wμ = i(w†(∂μ − i rμ)w − w(∂μ − i lμ)w†), χ− = w†χw† − wχ†w, χ = 2B(s + ip)

Note: The shape of regularization is dictated by the choice of the right-hand side of GFE

Our choice is motivated by a Gaussian regularization of one-pion-exchange in NN

HK, Epelbaum, PRC 110 (2024) 4, 044004

Balitsky, Yung, PL168B (1986) 113; Irwin, Manton, PLB 385 (1996) 187



Gradient-Flow Equation

[∂τ − (∂x
μ∂x

μ − M2)]ϕ(1)
b (x, τ) = 0, ϕ(1)

b (x,0) = πb(x)

In the absence of external sources we have

[∂τ − (∂x
μ∂x

μ − M2)]ϕ(3)
b (x, τ) = (1 − 2α)∂μϕ(1) ⋅ ∂μϕ(1)ϕ(1)

b − 4α∂μϕ(1) ⋅ ϕ(1)∂μϕ(1)
b

+
M2

2
(1 − 4α)ϕ(1) ⋅ ϕ(1)ϕ(1)

b , ϕ(3)
b (x,0) = 0

Iterative solution in momentum space:

ϕ̃(1)
b (q) = e−τ(q2+M2)π̃b(q)

ϕ̃(n)(q, τ) = ∫ d4x eiq⋅xϕ(n)
b (x, τ)

ϕ̃(3)
b (q) = ∫

d4q1

(2π)4

d4q2

(2π)4

d4q3

(2π)4
(2π)4δ(q − q1 − q2 − q3)∫

τ

0
ds e−(τ−s)(q2+M2)e−s∑3

j=1 (q2
j +M2)

× [4α q1 ⋅ q3 − (1 − 2α)q1 ⋅ q2 +
M2

2
(1 − 4α)]π̃(q1) ⋅ π̃(q2)π̃b(q3)

Integration over momenta of pion fields with Gaussian prefactor introduces smearing

Analytic solution is possible of  - expanded gradient flow equation:1/F

W = 1 + iτ ⋅ ϕ(1 − αϕ2) −
ϕ2

2 [1 + (1
4

− 2α)ϕ2] + 𝒪(ϕ5), ϕb =
∞

∑
n=0

1
Fn

ϕ(n)
b



Properties under Chiral Transformation

Chiral transformation: by induction, one can show 

U → RUL† W → RWL†

Replace all pion fields in pion-nucleon Lagrangians :ℒ(1)
πN, …, ℒ(4)

πN U → W

Regularized pion fields transform under  - independent transformationsτ

ℒ(1)
πN = N†(D0 + g u ⋅ S)N → N†(D0

w + g w ⋅ S)N

N → KN, K = LU†R†R U

Nucleon fields transform in  - dependent wayτ

N → KτN, Kτ = LW†R†R W



Regularization for Nuclear Forces
To regularize long-range part of the nuclear forces and currents

Leave pionic Lagrangians  unregularized (essential)ℒ(2)
π & ℒ(4)

π

Replace all pion fields in pion-nucleon Lagrangians :ℒ(1)
πN, …, ℒ(4)

πN U → W

ℒ(1)
πN = N†(D0 + g u ⋅ S)N → N†(D0

w + g w ⋅ S)N

∼ e−τ(q2+M2) ∼ e−2τ(q2+M2) 1
q2 + M2

For  this regulator reproduces SMS regularization of OPEτ =
1

2Λ2



Status Report on 3NF
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NLO

N2LO

Long - range Short - range

N3LO

N4LO

Ishikawa, Robilotta, PRC76 (07);   
Bernard, Epelbaum, HK, Meißner, PRC77 (08);  PRC84 (11)

van Kolck ’94, Epelbaum et al. ’02

3NF up to N4LO

HK, Gasparyan, Epelbaum PRC85 (12); PRC87 (13) 

—

Bernard, Epelbaum, HK, Meißner, PRC84 (11)
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Status Report on 3N at N3LO
We calculated all long- and short-range contributions to 3NF & 4NF at N3LO 
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3NF’s are given in terms of integrals over Schwinger parameters 

V2π−1π
3N = τ1 ⋅ τ2 × τ3 ⃗q1 ⋅ ⃗σ1 × ⃗σ2 ⃗q3 ⋅ ⃗σ3

e− q2
3 + M2π

Λ2

q2
3 + M2

π ( −
g4

A

F6
π

q1

2048π ∫
∞

0
dλ erfi( q1λ

2Λ 2 + λ )
exp( −

q2
1 + 4M2

π

4Λ2 (2 + λ))
2 + λ

+ …) + …

Dimension of integrals over Schwinger parameters depends on topology

Space

Momentum 2 1 3

Coordinate 4 1 0
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Selected Profile Functions
V ring

3N = F1(r12, r23, r13) + … + τ2 ⋅ τ3 ⃗σ1 ⋅ ⃗σ2F5(r12, r23, r13) + … F5(r) = F5(r, r, r) [MeV]

F 5
(r

)

r [fm]r [fm]

At  regularized 3NF reproduce dim. reg. results fromΛ → ∞ Bernard et al. PRC77 (08)

F 5
(r

)
F 5

(r
)

F 5
(r

)

r [fm]r [fm]
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Short Range 3NF at N3LO
Complication in calculation of short-range 3NF due to non-local regulator of LO NN

Non-local regulator of short-range NN at LO 
introduces additional momentum in loop functions

Structure functions of short-range 3NF can become complex

Time-reversal transformation (T): ⃗σj → − ⃗σj, τy
j → − τy

j , ⃗qj → ⃗qj, ⃗kj → − ⃗kj

Hermitian conjugation (h.c.): ⃗σj → ⃗σj, τj → τj, ⃗qj → − ⃗qj, ⃗kj → ⃗kj

exp( −
(2( ⃗k2 − ⃗k3) + ⃗q2)2

8Λ2 ) + exp( −
(2( ⃗k2 − ⃗k3) − ⃗q2)2

8Λ2 ) Invariant under T and h.c.

i [exp( −
(2( ⃗k2 − ⃗k3) + ⃗q2)2

8Λ2 ) − exp( −
(2( ⃗k2 − ⃗k3) − ⃗q2)2

8Λ2 )] Invariant under T and h.c.

Combination of these functions are allowed to appear in structure functions

Structure functions might be complex: not related to unitarity cut (phase)



Short Range 3NF at N3LO
Complex structure functions of short-range part of 3NF require complex PWD

Is there a nucleon-field transformation which would make 3NF’s real?

Idea: Constrain field transformations needed to make interactions instant

Every  in field transformations should be accompanied with an „ “ϵijk i

Indeed, we achieved with these transformations an instant 3NF
and get real structure functions for short-range 3NF

Solution 1:

Change the regulator of short-range NN interaction at LO to local oneSolution 2:

Short-range 3NF’s at N3LO becomes local and automatically real

Expressions for local short-range 3NF’s at N3LO are simpler

PWD of local 3NF’s is less expensive

But: we need to generate a new NN force



NN phase shifts and mixing angles
δ[

de
g]

1S0

δ[
de

g]

1P1

δ[
de

g]

3S1

3P0

3P1

ϵ1

3D1

3D2

ϵ2

1D2

3P2

3D3

Elab [GeV] Elab [GeV] Elab [GeV] Elab [GeV]

Local short-range regulator at LO: ,  exp(−q2/Λ2) χ2 = 1.0069

Non-local short-range regulator at LO: , exp( − (p′￼2 + p2)/Λ2) χ2 = 1.0062

Λ = 450 MeV

Quality of nuclear force 
does not change when  
we change the regulator 
of the LO short-range NN 
interaction

Local regularization 
of the LO short-range NN 
leads to simpler 3NF 
at N3LO 

Heihoff et al. : forthcoming



Short Range 3NF at N3LO
We followed both paths and provide two versions of 3NF

Version 1: Non-local short-range 3NF which can be used with SMS potential

Local short-range 3NF to be used with the new NN potential Version 2:

Space

Momentum 1 1

Space

Momentum 1 1

Coordinate 0 0

2.4 MB

0.4 MB



Cutoff Dependence of ci LECs

Fit ’s to pion-nucleon sub-threshold coefficients which are determined 
from Roy-Steiner equation

ci

Calculation of pion-nucleon scattering with gradient-flow regulator required

Patrick Walkowiak’s master thesis
Pr
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mina

ry
Saturation towards dim-reg results ( ) is fastΛ → ∞
For  the absolute value of  is smaller compared to  in dim-reg.Λ ∼ 500 MeV ci ci



Pion-Nucleon Scattering up to Q3

Calculation of pion-nucleon scattering with gradient-flow regulator required

TPE topology includes pion-nucleon amplitude as a subprocess

a b c d e f
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Pion-nucleon amplitude with gradient-flow regulator depends on ’s ci

Patrick Walkowiak’s master thesis
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FIG. 1: Tree graphs for the reaction ⇡N ! ⇡N . The black/gray/white blob denotes an insertion
of the ci/di/ei- vertices. Crossed diagrams are not shown.
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FIG. 2: One-loop graphs for the reaction ⇡N ! ⇡N . For notation see Fig. 1.
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FIG. 3: Transition from leading to next-to-leading order loop graphs. For notation see Fig. 1.
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FIG. 4: Leading-order � pole diagram. The double solid line refers to �. For notation see Fig. 1.
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Fit LECs to pion-nucleon 
sub-threshold coefficients 
which are determined from 
Roy-Steiner equation

 ci  di

( )P. Buttiker, U.-G. MeißnerrNuclear Physics A 668 2000 97–112¨ 99

Fig. 1. Mandelstam plane. The Mandelstam triangle is the inside of the thick lines. The star marks the so-called
‘‘ideal point’’ explained in Section 4.

these calculations at the order they have been performed. In contrast to previous
investigations, we confine ourselves to the inside of the Mandelstam triangle for the
reasons mentioned above.
The manuscript is organized as follows. Some formalism pertaining to elastic

pion–nucleon scattering pertinent to our investigation is given in Section 2. In Section 3
we construct the invariant amplitudes inside the Mandelstam triangle by use of disper-
sion relations. The chiral perturbation theory amplitudes are fitted to these dispersive
amplitudes in Section 4. Further results on subthreshold parameters and the s-term are
discussed in Section 5. The summary and conclusions follow in Section 6.

2. Formal aspects of elastic pion–nucleon scattering

Consider elastic pion–nucleon scattering,

p a q qN p p b q qN p , 1Ž . Ž . Ž . Ž . Ž .1 1 2 2

Ž .with ‘a,b’ cartesian pion isospin indices and q , p the four-momenta of the pions andi i
the nucleons, respectively. The scattering amplitude is usually decomposed in terms of

"Ž . "Ž . Žthe four invariant functions A s,t and B s,t where the superscript ‘"’ refers to
.the isoscalarrisovector part ,

1ba q ba y b aw xT s,t sT s,t d qT s,t t ,t ,Ž . Ž . Ž .pN p N p N 2

m1" " "T s,t su p ,l A s,t q q qq g B s,t u p ,l , 2Ž . Ž . Ž . Ž . Ž . Ž . Ž .pN 2 2 2 1 m 1 12

2' Ž .with s the cms energy and ts q yq the invariant momentum transfer squared.1 2
Ž .The l is1,2 denote the helicities of the incomingroutgoing nucleon. In whati

follows, we also need the linear combinations related to the physical channels pqp
pqp and pyp pyp. These are related to the isospin amplitudes by

1" " 4X s,t s X s,t "X s,t , Xs A ,B . 3Ž . Ž . Ž . Ž .Ž .y q2



Summary

Calculation of gradient-flow regularized 3NF at N3LO is finished

Two versions for short-range 3NF at N3LO

With non-local regulator in LO NN (SMS potential)

With local regulator in LO NN (new NN required)

General 3NF via 14 spin-isospin-momentum operators

Outlook

PWD is computationally more expensive, due to higher dimension of integrals 
over Schwinger parameters

Partial wave decomposition (PWD): K. Hebeler, A. Nogga & K. Topolnicki



Why a new Framework?

Regularization should preserve chiral and gauge symmetries

Regularization should not affect long-range pion physics

all 1/Λ-corrections are short-range interactions
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Call for Consistent Regularization
Violation of chiral symmetry due to different regularizations: Dim. reg. vs cutoff reg.

Naive local cut-off regularization of the current and potential
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FIG. 3. Tree diagrams contributing to the two-pion-exchange and one-pion-exchange-contact topology of the 3NF at N3LO. The solid
boxes denote insertions of either subsubleading di vertices from the effective pion-nucleon Lagrangian or the leading 1/m corrections. For
notation see Fig. 1.

there are also no contributions at N3LO from tree diagrams
involving one insertion of the higher-order di vertices in the
effective Lagrangian [see graphs (6) and (7) in Fig. 3] except
for the relativistic corrections which will be considered in
Sec. IV. As explained in Ref. [4], the contributions from these
diagrams are suppressed by at least one power of Q/m where
Q denotes a genuine soft scale.

We are thus left with Eqs. (2.1) and (2.3) as the only
nonvanishing contributions to the one-pion-exchange-contact
3NF topology. We now show that these terms cancel each
other exactly if one takes into account the antisymmetric
nature of few-nucleon states. In particular, we use the
identities
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where the superscript i refers to the Cartesian component of
the Pauli spin matrices and A23 denotes antisymmetrization
with respect to nucleons 2 and 3, which, for a momentum-
independent operator X, can be written in the form

(X)A23 ≡ 1
2
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2
X

)
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It is easy to see that adding the contribution from interchanging
the nucleons 2 and 3 to Eqs. (2.1) and (2.3) and performing
antisymmetrization with respect to these nucleons leads to
a vanishing result. Therefore, we conclude that there are no
one-pion-exchange-contact terms in the 3NF at N3LO.

III. TWO-PION-EXCHANGE-CONTACT TOPOLOGY

We now turn to the two-pion-exchange-contact diagrams
shown in Fig. 4. Evaluating the matrix elements of the
operators listed in Eq. (A1)
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FIG. 3. Tree diagrams contributing to the two-pion-exchange and one-pion-exchange-contact topology of the 3NF at N3LO. The solid
boxes denote insertions of either subsubleading di vertices from the effective pion-nucleon Lagrangian or the leading 1/m corrections. For
notation see Fig. 1.

there are also no contributions at N3LO from tree diagrams
involving one insertion of the higher-order di vertices in the
effective Lagrangian [see graphs (6) and (7) in Fig. 3] except
for the relativistic corrections which will be considered in
Sec. IV. As explained in Ref. [4], the contributions from these
diagrams are suppressed by at least one power of Q/m where
Q denotes a genuine soft scale.

We are thus left with Eqs. (2.1) and (2.3) as the only
nonvanishing contributions to the one-pion-exchange-contact
3NF topology. We now show that these terms cancel each
other exactly if one takes into account the antisymmetric
nature of few-nucleon states. In particular, we use the
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where the superscript i refers to the Cartesian component of
the Pauli spin matrices and A23 denotes antisymmetrization
with respect to nucleons 2 and 3, which, for a momentum-
independent operator X, can be written in the form

(X)A23 ≡ 1
2

(
X − 1 + σ⃗2 · σ⃗3

2
1 + τ 2 · τ 3

2
X

)
. (2.5)
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the nucleons 2 and 3 to Eqs. (2.1) and (2.3) and performing
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a vanishing result. Therefore, we conclude that there are no
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there are also no contributions at N3LO from tree diagrams
involving one insertion of the higher-order di vertices in the
effective Lagrangian [see graphs (6) and (7) in Fig. 3] except
for the relativistic corrections which will be considered in
Sec. IV. As explained in Ref. [4], the contributions from these
diagrams are suppressed by at least one power of Q/m where
Q denotes a genuine soft scale.

We are thus left with Eqs. (2.1) and (2.3) as the only
nonvanishing contributions to the one-pion-exchange-contact
3NF topology. We now show that these terms cancel each
other exactly if one takes into account the antisymmetric
nature of few-nucleon states. In particular, we use the
identities

(
τ 3σ

i
3 + τ 2σ

i
2

)
A23 = 1

4

(
τ 3σ

i
3 + τ 2σ

i
2 − τ 3σ

i
2 − τ 2σ

i
3

+ τ 2 × τ 3[σ⃗2 × σ⃗3]i
)

≡ Bi ,

(τ 2 × τ 3[σ⃗2 × σ⃗3]i)A23 = 2Bi ,
(
τ 3σ

i
2 + τ 2σ

i
3

)
A23 = −Bi , (2.4)

where the superscript i refers to the Cartesian component of
the Pauli spin matrices and A23 denotes antisymmetrization
with respect to nucleons 2 and 3, which, for a momentum-
independent operator X, can be written in the form

(X)A23 ≡ 1
2

(
X − 1 + σ⃗2 · σ⃗3

2
1 + τ 2 · τ 3

2
X

)
. (2.5)

It is easy to see that adding the contribution from interchanging
the nucleons 2 and 3 to Eqs. (2.1) and (2.3) and performing
antisymmetrization with respect to these nucleons leads to
a vanishing result. Therefore, we conclude that there are no
one-pion-exchange-contact terms in the 3NF at N3LO.
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Subtraction Scheme
Choice of the short-range scheme

NN case: local part of NN force vanishes if distance between nucleons vanishes

leads to natural size of LECs

3N case: vanishing of the local part of 3NF is topology dependent
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Can be achieved by adjustment of D- and E-like terms:

Vanishing of 3NF for any  would require inclusion of two-pion-contact termsrij = 0

Appear first at N5LO and are expected to be small



Iterative solution in Coordinate Space

Solid line stands for Green-function:
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FIG. 3: Schematic graphical representation of the solution of the gradient flow equation in coordinate space in the absence
of external sources. Solid dots denote a point xµ, ⌧ , while solid lines refer to the Green’s function defined in Eq. (4.32).
Light shaded areas visualize the smearing in Euclidean space-time, whose characteristic size is ⇠

p
2⌧ . Pion fields live on the

boundary with ⌧ = 0.

The boundary condition for �(3)(x, 0) can be derived by examining the matrix W (x, ⌧):

W = 1 +
i

F
⌧ · �(1)

�
1

2F 2
�(1)

· �(1) +
i

F 3

�
⌧ · �(3)

� ↵ ⌧ · �(1)�(1)
· �(1)� + O

✓
1

F 4

◆
, (4.44)

where we have used that �(2)(x, ⌧) = 0. Given that �(1)
b (x, 0) = ⇡b(x), we obtain

W
���
⌧=0

= 1 +
i

F
⌧ · ⇡ �

1

2F 2
⇡ · ⇡ +

i

F 3

⇣
⌧ · �(3)

���
⌧=0

� ↵ ⌧ · ⇡⇡ · ⇡
⌘

. (4.45)

Using W |⌧=0 = U and matching Eq. (4.45) to Eq. (3.12), we finally obtain the boundary condition �(3)(x, 0) = 0.
We then write the solution of Eq. (4.43) in the form

�(3)
b (x, ⌧) =

Z ⌧

0
ds

Z
d4y G(x � y, ⌧ � s)


(1 � 2↵)@µ�

(1)(y, s) · @µ�
(1)(y, s) �(1)

b (y, s)

� 4↵ @µ�
(1)(y, s) · �(1)(y, s) @µ�(1)

b (y, s) +
M2

2
(1 � 4↵)�(1)(y, s) · �(1)(y, s) �(1)

b (y, s)

�
. (4.46)

The corresponding momentum-space expression is given by

�̃(3)
b (q, ⌧) =

Z
d4q1

(2⇡)4
d4q2

(2⇡)4
d4q3

(2⇡)4
(2⇡)4�4(q � q1 � q2 � q3)

Z ⌧

0
ds e�(⌧�s)(q2+M2)e�s

P3
j=1(q

2
j+M2)

⇥


4↵ q1 · q3 � (1 � 2↵)q1 · q2 +

M2

2
(1 � 4↵)

�
⇡̃(q1) · ⇡̃(q2) ⇡̃b(q3) . (4.47)

By looking at the regulator

Z ⌧

0
ds e�(⌧�s)(q2+M2)e�s

P3
j=1(q

2
j+M2) =

e�⌧(q2+M2)
� e�⌧

P3
j=1(q

2
j+M2)

q2
1 + q2

2 + q2
3 � q2 + 2M2

, (4.48)

one observes that not every pion field gets regularized since the first Gaussian regulator in the right-hand side of
Eq. (4.48) only acts on the total pion momentum q = q1+q2+q3. However, as will be argued below, this regularization
is su�cient for our purposes. Notice further that the above expression is non-singular for all values of the momenta
qi and q.

The above considerations help to elucidate the general structure of the solution of the gradient flow equation �(x, ⌧),
which is schematically depicted in Fig. 3. Specifically, the field �(x, ⌧) is expressed in terms of an increasing number
of smeared pion fields that live on the boundary ⌧ = 0, with the extent of smearing being controlled by the parameterp

2⌧ . In the limit ⌧ ! 0, all multi-pion contributions to � get suppressed and the field � turns to the pion field ⇡.
After these preparations, we are now in the position to define our regularization scheme using the gradient flow

method. In the Goldstone boson sector, we employ the standard (i.e., unregularized) Lagrangian L⇡ = L
(2)
⇡ +L

(4)
⇡ +. . .,

Light-shaded area visualizes smearing in Euclidean space of size ∼ 2τ

ϕ(1)
b (x, τ) = ∫ d4y G(x − y, τ)πb(y)

[∂τ − (∂x
μ∂x

μ − M2)]G(x − y, τ − s) = δ(x − y)δ(τ − s)

ϕ(3)
b (x, τ) = ∫

τ

0
ds∫ d4y G(x − y, τ − s)[(1 − 2α)∂μϕ(1)(y, s) ⋅ ∂μϕ(1)(y, s)ϕ(1)

b (y, s)

− 4α ∂μϕ(1)(y, s) ⋅ ϕ(1)(y, s)∂μϕ(1)
b (y, s) +

M2

2
ϕ(1)(y, s) ⋅ ϕ(1)(y, s)ϕ(1)

b (y, s)]

G(x, τ) = θ(τ)∫
d4q

(2π)4
e−τ(q2+M2)e−i q⋅x


