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Introduction to LEFT
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Lattice EFT=Chiral EFT+Lattice+Monte Carlo

Dean Lee, Prog.Part.Nucl.Phys., 63(2009)117, 

Lähde, Meißner, “Nuclear Lattice Effective Field Theory”, Springer (2019).  

LQCD LEFT

Degrees of freedom quarks & gluons hadrons

lattice spacing ~0.1fm ~1fm

dispersion relation relativistic non-relativistic

continuum limit ü û

model Lagrangian Schrödinger 
equation

solver path integral matrix compute

Hadrons are effective degrees of freedom

EFT describes hadron interactions

Lattice spacing is set around 1 fm
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Applications of LEFT
Applications in Nuclear Physics

Neutron-proton scattering

Nuclear binding

Alpha–alpha scattering

Nuclear thermodynamics

Properties of nuclei

Hoyle state 

Phys.Rev.C, 98(2018)044002  

Phys.Rev.Lett., 117(2016)132501

Phys.Rev.Lett., 111(2013)032502, Nature, 528(2015)111

Phys.Rev.Lett., 125(2020)192502

Phys.Lett.B, 797(2019)134863

Phys.Rev.Lett., 109(2012)252501,  Nat. Commun., 14(2023)2777 



4

Applications of LEFT
Applications in Hadron Physics

Gaussian expansion method (GEM)

QCD sum rule (QCDSR)

Born-Oppenheimer approximation

Fixed center approximation (FCA)

Faddeev equation (F) 

Liu et al., Phys.Rept.1108(2025)1

Without 3-body force!
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Advantages of LEFT
• Include three-body force directly

Three-body force in baryon from LQCD

H. Ichie et al., Nucl. Phys.A 721(2003)C899-C902, F. Bissey et al., Phys.Rev.D 76(2007)114512 

Three-body force makes nucleus system ren. group invariant



The motivation of the  systemDD*K
• The observation of  in experimentT+

cc, D*s0(2317), Ds1(2460)

R. Aaij et al.  (LHCb), Nature Phys. 18 (2022)751 P. Krokovny et al. (Belle), Phys. Rev. Lett. 91(2003) 262002

Close to the  thresholds

Could be hadronic molecular candidates

Be used to constraint the two-body force

DD*, DK, D*K
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Two-body interactions
• The observation of  in experimentT+

cc, D*s0(2317), Ds1(2460)
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 interaction: LO+OPEDD*

 interaction: LO+NLODK

 interaction: LO+NLOD*K

Du et al, PRD105(2022)014024

Guo et al, EPJA40(2009)171

Single particle regulator is used to obtain a better ren. Group invariant
Lu et al, arXiv:2308.14559
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VOPE
DD* (q) = −

3g2

4f 2
π

ϵ ⋅ qϵ* ⋅ q
q2 + μ2

VCon
DD* = v0ϵ ⋅ ϵ*

VDK
LO (pi) =

−1
2f 2

π
(p1 ⋅ p2 + p′￼1 ⋅ p′￼2 + p1 ⋅ p′￼2 + p2 ⋅ p′￼1)

VDK
NLO (pi) = −

8M2
K

3f 2
π

h1 +
4
f 2

π
h3p2 ⋅ p′￼2 + h5 (p1 ⋅ p2p′￼1 ⋅ p′￼2 + p1 ⋅ p′￼2p2 ⋅ p′￼1))

VD*K
NLO (pi) = (−

8M2
K

3f 2
π

h*1 +
4
f 2

π
(h′￼3p2 ⋅ p′￼2 + h*5 (p1 ⋅ p2p′￼1 ⋅ p′￼2 + p1 ⋅ p′￼2p2 ⋅ p′￼1))) ϵ ⋅ ϵ*
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The two-body parameters
T+

cc ⇒ v0 D*s0(2317) ⇒ h3 Ds1(2460) ⇒ h*3

Cubic lattice 

Cutoff  in the regulator

Lattice spacing 

 converges slow  long-ranged force+shallow bound state

 converges quickly

L3 = 53⋯193

Λ = 300, 350, 400 MeV

a = 1/200 MeV ∼ 0.99 fm

v0 ⇐

Λ = 400 MeV

Zhang et al., Phys.Rev.D111(2025)036002
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The three-body interactions
 Lag. 

 three-body force

DD*K ℒ = c3 ⟨H𝒟μH†H𝒟μH†⟩ + c′￼3 ⟨H𝒜μH†H𝒜μH†⟩
DD*K

VDD*K (pi) =
c3

4f 2
π

(p1 ⋅ p3 + p1 ⋅ p′￼3 + p2 ⋅ p3 + p2 ⋅ p′￼3 + p′￼1 ⋅ p3 + p′￼1 ⋅ p′￼3 + p′￼2 ⋅ p3 + p′￼2 ⋅ p′￼3) ϵ ⋅ ϵ*

 binding energyDD*K

Extrapolate to infinite volume
ΔE
ET

= − (κL)−3/2
3

∑
i=1

Ci exp (−μiκL)

Ma et al., CPC43(2019)014102

Meng et al., PRD98(2018)014508

Switch off three-body force, the result is consistent with that in

Zhang et al., Phys.Rev.D111(2025)036002

From Serdar’s talk
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The first excited state
 No experimental data  binding energy with  as input

The parameter  at various cubic 

⇒ Λ = 400 MeV

c3

 decreases

-type and -type excitation

The standard angular 

momentum and parity 

projection technique is used

Eexcited
Λ1

− Eexcited
Λ2

ρ λ

ΨA⟩ =
dn

24

24

∑
i=1

χn (Ωi) R (Ωi) Ψ0⟩
Lu et al., PRD90(2014)034507

JP = 1− ⇐

Zhang et al., Phys.Rev.D111(2025)036002
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The splitting of the first excited state
Zhang et al., Phys.Rev.D111(2025)036002
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Summary and outlook
The number of particles is conserved

Find a   bound state with binding energy in the 

 region

We checked the ren. group invariance

Two energy levels of excited state are -type and -type

Lattice EFT has more advantage for many hadrons  system

JP = 1− DD*K

(−84, − 44) MeV

ρ λ

Picture from Serdar’s talk

 A question from Akaki on FB23 conference

“why is the extrapolation formula for long-range interaction exponential form?”
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ML in the FV extrapolation formula

The FV extrapolation formula for short-range interaction is well 

established from Luescher formula

How about the long-range interaction?

Use symbolic regression approach
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Short-range interaction

 The short-range potential (two identical particles with )m = 1969 MeV

H =
2

∑
i=1

pi2

2mi
+ f( p1, p2)V(p)

f( p1, p2) =
2

∏
i=1

gΛ( pi)gΛ( p′￼i) V(r) = −C0δ3(r)

Single-particle regulator Direct contact potential

 Solve Schrödinger Equation  in cubic box HLψ = ELψ L3

Samples generation
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Short-range interaction
Symbolic regression

 The PySR model samples the space of analytic expression (the sign of 

operators, input variables and constants terms)

The operators: addition, subtraction, multiplication, division, 

exponential, logarithm and square etc.

We mutate over 50 iterations of 50 different population samples

Two elements for the goodness of the output formula, i.e. loss and score

Loss =
N

∑
i=1

(EPySR(Li) − EL(Li))2/N Score = −
Δ ln(Loss)

Δ C

C is the complexity, defined as the total numbers of operations, variables 

and constants in a formula,  the difference between the two iterations.Δ
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Short-range interaction
The results

EL = C1 + C2e−C3L /L2

EL = C1 + C2e−C3L /L

EL = C1 + C2e−C3L

(A)

(B)

(C)

Box size 10 ∼ 30 fm

Recover the formula of short-range interaction successfully

The value of  is 

exactly the binding 

momentum

C3
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Long-range interaction

 The long-range potential (two identical particles with )m = 1969 MeV

C01 = C02

Single-particle regulator Range parameter μ = 20 MeV

The parameter  is tuned to have the same binding energiesC01, C02

Samples generation

V(r) = − C01δ3(r) − C02
e−μr

r

f( p1, p2) =
2

∏
i=1

gΛ( pi)gΛ( p′￼i) ̂f(q) = exp( − (q2 + μ2)/Λ2)
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Long-range interaction
The results

EL = C1 + C2e−C3L /L

EL = C1 + C2e−C3L

EL = C1 + C2e−C3LL

(A)

(B)

(C)

Box size 10 ∼ 30 fm

The power depends on the range of the force

The power of  

increases 2 for  

range interaction

L

10 fm

EL = C1 + C2e−C3LLn
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Long-range interaction

μ = 10, 20,…, 120, 400, 600, 800MeV n = 5/2, 2, 3/2, 1, 1/2, 0, − 1/2, − 1
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Long-range interaction
μ = 10, 20,…, 120, 400, 600, 800MeVThe n and  valuesC3

n = − 1
μ = 0
ℏc/10 fm ∼ 20 MeV

κB

μ = 0
ℏc/10 fm ∼ 20 MeV

 The regressed formula recovers the short-range limit and indicates the 

long-range tendency
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Summary and outlook
 SR unveils the power law of FV extrapolation formula for the two-body 

system with long-range interaction

Our formula can recover the behaviors for infinity short- and long-

range interactions

How about the 3-body systems, especially for pion-exchanged 3-body 

force?

Thank you very much for your attention!


