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预备知识——自然单位制
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所有物理量的单位都可以⽤电
⼦伏特(eV)及其幂次来表示。

约定 c = 3⇥ 108m/s = 1

~ = 6.58⇥ 10�15eV · s = 1

kB = 8.617⇥ 10�5eV ·K�1 = 1

物理量 ⾃然单位制 国际单位制

能量 eV 1.602176634×10−19 J
质量 eV 1.782662×10−36 kg
动量 eV 5.344286×10−28 kg·m/s
温度 eV 1.160451812×104 K
时间 eV-1 6.582119×10−16 s
⻓度 eV-1 1.97327×10−7 m
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Neutrino in the Standard Model



The Higgs boson

The Standard Model (SM)
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The Standard Model (SM)
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The Standard Model (SM)
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17 + 2 fundamental para.

mν ≡ 0



Neutrinos in the SM
Fermion, spin 1/2


Massless


No electric charge
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4-Fermi interaction

Only weak interactions
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Lepton flavours and lepton number
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Typical LFV processes

⌫i = U⇤
ei⌫e + U⇤

µi⌫µ + U⇤
⌧i⌫⌧

Le Lµ Lτ L=Le+Lµ+ Lτ

1 0 0 1

-1 0 0 -1

0 1 0 1

0 -1 0 -1

0 0 1 1

0 0 -1 -1

e�, ⌫e
e+, ⌫e

µ+, ⌫µ

⌧+, ⌫⌧

⌧�, ⌫⌧

µ�, ⌫µ

Flavour mixing  lepton flavour violation (LFV)⇒

Neutrino oscillation

, , μ− → e−e−e+ τ− → μ−μ−μ+ μ−e−e+

, μ− → e−γ τ− → μ−γ
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Neutrino masses and mixing



Adding mass terms to neutrinos

Lagrangian for a massive Dirac fermion
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ℒD = ψ iγμ∂μ ψ − mψψ

= ψL iγμ∂μψL + ψR iγμ∂μψR − mψLψR − mψRψL

Lagrangian for a massive Majorana fermion

ψL = PLψ =
1
2

(1 − γ5)ψ ψR = PRψ =
1
2

(1 + γ5)ψ

ψ = ψL + ψR

ψ = ψL + ψc
L

4-component spinor

Split into left-handed and right-handed fermions

ℒM =
1
2

ψ iγμ∂μ ψ −
1
2

m ψψ

= ψL iγμ∂μψL −
1
2

m ψLψc
L −

1
2

m ψc
LψL

ψc
L = CψL

T, C = iγ0γ2



Adding mass terms to neutrinos

Lepton mass terms in the 3-dim flavour space

Transform to mass basis

Ml = Ul
cMlU

0†
l

M⌫ = U⌫
cM⌫U

T
⌫

cMl = diag{me,mµ,m⌧}
cM⌫ = diag{m1,m2,m3}

Diagonalization
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ℒ ⊃ −(l̃1, l̃2, l̃3)L

ml
11 ml

12 ml
13

ml
21 ml

22 ml
23

ml
31 ml

32 ml
33

l̃1

l̃2

l̃3 R

−
1
2

(ν̃1, ν̃2, ν̃3)L

mν
11 mν

12 mν
13

mν
12 mν

22 mν
23

mν
13 mν

23 mν
33

ν̃1
ν̃2
ν̃3

c

L

+
g

2
(l̃1, l̃2, l̃3)L (

1 0 0
0 1 0
0 0 1) γμ

ν̃1
ν̃2
ν̃3 L

W−
μ +h . c .

ℒ ⊃ −(le, lμ, lτ)L

me 0 0
0 mμ 0
0 0 mτ

le
lμ
lτ R

−(ν1, ν2, ν3)L

m1 0 0
0 m2 0
0 0 m3

ν1
ν2
ν3

c

L

+
g

2
(le, lμ, lτ)L

Ue1 Ue2 Ue3
Uμ1 Uμ2 Uμ3

Uτ1 Uτ2 Uτ3

γμ
ν1
ν2
ν3 L

W−
μ +h . c .

le
lμ
lτ L

= U†
l

l̃1

l̃2

l̃3 L

le
lμ
lτ R

= U′￼†
l

l̃1

l̃2

l̃3 R

ν1
ν2
ν3 R

= U†
ν

ν̃1
ν̃2
ν̃3 R

Dirac mass matrix Ml Majorana mass matrix Mν Charged-current interaction

U = U†
l UνMixing arises in CC interaction



Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing
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−(le, lμ, lτ)L

me 0 0
0 mμ 0
0 0 mτ

le
lμ
lτ R

−
1
2

(ν1, ν2, ν3)L

m1 0 0
0 m2 0
0 0 m3

ν1
ν2
ν3

c

L

+
g

2
(le, lμ, lτ)L γμ

Ue1 Ue2 Ue3
Uμ1 Uμ2 Uμ3

Uτ1 Uτ2 Uτ3

ν1
ν2
ν3 L

W−
μ +h . c .

−(le, lμ, lτ)L

me 0 0
0 mμ 0
0 0 mτ

le
lμ
lτ R

−
1
2

(νe, νμ, ντ)L

mee meμ meτ
mμe mμμ mμτ
meτ mμτ mττ

νe
νμ
ντ

c

L

+
g

2
(le, lμ, lτ)L γμ (

1 0 0
0 1 0
0 0 1)

νe
νμ
ντ L

W−
μ +h . c .

νe
νμ
ντ

Flavour basis

Mass basis

In the neutrino sector, each flavour eigenstate is an hyperposition of neutrino mass eigenstates

and verse visa

=
Ue1 Ue2 Ue3
Uμ1 Uμ2 Uμ3

Uτ1 Uτ2 Uτ3

ν1
ν2
ν3

νe
νμ
ντ

=
Ue1 Ue2 Ue3
Uμ1 Uμ2 Uμ3

Uτ1 Uτ2 Uτ3

†
ν1
ν2
ν3

Maki, Nakagawa, Sakata, 1962

Pontecorvo, 1957



Parametrization of PMNS matrix
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Atmospheric 
angle θ23

Reactor angle  
& Dirac phase 

θ13
δ

Solar angle 
θ12

Majorana 
phases ρ, σ

U =
Ue1 Ue2 Ue3
Uμ1 Uμ2 Uμ3

Uτ1 Uτ2 Uτ3

is a  unitary matrix, it satisfies . Then it should have 9 free parameters.3 × 3 (U†U)ij = δij

But physically, there are only 6 physical: 3 mixing angles + 1 Dirac phase + 2 Majorana phases.

WHY?     Parametrization ⇒

U =
eiα1 0 0
0 eiα2 0
0 0 eiα3

1 0 0
0 c23 s23

0 −s23 c23

c13 0 s13e−iδ

0 1 0
−s13eiδ 0 c13

c12 s12

−s12 c12 0
0 0 1

eiρ 0 0
0 eiσ 0
0 0 1

Unphysical 
phases

−(le, lμ, lτ)L

me 0 0
0 mμ 0
0 0 mτ

le
lμ
lτ R

−
1
2

(ν1, ν2, ν3)L

m1 0 0
0 m2 0
0 0 m3

ν1
ν2
ν3

c

L

+
g

2
(le, lμ, lτ)L γμ

Ue1 Ue2 Ue3
Uμ1 Uμ2 Uμ3

Uτ1 Uτ2 Uτ3

ν1
ν2
ν3 L

W−
μ +h . c .

Confirm why! Unphysical for Dirac neutrinos

cij = cos θij, sij = sin θij



Parametrization of PMNS matrix
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TABLE I. Classification of different parametrizations for the flavor mixing matrix.

Parametrization Useful relations

P1: V5R12(u)R23(s ,w)R12
21(u8) J5sucusu8cu8ss

2cssin w

S susu8cs1cucu8e
2iw sucu8cs2cusu8e

2iw suss

cusu8cs2sucu8e
2iw cucu8cs1susu8e

2iw cuss

2su8ss 2cu8ss cs

D tan u5uVub /Vcbu
tan u85uVtd /Vtsu
cos s5uVtbu

P2: V5R23(s)R12(u ,w)R23
21(s8) J5su

2cusscsss8cs8sin w

S cu sucs8 2suss8

2sucs cucscs81ssss8e
2iw 2cucsss81sscs8e

2iw

suss 2cusscs81csss8e
2iw cussss81cscs8e

2iw
D cos u5uVudu

tan s5uVtd /Vcdu
tan s85uVub /Vusu

P3: V5R23(s)R31(t ,w)R12(u) J5sucusscsstct
2sin w

S cuct suct st
2cussst2sucse2iw 2sussst1cucse2iw ssct

2cucsst1susse2iw 2sucsst2cusse2iw csct

D tanu5uVus /Vudu
tans5uVcb /Vtbu
sin t5uVubu

P4: V5R12(u)R31(t ,w)R23
21(s) J5sucusscsstct

2sin w

S cuct cussst1sucse2iw cucsst2susse2iw

2suct 2sussst1cucse2iw 2sucsst2cusse2iw

2st ssct csct

D tanu5uVcd /Vudu
tans5uVts /Vtbu
sin t5uVtdu

P5: V5R31(t)R12(u ,w)R31
21(t8) J5su

2custctst8ct8sin w

S cuctct81stst8e
2iw suct 2cuctst81stct8e

2iw

2suct8 cu sust8

2custct81ctst8e
2iw 2sust custst81ctct8e

2iw
D cosu5uVcsu

tant5uVts /Vusu
tant85uVcb /Vcdu

P6:V5R12(u)R23(s ,w)R31(t) J5sucusscs
2 stctsin w

S 2sussst1cucte2iw sucs sussct1custe2iw

2cussst2sucte2iw cucs cussct2suste2iw

2csst 2ss csct

D tanu5uVus /Vcsu
sin s5uVtsu

tant5uVtd /Vtbu

P7: V5R23(s)R12(u ,w)R31
21(t) J5s

u
cu
2sscsstctsin w

S cuct su 2cust
2sucsct1ssste2iw cucs sucsst1sscte2iw

sussct1csste2iw 2cuss 2sussst1cscte2iw
D sin u5uVusu

tans5uVts /Vcsu
tant5uVub /Vudu

P8: V5R31(t)R12(u ,w)R23(s) J5s
u
cu
2sscsstctsin w

S cuct sucsct2ssste2iw sussct1csste2iw

2su cucs cuss

2cust 2sucsst2sscte2iw 2sussst1cscte2iw
D sin u5uVcdu

tans5uVcb /Vcsu
tant5uVtd /Vudu

P9: V5R31(t)R23(s ,w)R12
21(u) J5sucusscs

2 stctsin w

S 2sussst1cucte2iw 2cussst2sucte2iw csst

sucs cucs ss

2sussct2custe2iw 2cussct1suste2iw csct

D tanu5uVcd /Vcsu
sin s5uVcbu

tant5uVub /Vtbu
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TABLE I. Classification of different parametrizations for the flavor mixing matrix.

Parametrization Useful relations
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21(t) J5s

u
cu
2sscsstctsin w

S cuct su 2cust
2sucsct1ssste2iw cucs sucsst1sscte2iw
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2sscsstctsin w

S cuct sucsct2ssste2iw sussct1csste2iw

2su cucs cuss
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R12~u!5S cu su 0
2su cu 0
0 0 1

D ,
R23~s!5S 1 0 0

0 cs ss

0 2ss cs

D , ~2!

R31~t!5S ct 0 st

0 1 0
2st 0 ct

D ,
where s

u
[sinu, c

u
[cos u, etc. Clearly any two rotation ma-

trices do not commute with each other. There exist twelve
different ways to arrange products of these matrices such that
the most general orthogonal matrix R can be obtained @8#.
Note that the matrix Ri j

21(v) plays an equivalent role as
Ri j(v) in constructing R , because of Ri j

21(v)5Ri j(2v).
Note also that Ri j(v)Ri j(v8)5Ri j(v1v8) holds, thus the
product Ri j(v)Ri j(v8)Rkl(v9) or Rkl(v9)Ri j(v)Ri j(v8)
cannot cover the whole space of a 333 orthogonal matrix
and should be excluded. Explicitly the twelve different forms
of R read as

~1 ! R5R12~u!R23~s!R12~u8!,

~2 ! R5R12~u!R31~t!R12~u8!,

~3 ! R5R23~s!R12~u!R23~s8!,

~4 ! R5R23~s!R31~t!R23~s8!,

~5 ! R5R31~t!R12~u!R31~t8!,

~6 ! R5R31~t!R23~s!R31~t8!,

in which a rotation in the (i , j) plane occurs twice; and

~7 ! R5R12~u!R23~s!R31~t!,

~8 ! R5R12~u!R31~t!R23~s!,

~9 ! R5R23~s!R12~u!R31~t!,

~10! R5R23~s!R31~t!R12~u!,

~11! R5R31~t!R12~u!R23~s!,

~12! R5R31~t!R23~s!R12~u!,

where all three Ri j are present.
Although all the above twelve combinations represent the

most general orthogonal matrices, only nine of them are
structurally different. The reason is that the products
Ri jRklRi j and Ri jRmnRi j ~with i jfiklfimn) are correlated
with each other, leading essentially to the same form for R .
Indeed it is straightforward to see the correlation between
patterns ~1!, ~3!, ~5! and ~2!, ~4!, ~6!, respectively, as follows:

R12~u!R31~t!R12~u8!5R12~u1p/2!R23~s5t!

3R12~u82p/2!,

R23~s!R31~t!R23~s8!5R23~s2p/2!R12~u5t!

3R23~s81p/2!, ~3!

R31~t!R23~s!R31~t8!5R31~t1p/2!R12~u5s!

3R31~t82p/2!.

Thus the orthogonal matrices ~2!, ~4! and ~6! need not be
treated as independent choices. We then draw the conclusion
that there exist nine different forms for the orthogonal matrix
R , i.e., patterns ~1!, ~3! and ~5! as well as ~7!–~12!.
We proceed to include the CP-violating phase, denoted

by w , in the above rotation matrices. The resultant matrices
should be unitary such that a unitary flavor mixing matrix
can be finally produced. There are several different ways for
w to enter R12 , e.g.,

R12~u ,w!5S c
u

s
u
e1iw 0

2s
u
e2iw c

u 0

0 0 1
D , ~4a!

or

R12~u ,w!5S c
u

s
u 0

2s
u

c
u 0

0 0 e2iw
D , ~4b!

or

R12~u ,w!5S c
u
e1iw s

u 0

2s
u

c
u
e2iw 0

0 0 1
D . ~4c!

Similarly one may introduce a phase parameter into R23 or
R31 . Then the CKM matrix V can be constructed, as a prod-
uct of three rotation matrices, by use of one complex Ri j and
two real ones. Note that the location of the CP-violating
phase in V can be arranged by redefining the quark field
phases, thus it does not play an essential role in classifying
different parametrizations. We find that it is always possible
to locate the phase parameter w in a 232 submatrix of V , in
which each element is a sum of two terms with the relative
phase w . The remaining five elements of V are real in such a
phase assignment. Accordingly we arrive at nine distinctive
parametrizations of the CKM matrix V , as listed in Table I,
where the complex rotation matrices R12(u ,w), R23(s ,w)
and R31(t ,w) are obtained directly from the real ones in Eq.
~2! with the replacement 1!e2iw.
Some instructive relations of each parametrization, as

well as the rephasing-invariant measure of CP violation @9#
defined by J through

Im~VilV jmVim* V jl*!5J (
k ,n51

3

~e
i jk

e
lmn

!, ~5!
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Generalize Euler rotations 
with complex phase

→ eiφ

9 different parametrizations

[Fritzsch, Xing, hep-ph/9708366]

Phases on both sides not included



PMNS mixing vs CKM mixing
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−(le, lμ, lτ)L

me 0 0
0 mμ 0
0 0 mτ

le
lμ
lτ R

−
1
2

(ν1, ν2, ν3)L

m1 0 0
0 m2 0
0 0 m3

ν1
ν2
ν3

c

L

+
g

2
(le, lμ, lτ)L γμ

Ue1 Ue2 Ue3
Uμ1 Uμ2 Uμ3

Uτ1 Uτ2 Uτ3

ν1
ν2
ν3 L

W−
μ +h . c .

−(qd, qs, db)L

md 0 0
0 ms 0
0 0 mb

qd
qs
qb R

−
1
2

(qu, qc, qt)L

mu 0 0
0 mc 0
0 0 mt

qu
qc
qt R

+
g

2
(qu, qc, qt)L γμ

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

qd
qs
qb L

W+
μ +h . c .

Lepton masses  
and mixing

Quark masses  
and mixing

Cabibbo–Kobayashi–Maskawa (CKM) matrix

V =
eiαq

1 0 0
0 eiαq

2 0
0 0 eiαq

3

1 0 0
0 cq

23 sq
23

0 −sq
23 cq

23

cq
13 0 sq

13e
−iδq

0 1 0
−sq

13e
iδq 0 cq

13

cq
12 sq

12

−sq
12 cq

12 0
0 0 1

eiβq
1 0 0

0 eiβq
2 0

0 0 1

Unphysical Unphysical

Wolfenstein Parametrization
1 − 1

2 λ2 λ Aλ3(ρ − iη)

−λ 1 − 1
2 λ2 Aλ2

Aλ3(1 − ρ − iη) −Aλ2 1

λ = sin θC ≃ 0.2

Cabibbo anale: θC = θq
12

PMNS matrix

A, ρ, η ∼ 𝒪(1)PRL,1983



Current data
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NuFIT 6.0 (2024)
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sin
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�0.9 41.0 ! 50.5 48.6+0.7

�0.9 41.4 ! 50.6

sin
2 ✓13 0.02195+0.00054

�0.00058 0.02023 ! 0.02376 0.02224+0.00056
�0.00057 0.02053 ! 0.02397

✓13/
�

8.52+0.11
�0.11 8.18 ! 8.87 8.58+0.11

�0.11 8.24 ! 8.91

�CP/
�

177
+19
�20 96 ! 422 285

+25
�28 201 ! 348

�m2
21

10�5 eV
2 7.49+0.19

�0.19 6.92 ! 8.05 7.49+0.19
�0.19 6.92 ! 8.05

�m2
3`

10�3 eV
2 +2.534+0.025

�0.023 +2.463 ! +2.606 �2.510+0.024
�0.025 �2.584 ! �2.438

I
C
2
4
w
it
h
S
K

a
t
m
o
s
p
h
e
r
ic

d
a
t
a

Normal Ordering (best fit) Inverted Ordering (��2
= 6.1)

bfp ±1� 3� range bfp ±1� 3� range

sin
2 ✓12 0.308+0.012

�0.011 0.275 ! 0.345 0.308+0.012
�0.011 0.275 ! 0.345

✓12/
�

33.68+0.73
�0.70 31.63 ! 35.95 33.68+0.73

�0.70 31.63 ! 35.95

sin
2 ✓23 0.470+0.017

�0.013 0.435 ! 0.585 0.550+0.012
�0.015 0.440 ! 0.584

✓23/
�

43.3+1.0
�0.8 41.3 ! 49.9 47.9+0.7

�0.9 41.5 ! 49.8

sin
2 ✓13 0.02215+0.00056

�0.00058 0.02030 ! 0.02388 0.02231+0.00056
�0.00056 0.02060 ! 0.02409

✓13/
�

8.56+0.11
�0.11 8.19 ! 8.89 8.59+0.11

�0.11 8.25 ! 8.93

�CP/
�

212
+26
�41 124 ! 364 274

+22
�25 201 ! 335

�m2
21

10�5 eV
2 7.49+0.19

�0.19 6.92 ! 8.05 7.49+0.19
�0.19 6.92 ! 8.05

�m2
3`

10�3 eV
2 +2.513+0.021

�0.019 +2.451 ! +2.578 �2.484+0.020
�0.020 �2.547 ! �2.421



Current data
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NuFIT 5.0 (2020)

w
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h
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a
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o
s
p
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e
r
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d
a
t
a

Normal Ordering (best fit) Inverted Ordering (��2
= 2.7)

bfp ±1� 3� range bfp ±1� 3� range

sin
2 ✓12 0.304+0.013

�0.012 0.269 ! 0.343 0.304+0.013
�0.012 0.269 ! 0.343

✓12/
�

33.44+0.78
�0.75 31.27 ! 35.86 33.45+0.78

�0.75 31.27 ! 35.87

sin
2 ✓23 0.570+0.018

�0.024 0.407 ! 0.618 0.575+0.017
�0.021 0.411 ! 0.621

✓23/
�

49.0+1.1
�1.4 39.6 ! 51.8 49.3+1.0

�1.2 39.9 ! 52.0

sin
2 ✓13 0.02221+0.00068

�0.00062 0.02034 ! 0.02430 0.02240+0.00062
�0.00062 0.02053 ! 0.02436

✓13/
�

8.57+0.13
�0.12 8.20 ! 8.97 8.61+0.12

�0.12 8.24 ! 8.98

�CP/
�

195
+51
�25 107 ! 403 286

+27
�32 192 ! 360

�m2
21

10�5 eV
2 7.42+0.21

�0.20 6.82 ! 8.04 7.42+0.21
�0.20 6.82 ! 8.04

�m2
3`

10�3 eV
2 +2.514+0.028

�0.027 +2.431 ! +2.598 �2.497+0.028
�0.028 �2.583 ! �2.412

w
it
h
S
K

a
t
m
o
s
p
h
e
r
ic

d
a
t
a

Normal Ordering (best fit) Inverted Ordering (��2
= 7.1)

bfp ±1� 3� range bfp ±1� 3� range

sin
2 ✓12 0.304+0.012

�0.012 0.269 ! 0.343 0.304+0.013
�0.012 0.269 ! 0.343

✓12/
�

33.44+0.77
�0.74 31.27 ! 35.86 33.45+0.78

�0.75 31.27 ! 35.87

sin
2 ✓23 0.573+0.016

�0.020 0.415 ! 0.616 0.575+0.016
�0.019 0.419 ! 0.617

✓23/
�

49.2+0.9
�1.2 40.1 ! 51.7 49.3+0.9

�1.1 40.3 ! 51.8

sin
2 ✓13 0.02219+0.00062

�0.00063 0.02032 ! 0.02410 0.02238+0.00063
�0.00062 0.02052 ! 0.02428

✓13/
�

8.57+0.12
�0.12 8.20 ! 8.93 8.60+0.12

�0.12 8.24 ! 8.96

�CP/
�

197
+27
�24 120 ! 369 282

+26
�30 193 ! 352

�m2
21

10�5 eV
2 7.42+0.21

�0.20 6.82 ! 8.04 7.42+0.21
�0.20 6.82 ! 8.04

�m2
3`

10�3 eV
2 +2.517+0.026

�0.028 +2.435 ! +2.598 �2.498+0.028
�0.028 �2.581 ! �2.414

Do not be too confident!



SM+massive neutrinos
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g g0mu

md
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24 (26) + 2 fundamental para.

EW coupling
Higgs potential

Quark masses 
 and mixing

Charged lepton  
masses

✓Strong coupling Strong CPgs



中微⼦振荡实验能测量的基本参数

�v

g g0mu

md

ms

mb

mc

mt

m1

m2

m3

me

mµ

m⌧

✓12

✓13

✓23✓q23

✓q12

✓q13

�q �
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�m2
31 = m2

3 �m2
1

�m2
21 = m2

2 �m2
1

江⻔

✓gs

江⻔江⻔

Oscillation experiments 
cannot measure absolute 
mass of neutrino but mass-
square difference



Fundamental questions in the neutrino sector

21

Mismatch between quark mixing and lepton mixing

Large gap between neutrino masses and other fermion masses

Mechanism of  
flavour mixing

Origin of  
neutrino masses

)

)
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Origin of neutrino masses



The absence of neutrino masses in the SM
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L = LSM +
Ld=5

⇤
+

Ld=6

⇤2
+ · · ·

L & B-L violating

Higher-dimensional operators

Constructing operators in the SM
SU(3)c SU(2)L Y Mass dim

1 2 -1/2 3/2

lR 1 1 -1 3/2

H 1 2 1/2 1

Dμ 1 1 0 1

S = ∫ d4x ℒ

Mass dim [M] : 0 = (−4) + 4

ℓLiγμDμℓL + lRiγμDμlR + DμH†DμH

ℓLHlR

H†H, (H†H)2

[M] ⩽ 4
Renormalizable

λ
Λ

ℓLH̃H̃ℓc
L

[M] = 5
⟨H⟩ = vEW/ 2 1

2
mν νLνc

L , mν =
λ
Λ

v2
EW

[M] = 6 B-L conversing [M] = 7 B-L violating, Majorana mass

Majorana mass

⇒ Dirac mass for charged lepton

= (ν
l)L

ℓL



Seesaw mechanism (跷跷板机制)

Seesaw mechanism

24

SU(3)c SU(2)L Y Mass dim

1 2 -1/2 3/2

lR 1 1 -1 3/2

H 1 2 1/2 1

Dμ 1 1 0 1

N (νR) 1 1 0 3/2

−yl ℓLHlR − yD ℓLH νR −
1
2

mN νc
R νR

−ml lL lR − mD νL νR −
1
2

mN νc
R νR mD = yDvEW/ 2

1
2

(νL, νc
R) ( 0 mD

mD mN) (νc
L

νR)

Mass eigenvalues: 

)

⟨H⟩ = vEW/ 2

ml = yl vEW/ 2

m1,2 =
1
2

(mN ∓ m2
N + 4m2

D)
mD ≪ mN

m1 ≈ −
m2

D

mN
, m2 ≈ mN

Taking  ~ 0.1 eV and  ~ 102 GeV, we obtain  ~ 1014 GeVmν mD mN  canonical seesaw scale→

Since  is considered as much heavier than other particles, it is usually denoted as νR N

= (ν
l)L

ℓL



Seesaw with 3 flavours

25

(
0 MD

MT
D MN) = (U R

S V) (
M̂ν 0

0 M̂N) (U R
S V)

T

Casas-Ibarra parametrization

⇒ M̂ν ⋅ M̂ν ≈ M̃D M̂−1
N ⋅ M̂−1

N M̃T
D

 seesaw formula in 3-flavour case←

6 × 6

Mν ≡ UM̂νUT = − RM̂NRT = − RM̂NVT(VM̂NVT)−1(RM̂NVT)T ≈ − MDM−1
N MT

D

0 = UM̂νUT + RM̂NRT

MD = UM̂νST + RM̂NVT

MN = SM̂νST + VM̂NVT

≈ RM̂NVT

≈ VM̂NVT

UM̂νUT ≈ − MD(V−1)TM̂−1
N V−1MT

D M̂ν ≈ − [U−1MD(V−1)T] M̂−1
N [V−1MT

D(U−1)T]

M̃D M̃T
D⇒ M̂νℛ ≈ M̃D M̂−1

N

 is a complex orthogonal matrix, ℛ ℛTℛ = ℛℛT = 1M̃D ≈ M̂νℛ M̂N

MD ≈ U M̂νℛ M̂N          widely used in leptogenesis⇒In the flavour basis and  
heavy RHN mass basis

Euler-like parametrization

O12 =

c12 s12e−iδ12 0 ⋯
−s12eiδ12 c12 0 ⋯

0 0 1 ⋯
⋮ ⋮ ⋮ ⋱

O13 =

c13 0 s13e−iδ13 ⋯
0 1 0 ⋯

−s13eiδ13 0 c13 ⋯
⋮ ⋮ ⋮ ⋱

Xing, 0709.2220; 1110.0083

hep-ph/0103065



Variation of seesaw models
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Low-scale seesaw

SM +  + NR NL
1
2

(νL, Nc
R, NL)

0 mD 0
mD mR m′￼D

0 m′￼D mL

νc
L

NR

Nc
L

Taking  ~ 0.1 eV and  ~ , we obtain  ~ 10 TeVmν mD me mN  TeV seesaw→

  Inverse seesaw→Mν ≈ (
mD

m′￼D
)2mL

Based on mediators

⌫

N

⌫singlet fermion

EW triplet scalar

EW triplet fermion

� ⌃

hHihHi hHi hHi hHi hHi

⌫ ⌫ ⌫ ⌫

Type I Type II Type III

Minimal seesaw SM + 2 N mlightest = 0



Other mechanisms

27

Scotogenic model

Ma, hep-ph/0601225

Tao(陶志坚), hep-ph/9603309

Radiative models

Radiative seesaw mechanism at the weak scale

Zhijian Tao
Theory Division, Institute of High Energy Physics, Academia Sinica, Beijing 100039, China

~Received 2 May 1996!

We investigate an alternative seesaw mechanism for neutrino mass generation. The neutrino mass is gener-
ated at the loop level but the basic concept of the usual seesaw mechanism is kept. One simple model is
constructed to show how this mechanism is realized. The applications of this seesaw mechanism at weak scale
to cosmology and neutrino physics are discussed. @S0556-2821~96!02521-0#

PACS number~s!: 14.60.St, 12.60.2i, 14.60.Pq

The seesaw mechanism @1# is one of the best and simplest
ways to understand why the neutrino, if massive, is much
lighter than the corresponding charged lepton in the same
generation. The central idea of the seesaw mechanism is to
introduce a right-handed neutrino nR , which will couple to a
lepton doublet through Yukawa coupling. The point is that in
addition to the Yukawa interaction term there is another bare
Majorana mass term MR for nR . After gauge symmetry
breaking the Yukawa term will result in a Dirac neutrino
mass mD . Therefore the neutrino mass matrix takes the form

S 0 mD

mD
1 MR

D . ~1!

In the three-generation model mD and MR are three by three
mass matrices. Diagonalizing the mass matrix one gets the
neutrino mass eigenstates. If MR is much bigger than mD the
mass of the light neutrinos, which are mostly left handed, is
determined as mD

TMR
21mD . The heavy states, which are

mostly right handed, have mass almost as MR . Therefore
one sees that even if the Dirac mass term is comparable to
the charged lepton mass the light neutrino mass can be much
smaller. The features one should notice in this mechanism
are the following: MR is a free scale usually taken from the
weak scale to the grand unified theory ~GUT! scale. And the
heavy neutrinos are not stable, they decay through mixing to
the light neutrinos. For large MR the heavy neutrinos decay
very fast, so they have no cosmological consequence. In this
mechanism the lepton number symmetry is broken either ex-
plicitly or spontaneously. Although the smallness of the neu-
trino mass can be understood in this mechanism, the actual
values of the neutrino mass and mixing are not predicted due
to the unknown scale MR and structure of mD . As an indi-
cation, if one assumes that mD is same as the charged lepton
mass matrix and MR is a unit matrix up to a scale, one gets
the relations for the light neutrino masses mn i

5mi
2/MR ,

where the index i denotes the ith generation. So it is the
scale MR that determines the order of the magnitude of the
neutrino mass. If MR is at the GUT scale, one obtains
mne

!mnm
!mnt

<1023 eV. These tiny masses may only
play a role for solar neutrino behavior. Another most inter-
esting scale is the weak scale. There are a number of physical
motivations to consider MR at the weak scale. First of all for
the weak scale MR the new physics mechanism can be tested
in future experiments, second it avoids introducing an inter-

mediate scale between the weak and GUT scales. For MR at
the weak scale all three light neutrino masses are close to
their upper bound, i.e., a few eV, 100 keV, and 10 MeV for
electron, muon, and t neutrinos. These neutrinos are strongly
constrained from cosmological and astrophysical consider-
ation depending on their decay modes @2#. Obviously they
offer no solutions to the solar neutrino and atmospheric neu-
trino problems @3#, but they may play a role in the dark
matter issue by providing either a hot dark matter component
in the mixed dark matter model @4# or a late decaying particle
@5,6# in the cold dark matter model @7#. And no cold dark
matter candidate is provided. Moreover there may be a prob-
lem for the seesaw model in consideration of the baryogen-
esis of the Universe. The problem is due to the B2L ~baryon
number minus lepton number! symmetry violation. Once the
B2L violation process through the seesaw mechanism and
the anomalous B1L process induced by gauge interaction
are in the thermal equilibrium at an early stage of the Uni-
verse @8#, any primordial origin of baryon and lepton asym-
metries generated earlier are washed out. It leads to very
strong constrains on the neutrino mass @9#. An upper bound
of a few eV for all three light neutrino masses are obtained in
order to avoid this problem @10#, which in turn implies the
scale of MR should be much larger than the weak scale.
However, this problem can be evaded if the B2L symmetry
is spontaneously broken at the weak scale. Before the
B2L symmetry breaking only the (B1L)-violating process
due to the gauge anomaly is active and after the B2L sym-
metry breaking the anomalous (B1L)-violating process is
already suppressed as the temperature of the Universe is low
enough. These two processes will never be in thermal equi-
librium through the evolution of the Universe. Hence the
constrains on the strength of B2L violation from the baryo-
genesis of the Universe is avoided @11#.
In this work we consider a different scheme for the see-

saw mechanism. The main consideration is to keep the basic
concept of the seesaw mechanism, i.e., the light neutrino
mass is suppressed by the large right-handed neutrino mass
MR , and require the neutrino mass only generated radia-
tively @12#. For this kind of scenario the neutrino mass is
expressed as mn;(l/16p2)mD

TMR
21mD . One sees that add-

ing to the usual seesaw form is another suppression factor
from the loop effect. l is some combination of the coupling
constants besides Yukawa coupling. This constant can be
very small naturally if it is associated with the lepton number

PHYSICAL REVIEW D 1 NOVEMBER 1996VOLUME 54, NUMBER 9

540556-2821/96/54~9!/5693~5!/$10.00 5693 © 1996 The American Physical Society
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Models in extra dimension

IRUV
 LH R

Dirac neutrinosArkani-Hamed, 
Dimopoulos, Dvali, 

March-Russell,  
hep-ph/9811448

y

Effective Yukawa couplings in 4D

SM +  +  in N η0 Z2



Symmetries behind neutrino masses
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B-L is a good symmetry, but it is explicitly broken in seesaw models. One may guess seesaw 
might be an effective approach of a more fundamental theory.

⇒ The  modelU(1)B−L

Symmetry:

Particles:

SU(3)c × SU(2)L × U(1)Y × U(1)B−L

SM particles + νR + ZBL + ϕ
Fields SU(3)c SU(2)L U(1)Y U(1)B-L

1 2 -1/2 -1

νR 1 1 0 -1

lR 1 1 -1 -1

3 2 1/6 1/3

UR 3 1 2/3 1/3

DR 3 1 -1/3 1/3

H 1 2 1/2 0

φ 1 1 1 2

= (ν
l)L

ℓL

= (U
D)L

QL



Symmetries behind neutrino masses
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B-L is a good symmetry, but it is explicitly broken in seesaw models. One may guess seesaw 
might be an effective approach of a more fundamental theory.

⇒ The  modelU(1)B−L

Symmetry:

Particles:

SU(3)c × SU(2)L × U(1)Y × U(1)B−L

SM particles + νR + ZBL + ϕ

The  model is further embedded into 
left-right symmetric model (LRSM)

U(1)B−L

SU(3)c × SU(2)L × SU(2)R × U(1)B−L

Fields SU(3)c SU(2)L SU(2)R U(1)B-L

1 2 1 -1

νR 1 1 1 -1

lR 1 1 -1 -1

3 2 1 1/3

UR 3 1 2 3/2

DR 3 1 2 1

H 1 2 2 0

= (ν
l)L

ℓL

1 1 2 -1= (ν
l)R

ℓR

3 1 2 1/3

= (U
D)L

QL

= (U
D)R

QR

ΔR (ΔL) 1 1 (3) 3 (1) 2



Fields SU(4)c SU(2)L SU(2)R

4 2 1

4 1 2

H 1 2 2

Φ 15 2 2

ΔR (ΔL) 10 1 (3) 3 (1)

Symmetries behind neutrino masses
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B-L is a good symmetry, but it is explicitly broken in seesaw models. One may guess seesaw 
might be an effective approach of a more fundamental theory.

⇒ The  modelU(1)B−L

Symmetry:

Particles:

SU(3)c × SU(2)L × U(1)Y × U(1)B−L

SM particles + νR + ZBL + ϕ

The  model is further embedded into 
left-right symmetric model (LRSM)

U(1)B−L

SU(3)c × SU(2)L × SU(2)R × U(1)B−L FL = (QL, ℓL)

LRSM can be embedded into Pati-Salam model

SU(4)c × SU(2)L × SU(2)R

FR = (QR, ℓR)



Fields SO(10)

Ψ16 16

H10 10

H126

H120 120

Symmetries behind neutrino masses
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B-L is a good symmetry, but it is explicitly broken in seesaw models. One may guess seesaw 
might be an effective approach of a more fundamental theory.

⇒ The  modelU(1)B−L

Symmetry:

Particles:

SU(3)c × SU(2)L × U(1)Y × U(1)B−L

SM particles + νR + ZBL + ϕ

The  model is further embedded into 
left-right symmetric model (LRSM)

U(1)B−L

SU(3)c × SU(2)L × SU(2)R × U(1)B−L

LRSM can be embedded into Pati-Salam model

SU(4)c × SU(2)L × SU(2)R

They are all embedded into SO(10) GUT

126



Neutrino masses in GUTs
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Yukawa couplings    ℒY = Ψ16 [ Y10H10 + Y126H126 + iY120H120 ] Ψ16

Field arrangements: fermion ,  ∼ 16 16 × 16 = 10S + 120A + 126S

Md = Y10vd
10 + Y126vd

126 + iY120(vd
120 + vd′￼

120)

Yν = h − 3r2 f + i cνh′￼

Ye = r1(h − 3f + i ceh′￼)

MN = Y126vBL

Correlation between quark and lepton Yukawa couplings

   can be forbidden by the Peccei-Quinn symm(+ Ψ16 [ Y10H*10 + iYij
120H*120 ] Ψ16)

   scalars ⇒ ∼ 10, 126, 120

Mν = − MDM−1
N MD + Y126ΔL

Grand unified theories (GUTs) are hypothetical theories trying to unify all fundamental forces in particle 
physics, including electromagnetic force, weak force and strong force. 

Typical examples are SU(5) and SO(10). Here we focus on SO(10)

Mu = Y10vu
10 + Y126vu

126 + iY120(vu
120 + v′￼u

120)

Ml = Y10vd
10 − 3Y126vd

126 + iY120(vd
120 − 3vd′￼

120)

MD = Y10vu
10 − 3Y126vu

126 + iY120(vu
120 − 3vu′￼

120)

[Dutta, Mimura, Mohapatra, hep-ph/0406262]



GUT phenos
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Unwanted topological defects: 
monopoles and domain walls

In any breaking chains, inflation has to been 
introduced to inflate unwanted defects

King, Pascoli, Turner, YLZ, 2005.13549

 G51 = SU(5) × U(1)X

G422 = SU(4)C × SU(2)L × SU(2)R

G421 = SU(4)C × SU(2)L × U(1)Y

G′￼3211 = SU(3)C × SU(2)L × U(1)Y × U(1)X

Gflip
51 = SU(5)flip × U(1)flip

G3211 = SU(3)C × SU(2)L × U(1)R × U(1)B−L

G3221 = SU(3)C × SU(2)L × SU(2)R × U(1)B−L

Gx = G421 or G3221

GSM = SU(3)C × SU(2)L × U(1)Y

:    ZC
2 ψL ↔ ψc

R
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Lepton flavour symmetries



Overview of flavour symmetries

Flavour symmetry 

t

u

c

d

s

b

e

µ

⌧

Gf

Gg

⌫⌧

⌫µ

⌫e

35

Continuous Discrete

Abelian U(1) Zn

Non-Abelian SU(3), SO(3),… A4, S4, A5, Δ(48), …

Continuous Discrete

Abelian U(1) Zn

Non-Abelian SU(3), SO(3)… A4, S4, T’, A5, Δ(48), …

Gauge symmetry



Overview of flavour symmetries

Tri-bimaximal mixing Tri-bimaximal, Bimaximal,  
Democratic mixing

Octahedral symmetryTetrahedral symmetryDihedral symmetry  
with n = 3

No triplet irrep

36

S3 ≃ D3 A4 ≃ T S4 ≃ O

symmetric group of 4 object permutationalternating subgroup of S4



Typical mixing patterns

Xing, 02

Harrison, Perkins, Scott, 02

37

|U | =

0

B@

2p
6

1p
3

0
1p
6

1p
3

1p
2

1p
6

1p
3

1p
2

1

CA

3 sin2 ✓12 = 1 2 sin2 ✓23 = 1 sin2 ✓13 = 0

Tri-bimaximal (TBM) mixing

Ignore Majorana phases



From TBM to TMi mixing

Trimaximal mixing

38

|U | =

0

B@

2p
6

1p
3

0
1p
6

1p
3

1p
2

1p
6

1p
3

1p
2

1

CA

Xing, Zhou, 0607302; Lam, 0611017; 
Albright, Rodejohann, 0812.0436

0 2 4 6 8 10 12 14

26

28

30

32

34

36

38

40

θ13 / ◦

θ 1
2
/◦ TM1

TM2

Bjorken, Harrison, Scott, 0511201; 
He, Zee, 0607163; Grimus, 
Lavoura, 0809.0226; 0810.4516

3�

measured by Daya Bay, RENO,…

TM1 /TM2



Predictions of non-Abelian discrete symmetries
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Feruglio, Hagedorn, 11 
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Residual symmetries vs flavour mixing
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Model building
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Approach II:  
via Yν

Flavons Flavons

H H

` `

Flavons

Ni

Appoach I:  
via MN

In the type-I seesaw framework

Review： 
Alterelli, Feruglio, 1002.0211;  
Ishimori, Kobayashi, et al, 1003.3552;  
King, Luhn, 1301.1340;  
King, Merle, et al, 1402.4271;  
Xing, 1909.09610;  
Feruglio, Romanino, 1912.06028,  
Ding, King, 2311.09282;  
Ding, Valle, 2402.16963 



A toy model in A4
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Field arrangement

Lagrangian terms
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0
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A v'
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A v�p
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)

SM fields
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2

Ml = Diag{ye, yµ, y⌧}⇥ y'
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0

@
a+ 2b �b �b
�b 2b a� b
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1

A
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2
p
3
y1v�a = y2v⌘ ,

) TBM  
mixing

�Ll =
ye

⇤
(`L')1eRH +

yµ

⇤
(`L')100µRH +

y⌧

⇤
(`L')10⌧RH + h.c. + · · ·

Vacuum alignment and achievement of flavour textures

�L⌫ = yD(`LN)1H̃ +
y1

2

�
(N cN)3S�

�
1
+

y2

2
(N cN)1⌘ + h.c. + · · ·

h⌘i = v⌘

' = ('1,'2,'3)
T ⇠ 3 � = (�1,�2,�3)

T ⇠ 3 ,

`L = (`eL, `µL, `⌧L)
T ⇠ 3 , eR ⇠ 1 , µR ⇠ 100 , ⌧R ⇠ 10 , H ⇠ 1

⌘ ⇠ 1

N = (N1, N2, N3)
T ⇠ 3



Origin of discrete flavour symmetries
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SO(3) A4 S4 A5

1 1 1 1
3 3 3 3
5 10 + 100 + 3 2+ 30 5
7 1+ 3+ 3 10 + 3+ 30 30 + 4
9 1+ 10 + 100 + 3+ 3 1+ 2+ 3+ 30 4+ 5
11 10 + 100 + 3+ 3+ 3 2+ 3+ 3+ 30 3+ 30 + 5
13 1+ 1+ 10 + 100 + 3+ 3+ 3 1+ 10 + 2+ 3+ 30 + 30 1+ 3+ 4+ 5

Table 2: Decomposition of some irreps of SO(3) into irreps of A4, S4 and A5. Results of
decomposition to irreps of A4 have been given in [28].

• For a triplet 3 of SO(3), ' = ('1,'2,'3)T , it is also a triplet 3 of A4.

• A 5-plet of SO(3), �, can be represented as a rank-2 tensor �ij in the 3d space. It is
symmetric, �ij = �ji, and traceless, �11 + �22 + �33 = 0. Independent components
can be chosen as �11, �12, �13, �23 and �33. The 5-plet is decomposed to two non-
trivial singlets 10 and 100 and one triplet 3 of A4. It is useful to re-parametrise � in
the form

� =

0

B@

1p
3
(�0 + �00) 1p

2
�3

1p
2
�2

1p
2
�3

1p
3
(!�0 + !2�00) 1p

2
�1

1p
2
�2

1p
2
�1

1p
3
(!2�0 + !�00)

1

CA , (39)

where ! = e2i⇡/3. This parametrisation has two advantages. One is the simple
transformation property in A4,

�0
⇠ 10 , �00

⇠ 100 , �3 ⌘ (�1,�2,�3) ⇠ 3 of A4 . (40)

The other is the normalised kinetic term,

(@µ�
⇤@µ�)1 = @µ�

0⇤@µ�0 + @µ�
00⇤@µ�00 + @µ�

†
3@

µ�3

= @µ�
0⇤@µ�0 + @µ�

00⇤@µ�00 + @µ�
⇤
1@

µ�1 + @µ�
⇤
2@

µ�2 + @µ�
⇤
3@

µ�3 . (41)

• The 7-plet of SO(3) is a symmetric and traceless rank-3 tensor in the 3d space. It is
decomposed to one trivial singlet 1 and two triplets 3 of A4. The former mentioned
⇠ can be re-labelled as

⇠123 =
1
p
6
⇠0 ,

⇠111 = �
2

p
10

⇠01 , ⇠112 =
1

p
10

⇠02 �
1
p
6
⇠2 , ⇠113 =

1
p
10

⇠03 +
1
p
6
⇠3 ,

⇠133 =
1

p
10

⇠01 �
1
p
6
⇠1 , ⇠233 =

1
p
10

⇠02 +
1
p
6
⇠2 , ⇠333 = �

2
p
10

⇠03 . (42)

Here,

⇠0 ⇠ 1 , ⇠3 ⌘ (⇠1, ⇠2, ⇠3) ⇠ 3 , ⇠03 ⌘ (⇠01, ⇠
0
2, ⇠

0
3) ⇠ 3 of A4 . (43)

11

Ovrut, 77; Etesi, 9706029; Berger, Grossman, 0910.4392; King, YLZ, 1809.10292

e.g., Luhn, 1101.2417; Merle, Zwicky, 1110.4891SU(3)→A4

SSB of a continues (gauge) symmetry

SO(3)→A4, S4, A5

Refection of discrete properties of spacetime with compact extra dimensions …



Finite modular symmetries (有限模群)

Origin of discrete flavour symmetries
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Flavour symmetries from modular symmetries (模对称性)

S2
⌧ = (S⌧T⌧ )

3 = 1

T 3
⌧ = 1 T 4

⌧ = 1 T 5
⌧ = 1

A4 S4 A5

de Adelhart Toorop, Feruglio and Hagedorn, 1112.1340

) ) )

generated via two independent lattice vectors

�3 ' �4 ' �5 '

Ferrara, Lust, Theisen, 89 

!2

!1

S⌧!1

S⌧!2

T⌧!2

T⌧!1

T⌧ : ⌧ ! ⌧ + 1S⌧ : �1/⌧⌧ = !2/!1



Once fermions have non-trivial modular weight (模权重), modular symmetry can act on 
the flavour space directly and be used to explain flavour mixing

Modular symmetries as direct origin of flavour mixing

45

Feruglio, 1706.08749

Transformation in modular symmetry

� : ⌧ ! �⌧ =
a⌧ + b

c⌧ + d
in modular space τ with Im(τ) > 0

From single modular symmetry to multiple modular symmetries

10D 4D
Compactification (紧致化)

 ! ⇢I(�) 

Y (⌧) ! (c⌧ + d)2kY ⇢IY (�)Y (⌧) ! (c⌧ + d)2k⇢I(�) 

Y ('1,'2, ...) ! ⇢IY (�)Y ('1,'2, ...)

Transformation in flavour symmetry



Flavour models in modular symmetries
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Approach II:  
via Yν

Modular forms Modular forms

H H

` `

Appoach I:  
via MN

Modular forms

Ni

将 flavons 替换为 Modular form （模形式）



Summary and conclusion
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Neutrino masses and mixing

Neutrino in the Standard Model

Origin of neutrino masses

Lepton flavour symmetries

massless

proved by neutrino oscillation experiments

and consequent effective description and parametrization

seesaw, variations, and other mechanisms, and symmetries behind

potential original of lepton flavour mixing

mixing patterns, , modular symmetriesA4, S4
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