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Lepton mixing

The Standard Model

Fermions in the Standard Model come in three generations (“Flavours”)

Neutrinos are the “partners” of the charged leptons
more precisely: they form a doublet under the SU(2) gauge symmetry
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Lepton mixing

Flavour neutrinos

A neutrino of flavour α is defined by the charged current interaction with
the corresponding charged lepton:

LCC = − g√
2
W ρ

∑
α=e,µ,τ

ν̄αLγρ`αL + h.c.

for example

π+ → µ+νµ

the muon neutrino νµ comes together with the charged muon µ+
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Lepton mixing

Flavour neutrinos

W

lα

W

lα

νανα

detectorneutrino source

"short" distance
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Lepton mixing

Let’s give mass to the neutrinos

Majorana mass term:

LM = −1
2

∑
α,β=e,µ,τ

νT
αLC−1MαβνβL + h.c.

M: symmetric mass matrix

In the basis where the CC interaction is diagonal the mass matrix is in
general not a diagonal matrix

any complex symmetric matrixM can be diagonalised by a unitary matrix

UT
ν MUν = m , m : diagonal, mi ≥ 0
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Lepton mixing

Lepton mixing

LCC = − g√
2
W ρ

∑
α=e,µ,τ

3∑
i=1

ν̄iLU∗αiγρ`αL + h.c.

LM = −1
2

3∑
i=1

νT
iLC−1νiLmν

i −
∑

α=e,µ,τ

¯̀
αR`αLm`

α + h.c.

Pontecorvo-Maki-Nakagawa-Sakata lepton mixing matrix:

(Uαi ) ≡ UPMNS
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Lepton mixing

Lepton mixing

I Flavour neutrinos να are superpositions of massive neutrinos νi :

να =
3∑

i=1
Uαiνi (α = e, µ, τ)

I mismatch between mass and interaction basis

I Example for two neutrinos:

νe = cos θ ν1 + sin θ ν2
νµ = − sin θ ν1 + cos θ ν2

I The same phenomenon happens also for quarks (CKM matrix)
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Neutrino oscillation fundamentals

Neutrino oscillations

W

lα

W

lβ

νβνα

detectorneutrino source

"long" distance

neutrino oscillations

|να〉 = U∗αi |νi〉 e−i(Ei t−pi x) |νβ〉 = U∗βi |νi〉

oscillation amplitude:

Aνα→νβ
= 〈νβ | propagation |να〉

=
∑
i,j

Uβj〈νj | e−i(Ei t−pi x) |νi〉U∗αi =
∑

i
UβiU∗αie−i(Ei t−pi x)

T. Schwetz (KIT) Neutrino oscillation phenomenology 11 / 80



Neutrino oscillation fundamentals Oscillations in vacuum

Neutrino oscillations in vacuum

oscillation amplitude:

Aνα→νβ =
∑

i
UβiU∗αie−i(Ei t−pi x) → Pνα→νβ =

∣∣∣Aνα→νβ ∣∣∣2

need to calculate phase differences:

φji = (Ej − Ei )t − (pj − pi )x with E 2
i = p2i + m2

i

after some hand waving:

φji ≈
∆m2

jiL
2E with ∆m2

ji ≡ m2
j −m2

i
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Neutrino oscillation fundamentals Oscillations in vacuum

A hand-waving derivation for two flavours
oscillation phase:

φ = (E2 − E1)t − (p2 − p1)x with E 2
i = p2i + m2

i

define: ∆E = E2 − E1, ∆E 2 = E 2
2 − E 2

1 , Ē = (E1 + E2)/2

then: ∆E 2 = 2Ē∆E (similar for p and m)

φ = ∆Et − ∆p2
2p̄ x = ∆Et − ∆E 2 −∆m2

2p̄ x

= ∆Et − 2Ē
2p̄ ∆Ex + ∆m2

2p̄ x

use “average velocity” of the neutrino v = p̄/Ē and x ≈ vt:

φ ≈ ∆m2

2p̄ x ≈ ∆m2

2Ē
x
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Neutrino oscillation fundamentals Oscillations in vacuum

Effective Schrödinger equation

The evolution of the flavour state can be described by an effective
Schrödinger equation:

i ddt

(
aeaµaτ

)
= Hvac

(
aeaµaτ

)

where

Hν
vac = Udiag

(
0, ∆m2

21
2Eν

,
∆m2

31
2Eν

)
U†

H ν̄
vac = U∗diag

(
0, ∆m2

21
2Eν

,
∆m2

31
2Eν

)
UT

equivalent to Aνα→νβ
=
∑

i UβiU∗αie−i(Ei t−pi x) and φji ≈
∆m2

ji L
2 E
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Neutrino oscillation fundamentals Oscillations in vacuum

2-neutrino oscillations
Two-flavour limit:

U =
(

cos θ sin θ
− sin θ cos θ

)
, P = sin2 2θ sin2 ∆m2L

4Eν

oscillations are sensitive to mass differences (not absolute masses)

0.1 1 10 100
L / Eν  (arb. units)

0

0.2

0.4

0.6

0.8

1

P
αβ

4π / ∆m
2

si
n2 2θ

"short"
distance

"long"
distance

"very long"
distance

∆m2L
4Eν

= 1.27∆m2[eV2] L[km]
Eν [GeV]
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Neutrino oscillation fundamentals Oscillations in vacuum

Appearance vs. disappearance

I appearance experiments:

Pνα→νβ , α 6= β

“appearance” of a neutrino of a new flavour β 6= α in a beam of να

I disappearance experiments:

Pνα→να

measure the “survival” probability of a neutrino of given flavour
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Neutrino oscillation fundamentals Oscillations in vacuum

Neutrinos oscillate!

1998: SuperKamiokande
atmospheric neutrinos

I zenith-angle dependent deficit
of multi-GeV µ-like events

I consistent with νµ → ντ
oscillations with

∆m2 ' 2.5× 10−3 eV2

sin2 2θ ' 1

Nobel prize 2015
Takaaki Kajita
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Neutrino oscillation fundamentals Oscillations in vacuum

Neutrinos oscillate!

Psurvival ≈ 1− sin2 2θ sin2
(

∆m2

4
L
Eν

)

KamLAND ν̄e → ν̄e

〈L〉 ∼ 180 km

 (km/MeV)
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> 5σ evidence for spectral distortion
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Neutrino oscillation fundamentals Oscillations in vacuum

Neutrinos oscillate!

Psurvival ≈ 1− sin2 2θ sin2
(

∆m2

4
L
Eν

)

DayaBay, 2015
ν̄e → ν̄e , 〈L〉 ∼ 2 km

6

use sin2 2✓12 = 0.857 ± 0.024 and �m2
21 = (7.50 ±

0.20) ⇥ 10�5 eV2 from Ref. [31], our result was largely
independent of these values. Consistent results were obtained
when our previous methods [1, 9] were applied to this larger
dataset. Under the normal (inverted) hierarchy assumption,
|�m2

ee| yields �m2
32 = (2.37 ± 0.11)⇥ 10�3 eV2 (�m2

32 =
�(2.47 ± 0.11)⇥ 10�3 eV2). This result was consistent with
and of comparable precision to measurements obtained from
accelerator ⌫µ and ⌫̄µ disappearance [10, 11]. Using only the
relative rates between the detectors and �m2

32 from Ref. [10]
we found sin2 2✓13 = 0.085 ± 0.006, with �2/NDF =
1.37/3.

The reconstructed positron energy spectrum observed in the
far site is compared in Fig. 3 with the expectation based on
the near-site measurements. The 68.3%, 95.5% and 99.7%
C.L. allowed regions in the |�m2

ee|-sin2 2✓13 plane are shown
in Fig. 4. The spectral shape from all experimental halls
is compared in Fig. 5 to the electron antineutrino survival
probability assuming our best estimates of the oscillation
parameters. The total uncertainties of both sin2 2✓13 and
|�m2

ee| are dominated by statistics. The most significant
systematic uncertainties for sin2 2✓13 are due to the relative
detector efficiency, reactor power, relative energy scale and
9Li/8He background. The systematic uncertainty in |�m2

ee| is
dominated by uncertainty in the relative energy scale.
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FIG. 3. Upper: Background-subtracted reconstructed positron
energy spectrum observed in the far site (black points), as well as
the expectation derived from the near sites excluding (blue line) or
including (red line) our best estimate of oscillation. The spectra
were efficiency-corrected and normalized to one day of livetime.
Lower: Ratio of the spectra to the no-oscillation case. The error bars
show the statistical uncertainty of the far site data. The shaded area
includes the systematic and statistical uncertainties from the near site
measurements.

In summary, enhanced measurements of sin2 2✓13 and
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FIG. 4. Regions in the |�m2
ee|-sin2 2✓13 plane allowed at the 68.3%,

95.5% and 99.7% confidence levels by the near-far comparison of
⌫e rate and energy spectra. The best estimates were sin2 2✓13 =
0.084 ± 0.005 and |�m2

ee| = (2.42 ± 0.11) ⇥ 10�3 eV2 (black
point). The adjoining panels show the dependence of ��2 on
sin2 2✓13 (top) and |�m2

ee| (right). The |�m2
ee| allowed region

(shaded band, 68.3% C.L.) was consistent with measurements of
|�m2

32| using muon disappearance by the MINOS [10] and T2K [11]
experiments, converted to |�m2

ee| assuming the normal (solid) and
inverted (dashed) mass hierarchy.
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FIG. 5. Electron antineutrino survival probability versus effective
propagation distance Le↵ divided by the average antineutrino energy
hE⌫i. The data points represent the ratios of the observed
antineutrino spectra to the expectation assuming no oscillation. The
solid line represents the expectation using the best estimates of
sin2 2✓13 and |�m2

ee|. The error bars are statistical only. hE⌫i
was calculated for each bin using the estimated detector response,
and Le↵ was obtained by equating the actual flux to an effective
antineutrino flux using a single baseline.

|�m2
ee| have been obtained by studying the energy-

dependent disappearance of the electron antineutrino inter-
actions recorded in a 6.9⇥105 GWth-ton-days exposure.
Improvements in calibration, background estimation, as well
as increased statistics allow this study to provide the most
precise estimates to date of the neutrino mass and mixing
parameters |�m2

ee| and sin2 2✓13.
Daya Bay is supported in part by the Ministry of Science

and Technology of China, the U.S. Department of Energy,

T2K, 2015
νµ → νµ, 〈L〉 ∼ 295 km
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Neutrino oscillation fundamentals Oscillations in vacuum

the naive approach to calculate the oscillation probability is problematic at least
for the following reasons:
I production and detection regions are localised in space →

inconsistent with plane wave ansatz for neutrino propagation ∝ e−i(Ei t−pi x)

I plane waves correspond to states with exact energy/momentum →
neutrino mass states are distinguishable particles →
why is the sum in the amplitude coherent (inside modulus)?

Two approaches:
I assume wave-packets for neutrinos
I QFT approach, neutrino as internal line, wave-packets for external particles

relation of the two approaches e.g., Akhmedov, Kopp, JHEP (2010) [1001.4815]
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Neutrino oscillation fundamentals QFT approach to neutrino oscillations

QFT approach to neutrino oscillations
joint process of neutrino production and detection

TEXT
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<latexit sha1_base64="v9dvJMcCPsawUCVfUnSYsUQHOdk=">AAAB6nicbVDLSsNAFJ3UV62vqktFBovgqiRim3ZXdOOypfYBbSiT6aQdOpmEmYlQQpcu3bhQxK0f0e9w5zf4E07TUnwduHA4517uvccNGZXKND+M1Mrq2vpGejOztb2zu5fdP2jKIBKYNHDAAtF2kSSMctJQVDHSDgVBvstIyx1dz/zWHRGSBvxWjUPi+GjAqUcxUlqqe716L5sz82YC+JdYC5KrHE9rn/cn02ov+97tBzjyCVeYISk7lhkqJ0ZCUczIJNONJAkRHqEB6WjKkU+kEyenTuCZVvrQC4QurmCifp+IkS/l2Hd1p4/UUP72ZuJ/XidSXsmJKQ8jRTieL/IiBlUAZ3/DPhUEKzbWBGFB9a0QD5FAWOl0MkkI5aJtl+zlyzqEcqlQsC6XSvMibxXzhZpO4wrMkQZH4BScAwvYoAJuQBU0AAYD8ACewLPBjEfjxXidt6aMxcwh+AHj7Qs0LpGr</latexit>

fS

<latexit sha1_base64="5A0HbTCljKqolDXikSah2eUwmVs=">AAAB6nicbVDLSsNAFJ3UV62vqktFBovgqiRim3ZX1IXLFu0D2lAm00k7dDIJMxOhhC5dunGhiFs/ot/hzm/wJ5ympfg6cOFwzr3ce48bMiqVaX4YqaXlldW19HpmY3Nreye7u9eQQSQwqeOABaLlIkkY5aSuqGKkFQqCfJeRpju8nPrNOyIkDfitGoXE8VGfU49ipLR043WvutmcmTcTwL/EmpNc5XBS+7w/mlS72fdOL8CRT7jCDEnZtsxQOTESimJGxplOJEmI8BD1SVtTjnwinTg5dQxPtNKDXiB0cQUT9ftEjHwpR76rO32kBvK3NxX/89qR8kpOTHkYKcLxbJEXMagCOP0b9qggWLGRJggLqm+FeIAEwkqnk0lCKBdtu2QvXtYhlEuFgnW+UBpneauYL9R0GhdghjQ4AMfgFFjABhVwDaqgDjDogwfwBJ4NZjwaL8brrDVlzGf2wQ8Yb18dcpGc</latexit>

fD

<latexit sha1_base64="v9dvJMcCPsawUCVfUnSYsUQHOdk=">AAAB6nicbVDLSsNAFJ3UV62vqktFBovgqiRim3ZXdOOypfYBbSiT6aQdOpmEmYlQQpcu3bhQxK0f0e9w5zf4E07TUnwduHA4517uvccNGZXKND+M1Mrq2vpGejOztb2zu5fdP2jKIBKYNHDAAtF2kSSMctJQVDHSDgVBvstIyx1dz/zWHRGSBvxWjUPi+GjAqUcxUlqqe716L5sz82YC+JdYC5KrHE9rn/cn02ov+97tBzjyCVeYISk7lhkqJ0ZCUczIJNONJAkRHqEB6WjKkU+kEyenTuCZVvrQC4QurmCifp+IkS/l2Hd1p4/UUP72ZuJ/XidSXsmJKQ8jRTieL/IiBlUAZ3/DPhUEKzbWBGFB9a0QD5FAWOl0MkkI5aJtl+zlyzqEcqlQsC6XSvMibxXzhZpO4wrMkQZH4BScAwvYoAJuQBU0AAYD8ACewLPBjEfjxXidt6aMxcwh+AHj7Qs0LpGr</latexit>

fS

<latexit sha1_base64="5A0HbTCljKqolDXikSah2eUwmVs=">AAAB6nicbVDLSsNAFJ3UV62vqktFBovgqiRim3ZX1IXLFu0D2lAm00k7dDIJMxOhhC5dunGhiFs/ot/hzm/wJ5ympfg6cOFwzr3ce48bMiqVaX4YqaXlldW19HpmY3Nreye7u9eQQSQwqeOABaLlIkkY5aSuqGKkFQqCfJeRpju8nPrNOyIkDfitGoXE8VGfU49ipLR043WvutmcmTcTwL/EmpNc5XBS+7w/mlS72fdOL8CRT7jCDEnZtsxQOTESimJGxplOJEmI8BD1SVtTjnwinTg5dQxPtNKDXiB0cQUT9ftEjHwpR76rO32kBvK3NxX/89qR8kpOTHkYKcLxbJEXMagCOP0b9qggWLGRJggLqm+FeIAEwkqnk0lCKBdtu2QvXtYhlEuFgnW+UBpneauYL9R0GhdghjQ4AMfgFFjABhVwDaqgDjDogwfwBJ4NZjwaL8brrDVlzGf2wQ8Yb18dcpGc</latexit>

fD

<latexit sha1_base64="Lcv7nObSSmnyEhdB/BmBFiITWHU=">AAAB6HicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbsQi7pw2YJthTaUyXTSjp1MwsxEKKFf4MaFIm71Y9y7Ef/GaVqKrwMXDufcy733eBGjUlnWp5FZWFxaXsmummvrG5tbue2dpgxjgUkDhywU1x6ShFFOGooqRq4jQVDgMdLyhucTv3VLhKQhv1KjiLgB6nPqU4yUluoX3VzeKlgp4F9iz0j+9M08iV4/zFo3997phTgOCFeYISnbthUpN0FCUczI2OzEkkQID1GftDXlKCDSTdJDx/BAKz3oh0IXVzBVv08kKJByFHi6M0BqIH97E/E/rx0rv+wmlEexIhxPF/kxgyqEk69hjwqCFRtpgrCg+laIB0ggrHQ2ZhpCpeQ4ZWf+sg6hUi4W7eO50jwq2KVCsW7lq2dgiizYA/vgENjAAVVwCWqgATAg4A48gEfjxrg3noznaWvGmM3sgh8wXr4AGmKQWQ==</latexit>

D

<latexit sha1_base64="6wI2E3e+uwD0U1VJu9mKCGzmQbk=">AAAB6HicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbsQi25ctmhboQ1lMp20YyeTMDMRSugXuHGhiFv9GPduxL9xmpbi68CFwzn3cu89XsSoVJb1aWQWFpeWV7Kr5tr6xuZWbnunKcNYYNLAIQvFtYckYZSThqKKketIEBR4jLS84fnEb90SIWnIr9QoIm6A+pz6FCOlpfplN5e3ClYK+JfYM5I/fTNPotcPs9bNvXd6IY4DwhVmSMq2bUXKTZBQFDMyNjuxJBHCQ9QnbU05Coh0k/TQMTzQSg/6odDFFUzV7xMJCqQcBZ7uDJAayN/eRPzPa8fKL7sJ5VGsCMfTRX7MoArh5GvYo4JgxUaaICyovhXiARIIK52NmYZQKTlO2Zm/rEOolItF+3iuNI8KdqlQrFv56hmYIgv2wD44BDZwQBVcgBpoAAwIuAMP4NG4Me6NJ+N52poxZjO74AeMly8xHpBo</latexit>

S
<latexit sha1_base64="r+QrZ9ILaLLD8kwxCtxC8WwImmA=">AAAB7XicbVDLSsNAFJ34rPVVdanIYBEEoSRim3ZXdOOyBfuANpbJdNKOnUzCzEQooUv3blwo4tZf6He48xv8CadpKb4OXDiccy/33uOGjEplmh/GwuLS8spqai29vrG5tZ3Z2a3LIBKY1HDAAtF0kSSMclJTVDHSDAVBvstIwx1cTvzGHRGSBvxaDUPi+KjHqUcxUlqqt/3o5hR2MlkzZyaAf4k1I9nywbj6eX84rnQy7+1ugCOfcIUZkrJlmaFyYiQUxYyM0u1IkhDhAeqRlqYc+UQ6cXLtCB5rpQu9QOjiCibq94kY+VIOfVd3+kj15W9vIv7ntSLlFZ2Y8jBShOPpIi9iUAVw8jrsUkGwYkNNEBZU3wpxHwmElQ4onYRQKth20Z6/rEMoFfN563yu1M9yViGXr+o0LsAUKbAPjsAJsIANyuAKVEANYHALHsATeDYC49F4MV6nrQvGbGYP/IDx9gXhUpKY</latexit>

µ+

<latexit sha1_base64="PPMBvQEh9B8XNuCDewqVB5i8/EY=">AAAB6XicbVDJSgNBEK2JWxy3qEcvjUHwFGbEZJKDGPTiMYqJgWQIPZ2epEnPQnePEIb8gRcPinjNx3j3Iv6NnYXg9qDg8V4VVfW8mDOpLOvTyCwtr6yuZdfNjc2t7Z3c7l5DRokgtE4iHommhyXlLKR1xRSnzVhQHHic3nmDy4l/d0+FZFF4q4YxdQPcC5nPCFZauqGok8tbBWsK9JfYc5I/fzPP4vGHWevk3tvdiCQBDRXhWMqWbcXKTbFQjHA6MtuJpDEmA9yjLU1DHFDpptNLR+hIK13kR0JXqNBU/T6R4kDKYeDpzgCrvvztTcT/vFai/LKbsjBOFA3JbJGfcKQiNHkbdZmgRPGhJpgIpm9FpI8FJkqHY05DqJQcp+wsXtYhVMrFon26UBonBbtUKF5b+eoFzJCFAziEY7DBgSpcQQ3qQMCHB3iCZ2NgPBovxuusNWPMZ/bhB4zxF6IvkKQ=</latexit>e

<latexit sha1_base64="r+QrZ9ILaLLD8kwxCtxC8WwImmA=">AAAB7XicbVDLSsNAFJ34rPVVdanIYBEEoSRim3ZXdOOyBfuANpbJdNKOnUzCzEQooUv3blwo4tZf6He48xv8CadpKb4OXDiccy/33uOGjEplmh/GwuLS8spqai29vrG5tZ3Z2a3LIBKY1HDAAtF0kSSMclJTVDHSDAVBvstIwx1cTvzGHRGSBvxaDUPi+KjHqUcxUlqqt/3o5hR2MlkzZyaAf4k1I9nywbj6eX84rnQy7+1ugCOfcIUZkrJlmaFyYiQUxYyM0u1IkhDhAeqRlqYc+UQ6cXLtCB5rpQu9QOjiCibq94kY+VIOfVd3+kj15W9vIv7ntSLlFZ2Y8jBShOPpIi9iUAVw8jrsUkGwYkNNEBZU3wpxHwmElQ4onYRQKth20Z6/rEMoFfN563yu1M9yViGXr+o0LsAUKbAPjsAJsIANyuAKVEANYHALHsATeDYC49F4MV6nrQvGbGYP/IDx9gXhUpKY</latexit>

µ+

<latexit sha1_base64="PPMBvQEh9B8XNuCDewqVB5i8/EY=">AAAB6XicbVDJSgNBEK2JWxy3qEcvjUHwFGbEZJKDGPTiMYqJgWQIPZ2epEnPQnePEIb8gRcPinjNx3j3Iv6NnYXg9qDg8V4VVfW8mDOpLOvTyCwtr6yuZdfNjc2t7Z3c7l5DRokgtE4iHommhyXlLKR1xRSnzVhQHHic3nmDy4l/d0+FZFF4q4YxdQPcC5nPCFZauqGok8tbBWsK9JfYc5I/fzPP4vGHWevk3tvdiCQBDRXhWMqWbcXKTbFQjHA6MtuJpDEmA9yjLU1DHFDpptNLR+hIK13kR0JXqNBU/T6R4kDKYeDpzgCrvvztTcT/vFai/LKbsjBOFA3JbJGfcKQiNHkbdZmgRPGhJpgIpm9FpI8FJkqHY05DqJQcp+wsXtYhVMrFon26UBonBbtUKF5b+eoFzJCFAziEY7DBgSpcQQ3qQMCHB3iCZ2NgPBovxuusNWPMZ/bhB4zxF6IvkKQ=</latexit>e
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Neutrino oscillation fundamentals QFT approach to neutrino oscillations

QFT approach to neutrino oscillations
joint process of neutrino production and detection

TEXT

<latexit sha1_base64="aant2MoU7BTbUVLw16qH4/Tia1E=">AAAB7HicbVDLSsNAFL2pr1pfVcGNm2ARXJVEbNPuSt24bME+oA1lMp20QyeTMDMRSug3uHGhiFt3/oVf4M6N3+I0leLrwIXDOfdy7z1exKhUlvVuZFZW19Y3spu5re2d3b38/kFbhrHApIVDFoquhyRhlJOWooqRbiQICjxGOt7kcu53boiQNOTXahoRN0AjTn2KkdJSq8/jgT3IF6yilcL8S+wvUqgdNT/oS/21Mci/9YchjgPCFWZIyp5tRcpNkFAUMzLL9WNJIoQnaER6mnIUEOkm6bEz81QrQ9MPhS6uzFT9PpGgQMpp4OnOAKmx/O3Nxf+8Xqz8iptQHsWKcLxY5MfMVKE5/9wcUkGwYlNNEBZU32riMRIIK51PLg2hWnacirN8WYdQrZRK9sVSaZ8X7XKx1NRp1GGBLBzDCZyBDQ7U4Aoa0AIMFG7hHh4MbtwZj8bTojVjfM0cwg8Yz5+H7JJs</latexit>⌫1
<latexit sha1_base64="TfSRMdWxzhwJEZNcr12MrsJvgsM=">AAAB7HicbVDLasJAFJ3Yl7Uv20I33QyVQleSSDW6E7vpUqFRQYNMxokOTiZhZlKQ4Dd000VL6ba7/kW/oLtu+i0do0hfBy4czrmXe+/xIkalMs0PI7O2vrG5ld3O7ezu7R/kD4/aMowFJg4OWSi6HpKEUU4cRRUj3UgQFHiMdLzJ1dzv3BIhachv1DQiboBGnPoUI6Ulp8/jQWmQL5hFMwX8S6wlKdRPWp/0tfHWHOTf+8MQxwHhCjMkZc8yI+UmSCiKGZnl+rEkEcITNCI9TTkKiHST9NgZPNfKEPqh0MUVTNXvEwkKpJwGnu4MkBrL395c/M/rxcqvugnlUawIx4tFfsygCuH8czikgmDFppogLKi+FeIxEggrnU8uDaFWse2qvXpZh1CrlsvW5Uppl4pWpVhu6TQaYIEsOAVn4AJYwAZ1cA2awAEYUHAHHsCjwY1748l4XrRmjOXMMfgB4+ULiXCSbQ==</latexit>⌫2

<latexit sha1_base64="+kQ/gQcX3C+320UQVgb0q1GhmfQ=">AAAB6HicbVDLSsNAFJ3UV1tfVZduBosgCCUR27S7ohuXLdgHtqFMppN27GQSZiZiCf0CNy4U6dYf8F/c+TU6TUvxdeDC4Zx7ufceN2RUKtP8MFIrq2vrG+lMdnNre2c3t7fflEEkMGnggAWi7SJJGOWkoahipB0KgnyXkZY7upz5rTsiJA34tRqHxPHRgFOPYqS0VD/t5fJmwUwA/xJrQfLVTDi9ebv/rPVy791+gCOfcIUZkrJjmaFyYiQUxYxMst1IkhDhERqQjqYc+UQ6cXLoBB5rpQ+9QOjiCibq94kY+VKOfVd3+kgN5W9vJv7ndSLllZ2Y8jBShOP5Ii9iUAVw9jXsU0GwYmNNEBZU3wrxEAmElc4mm4RQKdl22V6+rEOolItF63ypNM8KVqlQrOs0LsAcaXAIjsAJsIANquAK1EADYEDAA3gCz8at8Wi8GNN5a8pYzByAHzBevwC0G5DR</latexit>

+

<latexit sha1_base64="6wI2E3e+uwD0U1VJu9mKCGzmQbk=">AAAB6HicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbsQi25ctmhboQ1lMp20YyeTMDMRSugXuHGhiFv9GPduxL9xmpbi68CFwzn3cu89XsSoVJb1aWQWFpeWV7Kr5tr6xuZWbnunKcNYYNLAIQvFtYckYZSThqKKketIEBR4jLS84fnEb90SIWnIr9QoIm6A+pz6FCOlpfplN5e3ClYK+JfYM5I/fTNPotcPs9bNvXd6IY4DwhVmSMq2bUXKTZBQFDMyNjuxJBHCQ9QnbU05Coh0k/TQMTzQSg/6odDFFUzV7xMJCqQcBZ7uDJAayN/eRPzPa8fKL7sJ5VGsCMfTRX7MoArh5GvYo4JgxUaaICyovhXiARIIK52NmYZQKTlO2Zm/rEOolItF+3iuNI8KdqlQrFv56hmYIgv2wD44BDZwQBVcgBpoAAwIuAMP4NG4Me6NJ+N52poxZjO74AeMly8xHpBo</latexit>

S

<latexit sha1_base64="Lcv7nObSSmnyEhdB/BmBFiITWHU=">AAAB6HicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbsQi7pw2YJthTaUyXTSjp1MwsxEKKFf4MaFIm71Y9y7Ef/GaVqKrwMXDufcy733eBGjUlnWp5FZWFxaXsmummvrG5tbue2dpgxjgUkDhywU1x6ShFFOGooqRq4jQVDgMdLyhucTv3VLhKQhv1KjiLgB6nPqU4yUluoX3VzeKlgp4F9iz0j+9M08iV4/zFo3997phTgOCFeYISnbthUpN0FCUczI2OzEkkQID1GftDXlKCDSTdJDx/BAKz3oh0IXVzBVv08kKJByFHi6M0BqIH97E/E/rx0rv+wmlEexIhxPF/kxgyqEk69hjwqCFRtpgrCg+laIB0ggrHQ2ZhpCpeQ4ZWf+sg6hUi4W7eO50jwq2KVCsW7lq2dgiizYA/vgENjAAVVwCWqgATAg4A48gEfjxrg3noznaWvGmM3sgh8wXr4AGmKQWQ==</latexit>

D

<latexit sha1_base64="v9dvJMcCPsawUCVfUnSYsUQHOdk=">AAAB6nicbVDLSsNAFJ3UV62vqktFBovgqiRim3ZXdOOypfYBbSiT6aQdOpmEmYlQQpcu3bhQxK0f0e9w5zf4E07TUnwduHA4517uvccNGZXKND+M1Mrq2vpGejOztb2zu5fdP2jKIBKYNHDAAtF2kSSMctJQVDHSDgVBvstIyx1dz/zWHRGSBvxWjUPi+GjAqUcxUlqqe716L5sz82YC+JdYC5KrHE9rn/cn02ov+97tBzjyCVeYISk7lhkqJ0ZCUczIJNONJAkRHqEB6WjKkU+kEyenTuCZVvrQC4QurmCifp+IkS/l2Hd1p4/UUP72ZuJ/XidSXsmJKQ8jRTieL/IiBlUAZ3/DPhUEKzbWBGFB9a0QD5FAWOl0MkkI5aJtl+zlyzqEcqlQsC6XSvMibxXzhZpO4wrMkQZH4BScAwvYoAJuQBU0AAYD8ACewLPBjEfjxXidt6aMxcwh+AHj7Qs0LpGr</latexit>

fS

<latexit sha1_base64="5A0HbTCljKqolDXikSah2eUwmVs=">AAAB6nicbVDLSsNAFJ3UV62vqktFBovgqiRim3ZX1IXLFu0D2lAm00k7dDIJMxOhhC5dunGhiFs/ot/hzm/wJ5ympfg6cOFwzr3ce48bMiqVaX4YqaXlldW19HpmY3Nreye7u9eQQSQwqeOABaLlIkkY5aSuqGKkFQqCfJeRpju8nPrNOyIkDfitGoXE8VGfU49ipLR043WvutmcmTcTwL/EmpNc5XBS+7w/mlS72fdOL8CRT7jCDEnZtsxQOTESimJGxplOJEmI8BD1SVtTjnwinTg5dQxPtNKDXiB0cQUT9ftEjHwpR76rO32kBvK3NxX/89qR8kpOTHkYKcLxbJEXMagCOP0b9qggWLGRJggLqm+FeIAEwkqnk0lCKBdtu2QvXtYhlEuFgnW+UBpneauYL9R0GhdghjQ4AMfgFFjABhVwDaqgDjDogwfwBJ4NZjwaL8brrDVlzGf2wQ8Yb18dcpGc</latexit>

fD

<latexit sha1_base64="v9dvJMcCPsawUCVfUnSYsUQHOdk=">AAAB6nicbVDLSsNAFJ3UV62vqktFBovgqiRim3ZXdOOypfYBbSiT6aQdOpmEmYlQQpcu3bhQxK0f0e9w5zf4E07TUnwduHA4517uvccNGZXKND+M1Mrq2vpGejOztb2zu5fdP2jKIBKYNHDAAtF2kSSMctJQVDHSDgVBvstIyx1dz/zWHRGSBvxWjUPi+GjAqUcxUlqqe716L5sz82YC+JdYC5KrHE9rn/cn02ov+97tBzjyCVeYISk7lhkqJ0ZCUczIJNONJAkRHqEB6WjKkU+kEyenTuCZVvrQC4QurmCifp+IkS/l2Hd1p4/UUP72ZuJ/XidSXsmJKQ8jRTieL/IiBlUAZ3/DPhUEKzbWBGFB9a0QD5FAWOl0MkkI5aJtl+zlyzqEcqlQsC6XSvMibxXzhZpO4wrMkQZH4BScAwvYoAJuQBU0AAYD8ACewLPBjEfjxXidt6aMxcwh+AHj7Qs0LpGr</latexit>

fS

<latexit sha1_base64="5A0HbTCljKqolDXikSah2eUwmVs=">AAAB6nicbVDLSsNAFJ3UV62vqktFBovgqiRim3ZX1IXLFu0D2lAm00k7dDIJMxOhhC5dunGhiFs/ot/hzm/wJ5ympfg6cOFwzr3ce48bMiqVaX4YqaXlldW19HpmY3Nreye7u9eQQSQwqeOABaLlIkkY5aSuqGKkFQqCfJeRpju8nPrNOyIkDfitGoXE8VGfU49ipLR043WvutmcmTcTwL/EmpNc5XBS+7w/mlS72fdOL8CRT7jCDEnZtsxQOTESimJGxplOJEmI8BD1SVtTjnwinTg5dQxPtNKDXiB0cQUT9ftEjHwpR76rO32kBvK3NxX/89qR8kpOTHkYKcLxbJEXMagCOP0b9qggWLGRJggLqm+FeIAEwkqnk0lCKBdtu2QvXtYhlEuFgnW+UBpneauYL9R0GhdghjQ4AMfgFFjABhVwDaqgDjDogwfwBJ4NZjwaL8brrDVlzGf2wQ8Yb18dcpGc</latexit>

fD

<latexit sha1_base64="Lcv7nObSSmnyEhdB/BmBFiITWHU=">AAAB6HicbVDLSsNAFJ3UV42vqks3g0VwVRKxTbsQi7pw2YJthTaUyXTSjp1MwsxEKKFf4MaFIm71Y9y7Ef/GaVqKrwMXDufcy733eBGjUlnWp5FZWFxaXsmummvrG5tbue2dpgxjgUkDhywU1x6ShFFOGooqRq4jQVDgMdLyhucTv3VLhKQhv1KjiLgB6nPqU4yUluoX3VzeKlgp4F9iz0j+9M08iV4/zFo3997phTgOCFeYISnbthUpN0FCUczI2OzEkkQID1GftDXlKCDSTdJDx/BAKz3oh0IXVzBVv08kKJByFHi6M0BqIH97E/E/rx0rv+wmlEexIhxPF/kxgyqEk69hjwqCFRtpgrCg+laIB0ggrHQ2ZhpCpeQ4ZWf+sg6hUi4W7eO50jwq2KVCsW7lq2dgiizYA/vgENjAAVVwCWqgATAg4A48gEfjxrg3noznaWvGmM3sgh8wXr4AGmKQWQ==</latexit>

D
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I neutrino corresponds to internal line, unobservable
I “standard” Feynman rules to calculate amplitude A of the whole process
I take into account that production and detection vertices are macroscopically

separated in space and time
I coherence properties determined by localization (or momentum spread) of

external particles
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Neutrino oscillation fundamentals QFT approach to neutrino oscillations

QFT approach Dobrev, Melnikov, TS, 2504.10600

Initial states at source and detector (X = S,D):
superpositions of momentum eigenstates:

|X 〉 =
∫

[d~kX ] φX (~kX ) |~kX 〉 , [d~kX ] = d3~kX

(2π)3/2
√
2EX

S-matrix element for the full process i → f (final state moment PS ,PD fixed)

Sif =
∫

[d~kS ][d~kD]φS(~kS)φD(~kD) (2π)4δ(4)(kS + kD − PS − PD)Mif

and differential transition probability i → f :

dWif = |Sif |2 dνf

with density of final states dνf = dΦS dΦD
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Neutrino oscillation fundamentals QFT approach to neutrino oscillations

QFT approach Dobrev, Melnikov, TS, 2504.10600

dWif =
∫

[d~kS ][d~k ′S ][d~kD][d~k ′D] dΦSdΦD φS(~kS)φD(~kD)φ∗S(~k ′S)φ∗D(~k ′D)×

(2π)8δ(4)(kS + kD − PS − PD)δ(4)(k ′S + k ′D − PS − PD)MifM′∗if

kX , k ′X : initial state momenta of the two interfering diagrams

neutrino momenta: q = kS − PS = PD − kD , q′ = k ′S − PS = PD − k ′D

momenta differences: κ = q − q′, κX = kX − k ′X , (X = S,D)

introduce source and detector “times” tS , tD :

(2π)2δ(κ0S − κ0)δ(κ0D + κ0) =
∫

dtS e−i(κ0
S−κ

0)tS

∫
dtD e−i(κ0

D+κ0)tD
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Neutrino oscillation fundamentals QFT approach to neutrino oscillations

Crucial step 1
statistical averaging over quantum states described by φS and φD gives
time-dependent momentum-space density matrices

〈φX (~kX )φ∗X (~k ′X )e−iκ0
X tX 〉 = ρX (~kX , ~k ′X , tX )

related to the Wigner function by

ρX (~kX , ~k ′X , tX ) =
∫

d3~rX nX (~rX ,~lX , tX )e−i~κX~rX (X = S,D)

the classical limit of a Wigner function is the phase-space distribution of particles

nX (~rX ,~lX , tX )

with position ~r , momentum ~l , at the time t.
Dobrev, Melnikov, TS, 2504.10600; Ginzburg, Kotkin, Polityko, Serbo, Sov. J. Nucl. Phys. 55 (1992) 1847; Sov. J. Nucl. Phys.

55 (1992) 1855; Kotkin, Serbo, Schiller, Int. J. Mod. Phys. A 7 (1992) 4707
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Neutrino oscillation fundamentals QFT approach to neutrino oscillations

Crucial step 2

amplitude factorizes: Mif ≈ − sin θ cos θMS
∑

a=1,2

(−1)a

q2 −m2
a + iεMD

MifM′∗if = sin2 θ cos2 θ |MS |2|MD |2
∑

a,b=1,2

(−1)a(−1)b

(q2 −m2
a + iε)(q′2 −m2

b − iε)

MS ,MD smooth functions of neutrino energy (neglect neutrino masses)

I =
∫ dQ2

2π
d4κ

(2π)4 e
−iκx

∑
a,b=1,2

(−1)a(−1)b

(Q2 + Qκ−m2
a + iε)(Q2 − Qκ−m2

b − iε)

= . . . = 2
|~Q|

δ(tD − tS − r‖) δ(2)(~r⊥) Θ(r||) sin2
(

∆m2L
4|~Q|

)

where ~r = ~rD −~rS , L ≡ r|| = ~r ·~eν , ~r⊥ ·~eν = 0, |~Q| ≈ Eν
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Neutrino oscillation fundamentals QFT approach to neutrino oscillations

Result for transition probability

dWif =
∫

d3~pν
∫

dtSd3~lSd3~rS nS(~rS ,~lS , tS) dΓS
d3~pν

×
∫

dr d3~lD nD(~rS + r~eν ,~lD , tS + r) dσDν Posc(r)

Posc(r) = sin2 2θ sin2
(

∆m2L
4Eν

)
convolution of standard oscillation probability with neutrino flux, detection cross
section, and phase-space densities at source and detector

coherence properties encoded in phase-space densities nS and nD
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Neutrino oscillation fundamentals Coherence requirements for oscillations

Coherence properties
I assume isotropic Gaussian phase-space densities for X = S,D:

nX (~rX ,~lX , tX ) ∝ exp

−1
2

(
~rX − ~LX
δX

)2

− 1
2

(
~lX −~lX
σX

)2

− 1
2

(
tX − TX
τX

)2


I mean locations ~LS,D , mean momenta~lS,D , and mean times TS,D

I Quantum mechanical uncertainty relation: δXσX > 1/2
I assume “stationary detector”: τ 2D � δ2D + δ2S

Posc = exp
[
− (~LD − ~LS)2⊥

2δ2

]
exp

[
− (L− T )2

2τ 2

]
sin2 2θ

2

[
1− ξlocξen cos

(
∆m2L
2Eν

)]
where

τ 2 ≡ τ 2D + τ 2S , δ2 ≡ δ2D + δ2S , L ≡ (~LD − ~LS) ·~eν , T ≡ TD − TS
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Neutrino oscillation fundamentals Coherence requirements for oscillations

Localization decoherence

ξloc = exp
[
−2
(
π
δ

Losc

)2]
with Losc = 2π 2Eν

∆m2

production and detection regions have to be localised much better than
the oscillation length: δ � Losc (note δ2 = δ2S + δ2D)

ξloc = exp

−1
2

(
∆m2

4Eνσloc

)2
 with σloc = 1

2δ

QM momentum uncertainty due to localisation has to be large enough,
such that individual mass states cannot be resolved: σloc � ∆m2/Eν
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Neutrino oscillation fundamentals Coherence requirements for oscillations

Energy decoherence

ξen = exp

−1
2

(
∆m2Lσ
2E 2

ν

)2
 = exp

[
−2π2

( L
Losc

σ

Eν

)2]

I for experiments at the oscillation maximum (L ≈ Losc) the neutrino
energy needs to be well defined: σ � Eν

I this term can be interpreted as decoherence due to neutrino wave
packet separation, identifying vj ≈ 1−m2

j /(2E 2
ν )
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Neutrino oscillation fundamentals Coherence requirements for oscillations

Why are oscillations possible?

ξloc and ξen have opposite dependence on spreads:

I uncertainties have to be
large enough that mass states can interfere: σloc � ∆m2/Eν
small enough that intereference is not damped: σ � EνLosc/L
but QM uncertainty implies: σloc = 1/(2δ) < σ

I there are many orders of magnitude available to fulfill these
requirements, because

∆m2/E 2
ν � 1 or EνLosc � 1
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Neutrino oscillation fundamentals Coherence requirements for oscillations

Why are oscillations possible?
Ex.:JUNO: Eν = 4MeV, L = 53 km, solid(dash) ∆m2 = 7.5 · 10−5(2.5 · 10−3) eV2
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oscillations observable

uncertainty principle
excluded

Dobrev, Melnikov, TS, 2504.10600
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Neutrino oscillation fundamentals Coherence requirements for oscillations

Classical averaging

consider averaging of the event rates R(L,Eν):

∫
dL′ R(L′,Eν) 1√

2πδclas
exp

[
− (L′ − L)2

2δ2clas

]
∫

dE ′ν R(L,E ′ν) 1√
2πσclas

exp
[
− (E ′ν − Eν)2

2σ2clas

]

same decoherence factors ξloc and ξen with (in the Gaussian case)

δ2 → δ2 + δ2clas , σ2 → σ2 + σ2clas
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Neutrino oscillation fundamentals Coherence requirements for oscillations

Classical averaging

I quantum mechanical and classical decoherence have the same effect
and are indistinguishable phenomenologically
Kiers, Nussinov, Weiss, 1996; Stodolsky, 1998; Ohlsson, 2001

I classical averaging due to experimental reasons: size of production
region, finite detector resolutions (in space and energy),...

I fundamental averaging effects due to experimental configuration and
physics principles: phase space integrals of unobserved particles,
Doppler broadening,...
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Neutrino oscillation fundamentals Coherence requirements for oscillations

Classical averaging

In the approach of Dobrev, Melnikov, TS, 2504.10600, the QM uncertainties of
the initial state particles manifest themselves as classical convolution of the
probability with Wigner distributions:

dWif =
∫

d3~pν
∫

dtSd3~lSd3~rS nS(~rS ,~lS , tS) dΓS
d3~pν

×
∫

dr d3~lD nD(~rS + r~eν ,~lD , tS + r) dσDν Posc(r)

conditions of observability of oscillations imply that coherence assumptions of the
derivation are satisfied
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Neutrino oscillation fundamentals Coherence requirements for oscillations

Decoherence parameters - numerical example

estimates for reactor oscillation experiments
Krueger, TS, 2303.15524, Akhmedov, Smirnov, 2208.03736

− ln ξloc = 1
2

(
∆m2

4Eνσloc

)2

≈ 1.3× 10−19
(

∆m2

1 eV2

)2(1MeV
Eν

)2(500 eV
σloc

)2

− ln ξen = 2π2
(

L
Losc

σen

Eν

)2
≈ 4.9× 10−12

(
L

Losc

)2(1MeV
Eν

)2 ( σen

0.5 eV

)2

⇒ QM decoherence (incl. localization and “wave packet separation”) is irrelevant
for all practical purposes

decoherence effects completely dominated by classical averaging
(e.g., typical energy resolution in reactor exps: σclas ' 0.1 MeV)
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Neutrino oscillation fundamentals

Summary oscillations in vacuum

I “simple QM” derivation of oscillation probability is based on wrong
assumptions but gives the correct result

I well founded derivation and understanding of (coherence) conditions
for the observability of oscillations can be obtained by a QFT or wave
packet treatment

I fundamental QM decoherence effects are unobservable for all practical
purposes, coherence is dominated by classical averaging effects
(or would require rather exotic BSM physics)
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Neutrino oscillation fundamentals Oscillations in matter

The matter effect

When neutrinos pass through matter the SM interactions with the
particles in the background induce an effective potential for the neutrinos

Effective 4-point interaction Hamiltonian

Hνα
int = GF√

2
ν̄αγµ(1− γ5)να

∑
f

f̄ γµ(gα,fV − gα,fA γ5)f︸ ︷︷ ︸
Jµ

mat

coherent forward scattering amplitude leads to an “index of refraction”
→ proportional to GF ! (not G2

F )

L. Wolfenstein, Phys. Rev. D 17, 2369 (1978); ibid. D 20, 2634 (1979)

T. Schwetz (KIT) Neutrino oscillation phenomenology 36 / 80



Neutrino oscillation fundamentals Oscillations in matter

Effective matter potential

Vmat =
√
2GF diag (Ne − Nn/2,−Nn/2,−Nn/2)

ν l

l ν

W

ν ν

f f

Z0
CC NC

I only νe feel CC (there are no µ, τ in normal matter)
I NC is the same for all flavours ⇒ potential proportional to identiy has no

effect on the evolution
I NC has no effect for 3-flavour active neutrinos, but is important in the

presence of sterile neutrinos
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Neutrino oscillation fundamentals Oscillations in matter

Effective Schrödinger equation in matter

i ddt

(
aeaµaτ

)
= H

(
aeaµaτ

)

where

H = Udiag
(
0, ∆m2

21
2Eν

,
∆m2

31
2Eν

)
U†︸ ︷︷ ︸

vaccum

+ diag(
√
2GFNe , 0, 0)︸ ︷︷ ︸
matter

Ne(x): electron density along the neutrino path

for non-constant matter: H(t) → time-dependent Schrödinger eq.
“MSW resonance” Mikheev, Smirnov, Sov. J. Nucl. Phys. 42, 913 (1985)
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Neutrino oscillation fundamentals Oscillations in matter

Matter effect in QFT

I transition probability for neutrinos in matter can be derived also
within the QFT approach to neutrino oscillations
e.g., Cardall, Chung, hep-ph/9904291; Akhmedov, Wilhelm, 1205.6231

I consider the effect of background matter on the neutrino propagator
appearing in the QFT Feynman diagram

I neutrino propagator has to be derived from a solution of the Dirac
equation with matter-induced potential
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Neutrino oscillation fundamentals Oscillations in matter

Neutrino oscillations in constant matter

diagonalize the Hamiltonian in matter:

Hν
mat = Udiag

(
0, ∆m2

21
2Eν

,
∆m2

31
2Eν

)
U† + diag(

√
2GFNe , 0, 0)

= Umdiag (λ1, λ2, λ3)U†m

Same expression for oscillation probability, but replace “vacuum”
parameters by “matter” parameters
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Neutrino oscillation fundamentals Oscillations in matter

2-neutrino oscillations in constant matter

Two-flavour case:

Pmat = sin2 2θmat sin2 ∆m2
matL
4E

with
sin2 2θmat = sin2 2θ

sin2 2θ + (cos 2θ − A)2

∆m2
mat = ∆m2

√
sin2 2θ + (cos 2θ − A)2

A ≡ 2EV
∆m2
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Neutrino oscillation fundamentals Oscillations in matter

2-neutrino oscillations in constant matter
sin2 2θmat = sin2 2θ

sin2 2θ + (cos 2θ − A)2
A ≡ 2EV

∆m2

resonance for cos 2θ = A: “MSW resonance”
Mikheev, Smirnov, Sov. J. Nucl. Phys. 42, 913 (1985)
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Neutrino oscillation fundamentals Oscillations in matter

resonance and mass ordering

sin2 2θmat = sin2 2θ
sin2 2θ + (cos 2θ − A)2

A ≡ 2EV
∆m2

resonance for cos 2θ = A:
I the appearance of the resonance depends on the relative signs of

V ,∆m2, cos 2θ = cos2 θ − sin2 θ
I for neutrinos V > 0, for antineutrinos V < 0
I e.g., if the resonance happens for neutrinos we must have

∆m2 cos 2θ = (m2
2 −m2

1)(cos2 θ − sin2 θ) > 0

possible solution: m2
2 > m2

1 and θ < 45◦

I in two flavours, there is a degeneracy between labeling the mass states and
the allowed range of the mixing angle
more involved parameter dependencies in three flavours
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Neutrino oscillation fundamentals Varying matter density and MSW

Varying matter density: example solar neutrinos

The electron density in the sun:
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Neutrino oscillation fundamentals Varying matter density and MSW

Adiabatic conversion of solar neutrinos
I matter density changes slowly on the

scale of the oscillation length ⇒
adiabatic propagation of neutrino mass
states in matter

I oscillations between sun and earth
averaged out:

Pee =
∑

i
|Um

ei |2|Uei |2

→ cos2 θm cos2 θ + sin2 θm sin2 θ
0.1 1 10

Eν [MeV]

0.2
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0.8
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1

1 - 1/2 sin
2
2θ

sin
2θ

E
re

s

strong
matter

vacuum

P
ee

si
n

2 θ m

E � Eres ≈ 2MeV : θm ≈ θ ⇒ Pee = c4 + s4 = 1− 1
2 sin2 2θ

E � Eres ≈ 2MeV : θm ≈
π

2 ⇒ Pee = sin2 θ

additional correction from propagation through earth matter → day-night effect
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Neutrino oscillation fundamentals Varying matter density and MSW
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Neutrino oscillation fundamentals Varying matter density and MSW

Solar neutrinos and the Sudbury Neutrino Observatory

2002: SNO: CC to NC ratio
of solar neutrino flux

CC: νe + d → p + p + e−
NC: νx + d → p + n + νx

I evidence for νe → νµ, ντ
conversion

I MSW effect inside the sun
adiabatic conversion through
resonance

Nobel prize 2015
Art McDonald
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Neutrino oscillation fundamentals Varying matter density and MSW

Evidence for LMA-MSW
solar neutrino experiments Homestake, SAGE+GNO, Super-K, SNO, Borexino
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 = (4.7, 7.5) × 10

−5
 eV

2

day night

NuFIT 2.0 (2014)

I sin2 θ < 0.5 is strong evidence for MSW conversion
I for energies above resonance: Pee ≈ sin2 θ → best determination of θ12
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Neutrino oscillation fundamentals Varying matter density and MSW

“Solar” mass ordering

I for the mass-squared difference relevant for solar neutrinos, we adopt
the convention that ∆m2 > 0, i.e., m2 > m1

I observations show that in the sun the resonance happens for neutrinos

I ⇒ cos 2θ > 0: θ ∼ 33◦ < 45◦

I physical statement:
there is one mass state which is dominantely electron-neutrino like,
and this mass state has to be the lighter one of the “solar pair”

νe = cos θ ν1 + sin θ ν2
νµ,τ = − sin θ ν1 + cos θ ν2
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Neutrino oscillation fundamentals Varying matter density and MSW

Matter effects in the νµ, ντ sector

I in the two-flavour approximation there is no matter effect in νµ → νµ
and νµ → ντ transitions

I the νµ-disappearance channel in long-baseline experiments is
described by vacuum oscillations to good approximation
e.g., Denton, Parke, 2401.10326

I typically matter effects in these channels are suppressed by
three-flavour effects (in particular θ13), however, there can be
resonance enhancement in atmospheric neutrinos
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Neutrino oscillation fundamentals Varying matter density and MSW

Matter effects in atmospheric neutrinos

Akhmedov, Maltoni, Smirnov, hep-ph/0612285
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Neutrino oscillation fundamentals

Final comments on oscillation fundamentals

Neutrino oscillations in vacuum and in matter

I are sensitive only to neutrino mass-squared differences
(interference phenomenon)

I no sensitivity to absolute neutrino mass
→ beta-decay, neutrinoless double-beta decay, cosmology

I cannot distinguish between Dirac and Majorana neutrino mass
(lepton number is conserved in oscillations) → neutrinoless
double-beta decay
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Global data and 3-flavour oscillations

Outline

Lepton mixing

Neutrino oscillation fundamentals
Oscillations in vacuum
QFT approach to neutrino oscillations
Coherence requirements for oscillations
Oscillations in matter
Varying matter density and MSW

Global data and 3-flavour oscillations
Qualitative picture
Global analysis
δCP and mass ordering

Summary and concluding comments
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Global data and 3-flavour oscillations

3-flavour neutrino parameters

I 3 masses: ∆m2
21, ∆m2

31, m0

I 3 mixing angles: θ12, θ13, θ23

I 3 phases: 1 Dirac (δ), 2 Majorana (α1, α2)

neutrino oscillations
absolute mass observables
lepton-number violation (neutrinoless double-beta decay)
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Global data and 3-flavour oscillations

3-flavour oscillation parameters
 νe

νµ
ντ

 =

 Ue1 Ue2 Ue3
Uµ1 Uµ2 Uµ3
Uτ1 Uτ2 Uτ3

 ν1
ν2
ν3



∆m2
31 ∆m2

21

U =

 1 0 0
0 c23 s23
0 −s23 c23

  c13 0 e−iδs13
0 1 0

−e iδs13 0 c13

  c12 s12 0
−s12 c12 0
0 0 1



atm+LBL(dis) react+LBL(app) solar+KamLAND

3-flavour effects are suppressed: ∆m2
21 � ∆m2

31 and θ13 � 1 (Ue3 = s13e−iδ)

⇒ dominant oscillations are well described by effective two-flavour oscillations
⇒ present data is already sensitive to sub-leading effects
⇒ CP-violation is suppressed by θ13 and ∆m2

21/∆m2
31
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Global data and 3-flavour oscillations Qualitative picture

What we know – masses

INVERTEDNORMAL

[m
as

s]
2

3ν

ν2

ν1

ν2
ν1

ν3

νe

µν

ντ

I The two mass-squared differences are separated roughly by a factor 30:
∆m2

21 ≈ 7× 10−5eV2 , |∆m2
31| ≈ |∆m2

32| ≈ 2.4× 10−3eV2

I at least two neutrinos are massive
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Global data and 3-flavour oscillations Qualitative picture

Physical interpretation of mixing angles

INVERTEDNORMAL
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ν2
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ν2
ν1
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νe
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ντ

sin θ13 = |Ue3| (νe component in ν3) = (ν3 component in νe)
tan θ12 = |Ue2|

|Ue1| ratio of ν2 and ν1 component in νe

tan θ23 = |Uµ3|
|Uτ3| ratio of νµ and ντ component in ν3
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Global data and 3-flavour oscillations Qualitative picture

What we know – mixing

I approx. equal mixing of νµ and ντ in all mass states:
θ23 ≈ 45◦ (with significant uncertainty)

I there is one mass state (“ν1”) which is dominantely νe (θ12 ≈ 30◦),
and it is the lighter of the two states of the doublet with the small
splitting (MSW in sun)

I there is a small νe component in the mass state ν3: θ13 ≈ 9◦
we do not know whether this mass state is the heaviest (normal
ordering) or the lightest (inverted ordering)
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Global data and 3-flavour oscillations Qualitative picture

Complementarity of global oscillation data
param experiment comment
θ12 SNO, SuperK, (KamLAND) resonant matter effect in the Sun

θ23 SuperK, T2K, NOvA νµ disappearance
atmospheric (accelerator) neutrinos

θ13 DayaBay, RENO, D-Chooz ν̄e disappearance
(T2K, NOvA) reactor experiments @ ∼ 1 km

∆m2
21 KamLAND, (SNO, SuperK) ν̄e disappearance

reactor @ ∼ 180 km (spectrum)

|∆m2
31| MINOS, T2K, NOvA, DayaBay νµ and ν̄e disapp (spectrum)

δ T2K, NOvA + DayaBay combination of (νµ → νe) + ν̄e disap

I global data fits nicely with the 3 neutrinos from the SM
I a few “anomalies” > 3σ: LSND, MiniBooNE, Gallium anomaly
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Global data and 3-flavour oscillations Global analysis

Global 3-flavour fit

I NuFit collaboration: www.nu-fit.org
with M.C. Gonzalez-Garcia, M. Maltoni, et al.

I latest paper: NuFit 6.0 (as of Sept 2024)
Esteban, Gonzalez-Garcia, Maltoni, Martinez-Soler, Pinheiro, Schwetz,
JHEP(2024), 2410.05380

I provides updated global fit results
tables & figures, χ2 data for download
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Global data and 3-flavour oscillations Global analysis

Global 3-flavour fit

I robust determination
(relat. precision at 3σ):

θ12 (13%) , θ13 (8%)
∆m2

21 (15%) , |∆m2
3`| (5.1%)

I broad allowed range for θ23 (20%),
non-significant indications for
non-maximality/octant

I ambiguity in sign of ∆m2
3` →

mass ordering
I values of δCP ' 90◦ disfavoured

preference for δCP ' 270◦ for IO
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Global data and 3-flavour oscillations Global analysis

“Solar” sector: θ12,∆m2
21

synergy between solar neutrinos and
KamLAND reactor neutrinos
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Global data and 3-flavour oscillations Global analysis

“Atmsopheric” sector: θ23, θ13, δCP,∆m2
31

I atmospheric neutrino experiments (SuperK, IceCube, ORCA)

I accelerator experiments (T2K, NOvA)

I reactor experiments (DayaBay, RENO)
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Daya Bay reactor experiment
I ν̄e → ν̄e disappearance

The Daya Bay Experiment

2 / 22
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⌅ 17.4 GWth power

⌅ 8 operating detectors

⌅ 160 t total target mass

⌅ 17.4 GWth power

⌅ 8 operating detectors
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T2K and NOvA accelerator experiments

I νµ → νµ and ν̄µ → ν̄µ disappearance
I νµ → νe and ν̄µ → ν̄e appearance

The T2K Experiment

02/07/2020P. Dunne 6
295 km

Kamioka

J-PARC

Tokai

Super-K
• Muon (anti) neutrino beam generated at J-PARC
• Beam travels 295 km to large SK far detector to be 

measured after oscillations
• Near detector complex, ND280 constrains beam flux and 

interaction cross-section before oscillation
• Important to constrain non-oscillation parts of model to 

avoid bias
Near 
Detector

The NOvA Experiment
• Long-baseline	neutrino	
oscillation	experiment

• NuMI beam:	νμ or	ν̅μ
• 2	functionally	identical,	tracking	
calorimeter	detectors
– Near:	300	T	underground
– Far:	14	kT on	the	surface
– Placed	off-axis	to	produce	a	
narrow-band	spectrum

• 810	km	baseline
– Longest	baseline	of	current	
experiments.

Take a tour 
in VR!
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“Atmsopheric” sector: θ23, θ13,∆m2
31

interplay of disappearance data at the
∆m2

31-scale
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6

use sin2 2✓12 = 0.857 ± 0.024 and �m2
21 = (7.50 ±

0.20) ⇥ 10�5 eV2 from Ref. [31], our result was largely
independent of these values. Consistent results were obtained
when our previous methods [1, 9] were applied to this larger
dataset. Under the normal (inverted) hierarchy assumption,
|�m2

ee| yields �m2
32 = (2.37 ± 0.11)⇥ 10�3 eV2 (�m2

32 =
�(2.47 ± 0.11)⇥ 10�3 eV2). This result was consistent with
and of comparable precision to measurements obtained from
accelerator ⌫µ and ⌫̄µ disappearance [10, 11]. Using only the
relative rates between the detectors and �m2

32 from Ref. [10]
we found sin2 2✓13 = 0.085 ± 0.006, with �2/NDF =
1.37/3.

The reconstructed positron energy spectrum observed in the
far site is compared in Fig. 3 with the expectation based on
the near-site measurements. The 68.3%, 95.5% and 99.7%
C.L. allowed regions in the |�m2

ee|-sin2 2✓13 plane are shown
in Fig. 4. The spectral shape from all experimental halls
is compared in Fig. 5 to the electron antineutrino survival
probability assuming our best estimates of the oscillation
parameters. The total uncertainties of both sin2 2✓13 and
|�m2

ee| are dominated by statistics. The most significant
systematic uncertainties for sin2 2✓13 are due to the relative
detector efficiency, reactor power, relative energy scale and
9Li/8He background. The systematic uncertainty in |�m2

ee| is
dominated by uncertainty in the relative energy scale.
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FIG. 3. Upper: Background-subtracted reconstructed positron
energy spectrum observed in the far site (black points), as well as
the expectation derived from the near sites excluding (blue line) or
including (red line) our best estimate of oscillation. The spectra
were efficiency-corrected and normalized to one day of livetime.
Lower: Ratio of the spectra to the no-oscillation case. The error bars
show the statistical uncertainty of the far site data. The shaded area
includes the systematic and statistical uncertainties from the near site
measurements.
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ee|-sin2 2✓13 plane allowed at the 68.3%,

95.5% and 99.7% confidence levels by the near-far comparison of
⌫e rate and energy spectra. The best estimates were sin2 2✓13 =
0.084 ± 0.005 and |�m2

ee| = (2.42 ± 0.11) ⇥ 10�3 eV2 (black
point). The adjoining panels show the dependence of ��2 on
sin2 2✓13 (top) and |�m2

ee| (right). The |�m2
ee| allowed region

(shaded band, 68.3% C.L.) was consistent with measurements of
|�m2

32| using muon disappearance by the MINOS [10] and T2K [11]
experiments, converted to |�m2

ee| assuming the normal (solid) and
inverted (dashed) mass hierarchy.

 [km/MeV]〉νE〈 / effL
0 0.2 0.4 0.6 0.8

) eν 
→ eν

P(

0.9

0.95

1
EH1
EH2
EH3
Best fit

FIG. 5. Electron antineutrino survival probability versus effective
propagation distance Le↵ divided by the average antineutrino energy
hE⌫i. The data points represent the ratios of the observed
antineutrino spectra to the expectation assuming no oscillation. The
solid line represents the expectation using the best estimates of
sin2 2✓13 and |�m2

ee|. The error bars are statistical only. hE⌫i
was calculated for each bin using the estimated detector response,
and Le↵ was obtained by equating the actual flux to an effective
antineutrino flux using a single baseline.

|�m2
ee| have been obtained by studying the energy-

dependent disappearance of the electron antineutrino inter-
actions recorded in a 6.9⇥105 GWth-ton-days exposure.
Improvements in calibration, background estimation, as well
as increased statistics allow this study to provide the most
precise estimates to date of the neutrino mass and mixing
parameters |�m2

ee| and sin2 2✓13.
Daya Bay is supported in part by the Ministry of Science

and Technology of China, the U.S. Department of Energy,

T2K, 2015
νµ → νµ, 〈L〉 ∼ 295 km
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Complementarity between beam and reactor experiments
I νµ → νe appearance probability (T2K, NOvA):

Pµe ≈ sin2 2θ13 sin2 θ23
sin2(1− A)∆

(1− A)2

+ sin 2θ13 α̂ sin 2θ23
sin(1− A)∆

1− A
sinA∆

A cos(∆ + δCP)

with ∆ ≡ ∆m2
31L

4Eν
, α̂ ≡ ∆m2

21
∆m2

31
sin 2θ12 , A ≡ 2EνV

∆m2
31

I νe survival probability (reactor experiments, e.g. Daya Bay)

Pee ≈ 1− sin2 2θ13 sin2 ∆
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Appearance restults from T2K and NOvA

Pµe ≈ sin2 2θ13 sin2 θ23
sin2(1− A)∆

(1− A)2

+ sin 2θ13 α̂ sin 2θ23
sin(1− A)∆

1− A
sinA∆

A cos(∆ + δCP)
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Appearance restults from T2K and NOvA
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Global data and 3-flavour oscillations δCP and mass ordering

Status of δCP

some indications on the allowed range of δCP due to the interplay of reactor
(Daya Bay) and accelerator (T2K, NOvA) neutrino experiments

I values of δCP ' 90◦ disfavoured
I normal ordering:

CP conservation (δCP ' 180◦) at 1σ
I inverted ordering:

preference for δCP ' 270◦(maximal CPV)
CP conservation disfavoured at > 3.6σ
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Global data and 3-flavour oscillations δCP and mass ordering

CP violation in neutrino oscillations

Leptonic CP violation will manifest itself in a difference of the vacuum
oscillation probabilities for neutrinos and anti-neutrinos
Cabibbo, 1977; Bilenky, Hosek, Petcov, 1980, Barger, Whisnant, Phillips, 1980

Pνα→νβ − Pν̄α→ν̄β = −16 Jαβ sin ∆m2
21L

4Eν
sin ∆m2

32L
4Eν

sin ∆m2
31L

4Eν
,

where
Jαβ = Im(Uα1U∗α2U∗β1Uβ2) = ±J ,

with +(−) for (anti-)cyclic permutation of the indices e, µ, τ .

J : leptonic analogue to the Jarlskog-invariant in the quark sector
Jarlskog, 1985
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CP violation

Jarlskog-invariant:

J = |Im(Uα1U∗α2U∗β1Uβ2)| = s12c12s23c23s13c213sin δ ≡ Jmaxsin δ

neutrino oscillation data:

Jmax = 0.0333± 0.0007(±0.0017) 1σ (3σ) nu-fit 6.0

in the quark sector:

JCKM = (3.12± 0.13)× 10−5 PDG
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Global data and 3-flavour oscillations δCP and mass ordering

T2K: J-PARC → HyperK (285 km, WC detector)

DUNE: Fermilab → Homestake
(1300 km, LAr detectors)

Sanford Underground Research Facility, South Dakota Fermi National Accelerator Laboratory, Illinois

Building an International Flagship  
Neutrino Experiment
An international team of over 1,000 scientists and engineers from more than 30 countries  
is building the most advanced neutrino experiment in the world, which could change our 
understanding of the universe. Groundbreaking for this revolutionary endeavor—hosted  
by the U.S. Department of Energy’s Fermilab with contributions from across the U.S. and 
around the globe—took place in July of 2017. The first of two large prototype detectors 
started recording data in Sept. 2018.

Contact 
Fermilab Office of  
Communication
+1 630 840-3351
fermilab@fnal.gov
www.fnal.gov/dune

800 miles/1300 km

Deep Underground Neutrino Experi-
ment (DUNE)

DUNE consists of two state-of-the-art 
particle detectors: a smaller one at Fermilab 
and a much larger one to be constructed  
a mile beneath the surface at the Sanford 
Underground Research Facility in South 
Dakota. The South Dakota detector will  
be the largest of its type ever built, and  
will use 70,000 tons of liquid argon and 
advanced technology to record neutrino 
interactions with unprecedented precision. 
The first of two large prototype detectors 
began recording data at CERN in Sept. 
2018. The full detector and its computing 
systems will be designed and built by an 
international collaboration of scientists from 
more than 30 countries. 

Long-Baseline Neutrino Facility  
(LBNF)

Before the DUNE detectors can be built, 
they will need underground facilities 
equipped with intricate cryogenic technol-
ogy to keep the detectors at their operating 
temperature of -300 degrees Fahrenheit. 
LBNF will house the DUNE far detector a mile 
underground in South Dakota, as well as  
the smaller near detector at Fermilab. About 
800,000 tons of rock will be excavated  
from Sanford Lab’s underground caverns, 
and a new scientific facility constructed.  
At Fermilab, a new beamline will  
be built to send the laboratory’s intense  
high-energy beam of neutrinos 800 miles 
(1300 km) through the earth from Illinois  
to South Dakota, with no tunnel needed. 

Proton Improvement Plan II  
(PIP-II)

The DUNE experiment requires the most 
particle-packed high-energy neutrino 
beam in the world and that’s exactly what 
Fermilab will deliver. Fermilab’s high- 
energy neutrino beam is already the world’s 
most intense, but a new particle accelerator, 
built with major contributions from partners 
around the world, will make that beam  
even more powerful. Groundbreaking for 
the PIP-II project took place in March  
2019. The accelerator will be built with the 
latest superconducting radio-frequency 
technology developed at Fermilab. Along 
with other improvements to the accele- 
rator complex, it will deliver the best possible 
neutrino beam for DUNE. 

FEB 2020

DUNE
oscillation science goals:
determine mass ordering
and CP phase
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Determining the mass ordering - 1
I Looking for the matter effect in transitions involving ∆m2

31
I long-baseline accelerator experiments NOvA, DUNE
I atmospheric neutrino experiments IceCube, ORCA, HyperK

Akhmedov, Maltoni, Smirnov, hep-ph/0612285
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Determining the mass ordering - 2
I Interference effect of oscillations with ∆m2

31 and ∆m2
21

Petcov, Piai, hep-ph/0112074
I reactor experiment at 60 km JUNO

Preac
ee = 1− c413 sin2 2θ12 sin2 φsol

− 1
2 sin2 2θ13 [1− cosφsol cos 2φatm + cos 2θ12 sinφsol sin 2φatm]

with

φsol = (m2
2 −m2

1)L
4E

φatm = [m2
3 − (m2

1 + m2
2)/2]L

4E
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Determining the mass ordering - 3
I Determination of |∆m2

31| from νe and νµ disappearance
Nunokawa, Parke, Zukanovich Funchal, hep-ph/0503283

Pαα ≈ 1− sin2 2θαα sin2 ∆m2
ααL

4Eν
, α = µ, e

with

sin2 θµµ = cos2 θ13 sin2 θ23
∆m2

µµ = sin2 θ12∆m2
31 + cos2 θ12∆m2

32 + cos δCP sin θ13 sin 2θ12 tan θ23∆m2
21

θee = θ13

∆m2
ee = cos2 θ12∆m2

31 + sin2 θ12∆m2
32

|∆m2
µµ| − |∆m2

ee | = ∓∆m2
21[cos 2θ12 − cos δCP sin θ13 sin 2θ12 tan θ23]
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Determining the mass ordering - 3
I Determination of |∆m2

31| from νe and νµ disappearance
Nunokawa, Parke, Zukanovich Funchal, hep-ph/0503283

I starts being relevant in current data
I will become more important with JUNO

Blennow, Schwetz, 1306.3988
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Summary and concluding comments

Concluding comments

I global data on neutrino oscillations is (mostly) consistent with
3-flavour oscillations

I at least two neutrinos are massive

I typical mass scales √
∆m2

21 ∼ 0.0086 eV√
∆m2

31 ∼ 0.05 eV

are much smaller than all other fermion masses

I all three mixing angles are measured with reasonable precision

I lepton mixing is VERY different from quark mixing
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Summary and concluding comments

The SM flavour puzzle
Lepton mixing:

θ12 ≈ 33◦

θ23 ≈ 45◦

θ13 ≈ 9◦
UPMNS = 1√

3

 O(1) O(1) ε
O(1) O(1) O(1)
O(1) O(1) O(1)



Quark mixing:

θ12 ≈ 13◦

θ23 ≈ 2◦

θ13 ≈ 0.2◦
UCKM =

 1 ε ε

ε 1 ε

ε ε 1


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The SM flavour puzzle
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Summary and concluding comments

Concluding comments

open questions for oscillation experiments:
I identify neutrino mass ordering

I establish leptonic CP violation

I precision measurments (e.g., θ23 ≈ 45◦?)

I over-constrain 3-flavour oscillations (search for non-standard
properties, sterile neutrinos, exotic neutrino interactions,...)

questions which cannot be addressed by oscillations:
I absolute neutrino mass scale
I Dirac or Majorana nature
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