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Motivations

Why we study entanglement?

Density operator:

𝜌𝐴 ≡ Tr𝐵(𝜌)

𝑆 𝜌𝐴 ≡ −Tr𝐴(𝜌𝐴ln𝜌𝐴 )

Entanglement entropy:

𝜌 ≡ 𝜓 〈𝜓|

Reduced density matrix:

For the pure state |𝜓〉

Quantum phase transitions

Topological order

Practical applications: quantum computing

Entropy of the black hole

Entangled state: 𝜌𝐴 describes a mixed state, 𝑆 𝜌𝐴 > 0.

Product state: 𝜌𝐴 describes a pure state, 𝑆 𝜌𝐴 = 0.



Motivations

TFIC with infinite system size

Calabrese, Cardy. (2005)

Dynamics of  the entanglement after a quantum quenching

No temporal fluctuations at late time

Bose–Hubbard model

Experiment is  performed at finite system!

M. Greiner’s group. (2016)

Quench protocols:  at time 𝑡 = 0, the Hamiltonian of an isolated system is 

changed instantaneously, the initial state |𝜓0〉 will do an unitary evolution under the 

new Hamiltonian 𝐻:

| ۧ𝜓(𝑡) =𝑒−𝑖
𝐻
ℏ
𝑡| ۧ𝜓0 . 𝜌 𝑡 , 𝜌𝐴 𝑡 , 𝑆 𝑡 .

Universal linear growth in time Growth at beginning and fluctuations at late time



1D harmonic oscillator chains:
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where |𝜓0〉 is the ground state of the Hamiltonian before the quantum quench.

| ۧ𝜓(𝑡) =𝑒−𝑖𝐻𝑡| ۧ𝜓0 ,

The Rice-Mele model:

Quench dynamics:

Model

𝑚: the mass of a oscillator

𝜔: the frequency of a oscillator 

𝐾: the coupling strength

𝐽 and 𝐽′: the hopping amplitudes

𝑀: the staggered onsite mass

𝐽 𝐽′ 𝐽 𝐽′

ҧ𝐴 ത𝐵 ҧ𝐴 ത𝐵 ҧ𝐴 ത𝐵



{𝜆𝑏(𝑡)}: Symplectic eigenvalues of  𝛾𝐴(𝑡).

𝛾𝑖𝑗 (𝑡) ≡
1

2
〈𝜓(𝑡)|{ො𝐫𝑖, ො𝐫𝑗}|𝜓(𝑡)〉

Covariance matrix 𝛾(𝑡):

A B

Correlation function matrix 𝐶(𝑡):

𝐶𝑖𝑗 (𝑡) ≡ 〈𝜓(𝑡)|𝒄𝑖
†𝒄𝑗|𝜓(𝑡)〉

ො𝒓 = 𝑥1, 𝑥2, ⋯ 𝑥𝐿, 𝑝1, 𝑝2⋯𝑝𝐿
𝑇

{𝜆𝑓(𝑡)}: eigenvalues of  𝐶𝐴(𝑡).

𝜆𝑏 𝑡 , 𝜆𝑓 𝑡

calculate

Entanglement entropy 𝑆(𝑡)

𝒄 = 𝑐1 ҧ𝐴, 𝑐2 ҧ𝐴, ⋯ 𝑐𝐿 ҧ𝐴, 𝑐1 ത𝐵, 𝑐2 ത𝐵⋯𝑐𝐿 ത𝐵
𝑇

When all indexes are limited to subsystem A, we get submatrices 𝛾𝐴(𝑡) and 𝐶𝐴(𝑡).

(Fermionic)(Bosonic)

Setup and method

𝑏, 𝑓 = 1, 2,⋯2𝐿𝐴.



The example of elements of matrix 𝛾𝐴(𝑡):

𝝋 ≡ 2𝝎𝒃𝑡, 𝝎𝒃 ≡ 𝜔𝑘0 , 𝜔𝑘1 , ⋯ , 𝜔𝑘𝑁−1 .

Since 𝝎𝒃 and 𝝎𝒇 are 

incommensurate, the 

evolution of the matrix 

𝛾𝐴(𝑡) and 𝐶𝐴(𝑡) can be 

viewed as a ergodic 

rotation on a torus 𝕋𝑁, 

described by 𝝋. 

The elements of matrix 𝐶𝐴(𝑡) :

Emergent random structure

(Bosonic)

(Fermionic)

𝝋 ≡ 2𝝎𝒇𝑡, 𝝎𝒇 ≡ 𝐸𝑓𝑘0 , 𝐸𝑓𝑘1 , ⋯ , 𝐸𝑓𝑘𝑁−1 .

The time parameter enters through the dynamical phase factor 𝝋 .

By the ergodic theorem, 

in long time scale, the 

statistics of time series 

are equivalent to the 

statistics of random 

uniform sampling on the 

torus 𝕋𝑁.



where ሚ𝐶𝐴 𝝋 ≡ 𝑖𝕁𝛾𝐴 𝝋 .

𝕁 ≡
0 𝕀𝐿𝐴

−𝕀𝐿𝐴 0

Entanglement entropy: 

(Bosonic)

Fluctuations of entanglement

𝛾𝐴 𝑡 , 𝐶𝐴(𝑡)𝛾𝐴 𝝋 , 𝐶𝐴(𝝋)
replace

Analytically, we obtain V𝑎𝑟 𝑆 =
𝑎

𝐿
+ 𝑏

𝐿𝐴
3

𝐿2
.

From the concentration-of-measure theory, we have V𝑎𝑟 𝑆 ∝ 𝜕𝜑𝑆
2
.

This is irrespective of particle statistics! 

(for free fermions and Bosons)

(Fermionic)

S 𝝋 =
1

2
න
1
4

∞

𝑑𝜆 𝑒 𝜆 Tr𝐴𝛿 𝜆𝕀 − ሚ𝐶𝐴
2 𝝋 ,

S 𝝋 = න
0

1

𝑑𝜆 𝑒′ 𝜆 Tr𝐴𝛿 𝜆𝕀 − 𝐶𝐴 𝝋 .

Because of the equivalence of statistics: 



Numerical verification: 1D harmonic oscillator chains

1. The scaling law is universal with respect to entanglement 

entropy and R ƴenyi entropy. 

Var O =
𝑎

𝐿
+ 𝑏

𝐿𝐴
3

𝐿2

Total system size 𝐿: 102~108

Subsystem size 𝐿𝐴: 2~3000

Region: 𝐿𝐴 ≪ 𝐿 Region: 𝐿𝐴 > 𝐿1/3

2. The scaling law is insensitive to particle statistics. The insensitivity of 

entanglement fluctuations to the particle statistics is dubbed boson-fermion 

universality. 
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A B

Free Fermionic systems give the same results. See Ref: 



Thank you for your attention!



1D harmonic oscillator chains:
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Second quantization:

𝐻 =

𝑘

𝜔𝑘 𝛼𝑘
†𝛼𝑘 +

1

2

| ۧ𝜓0 = ς𝑘⊗ ห ۧ0 𝑘.Ground state:

Here and after the Planck 

constant ℏ is set to unity.

Quench dynamics:

| ۧ𝜓(𝑡) =𝑒−𝑖 𝐻𝑡| ۧ𝜓0 .

𝐻0 𝑚,𝜔0, 𝐾0 ⟶ 𝐻 𝑚,𝜔,𝐾

The Rice-Mele model:

Diagonalization:

𝐻𝑅𝑀 =

𝑘

−𝐸𝑓𝑘𝑐𝑘, ҧ𝐴
† 𝑐𝑘, ҧ𝐴 + 𝐸𝑓𝑘𝑐𝑘, ത𝐵

† 𝑐𝑘, ത𝐵

| ۧ𝜓0 = ς𝑘⊗𝑐𝑘, ҧ𝐴
† |0〉.

𝐻0 𝐽0, 𝐽0
′ , 𝑀0 ⟶ 𝐻 𝐽, 𝐽′,𝑀

The evolution of states:

Model

𝜔𝑘 = 𝜔2 + 2𝐾(1 − cos 𝑘)/𝑚



Quench parameter: 𝐻0 𝜔0
2 = 1.5, 𝐾0 = 1 ⟶ 𝐻 𝜔2 = 2.5, 𝐾 = 1 .

𝐿 = 124, 𝐿𝐴 = 25
Green doted line: time series 

Orange dots: uniformly drawn 

from the torus 𝕋𝑁

Numerical simulation: 1D harmonic oscillator chains



Quench parameter: 𝐻0 𝜔0
2 = 1.5, 𝐾0 = 1 ⟶ 𝐻 𝜔2 = 2.5, 𝐾 = 1 .

𝐿 = 124, 𝐿𝐴 = 25

P 𝑆 − 𝑆 ≥ 𝜖 =
𝑒
−
𝜖2

𝑏+ , for 𝑆 − 𝑆 > 0,

𝑒
−

𝜀2

𝑏−+𝔠𝜖 , for 𝑆 − 𝑆 < 0,

Sub-Gaussian upper tail

Sub-Gamma lower tail

Numerical simulation: 1D harmonic oscillator chains



Asymmetric distribution Scaling law

The universality arises from common probabilistic structures, namely a product 

probability measure due to incommensurate 𝝎𝒃 and 𝝎𝒇.

Free Fermionic systems give the same results.

Numerical simulation: 1D free Fermionic systems



1D XXZ spin chains
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The Hamiltonian of the 1D XXZ spin chain is

We study the entanglement dynamics of two different initial 

states, namely, Neel state and random phase state.

Neel state:

Random phase state:

| ۧ↑↓↑↓ ⋯ ↑↓

| ۧ𝜓 = σ𝑛=0
𝑒𝑖𝜑𝑛

𝐷
| ۧ𝑛

The simulation is processed by exact diagonalization. And the 

conserved quantity total magnetization 𝑆𝑧 and translational 

invariant symmetry have been taken into account.



1D XXZ spin chains

𝑉𝑎𝑟 𝑆 ∼ 𝑒−𝜅𝐿𝐿𝐴
𝛽

𝑆 𝜌𝐴 = −Tr𝐴(𝜌𝐴ln𝜌𝐴 )


