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  Neutron stars  
Neutron stars are one of the densest massive objects in the universe.  
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① Usually refer to a star with a mass on the order of 1-2 solar masses, a 
radius of 10-12 km. 

② The central density can reach several times the empirical nuclear 
matter saturation density (𝜌sat≈0.16 fm−3). 

A. Sedrakian, et al., PPNP 131, 104041 (2023) 



  Observations of Neutron stars 
Mass measurements 

2 

Figure from Vivek V. Krishnan  

The radius and mass can be measured by the NICER collaboration. 

The gravitational wave signal provides 
the astrophysical measurements of tidal 
deformabilities, masses, etc. 

B. P. Abbott, et al., PRL 119, 161101 (2017) 

Figure from NASA/Goddard Space Flight Center 

Raaijmakers, et al., ApJ 887, L22 (2019) 

> 𝟐𝑴⊙ 



  Hyperon puzzle 
Some of the nuclear many-body approaches, such as Hartree-Fock 
and Brueckner-Hartree-Fock, predict the appearance of hyperons 
at a density of (2 − 3)𝜌0, and a softening of the EoS, implying a 
reduction of the maximum mass.  
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Figure from D. Lonardoni 

H. Ð apo, et al., PRC 81, 035803 (2010) 

H.-J. Schulze and T. Rijken, PRC 84, 035801 (2011) 



  EoS with Hyperons from AFDMC 
Λ𝑁𝑁(II) can support 2𝑀⊙, but the onset of Λ is above the 
maximum density (0.56 fm−3). 
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D. Lonardoni, et al., PRL 114, 092301 (2015) 

① Phenomenological Λ𝑁 + Λ𝑁𝑁 potential + Auxiliary field diffusion Monte Carlo, 
no ΛΛ + ΛΛ𝑁 potential 

② Only some fixed number of neutrons (𝑁𝑛=66, 54, 38) and hyperons (𝑁Λ=1, 2, 14) 

in the simulation box used from AFDMC, the EoS of hyper-neutron matter needs 
to be parametrized 
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  EoS with Hyperons from AFDMC 
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In this work 
     The hyper-neutron matter and neutron star properties are studied by 
Nuclear Lattice Effective Field Theory with a novel auxiliary field quantum 
Monte Carlo algorithm. 

Λ𝑁𝑁(II) can support 2𝑀⊙, but the onset of Λ is above the 
maximum density (0.56 fm−3). No Λ present in Neutron Star? 

D. Lonardoni, et al., PRL 114, 092301 (2015) 
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the density operator 𝜌 (𝑛) is defined as 

Hamiltonian 

the parameter 𝑠L is a local smearing parameter, 𝑠NL is a nonlocal 
smearing parameter. 𝐶𝑁𝑁  and 𝐶𝑁𝑁

𝑇  gives the strength of the two-
body interaction. 𝑉𝑁𝑁𝑁 is the three-body interaction. 

where 𝑖 is the spin index, 𝑗 is the isospin index. The smeared 
annihilation and creation operators are defined as 
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  The Hamiltonian for nucleons 



The 𝐶𝑁𝑁  couplings are determined by fitting the phase shift. 

The Galilean invariance restoration for each channel are obtained 

by tuning 𝐶GIR,𝑖(𝑖 = 0,1,2) with the constraint 
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  Phase shift for nucleons 
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  Nuclear Matter and light nuclei 
The couplings for three-body interaction are determined by the 
empirical value for nuclear matter. As a prediction, the compression 
modulus 𝐾∞ = 229.0(3.6) MeV. 

The ground state energies of several light nuclei (prediction). 



  Pure Neutron Matter (PNM) 
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① NLEFT: The calculations are performed for PNM by considering up to 

232 neutrons in a box to achieve several times the saturation density 

② AFDMC : AV8’+3N interaction inspired by the Urbana IX and the Illinois 

models 



𝐶𝑁Λ, 𝐶ΛΛ give the strength of the two-body interactions. 𝑉𝑁𝑁Λ and 

𝑉𝑁ΛΛ are the three-body interactions. The simulation of systems 

with both neutrons and 𝜦 hyperons can be achieved by using a 

single auxiliary field. 

For the hyperon-nucleon and hyperon-hyperon interactions, we 
utilize minimal interactions. The Hamiltonian is defined as, 
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  The Hamiltonian for nucleons and hyperons 



where 𝑎𝑡 is the temporal lattice spacing. 

A discrete auxiliary field formulation for the SU(4) interaction, 

10 

  Auxiliary Field for Hyper-nuclear Systems 

The two-baryon interactions, 

this potential can be rewritten in the following form, 

where                         , the simulations of systems consisting of both 

arbitrary number of nucleons and Λ𝑠 with a single auxiliary field,  



𝐶𝑁Λ is determined by fitting the cross section, and  𝐶ΛΛ by fitting the 
chiral EFT phase shift. 
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  Scattering data with hyperons 

J. Haidenbauer, Ulf-G. Meißner, and S. Petschauer, Nucl. Phys. A 954, 273 (2016). 

Three sets of three-body forces are determined by the separation 
energies for Λ hyper-nuclei. The * marks a prediction. 
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  Neutron Star EoS 

The energy density can be obtained as 

the chemical potentials for neutrons and lambdas are evaluated via 

the Λ threshold density 𝜌Λ
𝑡ℎ is determined by imposing 𝜇Λ = 𝜇𝑛, 

and the pressure is defined as  



  Energy density for different number of hyperons  

①  Different number of hyperons can be simulated in our calculations. 

② HNM(I,II,III) have different couplings for 𝑁𝑁Λ and 𝑁ΛΛ interactions. 

③ Only 𝑁𝑛=66,54,38 and 𝑁Λ=1,2,14 are used in AFDMC. 
13 



① The Λ threshold densities 𝜌Λ
th are marked by open circles 

② The chemical equilibrium conditions, 𝜇𝑛 = 𝜇Λ, are fulfilled above 𝜌Λ
th. 

③ The gray shaded area indicates the values by using the chiral SU(3) 

interactions NLO19 with two and three-body forces (𝑁Λ +  𝑁𝑁Λ)  

④ The Λ fraction from the HNM (III) is the smallest one. 
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  The chemical potential and particle fractions 



①  HNM(I):𝜌Λ
th = 0.325(2)(4) fm−3       HNM(II):𝜌Λ

th = 0.398(2)(5)fm−3  

 HNM(III): 𝜌Λ
th = 0.520(2)(6) fm−3 

② The gray shaded regions are the inference of the speed of sound in view 

of the recent observational data  
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  Equation of State for hyper-neutron matter 

L. Brandes, W. Weise, and N. Kaiser, Phys. Rev. D 108, 094014 (2023) 



Tolman-Oppenheimer-Volkoff (TOV) equations 

where 𝑃(𝑟) is the pressure, and 𝑀(𝑟) is the total star mass. 

J. R. Oppenheimer and G. M. Volkoff, Phys. Rev. 55, 374 (1939)  R. C. Tolman, Phys. Rev. 55, 364 (1939)   

Neutron star tidal deformability Λ 
E. E. Flanagan and T. Hinderer, PRD 77, 021502 (2008)  T. Hinderer, ApJ 677, 1216 (2008) 

where 𝑘2 is the second Love number 

  Neutron Star properties 
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In the slow-rotation approximation, the moment of inertia is 

The quantity 𝜈(𝑟) is a radially dependent metric function is defined as  

F. J. Fattoyev and J. Piekarewicz, Phys. Rev. C 82, 025810 (2010) 

where 

The frame-dragging angular velocity 𝜔  is usually obtained by the 
dimensionless relative frequency 𝜔 ≡ 𝜔 /Ω , which satisfies 

  The moment of inertia 
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①  HNM(I): 𝑀max=1.59(1)(1)𝑀⊙          HNM(II): 𝑀max=1.94(1)(1)𝑀⊙  

HNM(III): 𝑀max=2.17(1)(2)𝑀⊙ 

② PSR J0030+0451 and J0740+6620 : pulsar observed by the NICER. 

  Neutron star Mass and radius 
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  Neutron star tidal deformability 
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① The neutron star tidal deformabilities Λ are consistent with astrophysical 

observations of GW170817   
B. P. Abbott, et al., PRL 121, 161101 (2018)  

M. Fasano, et al., PRL 123, 141101 (2019) 



  Universal relations I-Love-Q 
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①  𝐼   is the dimensionless quantities for the moment of inertia, 8.2<𝐼  <13.7 

② Fitting function K. Yagi and N. Yunes, Science 341, 365 (2013) 



Rotation causes an NS to deform into an oblate spheroid, resulting 
in a larger equatorial radius and an increased gravitational mass 
compared to a non-rotating NS, which is related to an increase of 
the centrifugal force. 

The rapidly rotating neutron star can be described by the energy-
momentum tensor: 

where 𝑢𝜇 is the fluid's four-velocity. 

  Rotating Neutron Star 
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C. Gartlein, arXiv:2412.07758 (2024) 



  Rotating Neutron Star Properties 
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① Four constant spin frequencies 𝜈 = 0, 205, 346, 716 Hz are shown 

② The impact of rotational dynamics on the maximum mass is small 



  Hyper β-stable nuclear matter 
The equilibrium conditions and the charge neutrality condition, 

Incorporating protons significantly increases the computational. For 
example, at 𝜌 = 0.5 fm−3 (the total number of baryons are 142),  

23 

Hyper-neutron matter Hyper 𝜷-stable nuclear matter 

108 jobs 1620 jobs 
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  EoS for hyper β-stable nuclear matter 

① The presence of protons slightly softens the HNM EoS, and the 
proton fractions depend on both the symmetry energy and the 
density. 
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① A novel auxiliary field quantum Monte Carlo algorithm is 
introduced, allowing us to simulate for different number of 
hyperons and neutrons. 

② For the first time in ab initio calculations, not only include 𝑁Λ 
two-body and 𝑁𝑁Λ three-body forces, but also ΛΛ and 𝑁ΛΛ 
interactions are involved. 

③ Both the static and rotating neutron star properties are studied.  

Thanks for your attention ! 

  Summary and Outlook 

25 

① Include protons in our simulations. (In progress) 
② Include other hyperons in our simulations. 
③ Use the recently developed hi-fidelity chiral interactions at N3LO. 



Appendix 



  EOS from different information channels  

Nature Communications 14, 8352 (2023)  



  Symmetry energy and EoS  

Physical Review C 74, 025808 (2006) 



  I-Love-Q (II) 
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J. J. Li, A. Sedrakian, and F. Weber, Phys. Rev. C 108, 025810 (2023). 



  Finite volume 



  Gerstung et al’s work 



  2B and 3B interaction in AFDMC 



  Parameterization in AFDMC 



  EoS(S=-2) 



  Many body calculations and NN Interactions 
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G. F. Burgio, et al., arXiv 1804, 03020 (2018) 

AV18, CD-Bonn,  

𝜒EFT, LQCD… 

MBPT, NCSM, CC, 

QMC, IM-SRG, BBG, 

NLEFT… 

① Density functional theories (DFTs) with effective nucleon–nucleon 
(NN) interactions 

②  ab initio methods with realistic ones 

 EoS with (without) 
hyperons from 
NLEFT 



  From EoS to Neutron Star 

The equation of state (EoS) for dense nuclear matter constitutes 
the basic input quantity for the theoretical reconstruction of a 
neutron star. 

C. H. Lee, et al., Phys. Rev. C 57, 3488 (1998) 

J. R. Oppenheimer and G. M. Volkoff, Phys. Rev. 55, 374 (1939)  

R. C. Tolman, Phys. Rev. 55, 364 (1939)   



  Neutron star  

outer crust 

inner crust 

outer core 

inner core 

Figure from www.Universe.com Figure from J. Piekarewicz 


