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ADb Initio nuclear theory

Overarching goal: Understand nuclear properties from a unified theory

rooted in the forces among nucleons

@® Fix the nuclear force

» Phenomenological, meson-exchanges models

> Effective field theories (EFTs)

@ Solve the nuclear many-body problem

> Nuclear bulk properties: masses, radii, ...
> Nuclear spectra: energy levels, transitions, ...

» Nucleonic matter EoS: neutron stars, ...

» New physics: Ovff, electric dipole moments, ...
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Quantum Monte Carlo (QMC)

Solving quantum many-body problem with Monte Carlo techinques, widely

used in Lattice QCD, Nuclear Physics, Quantum chemistry ...

Lattice QMC Continuum QMC

= Euclidean time

Carlson et al., Rev. Mod. Phys. 87, 1067 (2015)
Gandolfi et al, Front. Phys. 8 (2020)

/|

Dean Lee, Prog. Part. Nucl. Phys. 63, 117 (2009),
Lahde and Meildner, “Nuclear Lattice EFT”, Springer (2019)




QMC methods
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“Conventional’ trial wave function

e “Conventional” trial wave function cannot reach ground states variationally

and its quality deteriorate rapidly with increasing system size.
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Exponential complexity in DMC

Curse of dimensionality: exponential increase of dimensions in spin-isospin space.

Fermion sign problem: an exponential increasing error-to-signal ratio in DMC.
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The quantum many-body problem

e Finding exact solutions of quantum many-body systems is, in principle,

an exponentially hard problem.

Hypy = — hzl: o' — %Gf(sz ) /://,I// ///
T O TS O TP

e However, the majority quantum states of physical interest have distinctive

features and structures, which could allow an efficient polynomial solution

f Hilbert space\




Solving quantum many-body problem with neural networks

Science

MANY-BODY PHYSICS

Solving the quantum many-body problem with artificial
neural networks Carleo and Troyer, Science 355, 602 (2017)

A reinforcement-learning scheme we demonstrate is capable of both finding the ground
state and describing the unitary time evolution of complex interacting quantum systems.

Cpp L4 1)
( ] ] N
Ab-initio quantum FermiNet PauliNet
# : Pfau et al., Phys. Rev. Res. 2, 033429 (2020)
k chemistry Hermann et al., Nat. Chem. 12, 891 (2020)




Neural networks

® Represents a function from inputs to outputs

® Nested sequence of linear and non-linear functions with variable parameters.

Universal Approximation Theorem: existence / limit theorem

a single-hidden-layer neural network can approximate any continuous function

outputs Inputs

| !
J=1

w, b: adjustable weights (variational param.)

Hidd . .
ayer 2 o: nonlinear functions, e.g. tanh(x)




Variational learning

e Neural networks: efficiently parametrize complicated wave functions
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e \/ariational learning: train neural networks with variational principle (VMC)
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Metropolis-Hastings Monte Carlo

® The energy is calculated stochastically on a set of samples

I [\P(R)|?
(0) = JdRP(R)O(R) ~ OR) PR =
Noamp R,;:'R) JdRIY®R)|*

® The Metropolis-Hastings algorithm perfoms random walk to obtain

Initial :

samples with the desired distribution P(R). P SR 4 W S

1. For a given sample R, randomly propose a new

position R, e.g., uniformly in (R, — d, R, + d)

2. Accept R with the probability

10 steps

[ PR) ol
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Stochastic reconfiguration

® The neural network is trained iteratively by stochastic reconfiguration

_ Sorella, Phys. Rev. B 71, 241103(R) (2005
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Leading-order Hamiltonian

e \\Ve consider a nuclear Hamiltonian derived in LO pionless EFT

A _Vl2
HLO:Z N+Z Z ijk

2m

i=1 i<j I<j<k
® NN potential: fit to S-wave scattering e 3N potential: adjusted to reproduce
lengths, effective range, and deut- triton binding energy

eron binding energy

Vi = Cio0g, (1) P10 + Co108,(7;)Po1 + Ver Vik = CEZ OR,(7;1)0g, (Tt

Schiavilla et al., Phys. Rev. C 103, 054003 (2021)




Slater-dastrow ansatz

® Nuclear many-body wave function must be antisymmetric

Y(...,x, coes X, ) = —‘I‘(...,xj, T

e Mean-field wave function: Slater determinant, no correlations

h1(x1), P1(xy), -, Pi(xy)
¢2(X1)a ¢2(X2), "t ¢2(XA)

x; = (1, s 1)

det[¢p(x)] =

Pa(x1), Pa(xy), oo, Palxy)

e Neural-network Slater-Jastrow ansatz:

A
Y(x,....,xq) =J(xq, ..., x4) det p(x) JXiy.0sXq) =p ( Z 7(}@))
i=1

The exchange symmetry of Jastrow is ensured by the summation.

J(...,x;, S L) = J(...,xj, T PR

Adams et al., PRL 127, 022502 (2021); Deep-Sets: Zaheer et al., arXiv:1703.06114




Relativistic effects in few-body systems

e Slater-Jastrow ansatz with rotational symmetry
J=p( X, r=1,D)

e Relativistic corrections up to quadratic velocity dependence

i=1 <j
O ‘\;¥ T I |
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Backflow transformation

e The Slater-dJastrow ansatz is not “exact’, due to the incorrect nodal

surface of the Slater determinant.
Results from Adams et al., PRL 127, 022502 (2021)

A |VMC-ANN VMC-JS GFMC
4 fm~'| —2.224(1) —2.223(1) —2.224(1)
6 fm~'| —2.224(4) —2.220(1) —2.225(1)
4 fm~'| —8.26(1) —7.80(1) —8.38(2)
6 fm~'| —8.27(1) -7.74(1) -8.38(2)
4 fm~'| —23.30(2) —22.54(1) —23.62(3)
6 fm~'| —24.47(3) —23.44(2) —25.06(3)

¢ |ncluding many-body correlations directly in Slater determinant

“Hidden nucleons” “Backflow transformation”
HGsAxy), o [0y 1))
Daxa(), Pasca, (X7) KOs L), s falxas 1xash)
XA (0 X e, () S
A AR fale LD, - £ Do)

Lovato et al., Phys. Rev. Research 4, 043178 (2022) YLY and Zhao, PRC 107, 034320 (2023)
18 /35



FeynmanNet

e \We introduce spin-isospin dependent backflow with neural networks
YLY and Zhao, PRC 107, 034320 (2023)

fl(Xl; {X1/})a "t f1(xA§ {XA/})

det[@gp] = ﬁ(xl?:{xl/})» fZ(xA;:{xA/})

]fq(xﬁ {xl/}), "t fA(XA§ {XA/})

b0 = L6 ) = p, | @ Fosit) + ) W1 555713, 5)
j#i
Correlations

>

. Inputs and outputs
I:l Latent variables
m) Neural Networks

i

Backflow in 3He liquid: Feynman and Cohen, Phys. Rev. 102, 1189 (1956)




Benchmark for A = 4 nuclel

e Perfect agreement with the Hyperspherical Harmonics (HH) method

HH method ~0.01 MeV accuracy for A < 4 nuclei
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Hyperspherical Harmonics method: Gnech et al., Few-Body Syst. 63, 7 (2022)



Benchmark for A = 6 nuclel

e Better than the HH method; Lower the energy by 0.3 MeV.

HH basis convergence is harder to reach for A = 6 nuclei
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Benchmark for A = 16 nuclel

e FeynmanNet provides the lowest energy among the QMC methods

-130

431 |
' FeynmanNet

_ AFDMC (constrained-path)
Y
— VMC (Hidden nucleon)
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VMC (FeynmanNet): YLY and Zhao, PRC 107, 034320 (2023)

VMC (Hidden nucleon): Lovato et al., Phys. Rev. Research 127, 022502 (2022)
VMC (Hidden nucleon + backflow): Gnech et al., PRL 133, 142501 (2024)
AFDMC (constrained-path): Schiavilla et al., PRC 103, 054003 (2021)



Towards solving excited states

PHYSICAL REVIEW C 107, 034320 (2023)

Deep-neural-network approach to solving the ab initio nuclear structure problem

Y. L. Yang® and P. W. Zhao
State Key Laboratory of Nuclear Physics and Technology, School of Physics, Peking University, Beijing 100871, China

RESEARCH ARTICLE

QUANTUM CHEMISTRY
Accurate computation of quantum excited states
with neural networks

David Pfau’2*, Simon Axelrod'#, Halvard Sutterud?, Ingrid von Glehn, James S. Spencer!

We present an algorithm to estimate the excited states of a quantum system by variational Monte Carlo,
which has no free parameters and requires no orthogonalization of the states, instead transforming the
problem into that of finding the ground state of an expanded system. Arbitrary observables can be
calculated, including off-diagonal expectations, such as the transition dipole moment. The method works
particularly well with neural network ansatze, and by combining this method with the FermiNet and
Psiformer ansétze, we can accurately recover excitation energies and oscillator strengths on a range of
molecules. We achieve accurate vertical excitation energies on benzene-scale molecules, including
challenging double excitations. Beyond the examples presented in this work, we expect that this
technique will be of interest for atomic, nuclear, and condensed matter physics.

Pfau et al., Science 385, 6711 (2024)

However, in recent years, advances in deep neural networks have led
to their use as accurate ansitze for studying spin systems (6),
electronic structure (7) and nuclear systems (70), often reaching
levels of accuracy rivaling projector QMC methods. These advances
have led to a renewed interest in VMC as a standalone method.

Neural network ansédtze have already been applied to ground state
calculations in some of these domains (70, 71). We are excited to
see how NES-VMC and deep neural networks can be applied to many
of the most challenging open problems in many-body quantum
mechanics in the future.

Ref. (70): YLY and Zhao, PRC 107, 034320 (2023)




Towards realistic forces

e Realistic nuclear forces are often characterized by strong repulsive

core and tensor components

T Tiy Siiy 35T Tiy ol J
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Strategies for solving realistic forces

e Strategy 1: obtain a (good) approximate trial state from VMC calculations and

perform subsequent DMC calculations to project out the true ground state.

e Strategy 2: including phsycial features and structures to improve the trial ansatz

and perform VMC calculations to approach the true ground state

( Improved variational space \

VMC

(Approx. var. spf

4 \/

Mean-field

N\ e /




Neural-network ansatz for DMC calculations

® Neural-network Slater-dastrow ansatz suitable for DMC caluclations:

tensor correlations are built explicitly in the Jastrow correlator
YLY and Zhao, arXiv.2405.04203 (2024)

W) = F(r,...,1y) 1+ZZ°Z[(r1,...,rA)é’;. | D) -,

<] p=2-6 _

Central correlations Spin-isospin correlations Mean-field part

® Spin-isospin correlations spin-isospin independent backflow

CZ[Z.(I”I, ...,I’A) — pg;l ( 2 gb%(lfi-, rik, r]k)> 05 - {1, O-i . O-ja SU<® {1, Ti . T]}
k#i,j

Tensor operator
e Central correlations

F(ry,...ry) = P < 2 ¢3¢T(rij)>

i<J




A < 4 nuclei with Bonn force

e VMC calculations provide ~95% of binding energy; DMC calculations

account for the rest ~5% of binding energy.

e \We find that the Bonn A force can provide good description of light

A < 4 nuclei and nuclear matter saturation simultaneously.

QMC caluclations of A < 4 nuclei: YLY and Zhao, arXiv:2405.04203 (2024)
RBHF with Bonn forces: Wang, Zhao, Ring, and Meng, PRC 103, 054319 (2021)
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Neutron-a scattering with chiral forces

e \We calculate D-wave na scattering by placing the five-body system in

a harmonic oscillator trap, using local chiral forces up to N2LO

YLY, Epelbaum, Meng, Meng, and Zhao, arXiv.2502.09961 (2025)
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» Peripheral neutron-a scattering is a
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describing D-wave na phase shifts s k\{\\\\\\\k\\\\\\\\\\
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N2LO: ¢ - 4 from O(0>) zN analysis  Epelbaum2005NPA
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Towards accurate VMC calculations with realistic forces

e \With novel neural-network ansatz, the VMC energy can, for the first time,

reach the GFMC energy for A < 6 systems with realistic Hamltonians.

YLY and Zhao, in preparation

Results for AV8’ + UIX’

4He: ~ 0.03 MeV (0.1%)

éLi: ~ 0.1 MeV (0.3%)
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32 A VMC (Wiringa2000)| 6| j -
VvV VMC (Usmani2012)
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From continuous space to lattice

e \We consider the Hamiltonian limit (temporal spacing 6 = 0). Then, the

ground state can be solved by variational principle.

H=H.__ + V,+ E=min<qj|H|\P>
— Llfree 2N T .- 0 W <\P|\P>

e To calculate energy expectation, the Metropolis-Hasting sampling is

done on discrete lattice, instead of continous space.

2.2 Yn, S)HY(n, s)

E =
Y Y |¥n,s) | O
_ 1 2 H¥(n,s) Q Q
Nsamp ()~ ¥’ ) @ Q

n = (nl’ nN) o Z3N @ Ia~0.5—2fm




Dilute neutron matter

e We study N neutrons in a periodic box with length L, to simulate the
dilute neutron matter

H = Hpye, + CZ pimp () +C' Y D [pym)p (e + D)+ py(n + Dpy(n)]
n [=1,23

e The LECs are fixed by gy = 00,7, =0 in S wave.
Bour, Li, Lee, Meildner, and Mitas, PRA 83, 063319 (2011)

C =-3.7235, (C5=-0.3008

e Pairing is important in the dilute neutron matter. So, we use a pfaffian-

Ki tal., C . phys. 7: 148 (2024
backflow ansatz Im etal., Commun. phys (2024)

0 PpELE) - PELEY
X, X 0 Xy, X
Y(n,s,....,ny sy) =pt a 2 Y : ) ¢( 2: N)
PXn, X)) QXpn,Xy) 0 }
n, € Z°, s; = + 1/2: single-neutron variables X ;: backflow-transformed variables



Benchmark for N = 4

e Reproduces the exact ground-state energies for N = 4 systems

e [ransfer learning: The wave function trained at one box size is used as a good

starting point for calculations at other box size.

0.21 ' I
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Lanczos results from Bour, Li, Lee, Meil3ner, and Mitas, PRA 83, 063319 (2011)




Results for larger systems

® After infinite-volume extrapolation, the present VMC calculations reproduce

the thermodynamic limit from fix-node DMC calculations.
Forbes, Gandolfi, and Gezerlis, PRL 106, 235303 (2011)
e Computational scaling O(N?>); no explicit dependence on box size L.

® Once the wave function is solved, it can be saved for calculating other

observables without repeating VMC calculations.
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Summary and outlooks

® Neural-network Variational Monte Carlo is a powerful method for

solving the ab initio nuclear many-body problem.

» Starting from a LO pionless EFT Hamiltonian, FeynmanNet can provide accurate

polynomial-scaling solutions for nuclei.

> To solve realistic nuclear forces, one can either improve the neural-network ansatz

or perform subsequent Diffusion Monte Carlo calculations.

» The extension to lattice systems is demonstrated by solving up to N = 38 neutrons.

\

Future developments towards excited states, accurate solution of high-

precision nuclear forces, nuclear lattice EFT, ...




Thank you for your attention!




Example: an one-body problem

e Schrodinger equation with a Woods-Saxon potential

V? V,
wr,w) +
2My, 1 + exp[(r — Ry)/a]

w(r,w) = Ey(r;w)

e (Gradient descent
with) =y ® _yV E(w)

(X—< Ao
N>< '
m\v'v"//‘ -35 Wood-Saxon potential -
> S % V,=-65.796 MeV

R =4.482 fm —
a =0.648 fm

KRR \
ST NS

XX

N

| /““Q B
NN

N =16 optimization step




Slater-dastrow Ansatz

® Nuclear many-body wave function
» Spatial and spin-isospin d.o.f.: x; = (r;, s;,1;)

» Exchange antisymmetry P(...,x, s Xy ) = ‘P(...,xj, s Xy eet)

e Slater determinants: antisymmetric, but no correlations

d1(x1), P1(xy), -+, P1(xy)

det[¢(x)] = ¢25x1)’ gbz,(,),cz)’ ¢foA)

Da(x1), Pa(x5), -, Palxy)

e Slater-dastrow ansatz with neural-network Jastrow correlator

A
Y(x,,...,xs) = J(xq, ..., x4) det p(x) J(Xiyoo0sXq) =p ( Z qb(xl-))
i=1

The exchange symmetry of Jastrow is ensured by the summation.




Comparison with DMC calculations

® The neural-network Jastrow outperforms conventional ones.

e Considering symmetries can augment the performance of neural networks.

The remaining difference is due to the approximate factorization of wave

function ansatz into a Slater and a Jastrow part.

Y(x,....,xq) =J(xq,...,x4) det p(x)



FeynmanNet

P(x,...,X,) = eU(xl’“"xA)z w, det |D (”)(xl, ...,xA)]
k=1
YLY and Zhao, PRC 107, 034320 (2023)
e Jastrow factor e Determinants with backflow
o ) (Z : )) S {xy ), o filegs {xg))
XiyoenXy) = X;; . :
bt TP T s (), s 1)
x = \r ) ’ ’ ) 9t) .. . ..
= T Ty S 5 e s e FGe ()
Universal representation Universal representation
of symmetric function of anti-symmetric function
DeepSets: Zaheer et al., arXiv.1703.06114 (2017) Pfau et al., Phys. Rev. Research (2020)
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