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Motivations

O Quantum phase transitions
Wh v entanal 0 O Topological order
we study entanglement
y y ] O Entropy of the black hole
O Practical applications: guantum computing
Product state Entangled state For the pure state |y)

(@ @’) (‘@) Density operator:
Gl Gl D =W

V)=V ®|¥)g Reduced density matrix:
ITTTTTT] 1171
-/ Trace % Trace @ pa = Trg(p)

FLLTTE
Entangled state: p, describes a mixed state, S(p,) > 0.

Entanglement entropy:

S(pa) = —Tra(palnpy )
Product state:  p, describes a pure state, S(p,) = 0.



Motivations

Dynamics of the entanglement after a quantum quenching

Quench protocols: at time t = 0, the Hamiltonian of an isolated system is
changed instantaneously, the initial state |y, ) will do an unitary evolution under the
new Hamiltonian H:

(D)) =e 1R [yp,). e (2), pa (L), S(O).

TFIC with infinite system size Bose—Hubbard model
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No temporal fluctuations at late time  Experiment is performed at finite system!

Calabrese, Cardy. (2005) M. Greiner’s group. (2016)



Model

1D harmonic oscillator chains: The Rice-Mele model:
L

H = P T +§(xj ~ Xj41) =1

Jj=0 L
, T N | B
+ﬂ’j§ :(Ca‘ﬁ ;A Cph Ci)-
i—1

L-1

m: the mass of a oscillator
w: the frequency of a oscillator J and J': the hopping amplitudes
K: the coupling strength M the staggered onsite mass

Quench dynamics: |(t)) =e~Ht|y,),

where [y,) Is the ground state of the Hamiltonian before the quantum quench.



Setup and method

__________

(Bosonic) (Fermionic)
Covariance matrix y (t): Correlation function matrix C(t):
1
vy () = 5 (WO R B} () Cyj (8) = W©le; ¢ p())
= (x1, %2 X, P1, P2 L) ¢ = (€14, C24 " CLA C15,C25 " CLE) "

When all indexes are limited to subsystem A, we get submatrices y,(t) and C,(t).

{1, (t)}: Symplectic eigenvalues of y4(t). {A¢(t)}: eigenvalues of C4(t).

{A4p(©)}, {2A;(¢)} memmmmmd  Entanglement entropy S(¢)
b,f =1,2,- 2Ly. calculate



Emergent random structure

The example of elements of matrix y,(t):

1 SR |
— Y e T (B (k) 4+ E_(k) cos (2wyt))
m.L - Wi

((t)|zras|b(t)) =
_ (Bosonic)
The elements of matrix C,(t):

1 o _
Cig.itor () = T Z otk (i=i) (fywr(k) + Qgor (k) cos(2E¢kt) 4 Boor (k) sin(2Eit) )
(Fermionic)

The time parameter enters through the dynamical phase factor ¢ .
(p = Zwbt, wb = {wk(), wkl, S wkN—]_}' (p = wat, wf = {Efko) Efkl’ e ’Eka—l}.

_Smce wp and wy are W W(t') By the ergodic theorem,
incommensurate, the. t in long time scale, the
evolution of the matrix | ~"~ ¥() statistics of time series
Ya(t) and C4(¢) can be are equivalent to the

viewed as a ergodic statistics of random

- N . =
rotation on a torus T, uniform sampling on the
described by ¢. torus TV .




Fluctuations of entanglement

Because of the equivalence of statistics: y4(@), C4(¢) ) v, (1), C,(t)

replace
Entanglement entropy:

1 r® -
S(p) = E.[l dAe(A)Tr,6 (/UI — Cf (‘P)) ,» where C4(@) = iJy4(o). (Bosonic)
4

1 0 HLA
S(p) = J dAe' (D) Tr,8(A1 — C4(@)). (Fermionic) J= (—HLA 0 )
0

From the concentration-of-measure theory, we have Var(S) « (|a¢5|2).

0.009

. . a L3 o },‘II/
Analytically, we obtain Var(S) =—+b —‘21. ° e
L L o006 29 o
6 ® 53(X 12) |:r"/
L . . - 5 -
This is irrespective of particle statistics! ~ 0003} .
(for free fermions and Bosons) s
0 r” , .
0.006 0.012 0.018

(19501%)



Free Fermionic systems give the same results. See Ref: Nat Commun 15, 1775 (2024)

lg(Var(0))

Numerical verification: 1D harmonic oscillator chains
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Total system size L: 10%~108
Subsystem size L,: 2~3000

______

1. The scaling law is universal with respect to entanglement
entropy and Rényi entropy.

2. The scaling law is insensitive to particle statistics. The insensitivity of
entanglement fluctuations to the particle statistics is dubbed boson-fermion
universality.



Thank you for your attention!



Model

1D harmonic oscillator chains: The Rice-Mele model:
L
_ cab, 1, maw? , K 2 Hpy = — Z(J(:LTl c;g+ J"CIB Ciyna T h.c.)
H = %pj +ij +E(xj_xj+1) i=1
j=0
+M Z 11%A ~ CpCin)-
Second quantization: Diagonalization:
_ 1 _ t o
H = Z Wy (a,'[ak + E) Hgpy = z (—Efkck,gck,A + Ekak,ng,B)
T k
Wy = \/wz + 2K (1 — cosk)/m Eyp = \/_Z\,IQ + J2+J?2+2JJ cosk.
Ground state: o) = [T ® |0} o) = [Tk ® ¢ 410).
Quench dynamics:  Hy(m, wo, Ko) — H(m, w,K) HoUo,Jo Mo) — H(,J', M)
The evolution of states: () =e~Ht ). Here and after the Planck

constant 7 is set to unity.



Numerical simulation: 1D harmonic oscillator chains
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P(S)

Numerical simulation: 1D harmonic oscillator chains
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Numerical simulation: 1D free Fermionic systems
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Free Fermionic systems give the same results.

The universality arises from common probabilistic structures, namely a product
probability measure due to incommensurate wp and wg. TV = T, x ... x Ty_;



1D XXZ spin chains

The Hamiltonian of the 1D XXZ spin chain is

z 2 S+Sl_+1 + S Sl+1) + AZ(SZSHl
1=0

We study the entanglement dynamics of two different initial
states, namely, Neel state and random phase state.

Neel state: |TLTL - TL)
Random phase state: W)= 3., "pnl )

The simulation is processed by exact diagonalization. And the
conserved quantity total magnetization S, and translational
Invariant symmetry have been taken into account.



1D XX
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Var(S) ~ e"‘LLf1

S(pa) = —Tra(palnpy )

pa(t) = e emmenlty xaTrp (W) (W,

m,n




