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Introduction to LEFT

Lattice EFT=Chiral EFT+Lattice+Monte Carlo

* Hadrons are effective degrees of freedom
* EFT describes hadron interactions

* Lattice spacing is set around 1 fm

LQCD LEFT
Degrees of freedom | quarks & gluons hadrons
lattice spacing ~0.1fm ~1fm
dispersion relation relativistic non-relativistic
continuum limit v x
model Lagrangian Schrodinger
solver path integral matrix compute

Dean Lee, Prog.Part.Nucl.Phys., 63(2009)117,

Ldhde, Meifiner, “Nuclear Lattice Effective Field Theory”, Springer (2019).
2



Applications of LEFT

Applications in Nuclear Physics

* Neutron-proton scattering Phys.Rev.C, 98(2018)044002

* Nuclear binding Phys.Rev.Lett., 117(2016)132501

* Alpha-alpha scattering Phys.Rev.Lett., 111(2013)032502, Nature, 528(2015)111
* Nuclear thermodynamics Phys.Rev.Lett,, 125(2020)192502
* Properties of nuclei Phys.Lett.B, 797(2019)134863
* Hoyle state Phys.Rev.Lett., 109(2012)252501, Nat. Commun., 14(2023)2777



Applications of LEFT

Applications in Hadron Physics

TABLE XXXIX. Summary for heavy-flavor three-body states. Energies are in units of MeV.

Components I(J%) Results (Method) Decay modes
DNN 1(07) BS ~ 3500 — 15i (FCA, V) [836] A7 p, Aop [836]
NDK,NDK, L1+
- 16a) BS ~ 3050, 3150, 4400 (FCA) [837] t
NDD
Teep, DDp + 7(7), Ece + 7 (%),
DD*N 1(L*, 3% BS ~ 4773.2,4790.7 (GEM) [838] p, DDp+ () ™ [838]
charmed baryon + charmed meson
DD*N g(—) difficult to form bound states (GEM) [838] T
_ ) D-like state ~ 2845.5 (FCA) [821],
DKK 3(07) 7D [821]
D-like state ~ 2900 (QCDSR, xF) [839]
DKK 2(07) no bound state (FCA) [821] t
DKY., 14 BS ~ 4738.6 (GEM) [840] DZ', D% [840]
D™ multi p several D) states (FCA) [841, 842] t
pDD 0(?),1(?)  BS ~ 4241 — 10i, [4320 — 137, 4256 — 141] (FCA) [843] 1
BS ~ 4162 (GEM) [273], 4140 (xF) [819],
DDK 1(07) (GEM) [273], 4140 () [819] DD?,D*D, [826]
4160 (FV) [820]
DDK 3(07) BS ~ 4181.2 (GEM) [822], 4191 (FCA) [825] D,D*, J/yK [822)
DD*K 1) BS ~ 4317.9 (BO) [823] 1
_ . BS ~ 4294.1 (GEM) [822], 4317.9 (BO) [823], (x) =
DD*K 1(17) DY D™ J/hK* [823, 844]
4307 (FCA) [824]
4845 — 40, D*D*K*,
D*D*K*  §(07,17,27) BS ~ [4850 — 46i, 4754 — 50i], (FCA) [845] D*D® K™, [845]
(4840 — 434, 4755 — 50] [D*D*K*, D* D™ K*|
DD*Y, 147,37 BS ~ 6292.3,6301.5 (GEM) [829] J/hpD® T, A.m [829]
JIWKK 0(17) Y (4260) ~ 4150 — 45i (xF) [481] 1
DDD* (1) BS ~ 5742.2 (GEM) [833] DDDx(~)[833]
DD*D* %(0_, 17,27) several loosely bound states (GEM) [834] charmed mesons + ... [834]
%(O‘, 17,27,37) several loosely bound states (GEM)[834]
D*D*D* charmed mesons + ... [834]
1(07,17,27) BS ~ 5790.9 — 49.8i,5990.2, 5989.4 (FCA) [835]
D*D*D™) 2=) difficult to form bound states (GEM) [834] T
D*D*D 127 BS ~ 5879 (F) [846] t
D*D*D* 337 BS ~ 6019 (F) [846] t
QeeeQeceQece 737 no bound state (GEM) [847] t
EeeZec K 3(07) BS ~ 7641.8 (GEM) [848] T

Gaussian expansion method (GEM)
QCD sum rule (QCDSR)
Born-Oppenheimer approximation
Fixed center approximation (FCA)

Faddeev equation (F)

Without 3-body force!

Liu et al., Phys.Rept.1108(2025)1



Advantages of LEFT

® Include three-body force directly

* Three-body force in baryon from LQCD
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H. Ichie et al., Nucl. Phys.A 721(2003)C899-C902, F. Bissey et al., Phys.Rev.D 76(2007)114512

* Three-body force makes nucleus system ren. group invariant

.
A (MeV) 250 275 300 325 350 375/ 400
n 5.170 2.763 1.538 0.890 0.561 0.412
Eonr (*H) 6.17(4)  -6.63(4)  -7.05(2) -7.39(2) -7.64(1) -7.77(1)
Eongsnr (CH) -8.482 -8.482 -8.489 -8.485 -8.483 -8.483
Eonr (‘He) -30.6(7)  -30.3(6)  -30.7(4)  -30.0(4) -29.8(4)  -29.4(4)
Eonranr (‘He 20.8(7)  -29.5(6)  -29.9(4) -29.2(4) -29.0(4) -28.6(4)
Eonr (1°0)  -144.0(21) -135.1(14) -136.3(11) -139.1(9) -140.6(8) -141.7(8) -
Eoneianr (1°0)  -135.8(20) -124.8(14) -124.5(11) -126.3(9) -127.3(8) -128.1(8) -




The motivation of the DD*K system

e The observation of 7 D>’< (23 17), D,;(2460) in experiment
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R. Aaij et al. (LHCDb), Nature Phys. 18 (2022)751 P. Krokovny et al. (Belle), Phys. Rev. Lett. 91(2003) 262002

* Close to the DD*, DK, D*K thresholds

* Could be hadronic molecular candidates

* Be used to constraint the two-body force
é



The motivation of the DD*K system

e The observation of 7 D;‘B(23 17), D,;(2460) in experiment

ce?
Meng et al., PRD104(2021)051502, Guo et al, EPJA40(2009)171,
Agaev et al., NPB975(2022)115650, Liu et al., PRD87(2013)014508,
Feijoo et al., PRD104(2021)114015, Guo et al., PRD98(2018)014510,
Yan et al., PRD105(2022)014007, Liu et al,, PRD109(2024)5,
Albaladejo et al., PLB829(2022)137052, Kim et al., PTEP2024(2024)073D01,
Du et al., PRD105(2022)014024, Gil-Dominguez et al., PLB843(2023)137997,
Padmanath et al., PRL129(2022)032002, Asokan et al., EPJC83(2023)850,
Chen et al., PLB833(2022)137391, Fu et al., EPJA58(2022)70,
Lyu et al., PRL131(2023)161901,...... Kong et al.,, PRD104(2021)094012,......

R. Aaij et al. (LHCDb), Nature Phys. 18 (2022)751 P. Krokovny et al. (Belle), Phys. Rev. Lett. 91(2003) 262002

* Close to the DD*, DK, D*K thresholds

* Could be hadronic molecular candidates

* Be used to constraint the two-body force
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Two-body interactions
e The observation of 7 D;’B(23 17), D,;(2460) in experiment

cc?

« DD* interaction: LO+OPE Du et al, PRD105(2022)014024
b > b
* DK interaction: LO+NLO Guo et al, EPJA40(2009)171
K K K K
D b b . D

* Single particle regulator is used to obtain a better ren. Group invariant

Lu et al, arXiv:2308.14559
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Two-body interactions
e The observation of 7 D;’B(23 17), D,;(2460) in experiment

ce?

. . Du et al, PRD105(2022)014024
* DD%* interaction: LO+OPE ned (2022)
3g” €-qe* - q
Con _ Lok OPE -
VDD* = Vo€ - € VDD* (q) - 4f7% q2 n qu
* DK interaction: LO+NLO Guo et al, EPJA40(2009)171
~1
VES (i) = TE (py - P2+ D} Ps+ Py Do+ D))
8M12< 4 / / / / /
Vil (pi) = - v hy + f—2h3p2 Py + hs (py - papy - Py + D1 P3Py -p1)>

* D*K interaction: LO+NLO

8M12( % 4 / / % / / / / %
30 h; +—(h3p2-p2+h5 (p1 - Popi - P5+ D) ‘Pzpz'l?1>> €€

Vﬁfig (p i) - ( f;%
* Single particle regulator is used to obtain a better ren. Group invariant

Lu et al, arXiv:2308.14559
9



The two-body parameters

Te. = v D*(2317) = h; D,;(2460) = h
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* Cubic lattice L° = 5°..-19°

* Cutoff A = 300, 350, 400 MeV in the regulator

* Lattice spacing a = 1/200 MeV ~ 0.99 fm

* v, converges slow < long-ranged force+shallow bound state

* A =400 MeV converges quickly

Zhang et al., Phys.Rev.D111(2025)036002
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The three-body interactions

* DD*Klag. & = c <HQZMHTH£Z”HT > + ¢} <HﬂﬂH7HdﬂHT >

* DD*K three-body force

From Serdar’s talk

Cs
S
Vopx () = 12 (P1-Ps+P1 Py + P2y +pyPs+p P3P Py Dy D3+ D)€€
T
* DD*K binding energy Zhang et al., Phys.Rev.D111(2025)036002
OF F A=400 (MeV) £3- L=10 UF
e -$3- L= -
—50F -~~~ Tﬁh-_:_::s—*@”'“-@“u‘@ - L=11 a1 e cr <
—100 | o ~Ve L=12 -100 }D,,-——’;:% ~—-- TXK threshold
% —-150 — ,/, —44.7 :i: iiii S —150 _ /// //' —44 — —- D2,D" threshold
é 500 3 // L : g 00 E_V/ // __9__::__:____;.&2_5—-_-;-—-_1:;;'8_ D¢1D threshold
N / Bl SRS - avmppnnse - | R = g / —46 - yd ~ - A=300 (MeV)
-250F  / iss '_gf:f;:/ —--- TiKthreshold | M 50k / 7 -+ A=350 (MeV)
-300 ;_ /I’ oy -glg/ l I o D’s“OD* threshold 300 g_ /I/ —48 -_D//’ -0-- N\=400 (MeV)
350 B 10° 10' 10° Ds1D threshold E / 5 N
ﬁo I—i I—l Io |1 Iz Volume error 330 ¢ [ ° | " | 10|
—-10 —-10 10 10 10 10 _100 _10—110—1 100 101 102
Parameter 3 (MeV ™) Parameter C3 (MeV ™>)
* Extrapolate to infinite volume Meng et al,, PRD98(2018)014508
AE -3/2
— (kL)~ Z C; exp WcL)
E

* Switch off three-body force, the result is consistent with that in
Ma et al., CPC43(2019)014102
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The first excited state

* No experimental data = binding energy with A = 400 MeV as input

* The parameter c; at various cubic

A (MeV) | Parameter L State
9 10 11 12 13 14
400 0.100 0.100 0.100 0.100 0.100 0.100 Input
350 C3 (MeV_S) 0.170 0.162 0.164 0.164 0.163 0.163 Fitted
300 0.328 0.305 0.281 0.278 0.281 0.280 Fitted
Zhang et al., Phys.Rev.D111(2025)036002
i . excited __ prexcited
_ E A, E A, decreases
—30-
; * p-type and A-type excitation
§_40 [ L N I R A=300 (MeV)
0 = L o JTET_BEE BEEE mEsE | |- AS=350 (MeV) o
= I a0 (vew) The standard angular
N | — —- D},D" threshold .
; Dy1D threshold momentum and parity
—60 - ‘
T projection technique is used
9 10 11 12 13 14
L d 24
— __ n
C P e ) =2Yn @ R(Q)| W)
i=1
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The splitting of the first excited state

Zhang et al., Phys.Rev.D111(2025)036002
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(a) The ground state and excited states of the DDD (b) The ground state and the first excited states of the
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(c) The ground state and the first excited states of the (d) The ground state and the first excited states of the
DDK system with the two-body contact interaction DD*K system with the two-body contact interaction
strengths cpp = —5 MeV ™2 and cpx = —8 MeV 2. strengths cpp+ = —1 MeV 2,

cpg =cpxg = —10 MeV 2.
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Summary and outlook

* The number of particles is conserved

* Find a J = 17 DD*K bound state with binding energy in the
(—84, —44) MeV region

* We checked the ren. group invariance

* Two energy levels of excited state are p-type and A-type

* Lattice EFT has more advantage for many hadrons system

Picture from Serdar’s talk

A question from Akaki on FB23 conference A
t “why is the extrapolation formula for long-range interaction exponential form?” |
| 14




ML in the FV extrapolation formula

* The FV extrapolation formula for short-range interaction is well
established from Luescher formula
* How about the long-range interaction?

* Use symbolic regression approach

VoV
v

VVVVYVV

VYoV
_ Genetic algorithm

Symbolic

' Lattice .
regression

.............. calculation
o results

Inference

Fit

Formula

Er=E, +e*/L?

FIG. 1: Workflow of using SR, LEFT and formula.
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Short-range interaction

Samples generation

* The short-range potential (two identical particles with m = 1969 MeV)

2 p2
p.

H= 3 = +f(prp)V(p)
i=1 !

2
fpp2) = [ | sapdsn(pd) V(r) = —C,8%(r)
i=1

Single-particle regulator Direct contact potential

* Solve Schrodinger Equation H;y = E,y in cubic box L?

(). - — - m“
2 (a) (b) o
23 F
-04 i
> S 241 ~2.244F - -
K e g - - T 2 A
= 0.6 | .’,’ S | /% " — — -
~— [ & /’ — N—’ -25 — /‘ /__ -
W ~0.25F -~ o g — — Eq.(B
0.8 26 F - q- (B)
i - = Eq.(C)
030 L L 1 L _‘ s 1 1 1 L
L A A A i -2'7 A A A - A A
1‘0 1 l s l 'S l 1201 12% 1 %4 b l?(,l 1281 l 310 l L l 1 I ' l201 I 2l2 I l24l 1 2I6 1 Fxl l 3l0
10 12 14 16 18 20 22 24 26 28 30 10 12 14 16 18 20 22 24 26 28 30

L/a
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Short-range interaction

Symbolic regression

* The PySR model samples the space of analytic expression (the sign of
operators, input variables and constants terms)

* The operators: addition, subtraction, multiplication, division,
exponential, logarithm and square etc.

* We mutate over 50 iterations of 50 ditferent population samples

* Two elements for the goodness of the output formula, i.e. loss and score

A In(Loss)

N
Loss = Z (Epysr(L;) — E, (L))*/N Score = — I

i=1

C is the complexity, defined as the total numbers of operations, variables

and constants in a formula, A the difference between the two iterations.

17



Short-range interaction

The results

* Boxsize 10 ~ 30 fm
E, = C,+ Ce SL/L? (A)
E, =C,+ Ce %ML (B)
EL — Cl + Cze_C3L

* The value of Cj is

exactly the binding

momentum

EL (MCV)

EL (MCV)

0.4
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: e~
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17 l T =
Ly gy 20 27206 n"l"
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L/a
(c)
f _6-// ”””””
! a8
i .’.‘..“-‘-‘-.
B _ - — — — = =
T * ') /
! T T L TR

15 18 21 24 27 30 ?2 36 39 47 45
L/a

E, (MeV)

o
o
~J

~ E. (MeV)

[
o
0

P P .
20 022 24 26 28 30

l L l (' l L l A l-l-l l—l L l ' r A l '

10 12 14 16 18 20 22 24 26 28 30
L/a

| (d)
le—=5-1.22693el

3
. S .

34 36 ?X 40 42 44
| M P P I

15 18 7] 24 27 30 H 36 39 4" 45
L/a

* Recover the formula of short-range interaction successfully
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Long-range interaction

Samples generation

* The long-range potential (two identical particles with m = 1969 MeV)

3 e

N

2
i) = [ [ aadsa®)  Fq) = exp( - (g% + u»)IA?)
=1

Cor = Cp

Single-particle regulator Range parameter y = 20 MeV

* The parameter C;, Cy, is tuned to have the same binding energies

-0.2 . 5L S
. (b)
-.;..3 I
0.4 -
; ~ -24 -
0 - 2.244F - -
2 06 s i | ol ‘:’f_"_? -
. W . 2,248 ’," == Eq.(A)
-0.8 S
26 F - Eq. (B)
- = Eq.(C)
1.0 N 22 24 26 2 3 i 1 1 1 1
-1 N TP TP AP s AP PR PR S 2.7 Hé T B 7 S,
10 12 14 16 18 20 22 24 26 28 30 TINPUR PR PR U P S P S .
L/a 10 12 14 16 18 20 22 24 26 28 30

L/a
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Long-range interaction

The results

* Box size 10 ~ 30 fm
E, =C,+ Ce SE/L (A)
E, =C +Ce St (B)

E =C+GCe %L (Q

* The power of L

increases 2 for 10 fm

range interaction
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* The power depends on the range of the force E, = ¢, + Ce=GEL"
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Long-range interaction

E, (MeV)

E, (MeV)
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u =10, 20,..., 120, 400, 600, 800MeV
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Long-range interaction

The n and C; values 4 =10, 20..... 120, 400, 600, 800MeV
25T H
:?q 12()_—:%
20F1)] .y
:ii§ 115}!*
.|'§ -
].5_-:!§ ::I
Ei: . Ano:—:!
c Fl = 105¢
050 & m E
i | & 100 F ]
0.0Fii i s
L 95 kil '
~0.5fF11 * . 3
H * 90 i |
Y o
A T T T T T T o T T T T T Y
0 100 200 300 400 500 600 700 800 0 100 200 300 400 500 600 700 800
M (MeV) M (MeV)
® n=-—1 ® i
@ /1:0 O M:O
® 7/c/10 fm ~ 20 MeV ® /c/10 fm ~ 20 MeV

* The regressed formula recovers the short-range limit and indicates the

long-range tendency
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Summary and outlook

* SR unveils the power law of FV extrapolation formula for the two-body
system with long-range interaction

* Our formula can recover the behaviors for infinity short- and long-
range interactions

* How about the 3-body systems, especially for pion-exchanged 3-body

force?

Thank you very much for your attention!
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