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Outline
• (Long) Introduction


• (Relatively Short) Derivation of DGLAP/BFKL Mixing


• Application in QCD Phenomenology

• an exercise in QM

• introduction to DGLAP and BFKL equations

• a little bit technical

• with many colorful figures



Physics in a Nutshell
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In physics, our investigations often focus on two aspects:

kinematics dynamics

phase space evolution equation

states Hamiltonian/Lagrangian

operators spectrum and OPE coefficients

If not exactly solvable, we are likely to try perturbation theory for many cases …
[non-perturbative methods include Monte Carlo, bootstrap, duality, variational and mean field theory methods…]



Perturbation Theory in QM
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Physicists are extremely good at doing perturbation theories.
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Perturbative expansion:

perturbation

At each order in the expansion, we find pole structures when energy levels are very close.

Numerically, this approximation is not good when the energy gap is  [resummation is needed]𝒪(λ)



Two-level system example
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If the first excited state is close to the ground state, while all other states are far-separated,

the leading approximation for lowest two states is a two-level system

Example:

Perturbative expansion for the ground state energy

<latexit sha1_base64="RJj74gajiKUF//oup//dMTCuC1Y="></latexit>

B is the energy gap for “free” Hamiltonian H0 =
B

2
�z
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|B|

But everyone knows there is a straightforward way! [direct diagonalization]

<latexit sha1_base64="f5yONPFn9oUMyVnIF1/9CGdN5ao="></latexit>

H =
B

2
�z + �(3�x + �z)

Not easy to resum if one does not recognize the pattern of coefficients
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B > 0
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solution
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det(H � EI) = E
2 � (B2

/4 + 2B�+ 5�2)
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E = ±1

2
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Avoided Level Crossing
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The “free” Hamiltonian has degeneracy at 
, but is lifted by small perturbation.B = 0

Varying the external field , we find 
avoided level crossing near .

B
B ∼ 0

Comparison btw two methods:

1. Perturbation + resummation


2. The existence of the second level is known, 
the direct diagonalization is much simpler.

[may not know the existence of the second level]

Apply perturbation within the valid regime

Resum the series near the intersection

<latexit sha1_base64="91zS4p+2PuLgZeGchbtyuQMUfDQ=">AAAB/XicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6DHEi8cEzAOSJcxOepMhsw9mZoVlCX6AV/0Eb+LVb/EL/A0nyR5MYkFDUdVNd5cXC660bX9bG5tb2zu7hb3i/sHh0XHp5LStokQybLFIRLLrUYWCh9jSXAvsxhJp4AnseJP7md95Qql4FD7qNEY3oKOQ+5xRbaRmfVAq2xV7DrJOnJyUIUdjUPrpDyOWBBhqJqhSPceOtZtRqTkTOC32E4UxZRM6wp6hIQ1Qudn80Cm5NMqQ+JE0FWoyV/9OZDRQKg080xlQPVar3kz8z+sl2r9zMx7GicaQLRb5iSA6IrOvyZBLZFqkhlAmubmVsDGVlGmTzdKWeJwqztS0aJJxVnNYJ+3rilOtVJs35Vo9z6gA53ABV+DALdTgARrQAgYIL/AKb9az9W59WJ+L1g0rnzmDJVhfv3X5lck=</latexit>

B
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Avoided Level Crossing
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Nearly free electron model: single electron spectrum
In solid physics, the avoided crossing can have an influence on the band structures.

In this example, the 
continuous parameter is 
the momentum  in the 
first Brillouin zone.

k
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k

<latexit sha1_base64="9tAV11sZERxX67rrVWWi9y6Tji4=">AAACFHicbVBNS8NAEJ34WetX1aOXxSLUS0lEqseiCB4r2A9oQ9lsN+3SzSbsbsQQ+hc8qj/Gm3j17m/x4qbNwbY+GHi8N8PMPC/iTGnb/rZWVtfWNzYLW8Xtnd29/dLBYUuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vgm89uPVCoWigedRNQN8FAwnxGsM+m2Mj7rl8p21Z4CLRMnJ2XI0eiXfnqDkMQBFZpwrFTXsSPtplhqRjidFHuxohEmYzykXUMFDqhy0+mtE3RqlAHyQ2lKaDRV/06kOFAqCTzTGWA9UoteJv7ndWPtX7kpE1GsqSCzRX7MkQ5R9jgaMEmJ5okhmEhmbkVkhCUm2sQztyUaJYoRNfdI+jS7v2jSchazWSat86pTq9buL8r16zy3AhzDCVTAgUuowx00oAkERvAMr/BmvVjv1of1OWtdsfKZI5iD9fUL9cyfLA==</latexit>

E(k)

<latexit sha1_base64="PoQzrk+dliGbp5JUY1ET4ivAteo=">AAACEXicbVBNS8NAEJ34WetX1aOXYBE8lUSkeix68diC/YA2lM120i7dbMLuRgyhv8Cj+mO8iVd/gb/Fi9s2B9v6YODx3gwz8/yYM6Ud59taW9/Y3Nou7BR39/YPDktHxy0VJZJik0Y8kh2fKORMYFMzzbETSyShz7Htj++mfvsRpWKReNBpjF5IhoIFjBJtpMa4Xyo7FWcGe5W4OSlDjnq/9NMbRDQJUWjKiVJd14m1lxGpGeU4KfYShTGhYzLErqGChKi8bHboxD43ysAOImlKaHum/p3ISKhUGvqmMyR6pJa9qfif1010cONlTMSJRkHni4KE2zqyp1/bAyaRap4aQqhk5labjogkVJtsFrbEo1QxqhYeyZ7m9xdNWu5yNqukdVlxq5Vq46pcu81zK8ApnMEFuHANNbiHOjSBAsIzvMKb9WK9Wx/W57x1zcpnTmAB1tcviaieeA==</latexit>
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E(k)

Turn on lattice potential

First Brillouin zone

Avoided level crossing is a general phenomenon in physics.
The immediate impact of avoided level crossing in a degenerate two state system is the emergence of a lowered energy eigenstate.

https://en.wikipedia.org/wiki/Avoided_crossingQuantum Resonance: e.g. benzene

<latexit sha1_base64="FFg58IQPp1mdV5qc7fuvQ8z85AM="></latexit>

have the same e.v. hHi

https://en.wikipedia.org/wiki/Avoided_crossing
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Chew-Frautschi Plot
What object are we going to discuss?

What is meaning of the spectrum?

What is the continuous parameter?

A similar scenario occurs in QCD



For those who may know relevant concepts
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Chew-Frautschi Plot

<latexit sha1_base64="NDB6FEczymewVyWQLCmSigAzY8w=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi3hKwDwgWcLspJOMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80g+mHGMfkgHkvc5o8ZKtftuseSW3RnIMvEyUoIM1W7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NAJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/2k+5jBODks0X9RNBTESmX5MeV8iMGFtCmeL2VsKGVFFmbDYFG4K3+PIyaZyVvcvyRe28VLnJ4sjDERzDKXhwBRW4gyrUgQHCM7zCm/PovDjvzse8NedkM4fwB87nD6PBjNg=</latexit>

J

<latexit sha1_base64="GQ/QyRtP9qu+OFdBfRIldDEj8+k=">AAAB73icbVDLSgNBEJz1GeMr6tHLYBC8GHaDr2NQDx4jmAckS5iddJIhs7PrTK8QlvyEFw+KePV3vPk3TpI9aGJBQ1HVTXdXEEth0HW/naXlldW19dxGfnNre2e3sLdfN1GiOdR4JCPdDJgBKRTUUKCEZqyBhYGERjC8mfiNJ9BGROoBRzH4Iesr0ROcoZWa7VuQyE7LnULRLblT0EXiZaRIMlQ7ha92N+JJCAq5ZMa0PDdGP2UaBZcwzrcTAzHjQ9aHlqWKhWD8dHrvmB5bpUt7kbalkE7V3xMpC40ZhYHtDBkOzLw3Ef/zWgn2rvxUqDhBUHy2qJdIihGdPE+7QgNHObKEcS3srZQPmGYcbUR5G4I3//IiqZdL3kXp/P6sWLnO4siRQ3JETohHLkmF3JEqqRFOJHkmr+TNeXRenHfnY9a65GQzB+QPnM8fQm6PeQ==</latexit>

�� 2



Renormalization and Scale Dependence
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Renormalization is one of the most important concepts in QFT.
It is closely related to UV or IR behavior (divergences).

Wilsonian RG picture

• Flows from UV to IR by integrating out high-energy d.o.f. .

Physics at different scales might look completely different.

asymptotically 
free partons

UV

confined 
hadrons

IR
RG flow

Example: QCD

In high-energy scattering, parton distribution function of is 
an important example that connects these two concepts.



Review of Deep Inelastic Scattering
In DIS, we have the notion of Parton Distribution Functions  fa(x; μ)

momentum fraction PDFs are scale dependent

12

P

q

x P

x =
−q2

2P ⋅ q

The scale  can be regarded as off-shellness/virtuality or  .μ kT

Matrix element definition 
(hadronic part): 
⟨P |Jμ(q)Jν(−q) |P⟩

The natural high-energy scale in DIS is determined by the 
momentum transfer

<latexit sha1_base64="/h8Hco4pfjvgMH62kuTNWlWJEC4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4sSRFqseiF48V7Ac0sWy2m3bpbpLuTgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5ttbWNza3tgs7xd29/YND++i4qeNUUdagsYhVOyCaCR6xBnAQrJ0oRmQgWCsY3s381pgpzePoESYJ8yXpRzzklICRurbtaS6xp0cKssvRU2XatUtO2ZkDrxI3JyWUo961v7xeTFPJIqCCaN1xnQT8jCjgVLBp0Us1Swgdkj7rGBoRybSfzS+f4nOj9HAYK1MR4Ln6eyIjUuuJDEynJDDQy95M/M/rpBDe+BmPkhRYRBeLwlRgiPEsBtzjilEQE0MIVdzciumAKELBhFU0IbjLL6+SZqXsVsvVh6tS7TaPo4BO0Rm6QC66RjV0j+qogSgao2f0it6szHqx3q2PReualc+coD+wPn8ANkGTZw==</latexit>

⇠
p

�q2

<latexit sha1_base64="6cplaOwp8dYvO23/EQNX9l6sq4k=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLzlGNCaQLGF2MpsMmccyMyuEJZ/gxYMiXv0ib/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx49GpVqQltEcaU7ETaUM0lblllOO4mmWESctqPx7cxvP1FtmJIPdpLQUOChZDEj2DrpXvQb/XLFr/pzoFUS5KQCOZr98ldvoEgqqLSEY2O6gZ/YMMPaMsLptNRLDU0wGeMh7ToqsaAmzOanTtGZUwYoVtqVtGiu/p7IsDBmIiLXKbAdmWVvJv7ndVMbX4cZk0lqqSSLRXHKkVVo9jcaME2J5RNHMNHM3YrICGtMrEun5EIIll9eJY8X1aBWrd1dVuo3eRxFOIFTOIcArqAODWhCCwgM4Rle4c3j3ov37n0sWgtePnMMf+B9/gAhXI23</latexit>mH

<latexit sha1_base64="/h8Hco4pfjvgMH62kuTNWlWJEC4=">AAAB+XicbVBNS8NAEN34WetX1KOXxSJ4sSRFqseiF48V7Ac0sWy2m3bpbpLuTgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5ttbWNza3tgs7xd29/YND++i4qeNUUdagsYhVOyCaCR6xBnAQrJ0oRmQgWCsY3s381pgpzePoESYJ8yXpRzzklICRurbtaS6xp0cKssvRU2XatUtO2ZkDrxI3JyWUo961v7xeTFPJIqCCaN1xnQT8jCjgVLBp0Us1Swgdkj7rGBoRybSfzS+f4nOj9HAYK1MR4Ln6eyIjUuuJDEynJDDQy95M/M/rpBDe+BmPkhRYRBeLwlRgiPEsBtzjilEQE0MIVdzciumAKELBhFU0IbjLL6+SZqXsVsvVh6tS7TaPo4BO0Rm6QC66RjV0j+qogSgao2f0it6szHqx3q2PReualc+coD+wPn8ANkGTZw==</latexit>

⇠
p

�q2
<latexit sha1_base64="Cd8qVSnz8vZlPSnwu6TBGuGgf9Y=">AAACDHicbVDLSgMxFM3UV62vUZdugkVwVWZEqsuiG5cVbCt0hpJJM21okhnyKJahv+AXuNUvcCdu/Qc/wP8wnc7Cth4IHM65N+dyopRRpT3v2ymtrW9sbpW3Kzu7e/sH7uFRWyVGYtLCCUvkY4QUYVSQlqaakcdUEsQjRjrR6Hbmd8ZEKpqIBz1JScjRQNCYYqSt1HPdIP8ji5ghUxhw03OrXs3LAVeJX5AqKNDsuT9BP8GGE6ExQ0p1fS/VYYakppiRaSUwiqQIj9CAdC0ViBMVZnnqFJ5ZpQ/jRNonNMzVvxsZ4kpNeGQnOdJDtezNxP+8rtHxdZhRkRpNBJ4HxYZBncBZDbBPJcGaTSxBWFJ7K8RDJBHWtqyFlKf5qbYXf7mFVdK+qPn1Wv3+stq4KRoqgxNwCs6BD65AA9yBJmgBDMbgBbyCN+fZeXc+nM/5aMkpdo7BApyvX+gKnEU=</latexit>µ

fa(x; μ)

Radiation from partons can increase virtuality. j i
splitting function Pi←j

scale

[philosophy of factorization]

[factorization scale]



Parton Distribution Functions
In DIS, we have the notion of Parton Distribution Functions  fa(x; μ)

• PDFs are non-perturbative functions


• Their evolution is perturbatively calculable, called 
DGLAP equation

[from experiment data or lattice calculation]

Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
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From OPE perspective, they are the evolution of local twist-2 operators

⟨P |Jμ(q)Jμ(−q) |P⟩ ∼
qμ1

⋯qμJ

(−q2)(Δ+J−2)/2
⟨P |Oμ1⋯μJ |P⟩

Moments of PDFBjorken Scaling and Violation
<latexit sha1_base64="x6ty26VOD1UZ15e2kTVdVM4EI0E=">AAAB8HicbVBNTwIxEO3iF+IX6tFLIzHxhLvEoEeiBz1CIh8GFtIts9DQdjdt14QQfoUXDxrj1Z/jzX9jgT0o+JJJXt6bycy8IOZMG9f9djJr6xubW9nt3M7u3v5B/vCooaNEUajTiEeqFRANnEmoG2Y4tGIFRAQcmsHoduY3n0BpFskHM47BF2QgWcgoMVZ6rHVLF3fQ6JZ6+YJbdOfAq8RLSQGlqPbyX51+RBMB0lBOtG57bmz8CVGGUQ7TXCfREBM6IgNoWyqJAO1P5gdP8ZlV+jiMlC1p8Fz9PTEhQuuxCGynIGaol72Z+J/XTkx47U+YjBMDki4WhQnHJsKz73GfKaCGjy0hVDF7K6ZDogg1NqOcDcFbfnmVNEpFr1ws1y4LlZs0jiw6QafoHHnoClXQPaqiOqJIoGf0it4c5bw4787HojXjpDPH6A+czx9jnI+B</latexit>

Q2/GeV 2

illustration from Gavin 
Salam’s QCD lectures

<latexit sha1_base64="+dOwrpfXfUaT8ZmTC/UbKd6Fv+4="></latexit>

µ
d

dµ
fa(x;µ) =

Z 1

x

dz

z
Pab(z,↵s(µ))fb(x/z;µ)



Dictionary for PDF
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fa(x; μ)parton distribution function
integer moment matrix element of 

twist-2 spin-  operatorJ<latexit sha1_base64="NVSmWMHtW8bsNQ/1F01MWh+6CWU=">AAACJnicbVDLSsNAFJ3UV62vqLhyM1gEF1oSkeqy6EZcVbAPaNIwmUzaoZNJmJlIQ+jHuBP9F3ci7vwOVyZtFrZ64MLhnHu5h+NGjEplGJ9aaWl5ZXWtvF7Z2Nza3tF399oyjAUmLRyyUHRdJAmjnLQUVYx0I0FQ4DLScUc3ud95JELSkD+oJCJ2gAac+hQjlUmOfmBRrhyjb0JvbJ3CcT+9OzMnjl41asYU8C8xC1IFBZqO/m15IY4DwhVmSMqeaUTKTpFQFDMyqVixJBHCIzQgvYxyFBBpp9P4E3icKR70Q5ENV3Cq/r5IUSBlErjZZoDUUC56ufif14uVf2WnlEexIhzPHvkxgyqEeRfQo4JgxZKMICxolhXiIRIIq6yxuS/jWdQ5LRomkmKZl2UuVvOXtM9rZr1Wv7+oNq6L2srgEByBE2CCS9AAt6AJWgCDFDyBF/CqPWtv2rv2MVstacXNPpiD9vUDatel1Q==</latexit>Z 1

0
dx xJ�1

<latexit sha1_base64="v3rBh4V/VFxX/WDOk0piDqRU8yI="></latexit>

hP |O
J
a (0;n)|P iµ

(space-like) splitting functions
<latexit sha1_base64="UGTidEKP1NWBxFhTPiXB0qv/mC8=">AAACI3icbVDLSsNAFJ3UV62vWJdugkWom5KIVMFN0Y3LCvYBbQg300kzdPJgZiKNob/iTvRf3IkbF/6IK6dtFrb1wIXDOfdyD8eNGRXSNL+0wtr6xuZWcbu0s7u3f6AfltsiSjgmLRyxiHddEITRkLQklYx0Y04gcBnpuKPbqd95JFzQKHyQaUzsAIYh9SgGqSRHLzedDNxJ9em6Dyz2wRFnjl4xa+YMxiqxclJBOZqO/tMfRDgJSCgxAyF6lhlLOwMuKWZkUuongsSARzAkPUVDCIiws1n2iXGqlIHhRVxNKI2Z+vcig0CINHDVZgDSF8veVPzP6yXSu7IzGsaJJCGeP/ISZsjImBZhDCgnWLJUEcCcqqwG9oEDlqquhS/jedQFLfZTQbGYqLKs5WpWSfu8ZtVr9fuLSuMmr62IjtEJqiILXaIGukNN1EIYjdEzekVv2ov2rn1on/PVgpbfHKEFaN+/itOlfA==</latexit>

Pab(z;↵s)

(space-like) anomalous dimensions
<latexit sha1_base64="FnCCdsWHhIOYOVLF8rtjnGMHhRw=">AAACKHicbVDLSsNAFJ34rPVVdeHCTbAIdVMSkSq4KboRVxXsA5oQbqaTduhMEmYmYgj5Gnei/+JOuvUzXDl9LGzrgQuHc+7l3nv8mFGpLGtkrKyurW9sFraK2zu7e/ulg8OWjBKBSRNHLBIdHyRhNCRNRRUjnVgQ4D4jbX94N/bbz0RIGoVPKo2Jy6Ef0oBiUFrySsdOHzgHLwM/rzzcOMDiAXjy3CuVrao1gblM7BkpoxkaXunH6UU44SRUmIGUXduKlZuBUBQzkhedRJIY8BD6pKtpCJxIN5s8kJtnWumZQSR0hcqcqH8nMuBSptzXnRzUQC56Y/E/r5uo4NrNaBgnioR4uihImKkic5yG2aOCYMVSTQALqm818QAEYKUzm9vyMj11TosHqaRY5josezGaZdK6qNq1au3xsly/ncVWQCfoFFWQja5QHd2jBmoijHL0it7Rh/FmfBpfxmjaumLMZo7QHIzvX41pp40=</latexit>

�ab(J ;↵s)

Mellin moment

Local (integer spin) operatorsanalytic continuation
<latexit sha1_base64="N6xnv6FdlH+7CcDzrouhnY+pvhU="></latexit>

 ̄/n(n ·D)J�1 e.g.
<latexit sha1_base64="8cEF2IK1+vsHctoPu7HxgS483C0="></latexit>

 ̄(↵1n)/nW [↵1,↵2] (↵2n)

light-ray operators
Wilson line

e.g.

PDFs are FT of matrix elements of light-ray operators
<latexit sha1_base64="AZFlqMQf8vLuPw735VKJqsoSJcs="></latexit>Z

d↵ eix↵n·P hP | ̄(↵n)/nW [↵, 0] (0)|P i

e.g. [Balitsky, Braun, 1988]

Evolution kernels:

<latexit sha1_base64="i3lVu3qyna94J4Y9Y+YwJn832Oc="></latexit>

�
LO

gg (J) ⇠ �6


4HJ � 4

J(J � 1)
� 4

(J + 1)(J + 2)
� 11

3
+

2

9
nf

�<latexit sha1_base64="POI3SlyOJ3fwC1D8rcYSAaa/4CM="></latexit>

PLO

gg (z) ⇠ 6


1� z

z
+

z

(1� z)+
+ z(1� z) +

✓
11

12
� nf
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◆
�(1� z)

�

Later we will discuss another form of light-ray operators.

state-of-the-art calculations:

@ 3 loop [Moch,Vermaseren,Vogt, 2004]

partially available @ 4 loop

[Gross, Wilczek, 1973]



Different Physics at Small Momentum Fraction
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small-x physics

• The DGLAP evolution kernels have divergences
<latexit sha1_base64="Gx8RBTDIQvBKLTbtqUTyFupR2t8=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0Wom5KIVJdFNy4r2Ac0IUymk3ToTBJmJkIbsnbjr7hxoYhbv8Cdf+O0zUJbD1w4nHMv997jJ4xKZVnfRmlldW19o7xZ2dre2d0z9w86Mk4FJm0cs1j0fCQJoxFpK6oY6SWCIO4z0vVHN1O/+0CEpHF0r8YJcTkKIxpQjJSWPPO45WVhmNcmZ9CRlEMnEAhnDmLJEHkyzya5Z1atujUDXCZ2QaqgQMszv5xBjFNOIoUZkrJvW4lyMyQUxYzkFSeVJEF4hELS1zRCnEg3m72Sw1OtDGAQC12RgjP190SGuJRj7utOjtRQLnpT8T+vn6rgys1olKSKRHi+KEgZVDGc5gIHVBCs2FgThAXVt0I8RDoMpdOr6BDsxZeXSee8bjfqjbuLavO6iKMMjsAJqAEbXIImuAUt0AYYPIJn8ArejCfjxXg3PuatJaOYOQR/YHz+AFunmrs=</latexit>

Pgg(z) ⇠
↵s

z

<latexit sha1_base64="VQusFtOiuA4Wpny55c0sp5ShuH8=">AAACEXicbVBNS8NAEN34bf2KevSyWIR6sCQi1aPoRXqqYK3QhDDZbtLF3STsboQS8he8+Fe8eFDEqzdv/hu3NQe1Phh4vDfDzLww40xpx/m0Zmbn5hcWl5ZrK6tr6xv25ta1SnNJaJekPJU3ISjKWUK7mmlObzJJQYSc9sLb87Hfu6NSsTS50qOM+gLihEWMgDZSYDe8GISAoIjjstHex55iAnuRBFJ4wLMhBKos2gduGdh1p+lMgKeJW5E6qtAJ7A9vkJJc0EQTDkr1XSfTfgFSM8JpWfNyRTMgtxDTvqEJCKr8YvJRifeMMsBRKk0lGk/UnxMFCKVGIjSdAvRQ/fXG4n9eP9fRiV+wJMs1Tcj3oijnWKd4HA8eMEmJ5iNDgEhmbsVkCCYObUKsmRDcvy9Pk+vDpttqti6P6qdnVRxLaAftogZy0TE6RReog7qIoHv0iJ7Ri/VgPVmv1tt364xVzWyjX7DevwDbzZ0O</latexit>

�gg(J) ⇠
↵s

J � 1
e.g. @ leading order or

• Different kinematics/dynamics at small-x x =
−q2

2P ⋅ q

<latexit sha1_base64="Q6XaziKelLWqV3wp9E02j7LMcRw=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjMi1WXRjRuhgn3AdCiZNNOGZpIhuSOUoZ/hxoUibv0ad/6NmXYW2nogcDjnXnLuCRPBDbjut1NaW9/Y3CpvV3Z29/YPqodHHaNSTVmbKqF0LySGCS5ZGzgI1ks0I3EoWDec3OZ+94lpw5V8hGnCgpiMJI84JWAlvx8TGFMisvvZoFpz6+4ceJV4BamhAq1B9as/VDSNmQQqiDG+5yYQZEQDp4LNKv3UsITQCRkx31JJYmaCbB55hs+sMsSR0vZJwHP190ZGYmOmcWgn84hm2cvF/zw/heg6yLhMUmCSLj6KUoFB4fx+POSaURBTSwjV3GbFdEw0oWBbqtgSvOWTV0nnou416o2Hy1rzpqijjE7QKTpHHrpCTXSHWqiNKFLoGb2iNwecF+fd+ViMlpxi5xj9gfP5A4YckW4=</latexit>

M
<latexit sha1_base64="Nqgf58KQ1kwnImgGwTZ2NCdmiMY=">AAAB9HicbVDLSsNAFL2pr1pfVZduBosgLkoiUl0W3bgRKtgHtLFMppN26GQSZyaFEvIdblwo4taPceffOGmz0NYDA4dz7uWeOV7EmdK2/W0VVlbX1jeKm6Wt7Z3dvfL+QUuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vgm89sTKhULxYOeRtQN8FAwnxGsjeT2AqxHBPPkLn0865crdtWeAS0TJycVyNHol796g5DEARWacKxU17Ej7SZYakY4TUu9WNEIkzEe0q6hAgdUucksdIpOjDJAfijNExrN1N8bCQ6UmgaemcxCqkUvE//zurH2r9yEiSjWVJD5IT/mSIcoawANmKRE86khmEhmsiIywhITbXoqmRKcxS8vk9Z51alVa/cXlfp1XkcRjuAYTsGBS6jDLTSgCQSe4Ble4c2aWC/Wu/UxHy1Y+c4h/IH1+QOnkZIK</latexit>

M⇤

P

q
off-shell photon

• Gluon and sea quarks dominate in PDF

“generic”-x small-x

q

P

photon becomes nearly on-shell

related to forward scattering configuration



Small-x Resummation and BFKL equation

Generalized PDF
<latexit sha1_base64="8XNq4VKwqwQtlOIntTnE+fg3he4=">AAACOXicbVDLSsNAFJ3UV62PPly6CRahgpREpLosCuKyQl/QhjCZTJqhkwczE2kI+RW3+g9+iUt34tYfcNJmYVoPDBzOuZd75lghJVxo2odS2tre2d0r71cODo+Oq7V6Y8iDiCE8QAEN2NiCHFPi44EgguJxyDD0LIpH1vw+80fPmHES+H0Rh9jw4MwnDkFQSMmsNaYeFC6CNHlIW4vLudm/MGtNra0toW4SPSdNkKNn1pXq1A5Q5GFfIAo5n+haKIwEMkEQxWllGnEcQjSHMzyR1Ice5kayDJ+q51KxVSdg8vlCXap/NxLocR57lpzMovJ1LxP/8yaRcG6NhPhhJLCPVoeciKoiULMmVJswjASNJYGIEZlVRS5kEAnZV+HKYhW1oIVuzAniRZHL37vYTmWF+nphm2R41dY77c7TdbN7l5dZBqfgDLSADm5AFzyCHhgABBbgBbyCN+Vd+VS+lO/VaEnJd05AAcrPL7HrrT8=</latexit>

F(x, kT )
transverse momentum

BFKL equation (LO)
<latexit sha1_base64="bm3M6kHXXIOcYrnaXRScZ2JjLyg="></latexit>

x
@

@x
F(x, kT ) = �↵sNc

2⇡2

Z
d2k0T

k2T
k02T (kT � k0T )

2
[2F(x, k0T )� F(x, kT )]

eigenfunction

BFKL eigenvalue
<latexit sha1_base64="gXRDNVOCJKo+ighQcC7VrWjf9+4="></latexit>

!(�) = �↵sNc

⇡
( (� + 1/2) +  (1/2� �)� 2 (1))

<latexit sha1_base64="H4Y9wrhG9kHwKp4IFX2B+XS5O5I="></latexit>

F�(x, kT ) = x�!(�)

✓
k2T
µ2

◆��1/2
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• NLO kernel has been calculated in [Fadin, Lipatov, 1998] 

• At very small value of x, non-linear evolution equation — BK/JIMWLK.

large rapidity gap

q

P
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Regge limit/forward scattering limit

[Balitsky, 1995; Kovchegov, 1999; JKMW, 1996; JKLW 1997; ILM, 2000… ]



DGLAP vs. BFKL
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 From 50 Years of Quantum Chromodynamics 
The meaning of evolution in the two cases is essentially different. 

DGLAP: action , dynamics in ; … Eigenvalues are anomalous dimensions; …       d/d ln k2
T x

BFKL: action , dynamics in ; … the spectrum of BFKL is Regge trajectories; … d/d ln(1/x) ⃗kT

In spite of all the difference the two are intimately related [Kotikov, Lipatov, 2002].

pole structures are related 
after analytic continuation

see also 

[Jaroszewicz,1982; Lipatov,1996;

 Kotikov, Lipatov, 2000;…]

<latexit sha1_base64="VQusFtOiuA4Wpny55c0sp5ShuH8=">AAACEXicbVBNS8NAEN34bf2KevSyWIR6sCQi1aPoRXqqYK3QhDDZbtLF3STsboQS8he8+Fe8eFDEqzdv/hu3NQe1Phh4vDfDzLww40xpx/m0Zmbn5hcWl5ZrK6tr6xv25ta1SnNJaJekPJU3ISjKWUK7mmlObzJJQYSc9sLb87Hfu6NSsTS50qOM+gLihEWMgDZSYDe8GISAoIjjstHex55iAnuRBFJ4wLMhBKos2gduGdh1p+lMgKeJW5E6qtAJ7A9vkJJc0EQTDkr1XSfTfgFSM8JpWfNyRTMgtxDTvqEJCKr8YvJRifeMMsBRKk0lGk/UnxMFCKVGIjSdAvRQ/fXG4n9eP9fRiV+wJMs1Tcj3oijnWKd4HA8eMEmJ5iNDgEhmbsVkCCYObUKsmRDcvy9Pk+vDpttqti6P6qdnVRxLaAftogZy0TE6RReog7qIoHv0iJ7Ri/VgPVmv1tt364xVzWyjX7DevwDbzZ0O</latexit>

�gg(J) ⇠
↵s

J � 1e.g. LO BFKL
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BFKL
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Integrability of planar  SYM 𝒩 = 4Gauge/String Duality 
[Gromov, Levkovich-Maslyuk, Sizov, 2015] [Brower, Polchinski, Strassler, Tan, 2006] 

More Analytic Structures

• No divergence in dimensions 


• DGLAP and BFKL are recombined near intersection
 pole in DGLAP anom. dim. is not “physical”(J − 1)

The spectrum of local operators is discrete,
what is the meaning of the analytic curves?

Any operator interpretation or just analytic continuation of functions?



Analyticity in Spin [S-matrix: Gribov-Froissart formula;

 CFT: Caron-Huot, 2017]
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�� d

2

Light-ray operators are expected to be the analytic continuation of local operators.
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[Kravchuk, Simmons-Duffin, 2018]



Light-ray Operators

t
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One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

1Z

0

dt lim
r!1

r
2
n
i
T0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†
i

hOO†i
, (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di↵erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e
+
e
� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

⌃(z) =
1

2
C(↵s) z

�N=4
J (↵s) , (1.4)
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• The energy flow operator is a non-local operator 
defined on a light-ray located at future null infinity

• The most important example of light-ray operator is 
energy flow operator/calorimeter/ANEC operator.
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• Generalization to other local operators

[Kravchuk, Simmons-Duffin, 2018]
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direction 

starting point 

Examples of more general light-ray operators,

see [Chang, Kologlu, Kravchuk, Simmons-Duffin, Zhiboedov, 2020; Caron-
Huot, Kologlu, Kravchuk, Meltzer, Simmons-Duffin, 2022;…]

Interesting Objects 
for studying 

Lorentzian Dynamics

[Sveshnikov, Tkachov, 1996; Hofman, Maldacena, 2008;…]
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[Caron-Huot, Kologlu, Kravchuk, Meltzer , Simmons-Duffin, 2022]
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�@J�

In Wilson-Fisher theory, resolving mixing 
between leading twist trajectory with its 
celestial shadow predicts the level crossing 
near Regge intercept.

 is located at upper branch when , 
while  is on the lower branch.
ϕ∂Jϕ J > 0

ϕ2

Provides an operator interpretation for level repulsion in a scalar theory.

• What about gauge theories?


• How to construct the operator related to BFKL?



DGLAP/BFKL Mixing
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in the detector language



DGLAP Operators in QCD

23

For unpolarized cases, there are only two kinds of twist-2 operators in QCD
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q (~n) =

X

s

Z
d3p

(2⇡)32E
�(2)(p̂� ~n) EJ�1(b†~p,sb~p,s + d†~p,sd~p,s)
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Physics Interpretation

[in free theory]

Measuring
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Not IR-safe measurement
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Local Operators
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Light-ray Operators

Light Transform

The analytic continuation of even spin branch is
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JL

(n)
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= Dg
JL

(n)

 is the spin of light-ray operator, which is 
more useful than label  in the mixing problem. 
For bare DGLAP detectors, .

JL
J

JL = − 1 − J

[HC, Moult, Zhu, 2021]



Renormalization of Light-ray Operators
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In perturbation theory,  the light-ray operators have divergences. 

[IR behaviors of detectors]

require renormalization [Caron-Huot, Kologlu, Kravchuk, Meltzer, Simmons-Duffin, 2022]
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bare twist-2 local operators
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gOnly and can mix, as long as  is large enough.J
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O
[J]
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[J]
ab O

[J]
b;ren

Introducing a renormalization factor and define renormalized light-ray operators

contains scale dependence

RG equation: 
<latexit sha1_base64="Tt67FwTDRiBfXsEo5nbbbg+SHgU="></latexit>

d

d lnµ2
O

[J]
a;ren(n;µ) = �T

ab(J ;↵s(µ))O
[J]
b;ren(n;µ)

Time-like anomalous dimension different from the space-like 
anomalous dimension for the 
local operators. But they are 
related by reciprocity relation.

This describes the DGLAP evolution of final-state fragmentation.
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From now on, we will switch from J to JL
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Also for simplicity, let us consider pure gluon theory first
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We will work with dimensional regularization d = 4� 2✏
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Key question: how to construct BFKL detector?
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We insert the gluon detector into a matrix element
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  in the  limit (soft limit) ∼ 1/E2 E → 0

Origin of the pole
<latexit sha1_base64="VaxQtCd7q4XnmpOogPLq6fM1aes=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIsgCGWmSHVZdCPiooLTFtqhZNJMG5rJDElGLEMXfoFb/QJ34tZP8QP8D9N2Frb1QOBwzr3ck+PHnClt299WbmV1bX0jv1nY2t7Z3SvuHzRUlEhCXRLxSLZ8rChngrqaaU5bsaQ49Dlt+sPrid98pFKxSDzoUUy9EPcFCxjB2kjubffurNItluyyPQVaJk5GSpCh3i3+dHoRSUIqNOFYqbZjx9pLsdSMcDoudBJFY0yGuE/bhgocUuWl07BjdGKUHgoiaZ7QaKr+3UhxqNQo9M1kiPVALXoT8T+vnejg0kuZiBNNBZkdChKOdIQmP0c9JinRfGQIJpKZrIgMsMREm37mrjzNoppenMUWlkmjUnaq5er9eal2lTWUhyM4hlNw4AJqcAN1cIEAgxd4hTfr2Xq3PqzP2WjOynYOYQ7W1y92tpZ/</latexit>

JL + 2

Steven Weinberg

Weinberg soft theorem:

<latexit sha1_base64="Gvg/FP1z4XAG8NwSK+6RZQLfPfw=">AAACB3icbVDLSsNAFL2pr1pfVZduBovgqiQi1WXVjcsK9gFtKJPppB06mcSZiVhCP8AvcKtf4E7c+hl+gP/hJM3Cth64cDjnXu7heBFnStv2t1VYWV1b3yhulra2d3b3yvsHLRXGktAmCXkoOx5WlDNBm5ppTjuRpDjwOG1745vUbz9SqVgo7vUkom6Ah4L5jGBtJLcXYD0imCdX077olyt21c6AlomTkwrkaPTLP71BSOKACk04Vqrr2JF2Eyw1I5xOS71Y0QiTMR7SrqECB1S5SRZ6ik6MMkB+KM0IjTL170WCA6UmgWc205Bq0UvF/7xurP1LN2EiijUVZPbIjznSIUobQAMmKdF8YggmkpmsiIywxESbnua+PM2iml6cxRaWSeus6tSqtbvzSv06b6gIR3AMp+DABdThFhrQBAIP8AKv8GY9W+/Wh/U5Wy1Y+c0hzMH6+gX0iZq5</latexit>

An

<latexit sha1_base64="6aC03Cxnp9JdwUANdvmQOxsD3pg=">AAACDHicbVDLSsNAFJ3UV62vqEs3g0VwISURqS6LblxWsA9oQ5lMbtuhk0mYmRRL6C/4BW71C9yJW//BD/A/nKZZ2NYDA4dz7p1zOX7MmdKO820V1tY3NreK26Wd3b39A/vwqKmiRFJo0IhHsu0TBZwJaGimObRjCST0ObT80d3Mb41BKhaJRz2JwQvJQLA+o0QbqWfb3eyPVEIwxfQCxz277FScDHiVuDkpoxz1nv3TDSKahCA05USpjuvE2kuJ1IxymJa6iYKY0BEZQMdQQUJQXpqlTvGZUQLcj6R5QuNM/buRklCpSeibyZDooVr2ZuJ/XifR/RsvZSJONAg6D+onHOsIz2rAAZNANZ8YQqhk5lZMh0QSqk1ZCylP81NNL+5yC6ukeVlxq5Xqw1W5dps3VEQn6BSdIxddoxq6R3XUQBSN0Qt6RW/Ws/VufVif89GCle8cowVYX78If5u5</latexit>c, p
<latexit sha1_base64="vt3aZHZdBlAJggNl5LYwwMFCNAI=">AAACAHicbVDLTgIxFL2DL8QX6tJNIzFxRWaMAZdENy4xkUcCE9IpHai0nUnbMZIJG7/ArX6BO+PWP/ED/A8LzELAkzQ5Oefe3NMTxJxp47rfTm5tfWNzK79d2Nnd2z8oHh41dZQoQhsk4pFqB1hTziRtGGY4bceKYhFw2gpGN1O/9UiVZpG8N+OY+gIPJAsZwcZKza5ORI/1iiW37M6AVomXkRJkqPeKP91+RBJBpSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KJBdV+Oks7QWdW6aMwUvZJg2bq340UC63HIrCTApuhXvam4n9eJzHhlZ8yGSeGSjI/FCYcmQhNv476TFFi+NgSTBSzWREZYoWJsQUtXHmaR7W9eMstrJLmRdmrlCt3l6XaddZQHk7gFM7BgyrU4Bbq0AACD/ACr/DmPDvvzofzOR/NOdnOMSzA+foFc/yXsA==</latexit>X

i

<latexit sha1_base64="quInLnJKqugchfrweyBUHzlEurs=">AAAB+3icbVDLTgIxFL2DL8QX6tJNIzFxRWaMQZdENy4hkUcCE9Ipd6Ch05m0HSMhfIFb/QJ3xq0f4wf4HxaYhYAnaXJyzr25pydIBNfGdb+d3Mbm1vZOfrewt39weFQ8PmnqOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQ/81tPqDSP5aMZJ+hHdCB5yBk1VqrzXrHklt05yDrxMlKCDLVe8afbj1kaoTRMUK07npsYf0KV4UzgtNBNNSaUjegAO5ZKGqH2J/OgU3JhlT4JY2WfNGSu/t2Y0EjrcRTYyYiaoV71ZuJ/Xic14a0/4TJJDUq2OBSmgpiYzH5N+lwhM2JsCWWK26yEDamizNhulq48L6LaXrzVFtZJ86rsVcqV+nWpepc1lIczOIdL8OAGqvAANWgAA4QXeIU3Z+q8Ox/O52I052Q7p7AE5+sXbTmVbg==</latexit>

i
<latexit sha1_base64="6aC03Cxnp9JdwUANdvmQOxsD3pg=">AAACDHicbVDLSsNAFJ3UV62vqEs3g0VwISURqS6LblxWsA9oQ5lMbtuhk0mYmRRL6C/4BW71C9yJW//BD/A/nKZZ2NYDA4dz7p1zOX7MmdKO820V1tY3NreK26Wd3b39A/vwqKmiRFJo0IhHsu0TBZwJaGimObRjCST0ObT80d3Mb41BKhaJRz2JwQvJQLA+o0QbqWfb3eyPVEIwxfQCxz277FScDHiVuDkpoxz1nv3TDSKahCA05USpjuvE2kuJ1IxymJa6iYKY0BEZQMdQQUJQXpqlTvGZUQLcj6R5QuNM/buRklCpSeibyZDooVr2ZuJ/XifR/RsvZSJONAg6D+onHOsIz2rAAZNANZ8YQqhk5lZMh0QSqk1ZCylP81NNL+5yC6ukeVlxq5Xqw1W5dps3VEQn6BSdIxddoxq6R3XUQBSN0Qt6RW/Ws/VufVif89GCle8cowVYX78If5u5</latexit>c, p

<latexit sha1_base64="VRofnlKBhsvz9G/YWHGHtCmY0ks=">AAACDXicbVDLSsNAFL2pr1pfqS7dBIvgxpKIVJdVNy4r2Ae0IUym03boZBJmJmoJ+Qa/wK1+gTtx6zf4Af6HkzYL23rgwuGce7mH40eMSmXb30ZhZXVtfaO4Wdra3tndM8v7LRnGApMmDlkoOj6ShFFOmooqRjqRICjwGWn745vMbz8QIWnI79UkIm6AhpwOKEZKS55Z7gVIjTBiyVXqJfzUST2zYlftKaxl4uSkAjkanvnT64c4DghXmCEpu44dKTdBQlHMSFrqxZJECI/RkHQ15Sgg0k2m0VPrWCt9axAKPVxZU/XvRYICKSeBrzezoHLRy8T/vG6sBpduQnkUK8Lx7NEgZpYKrawHq08FwYpNNEFYUJ3VwiMkEFa6rbkvT7OouhdnsYVl0jqrOrVq7e68Ur/OGyrCIRzBCThwAXW4hQY0AcMjvMArvBnPxrvxYXzOVgtGfnMAczC+fgE6AJxo</latexit>

An�1

<latexit sha1_base64="quInLnJKqugchfrweyBUHzlEurs=">AAAB+3icbVDLTgIxFL2DL8QX6tJNIzFxRWaMQZdENy4hkUcCE9Ipd6Ch05m0HSMhfIFb/QJ3xq0f4wf4HxaYhYAnaXJyzr25pydIBNfGdb+d3Mbm1vZOfrewt39weFQ8PmnqOFUMGywWsWoHVKPgEhuGG4HtRCGNAoGtYHQ/81tPqDSP5aMZJ+hHdCB5yBk1VqrzXrHklt05yDrxMlKCDLVe8afbj1kaoTRMUK07npsYf0KV4UzgtNBNNSaUjegAO5ZKGqH2J/OgU3JhlT4JY2WfNGSu/t2Y0EjrcRTYyYiaoV71ZuJ/Xic14a0/4TJJDUq2OBSmgpiYzH5N+lwhM2JsCWWK26yEDamizNhulq48L6LaXrzVFtZJ86rsVcqV+nWpepc1lIczOIdL8OAGqvAANWgAA4QXeIU3Z+q8Ox/O52I052Q7p7AE5+sXbTmVbg==</latexit>

i

<latexit sha1_base64="vt3aZHZdBlAJggNl5LYwwMFCNAI=">AAACAHicbVDLTgIxFL2DL8QX6tJNIzFxRWaMAZdENy4xkUcCE9IpHai0nUnbMZIJG7/ArX6BO+PWP/ED/A8LzELAkzQ5Oefe3NMTxJxp47rfTm5tfWNzK79d2Nnd2z8oHh41dZQoQhsk4pFqB1hTziRtGGY4bceKYhFw2gpGN1O/9UiVZpG8N+OY+gIPJAsZwcZKza5ORI/1iiW37M6AVomXkRJkqPeKP91+RBJBpSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KJBdV+Oks7QWdW6aMwUvZJg2bq340UC63HIrCTApuhXvam4n9eJzHhlZ8yGSeGSjI/FCYcmQhNv476TFFi+NgSTBSzWREZYoWJsQUtXHmaR7W9eMstrJLmRdmrlCt3l6XaddZQHk7gFM7BgyrU4Bbq0AACD/ACr/DmPDvvzofzOR/NOdnOMSzA+foFc/yXsA==</latexit>X

i

<latexit sha1_base64="+XD4OTa7aIIzeVdD+AIyqlGykDE="></latexit>

g
✏(p) · pi
p · pi

Ti
c <latexit sha1_base64="asJxPFDoc4dRGrtqfOXNonO1K8U=">AAACAHicbVDLTgIxFL3jE/GFunTTSExckRlj0CXRjUtM5JHAhHRKByqdzqS9YySEjV/gVr/AnXHrn/gB/ocFZiHgTZqcnHNvzukJEikMuu63s7K6tr6xmdvKb+/s7u0XDg7rJk414zUWy1g3A2q4FIrXUKDkzURzGgWSN4LBzURvPHJtRKzucZhwP6I9JULBKFqq3kYRcdMpFN2SOx2yDLwMFCGbaqfw0+7GLI24QiapMS3PTdAfUY2CST7Ot1PDE8oGtMdbFipqTfzRNO2YnFqmS8JY26eQTNm/FyMaGTOMArsZUeybRW1C/qe1Ugyv/JFQSYpcsZlRmEqCMZl8nXSF5gzl0ALKtLBZCetTTRnaguZcnmZRbS/eYgvLoH5e8sql8t1FsXKdNZSDYziBM/DgEipwC1WoAYMHeIFXeHOenXfnw/mcra442c0RzI3z9Qt71Ze1</latexit>⇥

soft factor

Stefano Catani

Soft theorem at cross section level (see [Catani, Grazzini, 1999], here we use form factor for illustration):

<latexit sha1_base64="WnmQW5iei1sJ5DrMcZZ10PDvi1E=">AAACC3icbVDLSsNAFL2pr1ofjbp0EyyCq5KIVJdFQVxWsA9oQ5hMJ+3QySTMTMQS8gl+gVv9Anfi1o/wA/wPJ20WtvXAhcM593IPx48Zlcq2v43S2vrG5lZ5u7Kzu7dfNQ8OOzJKBCZtHLFI9HwkCaOctBVVjPRiQVDoM9L1Jze5330kQtKIP6hpTNwQjTgNKEZKS55ZHYRIjTFi6W3mpTzzzJpdt2ewVolTkBoUaHnmz2AY4SQkXGGGpOw7dqzcFAlFMSNZZZBIEiM8QSPS15SjkEg3nQXPrFOtDK0gEnq4smbq34sUhVJOQ19v5jHlspeL/3n9RAVXbkp5nCjC8fxRkDBLRVbegjWkgmDFppogLKjOauExEggr3dXCl6d5VN2Ls9zCKumc151GvXF/UWteFw2V4RhO4AwcuIQm3EEL2oAhgRd4hTfj2Xg3PozP+WrJKG6OYAHG1y9WLJv7</latexit>Fn

<latexit sha1_base64="y8homJjvJu3qk9iLPREEZ1FYWOM=">AAAB+3icbVDLTgIxFL3jE/GFunTTSExckRli0CXRjUtI5JHAhHTKBRo6nUnbMZIJX+BWv8CdcevH+AH+hwVmIeBJmpycc2/u6QliwbVx3W9nY3Nre2c3t5ffPzg8Oi6cnDZ1lCiGDRaJSLUDqlFwiQ3DjcB2rJCGgcBWML6f+a0nVJpH8tFMYvRDOpR8wBk1VqqXe4WiW3LnIOvEy0gRMtR6hZ9uP2JJiNIwQbXueG5s/JQqw5nAab6baIwpG9MhdiyVNETtp/OgU3JplT4ZRMo+achc/buR0lDrSRjYyZCakV71ZuJ/Xicxg1s/5TJODEq2ODRIBDERmf2a9LlCZsTEEsoUt1kJG1FFmbHdLF15XkS1vXirLayTZrnkVUqV+nWxepc1lINzuIAr8OAGqvAANWgAA4QXeIU3Z+q8Ox/O52J0w8l2zmAJztcvFciVNw==</latexit>

2

<latexit sha1_base64="YNz+e93z3ciy6uPFqeLe83yAffo=">AAACCHicbVBLTgJBFOzxi/hDXbrpSExckRlj0CXRjUtM5JMwSHqaN9DS3TN29xjJhAt4Ard6AnfGrbfwAN7DBmYhYCUvqVS9l1epIOZMG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XUeJolCjEY9UMyAaOJNQM8xwaMYKiAg4NILB1dhvPILSLJK3ZhhDW5CeZCGjxFjpzteJ6KTMl/CA70edQtEtuRPgReJlpIgyVDuFH78b0USANJQTrVueG5t2SpRhlMMo7ycaYkIHpActSyURoNvpJPUIH1uli8NI2ZEGT9S/FykRWg9FYDcFMX09743F/7xWYsKLdspknBiQdPooTDg2ER5XgLtMATV8aAmhitmsmPaJItTYoma+PE2j2l68+RYWSf205JVL5ZuzYuUyayiHDtEROkEeOkcVdI2qqIYoUugFvaI359l5dz6cz+nqkpPdHKAZOF+/trqbIg==</latexit>X

i 6=j

<latexit sha1_base64="FBfy4CLlyJrEYK8oYIfLdSUdtC8=">AAACFnicbVDLSsNAFJ3UV62vqDvdDBbBVUlEqsuiG5cV+oImhslk0g6dPJiZiCUE/Ay/wK1+gTtx69YP8D+cpFnY1gMDh3PunXs4bsyokIbxrVVWVtfWN6qbta3tnd09ff+gJ6KEY9LFEYv4wEWCMBqSrqSSkUHMCQpcRvru5Cb3+w+ECxqFHTmNiR2gUUh9ipFUkqMfWcUfKSdeBq0AybHrp53sHjvU0etGwygAl4lZkjoo0Xb0H8uLcBKQUGKGhBiaRiztFHFJMSNZzUoEiRGeoBEZKhqigAg7Le5n8FQpHvQjrl4oYaH+3UhRIMQ0cNVknlIsern4nzdMpH9lpzSME0lCPDvkJwzKCOaFQI9ygiWbKoIwpyorxGPEEZaqtrkrj7OoqhdzsYVl0jtvmM1G8+6i3rouG6qCY3ACzoAJLkEL3II26AIMnsALeAVv2rP2rn1on7PRilbuHII5aF+//lagoQ==</latexit>

Tc
i

<latexit sha1_base64="nBZ6hQXQMUJkiJJfCiyA2xZxevA=">AAACFnicbVDLSsNAFJ34rPUVdaebwSK4KolIdVl047JCX9DEMJlM2rGTBzMTsYSAn+EXuNUvcCdu3foB/oeTNAvbemDgcM69cw/HjRkV0jC+taXlldW19cpGdXNre2dX39vviijhmHRwxCLed5EgjIakI6lkpB9zggKXkZ47vs793gPhgkZhW05iYgdoGFKfYiSV5OiHVvFHyomXQStAcuT6aTu7w869o9eMulEALhKzJDVQouXoP5YX4SQgocQMCTEwjVjaKeKSYkayqpUIEiM8RkMyUDREARF2WtzP4IlSPOhHXL1QwkL9u5GiQIhJ4KrJPKWY93LxP2+QSP/STmkYJ5KEeHrITxiUEcwLgR7lBEs2UQRhTlVWiEeIIyxVbTNXHqdRVS/mfAuLpHtWNxv1xu15rXlVNlQBR+AYnAITXIAmuAEt0AEYPIEX8AretGftXfvQPqejS1q5cwBmoH39Av/toKI=</latexit>

Tc
j

<latexit sha1_base64="YNz+e93z3ciy6uPFqeLe83yAffo=">AAACCHicbVBLTgJBFOzxi/hDXbrpSExckRlj0CXRjUtM5JMwSHqaN9DS3TN29xjJhAt4Ard6AnfGrbfwAN7DBmYhYCUvqVS9l1epIOZMG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XUeJolCjEY9UMyAaOJNQM8xwaMYKiAg4NILB1dhvPILSLJK3ZhhDW5CeZCGjxFjpzteJ6KTMl/CA70edQtEtuRPgReJlpIgyVDuFH78b0USANJQTrVueG5t2SpRhlMMo7ycaYkIHpActSyURoNvpJPUIH1uli8NI2ZEGT9S/FykRWg9FYDcFMX09743F/7xWYsKLdspknBiQdPooTDg2ER5XgLtMATV8aAmhitmsmPaJItTYoma+PE2j2l68+RYWSf205JVL5ZuzYuUyayiHDtEROkEeOkcVdI2qqIYoUugFvaI359l5dz6cz+nqkpPdHKAZOF+/trqbIg==</latexit>X

i 6=j

<latexit sha1_base64="qDtP237GD7aEmMz8VENOZ1rl750=">AAAB/XicbVDLTgIxFL2DL8QX6tJNIzFxRWaIAZdENy4xyiOBkXRKZ2jodCZtx0gmxC9wq1/gzrj1W/wA/8MCsxDwJE1Ozrk39/R4MWdK2/a3lVtb39jcym8Xdnb39g+Kh0ctFSWS0CaJeCQ7HlaUM0GbmmlOO7GkOPQ4bXuj66nffqRSsUjc63FM3RAHgvmMYG2ku+Ch0i+W7LI9A1olTkZKkKHRL/70BhFJQio04ViprmPH2k2x1IxwOin0EkVjTEY4oF1DBQ6pctNZ1Ak6M8oA+ZE0T2g0U/9upDhUahx6ZjLEeqiWvan4n9dNtH/ppkzEiaaCzA/5CUc6QtN/owGTlGg+NgQTyUxWRIZYYqJNOwtXnuZRTS/OcgurpFUpO9Vy9faiVL/KGsrDCZzCOThQgzrcQAOaQCCAF3iFN+vZerc+rM/5aM7Kdo5hAdbXL5omlhA=</latexit>

g2
<latexit sha1_base64="G6MB+QK9fzCz47FTGLksvhsBR1o=">AAACRHicbVDLSsNAFJ3UV62vqks3g0Wom5KIVJdFN11WsA9oSphMJu20k2SYmYgl5Jf8DL/AjQvduXMnbsVpWsQ+DgycOedezuW4nFGpTPPVyK2tb2xu5bcLO7t7+wfFw6OWjGKBSRNHLBIdF0nCaEiaiipGOlwQFLiMtN3R7cRvPxAhaRTeqzEnvQD1Q+pTjJSWnGLd9gXCCXeojb1IQe4M06T8903sLCIRxEt5eg61M1zppE6xZFbMDHCZWDNSAjM0nOKH7UU4DkioMENSdi2Tq16ChKKYkbRgx5JwhEeoT7qahiggspdkoSk804oH/UjoFyqYqf83EhRIOQ5cPRkgNZCL3kRc5XVj5V/3EhryWJEQT4P8mEEVwUl90KOCYMXGmiAsqL4V4gHSFSpd8lzK4/RU3Yu12MIyaV1UrGqlendZqt3MGsqDE3AKysACV6AG6qABmgCDJ/AC3sC78Wx8Gl/G93Q0Z8x2jsEcjJ9fSUu0Jg==</latexit> pi · pj
(pi · p)(pj · p)

∼ 1/E2

key to construct BFKL detector

<latexit sha1_base64="+KE9K2urBQZ0/kHIU3UJ1FhKVyg=">AAACRnicbVDLTgIxFL2DL8QHoEsXNhIT3JAZY9Al0Y1LjPJIgEw6pUCl80jbMU4ms/Rr3Oo/+Av+hDvj1jLMQsCTNDk593V6nIAzqUzz08itrW9sbuW3Czu7e/vFUvmgLf1QENoiPvdF18GScubRlmKK024gKHYdTjvO9GZW7zxRIZnvPagooAMXjz02YgQrLdml4366IxZ0mKC+i9WEYB7fJ3bMHpNqcGaXKmbNTIFWiZWRCmRo2mWj2B/6JHSppwjHUvYsM1CDGAvFCKdJoR9KGmAyxWPa09TDLpWDOHWRoFOtDNHIF/p5CqXq34kYu1JGrqM7Z17lcm0m/lfrhWp0NYiZF4SKemR+aBRypHw0iwUNmaBE8UgTTATTXhGZYIGJ0uEtXHmeW13QgkkkGZGLotS/n+hYdYTWcmCrpH1es+q1+t1FpXGdhZmHIziBKlhwCQ24hSa0gMALvMIbvBsfxpfxbfzMW3NGNnMIC8jBLx25snU=</latexit>

Sij(p)
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Apply DGLAP measurement and extract its leading  pole from soft theoremJL

DGLAP detector

[constrained P.S.]

full phase space 
<latexit sha1_base64="48JUW9EdBXA+YxSBv3YaYvbuqdE="></latexit>Z

dd�1~pi
(2⇡)d�12Ei

<latexit sha1_base64="oGaVk2wcQ9znoRQ8hi6drSCScoI="></latexit>Z
E�JLdE

(2⇡)d�12E

Z
ddp �(p� Ez)

<latexit sha1_base64="WnmQW5iei1sJ5DrMcZZ10PDvi1E=">AAACC3icbVDLSsNAFL2pr1ofjbp0EyyCq5KIVJdFQVxWsA9oQ5hMJ+3QySTMTMQS8gl+gVv9Anfi1o/wA/wPJ20WtvXAhcM593IPx48Zlcq2v43S2vrG5lZ5u7Kzu7dfNQ8OOzJKBCZtHLFI9HwkCaOctBVVjPRiQVDoM9L1Jze5330kQtKIP6hpTNwQjTgNKEZKS55ZHYRIjTFi6W3mpTzzzJpdt2ewVolTkBoUaHnmz2AY4SQkXGGGpOw7dqzcFAlFMSNZZZBIEiM8QSPS15SjkEg3nQXPrFOtDK0gEnq4smbq34sUhVJOQ19v5jHlspeL/3n9RAVXbkp5nCjC8fxRkDBLRVbegjWkgmDFppogLKjOauExEggr3dXCl6d5VN2Ls9zCKumc151GvXF/UWteFw2V4RhO4AwcuIQm3EEL2oAhgRd4hTfj2Xg3PozP+WrJKG6OYAHG1y9WLJv7</latexit>Fn

<latexit sha1_base64="y8homJjvJu3qk9iLPREEZ1FYWOM=">AAAB+3icbVDLTgIxFL3jE/GFunTTSExckRli0CXRjUtI5JHAhHTKBRo6nUnbMZIJX+BWv8CdcevH+AH+hwVmIeBJmpycc2/u6QliwbVx3W9nY3Nre2c3t5ffPzg8Oi6cnDZ1lCiGDRaJSLUDqlFwiQ3DjcB2rJCGgcBWML6f+a0nVJpH8tFMYvRDOpR8wBk1VqqXe4WiW3LnIOvEy0gRMtR6hZ9uP2JJiNIwQbXueG5s/JQqw5nAab6baIwpG9MhdiyVNETtp/OgU3JplT4ZRMo+achc/buR0lDrSRjYyZCakV71ZuJ/Xicxg1s/5TJODEq2ODRIBDERmf2a9LlCZsTEEsoUt1kJG1FFmbHdLF15XkS1vXirLayTZrnkVUqV+nWxepc1lINzuIAr8OAGqvAANWgAA4QXeIU3Z+q8Ox/O52J0w8l2zmAJztcvFciVNw==</latexit>

2<latexit sha1_base64="/AGpxNH5JwWPRYbzTp9LSct6Dwo=">AAACMnicbVC7TsMwFLV5lvJoCyOLRYXEVCUIFcYKFsYi0YfURpXjOK1Vxwm2gwhRv4MV/oGfgQ2x8hG4aQbSciRLR+c+zvVxI86UtqwPuLa+sbm1Xdop7+7tH1SqtcOuCmNJaIeEPJR9FyvKmaAdzTSn/UhSHLic9tzpzbzee6RSsVDc6ySiToDHgvmMYG0kZ5htSCX1Zuh5VK1bDSsDWiV2TuogR3tUg5WhF5I4oEITjpUa2FaknRRLzQins/IwVjTCZIrHdGCowAFVTpp5ztCpUTzkh9I8oVGm/p1IcaBUErimM8B6opZrc/G/2iDW/pWTMhHFmgqyMPJjjnSI5hEgj0lKNE8MwUQycysiEywx0SaogsvT4tSCFk0SxYgqisr8fmJCNBHay4Gtku55w242mncX9dZ1HmYJHIMTcAZscAla4Ba0QQcQ8ABewCt4g+/wE37B70XrGsxnjkAB8OcXK/qrnQ==</latexit>z

<latexit sha1_base64="YNz+e93z3ciy6uPFqeLe83yAffo=">AAACCHicbVBLTgJBFOzxi/hDXbrpSExckRlj0CXRjUtM5JMwSHqaN9DS3TN29xjJhAt4Ard6AnfGrbfwAN7DBmYhYCUvqVS9l1epIOZMG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XUeJolCjEY9UMyAaOJNQM8xwaMYKiAg4NILB1dhvPILSLJK3ZhhDW5CeZCGjxFjpzteJ6KTMl/CA70edQtEtuRPgReJlpIgyVDuFH78b0USANJQTrVueG5t2SpRhlMMo7ycaYkIHpActSyURoNvpJPUIH1uli8NI2ZEGT9S/FykRWg9FYDcFMX09743F/7xWYsKLdspknBiQdPooTDg2ER5XgLtMATV8aAmhitmsmPaJItTYoma+PE2j2l68+RYWSf205JVL5ZuzYuUyayiHDtEROkEeOkcVdI2qqIYoUugFvaI359l5dz6cz+nqkpPdHKAZOF+/trqbIg==</latexit>X

i 6=j

<latexit sha1_base64="/AGpxNH5JwWPRYbzTp9LSct6Dwo=">AAACMnicbVC7TsMwFLV5lvJoCyOLRYXEVCUIFcYKFsYi0YfURpXjOK1Vxwm2gwhRv4MV/oGfgQ2x8hG4aQbSciRLR+c+zvVxI86UtqwPuLa+sbm1Xdop7+7tH1SqtcOuCmNJaIeEPJR9FyvKmaAdzTSn/UhSHLic9tzpzbzee6RSsVDc6ySiToDHgvmMYG0kZ5htSCX1Zuh5VK1bDSsDWiV2TuogR3tUg5WhF5I4oEITjpUa2FaknRRLzQins/IwVjTCZIrHdGCowAFVTpp5ztCpUTzkh9I8oVGm/p1IcaBUErimM8B6opZrc/G/2iDW/pWTMhHFmgqyMPJjjnSI5hEgj0lKNE8MwUQycysiEywx0SaogsvT4tSCFk0SxYgqisr8fmJCNBHay4Gtku55w242mncX9dZ1HmYJHIMTcAZscAla4Ba0QQcQ8ABewCt4g+/wE37B70XrGsxnjkAB8OcXK/qrnQ==</latexit>z
Soft Thm

+ integrate  E

<latexit sha1_base64="kQ+wPp9YNh4Ke4SK68QDMyPlv/c=">AAACPHicbVDLSsNAFJ34rPXRVnHlJlgEQShJkeqy6EbERQX7gCaGyWTSDJ08mJmIIeRj3Oo/+B/u3Ylb107aLEzrgYHDOfdyzxw7ooQLTftQVlbX1jc2K1vV7Z3dvVq9sT/gYcwQ7qOQhmxkQ44pCXBfEEHxKGIY+jbFQ3t6nfvDJ8w4CYMHkUTY9OEkIC5BUEjJqh8anPiGyyBKJ4/tLL217s7amVVvai1tBnWZ6AVpggI9q6HUDCdEsY8DgSjkfKxrkTBTyARBFGdVI+Y4gmgKJ3gsaQB9zM10lj9TT6TiqG7I5AuEOlP/bqTQ5zzxbTnpQ+HxRS8X//PGsXAvzZQEUSxwgOaH3JiqIlTzMlSHMIwETSSBiBGZVUUelGUIWVnpyvM8akmLvIQTxMsil7/3sJNXqC8WtkwG7ZbeaXXuz5vdq6LMCjgCx+AU6OACdMEN6IE+QCAFL+AVvCnvyqfypXzPR1eUYucAlKD8/AKGXa6s</latexit>

⇠ g2

JL + 2

<latexit sha1_base64="YNz+e93z3ciy6uPFqeLe83yAffo=">AAACCHicbVBLTgJBFOzxi/hDXbrpSExckRlj0CXRjUtM5JMwSHqaN9DS3TN29xjJhAt4Ard6AnfGrbfwAN7DBmYhYCUvqVS9l1epIOZMG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XUeJolCjEY9UMyAaOJNQM8xwaMYKiAg4NILB1dhvPILSLJK3ZhhDW5CeZCGjxFjpzteJ6KTMl/CA70edQtEtuRPgReJlpIgyVDuFH78b0USANJQTrVueG5t2SpRhlMMo7ycaYkIHpActSyURoNvpJPUIH1uli8NI2ZEGT9S/FykRWg9FYDcFMX09743F/7xWYsKLdspknBiQdPooTDg2ER5XgLtMATV8aAmhitmsmPaJItTYoma+PE2j2l68+RYWSf205JVL5ZuzYuUyayiHDtEROkEeOkcVdI2qqIYoUugFvaI359l5dz6cz+nqkpPdHKAZOF+/trqbIg==</latexit>X

i 6=j

<latexit sha1_base64="/AGpxNH5JwWPRYbzTp9LSct6Dwo=">AAACMnicbVC7TsMwFLV5lvJoCyOLRYXEVCUIFcYKFsYi0YfURpXjOK1Vxwm2gwhRv4MV/oGfgQ2x8hG4aQbSciRLR+c+zvVxI86UtqwPuLa+sbm1Xdop7+7tH1SqtcOuCmNJaIeEPJR9FyvKmaAdzTSn/UhSHLic9tzpzbzee6RSsVDc6ySiToDHgvmMYG0kZ5htSCX1Zuh5VK1bDSsDWiV2TuogR3tUg5WhF5I4oEITjpUa2FaknRRLzQins/IwVjTCZIrHdGCowAFVTpp5ztCpUTzkh9I8oVGm/p1IcaBUErimM8B6opZrc/G/2iDW/pWTMhHFmgqyMPJjjnSI5hEgj0lKNE8MwUQycysiEywx0SaogsvT4tSCFk0SxYgqisr8fmJCNBHay4Gtku55w242mncX9dZ1HmYJHIMTcAZscAla4Ba0QQcQ8ABewCt4g+/wE37B70XrGsxnjkAB8OcXK/qrnQ==</latexit>z

<latexit sha1_base64="kqz6TUo5Z6evAzjXWoHA/0D185Y=">AAACN3icbVDLSsNAFJ34rPXRVJduBovgqiQi1WXRjcsK9gFtKJPpTTN08mBmUoyhf+JW/8FPceVO3PoHTtMsbOuBgcO5j3PnuDFnUlnWh7GxubW9s1vaK+8fHB5VzOpxR0aJoNCmEY9EzyUSOAuhrZji0IsFkMDl0HUnd/N6dwpCsih8VGkMTkDGIfMYJUpLQ9Mc5Dsylycww89DNjRrVt3KgdeJXZAaKtAaVo3KYBTRJIBQUU6k7NtWrJyMCMUoh1l5kEiICZ2QMfQ1DUkA0sly2xk+18oIe5HQL1Q4V/9OZCSQMg1c3RkQ5cvV2lz8r9ZPlHfjZCyMEwUhXRh5CccqwvMc8IgJoIqnmhAqmL4VU58IQpVOa8nlaXHqkhb7qWRULotS/96H0UxHaK8Gtk46l3W7UW88XNWat0WYJXSKztAFstE1aqJ71EJtRNEUvaBX9Ga8G5/Gl/G9aN0wipkTtATj5xdLi60h</latexit>zi

<latexit sha1_base64="8MXdwXvhTd3e7henpZOXJCqiYc8=">AAACN3icbVDLTsJAFJ3iC/FB0aWbicTEFWmNQZdENy4xkUcChEyHWzoyfWRmSqwNf+JW/8FPceXOuPUPHEoXAp5kkpNzH+fOcSLOpLKsD6Owsbm1vVPcLe3tHxyWzcpRW4axoNCiIQ9F1yESOAugpZji0I0EEN/h0HEmt/N6ZwpCsjB4UEkEA5+MA+YySpSWhqbZz3akDo9hhp+Hj0OzatWsDHid2DmpohzNYcUo90chjX0IFOVEyp5tRWqQEqEY5TAr9WMJEaETMoaepgHxQQ7SzHaGz7Qywm4o9AsUztS/EynxpUx8R3f6RHlytTYX/6v1YuVeD1IWRLGCgC6M3JhjFeJ5DnjEBFDFE00IFUzfiqlHBKFKp7Xk8rQ4dUmLvEQyKpdFqX/vwWimI7RXA1sn7YuaXa/V7y+rjZs8zCI6QafoHNnoCjXQHWqiFqJoil7QK3oz3o1P48v4XrQWjHzmGC3B+PkFTU2tIg==</latexit>zj

Integrating out soft gluon Measurement is transferred
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Apply DGLAP measurement and extract its leading  pole from soft theoremJL

DGLAP detector

[constrained P.S.]

full phase space 
<latexit sha1_base64="48JUW9EdBXA+YxSBv3YaYvbuqdE="></latexit>Z

dd�1~pi
(2⇡)d�12Ei

<latexit sha1_base64="oGaVk2wcQ9znoRQ8hi6drSCScoI="></latexit>Z
E�JLdE

(2⇡)d�12E

Z
ddp �(p� Ez)

<latexit sha1_base64="WnmQW5iei1sJ5DrMcZZ10PDvi1E=">AAACC3icbVDLSsNAFL2pr1ofjbp0EyyCq5KIVJdFQVxWsA9oQ5hMJ+3QySTMTMQS8gl+gVv9Anfi1o/wA/wPJ20WtvXAhcM593IPx48Zlcq2v43S2vrG5lZ5u7Kzu7dfNQ8OOzJKBCZtHLFI9HwkCaOctBVVjPRiQVDoM9L1Jze5330kQtKIP6hpTNwQjTgNKEZKS55ZHYRIjTFi6W3mpTzzzJpdt2ewVolTkBoUaHnmz2AY4SQkXGGGpOw7dqzcFAlFMSNZZZBIEiM8QSPS15SjkEg3nQXPrFOtDK0gEnq4smbq34sUhVJOQ19v5jHlspeL/3n9RAVXbkp5nCjC8fxRkDBLRVbegjWkgmDFppogLKjOauExEggr3dXCl6d5VN2Ls9zCKumc151GvXF/UWteFw2V4RhO4AwcuIQm3EEL2oAhgRd4hTfj2Xg3PozP+WrJKG6OYAHG1y9WLJv7</latexit>Fn

<latexit sha1_base64="y8homJjvJu3qk9iLPREEZ1FYWOM=">AAAB+3icbVDLTgIxFL3jE/GFunTTSExckRli0CXRjUtI5JHAhHTKBRo6nUnbMZIJX+BWv8CdcevH+AH+hwVmIeBJmpycc2/u6QliwbVx3W9nY3Nre2c3t5ffPzg8Oi6cnDZ1lCiGDRaJSLUDqlFwiQ3DjcB2rJCGgcBWML6f+a0nVJpH8tFMYvRDOpR8wBk1VqqXe4WiW3LnIOvEy0gRMtR6hZ9uP2JJiNIwQbXueG5s/JQqw5nAab6baIwpG9MhdiyVNETtp/OgU3JplT4ZRMo+achc/buR0lDrSRjYyZCakV71ZuJ/Xicxg1s/5TJODEq2ODRIBDERmf2a9LlCZsTEEsoUt1kJG1FFmbHdLF15XkS1vXirLayTZrnkVUqV+nWxepc1lINzuIAr8OAGqvAANWgAA4QXeIU3Z+q8Ox/O52J0w8l2zmAJztcvFciVNw==</latexit>

2<latexit sha1_base64="/AGpxNH5JwWPRYbzTp9LSct6Dwo=">AAACMnicbVC7TsMwFLV5lvJoCyOLRYXEVCUIFcYKFsYi0YfURpXjOK1Vxwm2gwhRv4MV/oGfgQ2x8hG4aQbSciRLR+c+zvVxI86UtqwPuLa+sbm1Xdop7+7tH1SqtcOuCmNJaIeEPJR9FyvKmaAdzTSn/UhSHLic9tzpzbzee6RSsVDc6ySiToDHgvmMYG0kZ5htSCX1Zuh5VK1bDSsDWiV2TuogR3tUg5WhF5I4oEITjpUa2FaknRRLzQins/IwVjTCZIrHdGCowAFVTpp5ztCpUTzkh9I8oVGm/p1IcaBUErimM8B6opZrc/G/2iDW/pWTMhHFmgqyMPJjjnSI5hEgj0lKNE8MwUQycysiEywx0SaogsvT4tSCFk0SxYgqisr8fmJCNBHay4Gtku55w242mncX9dZ1HmYJHIMTcAZscAla4Ba0QQcQ8ABewCt4g+/wE37B70XrGsxnjkAB8OcXK/qrnQ==</latexit>z

<latexit sha1_base64="YNz+e93z3ciy6uPFqeLe83yAffo=">AAACCHicbVBLTgJBFOzxi/hDXbrpSExckRlj0CXRjUtM5JMwSHqaN9DS3TN29xjJhAt4Ard6AnfGrbfwAN7DBmYhYCUvqVS9l1epIOZMG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XUeJolCjEY9UMyAaOJNQM8xwaMYKiAg4NILB1dhvPILSLJK3ZhhDW5CeZCGjxFjpzteJ6KTMl/CA70edQtEtuRPgReJlpIgyVDuFH78b0USANJQTrVueG5t2SpRhlMMo7ycaYkIHpActSyURoNvpJPUIH1uli8NI2ZEGT9S/FykRWg9FYDcFMX09743F/7xWYsKLdspknBiQdPooTDg2ER5XgLtMATV8aAmhitmsmPaJItTYoma+PE2j2l68+RYWSf205JVL5ZuzYuUyayiHDtEROkEeOkcVdI2qqIYoUugFvaI359l5dz6cz+nqkpPdHKAZOF+/trqbIg==</latexit>X

i 6=j

<latexit sha1_base64="/AGpxNH5JwWPRYbzTp9LSct6Dwo=">AAACMnicbVC7TsMwFLV5lvJoCyOLRYXEVCUIFcYKFsYi0YfURpXjOK1Vxwm2gwhRv4MV/oGfgQ2x8hG4aQbSciRLR+c+zvVxI86UtqwPuLa+sbm1Xdop7+7tH1SqtcOuCmNJaIeEPJR9FyvKmaAdzTSn/UhSHLic9tzpzbzee6RSsVDc6ySiToDHgvmMYG0kZ5htSCX1Zuh5VK1bDSsDWiV2TuogR3tUg5WhF5I4oEITjpUa2FaknRRLzQins/IwVjTCZIrHdGCowAFVTpp5ztCpUTzkh9I8oVGm/p1IcaBUErimM8B6opZrc/G/2iDW/pWTMhHFmgqyMPJjjnSI5hEgj0lKNE8MwUQycysiEywx0SaogsvT4tSCFk0SxYgqisr8fmJCNBHay4Gtku55w242mncX9dZ1HmYJHIMTcAZscAla4Ba0QQcQ8ABewCt4g+/wE37B70XrGsxnjkAB8OcXK/qrnQ==</latexit>z
Soft Thm

+ integrate  E

<latexit sha1_base64="kQ+wPp9YNh4Ke4SK68QDMyPlv/c=">AAACPHicbVDLSsNAFJ34rPXRVnHlJlgEQShJkeqy6EbERQX7gCaGyWTSDJ08mJmIIeRj3Oo/+B/u3Ylb107aLEzrgYHDOfdyzxw7ooQLTftQVlbX1jc2K1vV7Z3dvVq9sT/gYcwQ7qOQhmxkQ44pCXBfEEHxKGIY+jbFQ3t6nfvDJ8w4CYMHkUTY9OEkIC5BUEjJqh8anPiGyyBKJ4/tLL217s7amVVvai1tBnWZ6AVpggI9q6HUDCdEsY8DgSjkfKxrkTBTyARBFGdVI+Y4gmgKJ3gsaQB9zM10lj9TT6TiqG7I5AuEOlP/bqTQ5zzxbTnpQ+HxRS8X//PGsXAvzZQEUSxwgOaH3JiqIlTzMlSHMIwETSSBiBGZVUUelGUIWVnpyvM8akmLvIQTxMsil7/3sJNXqC8WtkwG7ZbeaXXuz5vdq6LMCjgCx+AU6OACdMEN6IE+QCAFL+AVvCnvyqfypXzPR1eUYucAlKD8/AKGXa6s</latexit>

⇠ g2

JL + 2

<latexit sha1_base64="YNz+e93z3ciy6uPFqeLe83yAffo=">AAACCHicbVBLTgJBFOzxi/hDXbrpSExckRlj0CXRjUtM5JMwSHqaN9DS3TN29xjJhAt4Ard6AnfGrbfwAN7DBmYhYCUvqVS9l1epIOZMG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XUeJolCjEY9UMyAaOJNQM8xwaMYKiAg4NILB1dhvPILSLJK3ZhhDW5CeZCGjxFjpzteJ6KTMl/CA70edQtEtuRPgReJlpIgyVDuFH78b0USANJQTrVueG5t2SpRhlMMo7ycaYkIHpActSyURoNvpJPUIH1uli8NI2ZEGT9S/FykRWg9FYDcFMX09743F/7xWYsKLdspknBiQdPooTDg2ER5XgLtMATV8aAmhitmsmPaJItTYoma+PE2j2l68+RYWSf205JVL5ZuzYuUyayiHDtEROkEeOkcVdI2qqIYoUugFvaI359l5dz6cz+nqkpPdHKAZOF+/trqbIg==</latexit>X

i 6=j

<latexit sha1_base64="/AGpxNH5JwWPRYbzTp9LSct6Dwo=">AAACMnicbVC7TsMwFLV5lvJoCyOLRYXEVCUIFcYKFsYi0YfURpXjOK1Vxwm2gwhRv4MV/oGfgQ2x8hG4aQbSciRLR+c+zvVxI86UtqwPuLa+sbm1Xdop7+7tH1SqtcOuCmNJaIeEPJR9FyvKmaAdzTSn/UhSHLic9tzpzbzee6RSsVDc6ySiToDHgvmMYG0kZ5htSCX1Zuh5VK1bDSsDWiV2TuogR3tUg5WhF5I4oEITjpUa2FaknRRLzQins/IwVjTCZIrHdGCowAFVTpp5ztCpUTzkh9I8oVGm/p1IcaBUErimM8B6opZrc/G/2iDW/pWTMhHFmgqyMPJjjnSI5hEgj0lKNE8MwUQycysiEywx0SaogsvT4tSCFk0SxYgqisr8fmJCNBHay4Gtku55w242mncX9dZ1HmYJHIMTcAZscAla4Ba0QQcQ8ABewCt4g+/wE37B70XrGsxnjkAB8OcXK/qrnQ==</latexit>z

<latexit sha1_base64="kqz6TUo5Z6evAzjXWoHA/0D185Y=">AAACN3icbVDLSsNAFJ34rPXRVJduBovgqiQi1WXRjcsK9gFtKJPpTTN08mBmUoyhf+JW/8FPceVO3PoHTtMsbOuBgcO5j3PnuDFnUlnWh7GxubW9s1vaK+8fHB5VzOpxR0aJoNCmEY9EzyUSOAuhrZji0IsFkMDl0HUnd/N6dwpCsih8VGkMTkDGIfMYJUpLQ9Mc5Dsylycww89DNjRrVt3KgdeJXZAaKtAaVo3KYBTRJIBQUU6k7NtWrJyMCMUoh1l5kEiICZ2QMfQ1DUkA0sly2xk+18oIe5HQL1Q4V/9OZCSQMg1c3RkQ5cvV2lz8r9ZPlHfjZCyMEwUhXRh5CccqwvMc8IgJoIqnmhAqmL4VU58IQpVOa8nlaXHqkhb7qWRULotS/96H0UxHaK8Gtk46l3W7UW88XNWat0WYJXSKztAFstE1aqJ71EJtRNEUvaBX9Ga8G5/Gl/G9aN0wipkTtATj5xdLi60h</latexit>zi

<latexit sha1_base64="8MXdwXvhTd3e7henpZOXJCqiYc8=">AAACN3icbVDLTsJAFJ3iC/FB0aWbicTEFWmNQZdENy4xkUcChEyHWzoyfWRmSqwNf+JW/8FPceXOuPUPHEoXAp5kkpNzH+fOcSLOpLKsD6Owsbm1vVPcLe3tHxyWzcpRW4axoNCiIQ9F1yESOAugpZji0I0EEN/h0HEmt/N6ZwpCsjB4UEkEA5+MA+YySpSWhqbZz3akDo9hhp+Hj0OzatWsDHid2DmpohzNYcUo90chjX0IFOVEyp5tRWqQEqEY5TAr9WMJEaETMoaepgHxQQ7SzHaGz7Qywm4o9AsUztS/EynxpUx8R3f6RHlytTYX/6v1YuVeD1IWRLGCgC6M3JhjFeJ5DnjEBFDFE00IFUzfiqlHBKFKp7Xk8rQ4dUmLvEQyKpdFqX/vwWimI7RXA1sn7YuaXa/V7y+rjZs8zCI6QafoHNnoCjXQHWqiFqJoil7QK3oz3o1P48v4XrQWjHzmGC3B+PkFTU2tIg==</latexit>zj

New “measurement function” — BFKL detector

<latexit sha1_base64="/AGpxNH5JwWPRYbzTp9LSct6Dwo=">AAACMnicbVC7TsMwFLV5lvJoCyOLRYXEVCUIFcYKFsYi0YfURpXjOK1Vxwm2gwhRv4MV/oGfgQ2x8hG4aQbSciRLR+c+zvVxI86UtqwPuLa+sbm1Xdop7+7tH1SqtcOuCmNJaIeEPJR9FyvKmaAdzTSn/UhSHLic9tzpzbzee6RSsVDc6ySiToDHgvmMYG0kZ5htSCX1Zuh5VK1bDSsDWiV2TuogR3tUg5WhF5I4oEITjpUa2FaknRRLzQins/IwVjTCZIrHdGCowAFVTpp5ztCpUTzkh9I8oVGm/p1IcaBUErimM8B6opZrc/G/2iDW/pWTMhHFmgqyMPJjjnSI5hEgj0lKNE8MwUQycysiEywx0SaogsvT4tSCFk0SxYgqisr8fmJCNBHay4Gtku55w242mncX9dZ1HmYJHIMTcAZscAla4Ba0QQcQ8ABewCt4g+/wE37B70XrGsxnjkAB8OcXK/qrnQ==</latexit>z

<latexit sha1_base64="kqz6TUo5Z6evAzjXWoHA/0D185Y=">AAACN3icbVDLSsNAFJ34rPXRVJduBovgqiQi1WXRjcsK9gFtKJPpTTN08mBmUoyhf+JW/8FPceVO3PoHTtMsbOuBgcO5j3PnuDFnUlnWh7GxubW9s1vaK+8fHB5VzOpxR0aJoNCmEY9EzyUSOAuhrZji0IsFkMDl0HUnd/N6dwpCsih8VGkMTkDGIfMYJUpLQ9Mc5Dsylycww89DNjRrVt3KgdeJXZAaKtAaVo3KYBTRJIBQUU6k7NtWrJyMCMUoh1l5kEiICZ2QMfQ1DUkA0sly2xk+18oIe5HQL1Q4V/9OZCSQMg1c3RkQ5cvV2lz8r9ZPlHfjZCyMEwUhXRh5CccqwvMc8IgJoIqnmhAqmL4VU58IQpVOa8nlaXHqkhb7qWRULotS/96H0UxHaK8Gtk46l3W7UW88XNWat0WYJXSKztAFstE1aqJ71EJtRNEUvaBX9Ga8G5/Gl/G9aN0wipkTtATj5xdLi60h</latexit>zi

<latexit sha1_base64="8MXdwXvhTd3e7henpZOXJCqiYc8=">AAACN3icbVDLTsJAFJ3iC/FB0aWbicTEFWmNQZdENy4xkUcChEyHWzoyfWRmSqwNf+JW/8FPceXOuPUPHEoXAp5kkpNzH+fOcSLOpLKsD6Owsbm1vVPcLe3tHxyWzcpRW4axoNCiIQ9F1yESOAugpZji0I0EEN/h0HEmt/N6ZwpCsjB4UEkEA5+MA+YySpSWhqbZz3akDo9hhp+Hj0OzatWsDHid2DmpohzNYcUo90chjX0IFOVEyp5tRWqQEqEY5TAr9WMJEaETMoaepgHxQQ7SzHaGz7Qywm4o9AsUztS/EynxpUx8R3f6RHlytTYX/6v1YuVeD1IWRLGCgC6M3JhjFeJ5DnjEBFDFE00IFUzfiqlHBKFKp7Xk8rQ4dUmLvEQyKpdFqX/vwWimI7RXA1sn7YuaXa/V7y+rjZs8zCI6QafoHNnoCjXQHWqiFqJoil7QK3oz3o1P48v4XrQWjHzmGC3B+PkFTU2tIg==</latexit>zj

<latexit sha1_base64="ZUcCwd9tZUWqw2QyWTc2s3tJZxI="></latexit>Z
dd�2zid

d�2zj
zi · zj

(z · zi)(z · zj)
<latexit sha1_base64="JQi6/SOBCiRSmNd/v3DZ5k2l5D8="></latexit>

N c(zi)N c(zj)

<latexit sha1_base64="spk9kGaKaOX1gRZVqzDo9ts/ETo="></latexit>

N c(zi) $ Tc
i

Z
Ed�2

i dEi

(2⇡)d�12Ei

Z
ddpi �(pi � Eizi)

color-interference 
number detector
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Apply DGLAP measurement and extract its leading  pole from soft theoremJL

DGLAP detector

[constrained P.S.]

full phase space 
<latexit sha1_base64="48JUW9EdBXA+YxSBv3YaYvbuqdE="></latexit>Z

dd�1~pi
(2⇡)d�12Ei

<latexit sha1_base64="oGaVk2wcQ9znoRQ8hi6drSCScoI="></latexit>Z
E�JLdE

(2⇡)d�12E

Z
ddp �(p� Ez)

<latexit sha1_base64="WnmQW5iei1sJ5DrMcZZ10PDvi1E=">AAACC3icbVDLSsNAFL2pr1ofjbp0EyyCq5KIVJdFQVxWsA9oQ5hMJ+3QySTMTMQS8gl+gVv9Anfi1o/wA/wPJ20WtvXAhcM593IPx48Zlcq2v43S2vrG5lZ5u7Kzu7dfNQ8OOzJKBCZtHLFI9HwkCaOctBVVjPRiQVDoM9L1Jze5330kQtKIP6hpTNwQjTgNKEZKS55ZHYRIjTFi6W3mpTzzzJpdt2ewVolTkBoUaHnmz2AY4SQkXGGGpOw7dqzcFAlFMSNZZZBIEiM8QSPS15SjkEg3nQXPrFOtDK0gEnq4smbq34sUhVJOQ19v5jHlspeL/3n9RAVXbkp5nCjC8fxRkDBLRVbegjWkgmDFppogLKjOauExEggr3dXCl6d5VN2Ls9zCKumc151GvXF/UWteFw2V4RhO4AwcuIQm3EEL2oAhgRd4hTfj2Xg3PozP+WrJKG6OYAHG1y9WLJv7</latexit>Fn

<latexit sha1_base64="y8homJjvJu3qk9iLPREEZ1FYWOM=">AAAB+3icbVDLTgIxFL3jE/GFunTTSExckRli0CXRjUtI5JHAhHTKBRo6nUnbMZIJX+BWv8CdcevH+AH+hwVmIeBJmpycc2/u6QliwbVx3W9nY3Nre2c3t5ffPzg8Oi6cnDZ1lCiGDRaJSLUDqlFwiQ3DjcB2rJCGgcBWML6f+a0nVJpH8tFMYvRDOpR8wBk1VqqXe4WiW3LnIOvEy0gRMtR6hZ9uP2JJiNIwQbXueG5s/JQqw5nAab6baIwpG9MhdiyVNETtp/OgU3JplT4ZRMo+achc/buR0lDrSRjYyZCakV71ZuJ/Xicxg1s/5TJODEq2ODRIBDERmf2a9LlCZsTEEsoUt1kJG1FFmbHdLF15XkS1vXirLayTZrnkVUqV+nWxepc1lINzuIAr8OAGqvAANWgAA4QXeIU3Z+q8Ox/O52J0w8l2zmAJztcvFciVNw==</latexit>

2<latexit sha1_base64="/AGpxNH5JwWPRYbzTp9LSct6Dwo=">AAACMnicbVC7TsMwFLV5lvJoCyOLRYXEVCUIFcYKFsYi0YfURpXjOK1Vxwm2gwhRv4MV/oGfgQ2x8hG4aQbSciRLR+c+zvVxI86UtqwPuLa+sbm1Xdop7+7tH1SqtcOuCmNJaIeEPJR9FyvKmaAdzTSn/UhSHLic9tzpzbzee6RSsVDc6ySiToDHgvmMYG0kZ5htSCX1Zuh5VK1bDSsDWiV2TuogR3tUg5WhF5I4oEITjpUa2FaknRRLzQins/IwVjTCZIrHdGCowAFVTpp5ztCpUTzkh9I8oVGm/p1IcaBUErimM8B6opZrc/G/2iDW/pWTMhHFmgqyMPJjjnSI5hEgj0lKNE8MwUQycysiEywx0SaogsvT4tSCFk0SxYgqisr8fmJCNBHay4Gtku55w242mncX9dZ1HmYJHIMTcAZscAla4Ba0QQcQ8ABewCt4g+/wE37B70XrGsxnjkAB8OcXK/qrnQ==</latexit>z

<latexit sha1_base64="YNz+e93z3ciy6uPFqeLe83yAffo=">AAACCHicbVBLTgJBFOzxi/hDXbrpSExckRlj0CXRjUtM5JMwSHqaN9DS3TN29xjJhAt4Ard6AnfGrbfwAN7DBmYhYCUvqVS9l1epIOZMG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XUeJolCjEY9UMyAaOJNQM8xwaMYKiAg4NILB1dhvPILSLJK3ZhhDW5CeZCGjxFjpzteJ6KTMl/CA70edQtEtuRPgReJlpIgyVDuFH78b0USANJQTrVueG5t2SpRhlMMo7ycaYkIHpActSyURoNvpJPUIH1uli8NI2ZEGT9S/FykRWg9FYDcFMX09743F/7xWYsKLdspknBiQdPooTDg2ER5XgLtMATV8aAmhitmsmPaJItTYoma+PE2j2l68+RYWSf205JVL5ZuzYuUyayiHDtEROkEeOkcVdI2qqIYoUugFvaI359l5dz6cz+nqkpPdHKAZOF+/trqbIg==</latexit>X

i 6=j

<latexit sha1_base64="/AGpxNH5JwWPRYbzTp9LSct6Dwo=">AAACMnicbVC7TsMwFLV5lvJoCyOLRYXEVCUIFcYKFsYi0YfURpXjOK1Vxwm2gwhRv4MV/oGfgQ2x8hG4aQbSciRLR+c+zvVxI86UtqwPuLa+sbm1Xdop7+7tH1SqtcOuCmNJaIeEPJR9FyvKmaAdzTSn/UhSHLic9tzpzbzee6RSsVDc6ySiToDHgvmMYG0kZ5htSCX1Zuh5VK1bDSsDWiV2TuogR3tUg5WhF5I4oEITjpUa2FaknRRLzQins/IwVjTCZIrHdGCowAFVTpp5ztCpUTzkh9I8oVGm/p1IcaBUErimM8B6opZrc/G/2iDW/pWTMhHFmgqyMPJjjnSI5hEgj0lKNE8MwUQycysiEywx0SaogsvT4tSCFk0SxYgqisr8fmJCNBHay4Gtku55w242mncX9dZ1HmYJHIMTcAZscAla4Ba0QQcQ8ABewCt4g+/wE37B70XrGsxnjkAB8OcXK/qrnQ==</latexit>z
Soft Thm

+ integrate  E

<latexit sha1_base64="kQ+wPp9YNh4Ke4SK68QDMyPlv/c=">AAACPHicbVDLSsNAFJ34rPXRVnHlJlgEQShJkeqy6EbERQX7gCaGyWTSDJ08mJmIIeRj3Oo/+B/u3Ylb107aLEzrgYHDOfdyzxw7ooQLTftQVlbX1jc2K1vV7Z3dvVq9sT/gYcwQ7qOQhmxkQ44pCXBfEEHxKGIY+jbFQ3t6nfvDJ8w4CYMHkUTY9OEkIC5BUEjJqh8anPiGyyBKJ4/tLL217s7amVVvai1tBnWZ6AVpggI9q6HUDCdEsY8DgSjkfKxrkTBTyARBFGdVI+Y4gmgKJ3gsaQB9zM10lj9TT6TiqG7I5AuEOlP/bqTQ5zzxbTnpQ+HxRS8X//PGsXAvzZQEUSxwgOaH3JiqIlTzMlSHMIwETSSBiBGZVUUelGUIWVnpyvM8akmLvIQTxMsil7/3sJNXqC8WtkwG7ZbeaXXuz5vdq6LMCjgCx+AU6OACdMEN6IE+QCAFL+AVvCnvyqfypXzPR1eUYucAlKD8/AKGXa6s</latexit>

⇠ g2

JL + 2

<latexit sha1_base64="YNz+e93z3ciy6uPFqeLe83yAffo=">AAACCHicbVBLTgJBFOzxi/hDXbrpSExckRlj0CXRjUtM5JMwSHqaN9DS3TN29xjJhAt4Ard6AnfGrbfwAN7DBmYhYCUvqVS9l1epIOZMG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XUeJolCjEY9UMyAaOJNQM8xwaMYKiAg4NILB1dhvPILSLJK3ZhhDW5CeZCGjxFjpzteJ6KTMl/CA70edQtEtuRPgReJlpIgyVDuFH78b0USANJQTrVueG5t2SpRhlMMo7ycaYkIHpActSyURoNvpJPUIH1uli8NI2ZEGT9S/FykRWg9FYDcFMX09743F/7xWYsKLdspknBiQdPooTDg2ER5XgLtMATV8aAmhitmsmPaJItTYoma+PE2j2l68+RYWSf205JVL5ZuzYuUyayiHDtEROkEeOkcVdI2qqIYoUugFvaI359l5dz6cz+nqkpPdHKAZOF+/trqbIg==</latexit>X

i 6=j

<latexit sha1_base64="/AGpxNH5JwWPRYbzTp9LSct6Dwo=">AAACMnicbVC7TsMwFLV5lvJoCyOLRYXEVCUIFcYKFsYi0YfURpXjOK1Vxwm2gwhRv4MV/oGfgQ2x8hG4aQbSciRLR+c+zvVxI86UtqwPuLa+sbm1Xdop7+7tH1SqtcOuCmNJaIeEPJR9FyvKmaAdzTSn/UhSHLic9tzpzbzee6RSsVDc6ySiToDHgvmMYG0kZ5htSCX1Zuh5VK1bDSsDWiV2TuogR3tUg5WhF5I4oEITjpUa2FaknRRLzQins/IwVjTCZIrHdGCowAFVTpp5ztCpUTzkh9I8oVGm/p1IcaBUErimM8B6opZrc/G/2iDW/pWTMhHFmgqyMPJjjnSI5hEgj0lKNE8MwUQycysiEywx0SaogsvT4tSCFk0SxYgqisr8fmJCNBHay4Gtku55w242mncX9dZ1HmYJHIMTcAZscAla4Ba0QQcQ8ABewCt4g+/wE37B70XrGsxnjkAB8OcXK/qrnQ==</latexit>z

<latexit sha1_base64="kqz6TUo5Z6evAzjXWoHA/0D185Y=">AAACN3icbVDLSsNAFJ34rPXRVJduBovgqiQi1WXRjcsK9gFtKJPpTTN08mBmUoyhf+JW/8FPceVO3PoHTtMsbOuBgcO5j3PnuDFnUlnWh7GxubW9s1vaK+8fHB5VzOpxR0aJoNCmEY9EzyUSOAuhrZji0IsFkMDl0HUnd/N6dwpCsih8VGkMTkDGIfMYJUpLQ9Mc5Dsylycww89DNjRrVt3KgdeJXZAaKtAaVo3KYBTRJIBQUU6k7NtWrJyMCMUoh1l5kEiICZ2QMfQ1DUkA0sly2xk+18oIe5HQL1Q4V/9OZCSQMg1c3RkQ5cvV2lz8r9ZPlHfjZCyMEwUhXRh5CccqwvMc8IgJoIqnmhAqmL4VU58IQpVOa8nlaXHqkhb7qWRULotS/96H0UxHaK8Gtk46l3W7UW88XNWat0WYJXSKztAFstE1aqJ71EJtRNEUvaBX9Ga8G5/Gl/G9aN0wipkTtATj5xdLi60h</latexit>zi

<latexit sha1_base64="8MXdwXvhTd3e7henpZOXJCqiYc8=">AAACN3icbVDLTsJAFJ3iC/FB0aWbicTEFWmNQZdENy4xkUcChEyHWzoyfWRmSqwNf+JW/8FPceXOuPUPHEoXAp5kkpNzH+fOcSLOpLKsD6Owsbm1vVPcLe3tHxyWzcpRW4axoNCiIQ9F1yESOAugpZji0I0EEN/h0HEmt/N6ZwpCsjB4UEkEA5+MA+YySpSWhqbZz3akDo9hhp+Hj0OzatWsDHid2DmpohzNYcUo90chjX0IFOVEyp5tRWqQEqEY5TAr9WMJEaETMoaepgHxQQ7SzHaGz7Qywm4o9AsUztS/EynxpUx8R3f6RHlytTYX/6v1YuVeD1IWRLGCgC6M3JhjFeJ5DnjEBFDFE00IFUzfiqlHBKFKp7Xk8rQ4dUmLvEQyKpdFqX/vwWimI7RXA1sn7YuaXa/V7y+rjZs8zCI6QafoHNnoCjXQHWqiFqJoil7QK3oz3o1P48v4XrQWjHzmGC3B+PkFTU2tIg==</latexit>zj

New “measurement” function — BFKL detector

<latexit sha1_base64="/AGpxNH5JwWPRYbzTp9LSct6Dwo=">AAACMnicbVC7TsMwFLV5lvJoCyOLRYXEVCUIFcYKFsYi0YfURpXjOK1Vxwm2gwhRv4MV/oGfgQ2x8hG4aQbSciRLR+c+zvVxI86UtqwPuLa+sbm1Xdop7+7tH1SqtcOuCmNJaIeEPJR9FyvKmaAdzTSn/UhSHLic9tzpzbzee6RSsVDc6ySiToDHgvmMYG0kZ5htSCX1Zuh5VK1bDSsDWiV2TuogR3tUg5WhF5I4oEITjpUa2FaknRRLzQins/IwVjTCZIrHdGCowAFVTpp5ztCpUTzkh9I8oVGm/p1IcaBUErimM8B6opZrc/G/2iDW/pWTMhHFmgqyMPJjjnSI5hEgj0lKNE8MwUQycysiEywx0SaogsvT4tSCFk0SxYgqisr8fmJCNBHay4Gtku55w242mncX9dZ1HmYJHIMTcAZscAla4Ba0QQcQ8ABewCt4g+/wE37B70XrGsxnjkAB8OcXK/qrnQ==</latexit>z

<latexit sha1_base64="kqz6TUo5Z6evAzjXWoHA/0D185Y=">AAACN3icbVDLSsNAFJ34rPXRVJduBovgqiQi1WXRjcsK9gFtKJPpTTN08mBmUoyhf+JW/8FPceVO3PoHTtMsbOuBgcO5j3PnuDFnUlnWh7GxubW9s1vaK+8fHB5VzOpxR0aJoNCmEY9EzyUSOAuhrZji0IsFkMDl0HUnd/N6dwpCsih8VGkMTkDGIfMYJUpLQ9Mc5Dsylycww89DNjRrVt3KgdeJXZAaKtAaVo3KYBTRJIBQUU6k7NtWrJyMCMUoh1l5kEiICZ2QMfQ1DUkA0sly2xk+18oIe5HQL1Q4V/9OZCSQMg1c3RkQ5cvV2lz8r9ZPlHfjZCyMEwUhXRh5CccqwvMc8IgJoIqnmhAqmL4VU58IQpVOa8nlaXHqkhb7qWRULotS/96H0UxHaK8Gtk46l3W7UW88XNWat0WYJXSKztAFstE1aqJ71EJtRNEUvaBX9Ga8G5/Gl/G9aN0wipkTtATj5xdLi60h</latexit>zi

<latexit sha1_base64="8MXdwXvhTd3e7henpZOXJCqiYc8=">AAACN3icbVDLTsJAFJ3iC/FB0aWbicTEFWmNQZdENy4xkUcChEyHWzoyfWRmSqwNf+JW/8FPceXOuPUPHEoXAp5kkpNzH+fOcSLOpLKsD6Owsbm1vVPcLe3tHxyWzcpRW4axoNCiIQ9F1yESOAugpZji0I0EEN/h0HEmt/N6ZwpCsjB4UEkEA5+MA+YySpSWhqbZz3akDo9hhp+Hj0OzatWsDHid2DmpohzNYcUo90chjX0IFOVEyp5tRWqQEqEY5TAr9WMJEaETMoaepgHxQQ7SzHaGz7Qywm4o9AsUztS/EynxpUx8R3f6RHlytTYX/6v1YuVeD1IWRLGCgC6M3JhjFeJ5DnjEBFDFE00IFUzfiqlHBKFKp7Xk8rQ4dUmLvEQyKpdFqX/vwWimI7RXA1sn7YuaXa/V7y+rjZs8zCI6QafoHNnoCjXQHWqiFqJoil7QK3oz3o1P48v4XrQWjHzmGC3B+PkFTU2tIg==</latexit>zj

<latexit sha1_base64="ZUcCwd9tZUWqw2QyWTc2s3tJZxI="></latexit>Z
dd�2zid

d�2zj
zi · zj

(z · zi)(z · zj)
<latexit sha1_base64="JQi6/SOBCiRSmNd/v3DZ5k2l5D8="></latexit>

N c(zi)N c(zj)

<latexit sha1_base64="spk9kGaKaOX1gRZVqzDo9ts/ETo="></latexit>

N c(zi) $ Tc
i

Z
Ed�2

i dEi

(2⇡)d�12Ei

Z
ddpi �(pi � Eizi)

color-interference 
number detector

detector at JL = − 2
<latexit sha1_base64="Olxw9VmKS9udjVCIkKLrPjYN3nE="></latexit>

DBFKL
JL

(z) =

Z
dd�2zid

d�2zj

✓
zi · zj

(z · zi)(z · zj)

◆�JL/2

N c(zi)N c(zj)

  BFKL detector  

<latexit sha1_base64="+USw5B2ZVQw8EZosNg3Fhzr1TpE="></latexit>

DBFKL
JL

(z) =
�(JL + d� 2)

�(JL+d�2
2 )2

Z
dd�2zid

d�2zj

✓
2zi · zj

(2z · zi)(2z · zj)

◆�JL/2

N c(zi)N c(zj)
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Apply DGLAP measurement and extract its leading  pole from soft theoremJL

DGLAP detector

[constrained P.S.]

full phase space 
<latexit sha1_base64="48JUW9EdBXA+YxSBv3YaYvbuqdE="></latexit>Z

dd�1~pi
(2⇡)d�12Ei

<latexit sha1_base64="oGaVk2wcQ9znoRQ8hi6drSCScoI="></latexit>Z
E�JLdE

(2⇡)d�12E

Z
ddp �(p� Ez)

<latexit sha1_base64="WnmQW5iei1sJ5DrMcZZ10PDvi1E=">AAACC3icbVDLSsNAFL2pr1ofjbp0EyyCq5KIVJdFQVxWsA9oQ5hMJ+3QySTMTMQS8gl+gVv9Anfi1o/wA/wPJ20WtvXAhcM593IPx48Zlcq2v43S2vrG5lZ5u7Kzu7dfNQ8OOzJKBCZtHLFI9HwkCaOctBVVjPRiQVDoM9L1Jze5330kQtKIP6hpTNwQjTgNKEZKS55ZHYRIjTFi6W3mpTzzzJpdt2ewVolTkBoUaHnmz2AY4SQkXGGGpOw7dqzcFAlFMSNZZZBIEiM8QSPS15SjkEg3nQXPrFOtDK0gEnq4smbq34sUhVJOQ19v5jHlspeL/3n9RAVXbkp5nCjC8fxRkDBLRVbegjWkgmDFppogLKjOauExEggr3dXCl6d5VN2Ls9zCKumc151GvXF/UWteFw2V4RhO4AwcuIQm3EEL2oAhgRd4hTfj2Xg3PozP+WrJKG6OYAHG1y9WLJv7</latexit>Fn

<latexit sha1_base64="y8homJjvJu3qk9iLPREEZ1FYWOM=">AAAB+3icbVDLTgIxFL3jE/GFunTTSExckRli0CXRjUtI5JHAhHTKBRo6nUnbMZIJX+BWv8CdcevH+AH+hwVmIeBJmpycc2/u6QliwbVx3W9nY3Nre2c3t5ffPzg8Oi6cnDZ1lCiGDRaJSLUDqlFwiQ3DjcB2rJCGgcBWML6f+a0nVJpH8tFMYvRDOpR8wBk1VqqXe4WiW3LnIOvEy0gRMtR6hZ9uP2JJiNIwQbXueG5s/JQqw5nAab6baIwpG9MhdiyVNETtp/OgU3JplT4ZRMo+achc/buR0lDrSRjYyZCakV71ZuJ/Xicxg1s/5TJODEq2ODRIBDERmf2a9LlCZsTEEsoUt1kJG1FFmbHdLF15XkS1vXirLayTZrnkVUqV+nWxepc1lINzuIAr8OAGqvAANWgAA4QXeIU3Z+q8Ox/O52J0w8l2zmAJztcvFciVNw==</latexit>

2<latexit sha1_base64="/AGpxNH5JwWPRYbzTp9LSct6Dwo=">AAACMnicbVC7TsMwFLV5lvJoCyOLRYXEVCUIFcYKFsYi0YfURpXjOK1Vxwm2gwhRv4MV/oGfgQ2x8hG4aQbSciRLR+c+zvVxI86UtqwPuLa+sbm1Xdop7+7tH1SqtcOuCmNJaIeEPJR9FyvKmaAdzTSn/UhSHLic9tzpzbzee6RSsVDc6ySiToDHgvmMYG0kZ5htSCX1Zuh5VK1bDSsDWiV2TuogR3tUg5WhF5I4oEITjpUa2FaknRRLzQins/IwVjTCZIrHdGCowAFVTpp5ztCpUTzkh9I8oVGm/p1IcaBUErimM8B6opZrc/G/2iDW/pWTMhHFmgqyMPJjjnSI5hEgj0lKNE8MwUQycysiEywx0SaogsvT4tSCFk0SxYgqisr8fmJCNBHay4Gtku55w242mncX9dZ1HmYJHIMTcAZscAla4Ba0QQcQ8ABewCt4g+/wE37B70XrGsxnjkAB8OcXK/qrnQ==</latexit>z

<latexit sha1_base64="YNz+e93z3ciy6uPFqeLe83yAffo=">AAACCHicbVBLTgJBFOzxi/hDXbrpSExckRlj0CXRjUtM5JMwSHqaN9DS3TN29xjJhAt4Ard6AnfGrbfwAN7DBmYhYCUvqVS9l1epIOZMG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XUeJolCjEY9UMyAaOJNQM8xwaMYKiAg4NILB1dhvPILSLJK3ZhhDW5CeZCGjxFjpzteJ6KTMl/CA70edQtEtuRPgReJlpIgyVDuFH78b0USANJQTrVueG5t2SpRhlMMo7ycaYkIHpActSyURoNvpJPUIH1uli8NI2ZEGT9S/FykRWg9FYDcFMX09743F/7xWYsKLdspknBiQdPooTDg2ER5XgLtMATV8aAmhitmsmPaJItTYoma+PE2j2l68+RYWSf205JVL5ZuzYuUyayiHDtEROkEeOkcVdI2qqIYoUugFvaI359l5dz6cz+nqkpPdHKAZOF+/trqbIg==</latexit>X

i 6=j

<latexit sha1_base64="/AGpxNH5JwWPRYbzTp9LSct6Dwo=">AAACMnicbVC7TsMwFLV5lvJoCyOLRYXEVCUIFcYKFsYi0YfURpXjOK1Vxwm2gwhRv4MV/oGfgQ2x8hG4aQbSciRLR+c+zvVxI86UtqwPuLa+sbm1Xdop7+7tH1SqtcOuCmNJaIeEPJR9FyvKmaAdzTSn/UhSHLic9tzpzbzee6RSsVDc6ySiToDHgvmMYG0kZ5htSCX1Zuh5VK1bDSsDWiV2TuogR3tUg5WhF5I4oEITjpUa2FaknRRLzQins/IwVjTCZIrHdGCowAFVTpp5ztCpUTzkh9I8oVGm/p1IcaBUErimM8B6opZrc/G/2iDW/pWTMhHFmgqyMPJjjnSI5hEgj0lKNE8MwUQycysiEywx0SaogsvT4tSCFk0SxYgqisr8fmJCNBHay4Gtku55w242mncX9dZ1HmYJHIMTcAZscAla4Ba0QQcQ8ABewCt4g+/wE37B70XrGsxnjkAB8OcXK/qrnQ==</latexit>z
Soft Thm

+ integrate  E

<latexit sha1_base64="kQ+wPp9YNh4Ke4SK68QDMyPlv/c=">AAACPHicbVDLSsNAFJ34rPXRVnHlJlgEQShJkeqy6EbERQX7gCaGyWTSDJ08mJmIIeRj3Oo/+B/u3Ylb107aLEzrgYHDOfdyzxw7ooQLTftQVlbX1jc2K1vV7Z3dvVq9sT/gYcwQ7qOQhmxkQ44pCXBfEEHxKGIY+jbFQ3t6nfvDJ8w4CYMHkUTY9OEkIC5BUEjJqh8anPiGyyBKJ4/tLL217s7amVVvai1tBnWZ6AVpggI9q6HUDCdEsY8DgSjkfKxrkTBTyARBFGdVI+Y4gmgKJ3gsaQB9zM10lj9TT6TiqG7I5AuEOlP/bqTQ5zzxbTnpQ+HxRS8X//PGsXAvzZQEUSxwgOaH3JiqIlTzMlSHMIwETSSBiBGZVUUelGUIWVnpyvM8akmLvIQTxMsil7/3sJNXqC8WtkwG7ZbeaXXuz5vdq6LMCjgCx+AU6OACdMEN6IE+QCAFL+AVvCnvyqfypXzPR1eUYucAlKD8/AKGXa6s</latexit>

⇠ g2

JL + 2

<latexit sha1_base64="YNz+e93z3ciy6uPFqeLe83yAffo=">AAACCHicbVBLTgJBFOzxi/hDXbrpSExckRlj0CXRjUtM5JMwSHqaN9DS3TN29xjJhAt4Ard6AnfGrbfwAN7DBmYhYCUvqVS9l1epIOZMG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XUeJolCjEY9UMyAaOJNQM8xwaMYKiAg4NILB1dhvPILSLJK3ZhhDW5CeZCGjxFjpzteJ6KTMl/CA70edQtEtuRPgReJlpIgyVDuFH78b0USANJQTrVueG5t2SpRhlMMo7ycaYkIHpActSyURoNvpJPUIH1uli8NI2ZEGT9S/FykRWg9FYDcFMX09743F/7xWYsKLdspknBiQdPooTDg2ER5XgLtMATV8aAmhitmsmPaJItTYoma+PE2j2l68+RYWSf205JVL5ZuzYuUyayiHDtEROkEeOkcVdI2qqIYoUugFvaI359l5dz6cz+nqkpPdHKAZOF+/trqbIg==</latexit>X

i 6=j

<latexit sha1_base64="/AGpxNH5JwWPRYbzTp9LSct6Dwo=">AAACMnicbVC7TsMwFLV5lvJoCyOLRYXEVCUIFcYKFsYi0YfURpXjOK1Vxwm2gwhRv4MV/oGfgQ2x8hG4aQbSciRLR+c+zvVxI86UtqwPuLa+sbm1Xdop7+7tH1SqtcOuCmNJaIeEPJR9FyvKmaAdzTSn/UhSHLic9tzpzbzee6RSsVDc6ySiToDHgvmMYG0kZ5htSCX1Zuh5VK1bDSsDWiV2TuogR3tUg5WhF5I4oEITjpUa2FaknRRLzQins/IwVjTCZIrHdGCowAFVTpp5ztCpUTzkh9I8oVGm/p1IcaBUErimM8B6opZrc/G/2iDW/pWTMhHFmgqyMPJjjnSI5hEgj0lKNE8MwUQycysiEywx0SaogsvT4tSCFk0SxYgqisr8fmJCNBHay4Gtku55w242mncX9dZ1HmYJHIMTcAZscAla4Ba0QQcQ8ABewCt4g+/wE37B70XrGsxnjkAB8OcXK/qrnQ==</latexit>z

<latexit sha1_base64="kqz6TUo5Z6evAzjXWoHA/0D185Y=">AAACN3icbVDLSsNAFJ34rPXRVJduBovgqiQi1WXRjcsK9gFtKJPpTTN08mBmUoyhf+JW/8FPceVO3PoHTtMsbOuBgcO5j3PnuDFnUlnWh7GxubW9s1vaK+8fHB5VzOpxR0aJoNCmEY9EzyUSOAuhrZji0IsFkMDl0HUnd/N6dwpCsih8VGkMTkDGIfMYJUpLQ9Mc5Dsylycww89DNjRrVt3KgdeJXZAaKtAaVo3KYBTRJIBQUU6k7NtWrJyMCMUoh1l5kEiICZ2QMfQ1DUkA0sly2xk+18oIe5HQL1Q4V/9OZCSQMg1c3RkQ5cvV2lz8r9ZPlHfjZCyMEwUhXRh5CccqwvMc8IgJoIqnmhAqmL4VU58IQpVOa8nlaXHqkhb7qWRULotS/96H0UxHaK8Gtk46l3W7UW88XNWat0WYJXSKztAFstE1aqJ71EJtRNEUvaBX9Ga8G5/Gl/G9aN0wipkTtATj5xdLi60h</latexit>zi

<latexit sha1_base64="8MXdwXvhTd3e7henpZOXJCqiYc8=">AAACN3icbVDLTsJAFJ3iC/FB0aWbicTEFWmNQZdENy4xkUcChEyHWzoyfWRmSqwNf+JW/8FPceXOuPUPHEoXAp5kkpNzH+fOcSLOpLKsD6Owsbm1vVPcLe3tHxyWzcpRW4axoNCiIQ9F1yESOAugpZji0I0EEN/h0HEmt/N6ZwpCsjB4UEkEA5+MA+YySpSWhqbZz3akDo9hhp+Hj0OzatWsDHid2DmpohzNYcUo90chjX0IFOVEyp5tRWqQEqEY5TAr9WMJEaETMoaepgHxQQ7SzHaGz7Qywm4o9AsUztS/EynxpUx8R3f6RHlytTYX/6v1YuVeD1IWRLGCgC6M3JhjFeJ5DnjEBFDFE00IFUzfiqlHBKFKp7Xk8rQ4dUmLvEQyKpdFqX/vwWimI7RXA1sn7YuaXa/V7y+rjZs8zCI6QafoHNnoCjXQHWqiFqJoil7QK3oz3o1P48v4XrQWjHzmGC3B+PkFTU2tIg==</latexit>zj

New “measurement” function — BFKL detector

<latexit sha1_base64="/AGpxNH5JwWPRYbzTp9LSct6Dwo=">AAACMnicbVC7TsMwFLV5lvJoCyOLRYXEVCUIFcYKFsYi0YfURpXjOK1Vxwm2gwhRv4MV/oGfgQ2x8hG4aQbSciRLR+c+zvVxI86UtqwPuLa+sbm1Xdop7+7tH1SqtcOuCmNJaIeEPJR9FyvKmaAdzTSn/UhSHLic9tzpzbzee6RSsVDc6ySiToDHgvmMYG0kZ5htSCX1Zuh5VK1bDSsDWiV2TuogR3tUg5WhF5I4oEITjpUa2FaknRRLzQins/IwVjTCZIrHdGCowAFVTpp5ztCpUTzkh9I8oVGm/p1IcaBUErimM8B6opZrc/G/2iDW/pWTMhHFmgqyMPJjjnSI5hEgj0lKNE8MwUQycysiEywx0SaogsvT4tSCFk0SxYgqisr8fmJCNBHay4Gtku55w242mncX9dZ1HmYJHIMTcAZscAla4Ba0QQcQ8ABewCt4g+/wE37B70XrGsxnjkAB8OcXK/qrnQ==</latexit>z

<latexit sha1_base64="kqz6TUo5Z6evAzjXWoHA/0D185Y=">AAACN3icbVDLSsNAFJ34rPXRVJduBovgqiQi1WXRjcsK9gFtKJPpTTN08mBmUoyhf+JW/8FPceVO3PoHTtMsbOuBgcO5j3PnuDFnUlnWh7GxubW9s1vaK+8fHB5VzOpxR0aJoNCmEY9EzyUSOAuhrZji0IsFkMDl0HUnd/N6dwpCsih8VGkMTkDGIfMYJUpLQ9Mc5Dsylycww89DNjRrVt3KgdeJXZAaKtAaVo3KYBTRJIBQUU6k7NtWrJyMCMUoh1l5kEiICZ2QMfQ1DUkA0sly2xk+18oIe5HQL1Q4V/9OZCSQMg1c3RkQ5cvV2lz8r9ZPlHfjZCyMEwUhXRh5CccqwvMc8IgJoIqnmhAqmL4VU58IQpVOa8nlaXHqkhb7qWRULotS/96H0UxHaK8Gtk46l3W7UW88XNWat0WYJXSKztAFstE1aqJ71EJtRNEUvaBX9Ga8G5/Gl/G9aN0wipkTtATj5xdLi60h</latexit>zi

<latexit sha1_base64="8MXdwXvhTd3e7henpZOXJCqiYc8=">AAACN3icbVDLTsJAFJ3iC/FB0aWbicTEFWmNQZdENy4xkUcChEyHWzoyfWRmSqwNf+JW/8FPceXOuPUPHEoXAp5kkpNzH+fOcSLOpLKsD6Owsbm1vVPcLe3tHxyWzcpRW4axoNCiIQ9F1yESOAugpZji0I0EEN/h0HEmt/N6ZwpCsjB4UEkEA5+MA+YySpSWhqbZz3akDo9hhp+Hj0OzatWsDHid2DmpohzNYcUo90chjX0IFOVEyp5tRWqQEqEY5TAr9WMJEaETMoaepgHxQQ7SzHaGz7Qywm4o9AsUztS/EynxpUx8R3f6RHlytTYX/6v1YuVeD1IWRLGCgC6M3JhjFeJ5DnjEBFDFE00IFUzfiqlHBKFKp7Xk8rQ4dUmLvEQyKpdFqX/vwWimI7RXA1sn7YuaXa/V7y+rjZs8zCI6QafoHNnoCjXQHWqiFqJoil7QK3oz3o1P48v4XrQWjHzmGC3B+PkFTU2tIg==</latexit>zj

<latexit sha1_base64="ZUcCwd9tZUWqw2QyWTc2s3tJZxI="></latexit>Z
dd�2zid

d�2zj
zi · zj

(z · zi)(z · zj)
<latexit sha1_base64="JQi6/SOBCiRSmNd/v3DZ5k2l5D8="></latexit>

N c(zi)N c(zj)

<latexit sha1_base64="spk9kGaKaOX1gRZVqzDo9ts/ETo="></latexit>

N c(zi) $ Tc
i

Z
Ed�2

i dEi

(2⇡)d�12Ei

Z
ddpi �(pi � Eizi)

color-interference 
number detector

detector at JL = − 2
<latexit sha1_base64="Olxw9VmKS9udjVCIkKLrPjYN3nE="></latexit>

DBFKL
JL

(z) =

Z
dd�2zid

d�2zj

✓
zi · zj

(z · zi)(z · zj)

◆�JL/2

N c(zi)N c(zj)

  BFKL detector  

<latexit sha1_base64="+USw5B2ZVQw8EZosNg3Fhzr1TpE="></latexit>

DBFKL
JL

(z) =
�(JL + d� 2)

�(JL+d�2
2 )2

Z
dd�2zid

d�2zj

✓
2zi · zj

(2z · zi)(2z · zj)

◆�JL/2

N c(zi)N c(zj)

Why this name?



I have little to explain the name… Let’s follow the advice from great physicists:

Shut up and Calculate!

Though it is often misattributed to Richard Feynman, Mermin coined 
the phrase "shut up and calculate!" to characterize the views of many 
physicists regarding the interpretation of quantum mechanics.

https://en.wikipedia.org/wiki/N._David_Mermin

Nathaniel David MerminRichard Feynman

Julian Schwinger (standing) with colleagues 
at MIT's Radiation Laboratory during the 
Second World War. Credit: MIT MUSEUM

The Rad. Lab rallying cry of 
“Get the numbers out” shaded 
into “Shut up and calculate!”
https://www.nature.com/articles/505153a#/b10

Radiation Lab at
This spirit may date back to
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<latexit sha1_base64="/AGpxNH5JwWPRYbzTp9LSct6Dwo=">AAACMnicbVC7TsMwFLV5lvJoCyOLRYXEVCUIFcYKFsYi0YfURpXjOK1Vxwm2gwhRv4MV/oGfgQ2x8hG4aQbSciRLR+c+zvVxI86UtqwPuLa+sbm1Xdop7+7tH1SqtcOuCmNJaIeEPJR9FyvKmaAdzTSn/UhSHLic9tzpzbzee6RSsVDc6ySiToDHgvmMYG0kZ5htSCX1Zuh5VK1bDSsDWiV2TuogR3tUg5WhF5I4oEITjpUa2FaknRRLzQins/IwVjTCZIrHdGCowAFVTpp5ztCpUTzkh9I8oVGm/p1IcaBUErimM8B6opZrc/G/2iDW/pWTMhHFmgqyMPJjjnSI5hEgj0lKNE8MwUQycysiEywx0SaogsvT4tSCFk0SxYgqisr8fmJCNBHay4Gtku55w242mncX9dZ1HmYJHIMTcAZscAla4Ba0QQcQ8ABewCt4g+/wE37B70XrGsxnjkAB8OcXK/qrnQ==</latexit>z

<latexit sha1_base64="kqz6TUo5Z6evAzjXWoHA/0D185Y=">AAACN3icbVDLSsNAFJ34rPXRVJduBovgqiQi1WXRjcsK9gFtKJPpTTN08mBmUoyhf+JW/8FPceVO3PoHTtMsbOuBgcO5j3PnuDFnUlnWh7GxubW9s1vaK+8fHB5VzOpxR0aJoNCmEY9EzyUSOAuhrZji0IsFkMDl0HUnd/N6dwpCsih8VGkMTkDGIfMYJUpLQ9Mc5Dsylycww89DNjRrVt3KgdeJXZAaKtAaVo3KYBTRJIBQUU6k7NtWrJyMCMUoh1l5kEiICZ2QMfQ1DUkA0sly2xk+18oIe5HQL1Q4V/9OZCSQMg1c3RkQ5cvV2lz8r9ZPlHfjZCyMEwUhXRh5CccqwvMc8IgJoIqnmhAqmL4VU58IQpVOa8nlaXHqkhb7qWRULotS/96H0UxHaK8Gtk46l3W7UW88XNWat0WYJXSKztAFstE1aqJ71EJtRNEUvaBX9Ga8G5/Gl/G9aN0wipkTtATj5xdLi60h</latexit>zi

<latexit sha1_base64="8MXdwXvhTd3e7henpZOXJCqiYc8=">AAACN3icbVDLTsJAFJ3iC/FB0aWbicTEFWmNQZdENy4xkUcChEyHWzoyfWRmSqwNf+JW/8FPceXOuPUPHEoXAp5kkpNzH+fOcSLOpLKsD6Owsbm1vVPcLe3tHxyWzcpRW4axoNCiIQ9F1yESOAugpZji0I0EEN/h0HEmt/N6ZwpCsjB4UEkEA5+MA+YySpSWhqbZz3akDo9hhp+Hj0OzatWsDHid2DmpohzNYcUo90chjX0IFOVEyp5tRWqQEqEY5TAr9WMJEaETMoaepgHxQQ7SzHaGz7Qywm4o9AsUztS/EynxpUx8R3f6RHlytTYX/6v1YuVeD1IWRLGCgC6M3JhjFeJ5DnjEBFDFE00IFUzfiqlHBKFKp7Xk8rQ4dUmLvEQyKpdFqX/vwWimI7RXA1sn7YuaXa/V7y+rjZs8zCI6QafoHNnoCjXQHWqiFqJoil7QK3oz3o1P48v4XrQWjHzmGC3B+PkFTU2tIg==</latexit>zj

• same one-loop diagrams as DGLAP case


• the “measurement” is different • color interference

• non-trivial kernel in the phase space integral

One-loop divergence in <latexit sha1_base64="w9hvxVEtH0CwHtdl/UDboK03PwY=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBQY5Ar</latexit>✏
<latexit sha1_base64="ZadhKkAnhjYxT43UIyrIVqUYHi4="></latexit>

⌦
D

BFKL
JL,bare(z)

↵
1-loop

=
g2Nc

8⇡2✏

h
2�E +  (0)(1 + JL/2) +  (0)(�JL/2)

i ⌦
D

BFKL
JL,bare(z)

↵
tree

+O(✏0)

BFKL eigenvalue!

One-loop divergence near JL ∼ − 2
• proportional to DGLAP detector

• comes from collinear divergence

<latexit sha1_base64="davoui9d4sUDGwnygMGb+tVgaJc=">AAACQnicbVC7TsMwFHXKq5RHWxi7WFRIDKhKKlQYK1gYi0QfUhNVjuM0Vp2HbAcRog58DSv8Az/BL7AhVgbcNANpuZKto3Pu9T0+dsSokLr+oZU2Nre2d8q7lb39g8NqrX40EGHMMenjkIV8ZCNBGA1IX1LJyCjiBPk2I0N7drPQhw+ECxoG9zKJiOWjaUBdipFU1KTWMLM3Uk6cOXyaGOfqakNTUF+BWlNv6VnBdWDkoAny6k3qWtV0Qhz7JJCYISHGhh5JK0VcUszIvGLGgkQIz9CUjBUMkE+ElWYO5vBUMQ50Q65OIGHG/p1IkS9E4tuq00fSE6vagvxPG8fSvbJSGkSxJAFeLnJjBmUIF5FAh3KCJUsUQJhT5RViD3GEpQqusOVxabXARV4iKBZFUqjfeypSFaGxGtg6GLRbRqfVubtodq/zMMugAU7AGTDAJeiCW9ADfYDBM3gBr+BNe9c+tS/te9la0vKZY1Ao7ecXnYmwoA==</latexit>z1, z2 ⇠ z

<latexit sha1_base64="5oTdwN62jRZ6TpSJnzTAjrFe3c4="></latexit>

⌦
DBFKL

JL,bare(z)
↵
1-loop

=
g2µ̃2✏Nc(N2

c � 1)

JL � (�2 + 4✏)
R(✏)

D
Dg,bare

JL
(z)

E

tree
+ · · ·

<latexit sha1_base64="ejMQlx+2icFGrMChH9MBzyhnBj4="></latexit>

⌦
DBFKL

JL,bare(z)
↵
=

�(JL + d� 2)

�(JL+d�2
2 )2

X

Xn

Z
dLIPSn

X

i,j2Xn
i 6=j

✓
2pi · pj

(2z · pi)(2z · pj)

◆�JL/2 ⌦
F⇤

Xn

��Tc
i ⌦Tc

j

��FXn

↵

Matrix element calculation via amplitude/form factor
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<latexit sha1_base64="dT3ZgTTa7vPKmp+G54XPxFK0NXc=">AAACO3icbVDLSgMxFM34rM+26s7NYBHcWGZEqkvRjcsKVoW2lEx624ZmkpDcEevQf3Gr/+CHuHYnbt2btrNw1AOBw7mvkxNpwS0GwZs3N7+wuLRcWFldW9/YLJbKWzdWJYZBgymhzF1ELQguoYEcBdxpAzSOBNxGw4tJ/fYejOVKXuNIQzumfcl7nFF0Uqe00wJtuVCyhfCA6aFWAsadUiWoBlP4f0mYkQrJUO+UvWKrq1gSg0QmqLXNMNDYTqlBztzC1VZiQVM2pH1oOippDLadTu2P/X2ndP2eMu5J9Kfqz4mUxtaO4sh1xhQH9ndtIv5XaybYO22nXOoEQbLZoV4ifFT+JAu/yw0wFCNHKDPcefXZgBrK0CWWu/Iws5rT9GBkObN50brfD6A7iTD8HdhfcnNUDWvV2tVx5ew8C7NAdskeOSAhOSFn5JLUSYMw8kieyDN58V69d+/D+5y1znnZzDbJwfv6Biworxg=</latexit>

✏-pole

<latexit sha1_base64="dT3ZgTTa7vPKmp+G54XPxFK0NXc=">AAACO3icbVDLSgMxFM34rM+26s7NYBHcWGZEqkvRjcsKVoW2lEx624ZmkpDcEevQf3Gr/+CHuHYnbt2btrNw1AOBw7mvkxNpwS0GwZs3N7+wuLRcWFldW9/YLJbKWzdWJYZBgymhzF1ELQguoYEcBdxpAzSOBNxGw4tJ/fYejOVKXuNIQzumfcl7nFF0Uqe00wJtuVCyhfCA6aFWAsadUiWoBlP4f0mYkQrJUO+UvWKrq1gSg0QmqLXNMNDYTqlBztzC1VZiQVM2pH1oOippDLadTu2P/X2ndP2eMu5J9Kfqz4mUxtaO4sh1xhQH9ndtIv5XaybYO22nXOoEQbLZoV4ifFT+JAu/yw0wFCNHKDPcefXZgBrK0CWWu/Iws5rT9GBkObN50brfD6A7iTD8HdhfcnNUDWvV2tVx5ew8C7NAdskeOSAhOSFn5JLUSYMw8kieyDN58V69d+/D+5y1znnZzDbJwfv6Biworxg=</latexit>

✏-pole
soft divergence

collinear divergence

<latexit sha1_base64="rOJJDF+mOF5UIw3XyuUnFFTAmKo=">AAACMXicbVDJTgJBFOzBDXEB9OhlIjHxRGaMQY+4JHrwgIksCRDS0zygQ8+S7jeGyYTf8Kr/4NdwM179CXuAgwNW0kml6r286nICwRVa1szIbGxube9kd3N7+weH+ULxqKH8UDKoM1/4suVQBYJ7UEeOAlqBBOo6AprO+C7xm68gFfe9F4wC6Lp06PEBZxS11OkgTDC+f3i6qU17hZJVtuYw14m9JCWyRK1XNPKdvs9CFzxkgirVtq0AuzGVyJmAaa4TKggoG9MhtDX1qAuqG89DT80zrfTNgS/189Ccq383YuoqFbmOnnQpjtSql4j/ee0QB9fdmHtBiOCxxaFBKEz0zaQBs88lMBSRJpRJrrOabEQlZah7Sl2ZLKKmtGAUKc5UWlT69yPoJxXaq4Wtk8ZF2a6UK8+XpertsswsOSGn5JzY5IpUySOpkTphJCBv5J18GJ/GzPgyvhejGWO5c0xSMH5+AaKUqsw=</latexit>

DGLAP

<latexit sha1_base64="q3nnYQt8B3cLTGvxcDyJ30bMIpU=">AAACMHicbVBdSwJBFJ21L7MPtR57WZKgJ9mNsB7FIIJ6MMgPUJHZ8aqDsx/M3A1l8Wf0Wv+hX1NP0Wu/olndh1Y7MHA4517umeMEgiu0rE8js7G5tb2T3c3t7R8c5gvFo6byQ8mgwXzhy7ZDFQjuQQM5CmgHEqjrCGg5k5vYbz2DVNz3nnAWQM+lI48POaOopU4XYYpR7fb+Yd4vlKyytYC5TuyElEiCer9o5LsDn4UueMgEVapjWwH2IiqRMwHzXDdUEFA2oSPoaOpRF1QvWmSem2daGZhDX+rnoblQ/25E1FVq5jp60qU4VqteLP7ndUIcXvci7gUhgseWh4ahMNE34wLMAZfAUMw0oUxyndVkYyopQ11T6sp0GTWlBeOZ4kylRaV/P4ZBXKG9Wtg6aV6U7Uq58nhZqtaSMrPkhJySc2KTK1Ild6ROGoQRn7yQV/JmvBsfxpfxvRzNGMnOMUnB+PkF+PeqeQ==</latexit>

BFKL

<latexit sha1_base64="ejMQlx+2icFGrMChH9MBzyhnBj4="></latexit>

⌦
DBFKL

JL,bare(z)
↵
=

�(JL + d� 2)

�(JL+d�2
2 )2

X

Xn

Z
dLIPSn

X

i,j2Xn
i 6=j

✓
2pi · pj

(2z · pi)(2z · pj)

◆�JL/2 ⌦
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Xn

��Tc
i ⌦Tc

j

��FXn

↵

Degeneracy at JL = 2 − d
This kernel has pole at JL = 2 − d <latexit sha1_base64="fGyxTzdFthdnvYe/+tJk5jzUeLQ="></latexit>✓

1

2z · zi

◆�JL/2

= ⌦d�2
�d�2(ẑ � ẑi)

JL � (2� d)
+ · · ·example

<latexit sha1_base64="Ycqxljww8NDCRgblJNln2I0ZNpc="></latexit>

�⌦d�2

2

X

Xn

Z
dLIPSn

X

i2Xn

�d�2(ẑ � ẑi)
⌦
F⇤

Xn

��Tc
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c
i

��FXn

↵color 
conservation

<latexit sha1_base64="8b3a/Vm5fzi29pgtHuXRUUyRDJU="></latexit>

⌦d�2

4

X

Xn

Z
dLIPSn

X

i,j2Xn
i 6=j

�d�2(ẑ � ẑi)
⌦
F⇤

Xn

��Tc
i ⌦Tc

j

��FXn

↵
+ (i $ j)

JL = 2 − d

<latexit sha1_base64="mN2fNxZkHLYaPR7opeyoGQhqiZ0="></latexit>

�⌦d�2

2
Ci

D
Di,bare

2�d (z)
Ecolor identity

Quark:
Gluon:

<latexit sha1_base64="HyJPBq0/5xh009DwrcFdA7XYRQM=">AAACGHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVDdCsSAuK9iHtMOQSTNtaDIzJBlxGPoV7kT/xZ24deevuDJ9LGzrgcDhnHu5J8ePOVPatr+t3Mrq2vpGfrOwtb2zu1fcP2iqKJGENkjEI9n2saKchbShmea0HUuKhc9pyx/Wxn7rkUrFovBepzF1Be6HLGAEayM91DyGrlDNu/GKJbtsT4CWiTMjJZih7hV/ur2IJIKGmnCsVMexY+1mWGpGOB0VuomiMSZD3KcdQ0MsqHKzSeAROjFKDwWRNC/UaKL+3ciwUCoVvpkUWA/UojcW//M6iQ4u3YyFcaJpSKaHgoQjHaHx71GPSUo0Tw3BRDKTFZEBlpho09Hcladp1DktHqSKETUyZTmL1SyT5lnZqZQrd+el6vWstjwcwTGcggMXUIVbqEMDCAh4hld4s16sd+vD+pyO5qzZziHMwfr6BYjToL0=</latexit>

Ci = CF
<latexit sha1_base64="8AJGDBx03zm6Rvv2Kuv8KuZCjbM=">AAACGHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVDdCtRuXFexD2mHIpJk2NJkZkow4DP0Kd6L/4k7cuvNXXJk+Frb1QOBwzr3ck+PHnClt299WbmV1bX0jv1nY2t7Z3SvuHzRVlEhCGyTikWz7WFHOQtrQTHPajiXFwue05Q9rY7/1SKViUXiv05i6AvdDFjCCtZEeah5DV6jmXXvFkl22J0DLxJmREsxQ94o/3V5EEkFDTThWquPYsXYzLDUjnI4K3UTRGJMh7tOOoSEWVLnZJPAInRilh4JImhdqNFH/bmRYKJUK30wKrAdq0RuL/3mdRAeXbsbCONE0JNNDQcKRjtD496jHJCWap4ZgIpnJisgAS0y06WjuytM06pwWD1LFiBqZspzFapZJ86zsVMqVu/NS9WZWWx6O4BhOwYELqMIt1KEBBAQ8wyu8WS/Wu/VhfU5Hc9Zs5xDmYH39AoB3oLg=</latexit>

Ci = CA



Pole Subtraction and Renormalization
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Philosophy: near the intersection, we define renormalized detectors by 
subtracting all poles. <latexit sha1_base64="M77vmHff/gARRkdaygEdKusC30I="></latexit>

(simultaneously subtract poles in ✏ and JL)

First, we need to construct a non-degenerate basis

<latexit sha1_base64="B07hkAh7Vy3LsZ+eM1gaS5xOtf8="></latexit>

Dbare
JL

=

0

B@

⌦d�2

2 CADg,bare
JL

µ�JL�2+2✏DBFKL
JL,bare+

⌦d�2
2 CADg,bare

JL
JL+2�2✏

1

CA

classical dimensions
<latexit sha1_base64="7+DtlrRmSbFChBj1J568BtCkK04="></latexit>

D̂0Dg,bare
JL

= (2� d� JL)Dg,bare
JL

<latexit sha1_base64="aLPMdzeldlahfq1eyj4LUuTXet8="></latexit>

D̂0DBFKL
JL,bare = 0

<latexit sha1_base64="1Lg5OuBYMwrlicloyTvZTOuut6A="></latexit>

D̂0Dbare
JL

=

✓
2� d� JL 0

�1 0

◆
Dbare

JL

<latexit sha1_base64="tUUnAFpQADa4C65Qwa2iQLwKH9I=">AAACGnicbVC7TsMwFL0pr1JeBUYWiwqJqUoQKowVLIwF0YeURpXjOo1VJ45sB6iifgYbgn9hQ6ws/AoTbpuBthzJ0tE59+oeHz/hTGnb/rYKK6tr6xvFzdLW9s7uXnn/oKVEKgltEsGF7PhYUc5i2tRMc9pJJMWRz2nbH15P/PYDlYqJ+F6PEupFeBCzgBGsjeR279gg1FhK8dgrV+yqPQVaJk5OKpCj0Sv/dPuCpBGNNeFYKdexE+1lWGpGOB2XuqmiCSZDPKCuoTGOqPKyaeQxOjFKHwVCmhdrNFX/bmQ4UmoU+WYywjpUi95E/M9zUx1cehmLk1TTmMwOBSlHWqDJ/1GfSUo0HxmCiWQmKyIhlpho09LcladZ1DktCUeKETU2ZTmL1SyT1lnVqVVrt+eV+lVeWxGO4BhOwYELqMMNNKAJBAQ8wyu8WS/Wu/Vhfc5GC1a+cwhzsL5+AVnZouY=</latexit>)

Define renormalized operators with the minimal subtraction scheme ( -like )MS
<latexit sha1_base64="9kEHrAHOEgQCvUIThL24LtEyPe0="></latexit>

Dbare
JL

= ZJLDren
JL polynomials in 

<latexit sha1_base64="cl/Ah1L3M6dc/Qb3hm6iCzBn8Pk="></latexit>

1

✏
,

1

JL + 2
,

1

JL + 2� 4✏

The matrix of dimension (or spectrum) can be extracted from the renormalization factor

<latexit sha1_base64="Qn5fIEnvt7ZzfUT7ltSS03P/0Kw=">AAACSHicbZDLSsNAFIYn8VbrrdWlm8FScFUSkeqyqAuXFewF2lAmk0kzdHJxZiKGkOdwq6/jG/gW7sSdkzQL03pg4Oc753D++e2IUSEN41PTNza3tndqu/W9/YPDo0bzeCjCmGMywCEL+dhGgjAakIGkkpFxxAnybUZG9uI274+eCRc0DB5lEhHLR/OAuhQjqZA19ZH0BObpXTYzZo2W0TGKguvCLEULlNWfNbX21Alx7JNAYoaEmJhGJK0UcUkxI1l9GgsSIbxAczJRMkA+EVZauM5gWxEHuiFXL5CwoH83UuQLkfi2mixcrvZy+F9vEkv32kppEMWSBHh5yI0ZlCHMI4AO5QRLliiBMKfKK8Qe4ghLFVTlysvSaoVFXiIoFlUo1O894lRh7owLV2QqWHM1xnUxvOiY3U734bLVuykjroFTcAbOgQmuQA/cgz4YAAyewCt4A+/ah/alfWs/y1FdK3dOQKV0/RfpUbPS</latexit>

D0

<latexit sha1_base64="7Dd5S1qF6lfUFRo5qEX2795/BhY="></latexit>

D = Z�1
JL

✓
D0 + �(↵s)

@

@↵s

◆
ZJL

<latexit sha1_base64="TuyA0DvB832rp5zptalnukR89eo="></latexit>

�(↵s) = �2✏↵s +O(↵s)

a log-multiplet  
[a Jordan matrix]



Avoided Crossing in QCD
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The perturbative operator spectrum can be obtained by diagonalizing 
<latexit sha1_base64="Ak9nD9AqZwCILCdmjStioBFcC/o=">AAACRnicbZDLSsNAFIZP6q3WW6tLN8FScFUSkeqyqAuXFewF0lAmk0kzdHJhZiKG0Mdwq6/jK/gS7sStkzQLUz0w8POdczj//E7MqJCG8aHVNja3tnfqu429/YPDo2breCSihGMyxBGL+MRBgjAakqGkkpFJzAkKHEbGzuI274+fCBc0Ch9lGhM7QPOQehQjqZA1DZD0BebZ3XLWbBtdoyj9rzBL0YayBrOW1pm6EU4CEkrMkBCWacTSzhCXFDOybEwTQWKEF2hOLCVDFBBhZ4Xnpd5RxNW9iKsXSr2gvzcyFAiRBo6aLDyu93L4X89KpHdtZzSME0lCvDrkJUyXkZ4HoLuUEyxZqgTCnCqvOvYRR1iqmCpXnldWKyz2U0GxqEKhfu8TtwpzZ1x4Ig/WXI/xrxhddM1et/dw2e7flBHX4RTO4BxMuII+3MMAhoAhghd4hTftXfvUvrTv1WhNK3dOoFI1+AGNjbMv</latexit>

D

pure gluon Chew-Frautschi Plot

local operator spin/detector dimension*

local operator dimension/detector spin*

* there may be a possible constant shift and a minus sign.
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The perturbative operator spectrum can be obtained by diagonalizing 
<latexit sha1_base64="Ak9nD9AqZwCILCdmjStioBFcC/o=">AAACRnicbZDLSsNAFIZP6q3WW6tLN8FScFUSkeqyqAuXFewF0lAmk0kzdHJhZiKG0Mdwq6/jK/gS7sStkzQLUz0w8POdczj//E7MqJCG8aHVNja3tnfqu429/YPDo2breCSihGMyxBGL+MRBgjAakqGkkpFJzAkKHEbGzuI274+fCBc0Ch9lGhM7QPOQehQjqZA1DZD0BebZ3XLWbBtdoyj9rzBL0YayBrOW1pm6EU4CEkrMkBCWacTSzhCXFDOybEwTQWKEF2hOLCVDFBBhZ4Xnpd5RxNW9iKsXSr2gvzcyFAiRBo6aLDyu93L4X89KpHdtZzSME0lCvDrkJUyXkZ4HoLuUEyxZqgTCnCqvOvYRR1iqmCpXnldWKyz2U0GxqEKhfu8TtwpzZ1x4Ig/WXI/xrxhddM1et/dw2e7flBHX4RTO4BxMuII+3MMAhoAhghd4hTftXfvUvrTv1WhNK3dOoFI1+AGNjbMv</latexit>

D

pure gluon Chew-Frautschi Plot

local operator spin/detector dimension*

local operator dimension/detector spin*

* there may be a possible constant shift and a minus sign.

QCD Chew-Frautschi Plot
add quarks

• We also include the mixing with the celestial shadow


• The lower intersection is related to subleading soft theorem



Application
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The mixing story may sound nice theoretically…

the BFKL detector is not measurable in a real-world experiment!

but in a practical sense,

Why should one care about this weird detector?

• final states are hadrons, impossible to impose color interference



The mixing story may sound nice theoretically…

the BFKL detector is not measurable in a real-world experiment!

Why should one care about this weird detector?

but in a practical sense,

40

These perturbative detectors show up as intermediate states.Philosophy:



Simplest Family of Observables in Experiments
One-point event shapes/DGLAP-type “hadron” detectors*

In the high-energy scattering, we assume the hadrons are almost massless.

*Here “hadron” is to emphasize all particles after hadronization.

41

<latexit sha1_base64="L2h9pyJVWGWbggA4sv+qZGcSRLk=">AAACHnicbVDLSsNAFJ3UV62vqEs3o0Wom5KIVJdFN0UEK9gHNDFMptN26OTBzESsIWt/wx9wq3/gTtzqD/gdTtIubOuBgcM59849HDdkVEjD+NZyC4tLyyv51cLa+sbmlr690xRBxDFp4IAFvO0iQRj1SUNSyUg75AR5LiMtd3iR+q17wgUN/Fs5Contob5PexQjqSRH37eyP2JOugm0PCQHrhtfJ3c1J750rpLS45GjF42ykQHOE3NCimCCuqP/WN0ARx7xJWZIiI5phNKOEZcUM5IUrEiQEOEh6pOOoj7yiLDjLEYCD5XShb2Aq+dLmKl/N2LkCTHyXDWZhhWzXir+53Ui2TuzY+qHkSQ+Hh/qRQzKAKa9wC7lBEs2UgRhTlVWiAeIIyxVe1NXHsZRC6oYc7aGedI8LpuVcuXmpFg9n1SUB3vgAJSACU5BFdRAHTQABk/gBbyCN+1Ze9c+tM/xaE6b7OyCKWhfv1zUoyI=</latexit>

O
H

JL
(z)

The simplest detectors do not distinguish the particle species

sum over all particles

<latexit sha1_base64="Mld62gjiilr2w3Q8ZZDW9dTgFZA="></latexit>

O
H

JL
(z) =

X

h

Z
d3~p

(2⇡)32E
�(2)(p̂� ẑ)E⌫�1a†

h
(p)ah(p)

<latexit sha1_base64="lvTL/ftal1+vxPInRCiD3pRkW5M=">AAACFXicbVDLSsNAFJ34rPUVdSO4GSyCm5ZEpLoRim5EXFSwD2hCmEym7dDJJMxMxBLqb/gDbvUP3Ilb1/6A3+E0zcK2Hhg4nHPvnMvxY0alsqxvY2FxaXlltbBWXN/Y3No2d3abMkoEJg0csUi0fSQJo5w0FFWMtGNBUOgz0vIHV2O/9UCEpBG/V8OYuCHqcdqlGCkteea+k/2RChKMoMMTeAHLdvnGu/XMklWxMsB5YuekBHLUPfPHCSKchIQrzJCUHduKlZsioShmZFR0EklihAeoRzqachQS6aZZ+ggeaSWA3UjoxxXM1L8bKQqlHIa+ngyR6stZbyz+53US1T13U8rjRBGOJ0HdhEEVwXEdMKCCYMWGmiAsqL4V4j4SCCtd2lTK4+TUoi7Gnq1hnjRPKna1Ur07LdUu84oK4AAcgmNggzNQA9egDhoAgyfwAl7Bm/FsvBsfxudkdMHId/bAFIyvX1lHnjY=</latexit>

⌫ = �1� JL

For example, we can measure the observables in the  collidere+e−

<latexit sha1_base64="IMM48RcOsXTXORM3mWgsUlbb7SU="></latexit>

f(⌫, Q) =
1

�tot

X

X

Z
d�e+e�!X

X

h2X

✓
Ea

Q

◆⌫�1

=
4⇡

�tot

⌦
O

H

JL
(z)

↵
Q

Q⌫�1

measurement function

c.o.m. energy
These are not IR-safe observables! (except )ν = 2

<latexit sha1_base64="OYzv2wR9N3J/Vc3M995S10H6Gn4=">AAACM3icbVDLSgMxFM34rPVVdekmWBRXZUbUiiCIblwqWC10Ssmkt21oJjMkd6Rl6Kf4GX6BW/0AcSe69B9Mp0W0eiBwOOde7skJYikMuu6LMzU9Mzs3n1vILy4tr6wW1tZvTJRoDhUeyUhXA2ZACgUVFCihGmtgYSDhNuieD/3bO9BGROoa+zHUQ9ZWoiU4Qys1CuUdXyUne8fUR+hhSkGBbvcH1PfzmeN9O2EiUdhIXKD1G4WiW3Iz0L/EG5MiGeOyUfjwmxFPQlDIJTOm5rkx1lOmUXAJg7yfGIgZ77I21CxVLARTT7MPDui2VZq0FWn7FNJM/bmRstCYfhjYyZBhx0x6Q/E/r5Zg66ieChUnCIqPDrUSSTGiw7ZoU2jgKPuWMK6FzUp5h2nG0Xb660pvFNX24k228Jfc7JW8w9LB1X7x9GzcUI5ski2ySzxSJqfkglySCuHknjySJ/LsPDivzpvzPhqdcsY7G+QXnM8vG2Sq0w==</latexit>

⌫ = 2 : energy

⌫ = 1 : multiplicity
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Factorization Picture in QCD
In the high-energy limit, we can factorize QCD observables into

perturbative part and non-perturbative part.
[asymptotic freedom] [confinement]

We can find a factorization scale  s.t.  μ <latexit sha1_base64="nedwoKLz/EAvOnAWxmD50HysIp0="></latexit>

Q � µ � ⇤QCD

For hard scattering length scale     ,     can be approximated as pert. infinity. 
<latexit sha1_base64="KSGPBFsod3TilGA050VGdYx0SIQ=">AAACN3icbVDLTsJAFJ3iC/FVdelmkJC4Iq0x4JLoxiUmAiaUkOlwCxOm02ZmaiRNv8Cvcal+iSt3xq1rNw6PhYAnucnJua+T48ecKe0471ZubX1jcyu/XdjZ3ds/sA+PWipKJIUmjXgk732igDMBTc00h/tYAgl9Dm1/dD3ptx9AKhaJOz2OoRuSgWABo0QbqWeXvUASmrpZ6k2PpQMJIIo1p+hzQkcZ9sIkwz275FScKfAqceekhOZo9Owfrx/RJAShKSdKdVwn1t2USM0oh6zgJQpic58MoGOoICGobjp1kOGyUfo4iKQpofFU/buRklCpceibyZDooVruTcT/ep1EB5fdlIk40SDo7FGQcKwjPMkG95kEqvnYEEIlM14xHRKTjzYJLnx5nFld0OLhWDGqsoJJy13OZpW0zitutVK9vSjVr+a55dEJOkVnyEU1VEc3qIGaiKIn9Ixe0Zv1Yn1Yn9bXbDRnzXeO0QKs71+fj61n</latexit>

1

µ

<latexit sha1_base64="CMe6HTnQm07NlWFoBNXW0x4bcEE=">AAACHHicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy6cdmCfUATymQ6aYdOJmFmIoaQ33Cpfow7cSv4LW6ctlnY1gMXDufcyz0cP+ZMadv+ttbWNza3tks75d29/YPDytFxR0WJJLRNIh7Jno8V5UzQtmaa014sKQ59Trv+5G7qdx+pVCwSDzqNqRfikWABI1gbyXUDiUnm5FkrR4NK1a7ZM6BV4hSkCgWag8qPO4xIElKhCcdK9R071l6GpWaE07zsJorGmEzwiPYNFTikystmmXN0bpQhCiJpRmg0U/9eZDhUKg19sxliPVbL3lT8z+snOrjxMibiRFNB5o+ChCMdoWkBaMgkJZqnhmAimcmKyBibGrSpaeHL0zzqghaPU8WIysumLWe5m1XSuaw59Vq9dVVt3Ba9leAUzuACHLiGBtxDE9pAIIZneIU368V6tz6sz/nqmlXcnMACrK9fI8ejBQ==</latexit>

1

Q

In our case,  the factorization is
the matching of hadronic detectors onto parton detectors.

<latexit sha1_base64="/LyPdLYycb/YohdPbqubhMeGHpk="></latexit>

O
H

JL
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X

k

Ck(JL, µ)Dren
JL,k

(z;µ)

Wilson coefficients that contain hadronization information
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Properties of Detector Matching
<latexit sha1_base64="zogKx+vtB8PuIwoyykqV2rtPU9c="></latexit>

hOH

JL
(z)iQ ⇠

X

k

Ck(JL, µ)hDren
JL,k

(z;µ)iQ

Dimensional analysis
<latexit sha1_base64="2MYfRBPICLedOGUbfh4axuB7ZIE=">AAACF3icbVDLSsNAFL2pr1pfVZduBovgxpJIqS6LblxWsA9IQ5lMJ+3QySTMTMQQ+hEu1Y9xJ25d+i1unLZZ2NYDA4dz7uWeOX7MmdK2/W0V1tY3NreK26Wd3b39g/LhUVtFiSS0RSIeya6PFeVM0JZmmtNuLCkOfU47/vh26nceqVQsEg86jakX4qFgASNYG6nj9kRy4Xj9csWu2jOgVeLkpAI5mv3yT28QkSSkQhOOlXIdO9ZehqVmhNNJqZcoGmMyxkPqGipwSJWXzeJO0JlRBiiIpHlCo5n6dyPDoVJp6JvJEOuRWvam4n+em+jg2suYiBNNBZkfChKOdISmf0cDJinRPDUEE8lMVkRGWGKiTUMLV57mURe0eJQqRtSkZNpylrtZJe3LqlOv1u9rlcZN3lsRTuAUzsGBK2jAHTShBQTG8Ayv8Ga9WO/Wh/U5Hy1Y+c4xLMD6+gWkoKCe</latexit>

[⌫ � 1]

Typical energy scale

<latexit sha1_base64="88TIGO07K3ZODwmytvdBHdZyR9s=">AAACJXicbVDLSsNAFJ34rPUV7dLNYBFclUSkuizqwoWLCvYBTQiT6aQdOpmEmYkYQr7Fpfox7kRw5Ye4cdJmYVsPXDiccy/3cPyYUaks68tYWV1b39isbFW3d3b39s2Dw66MEoFJB0csEn0fScIoJx1FFSP9WBAU+oz0/Ml14fceiZA04g8qjYkbohGnAcVIackzawMnRGrsB5lzQ5hCuXfnembdalhTwGVil6QOSrQ988cZRjgJCVeYISkHthUrN0NCUcxIXnUSSWKEJ2hEBppyFBLpZtPwOTzRyhAGkdDDFZyqfy8yFEqZhr7eLJLKRa8Q//MGiQou3YzyOFGE49mjIGFQRbBoAg6pIFixVBOEBdVZIR4jgbDSfc19eZpFndPicSoplnlVt2UvdrNMumcNu9lo3p/XW1dlbxVwBI7BKbDBBWiBW9AGHYBBCp7BK3gzXox348P4nK2uGOVNDczB+P4FqHimYQ==</latexit>

[�L]
<latexit sha1_base64="OIM3N5oTZ0bcM8ACYStfEb2IN68=">AAACK3icbVDLSsNAFJ3UV62vqCtxEyyCm5ZEpLos6sKFiwr2AUkIk+mkHTqZhJmJGELwa1yqH+NKcetXuHHSdmFbDwwczrmXe+b4MSVCmuaHVlpaXlldK69XNja3tnf03b2OiBKOcBtFNOI9HwpMCcNtSSTFvZhjGPoUd/3RVeF3HzAXJGL3Mo2xG8IBIwFBUCrJ0w9shyU1q+aEUA79IHOuMZUw925dT6+adXMMY5FYU1IFU7Q8/cfpRygJMZOIQiFsy4ylm0EuCaI4rziJwDFEIzjAtqIMhli42fgLuXGslL4RRFw9Jo2x+ncjg6EQaeirySKpmPcK8T/PTmRw4WaExYnEDE0OBQk1ZGQUfRh9wjGSNFUEIk5UVgMNIYdIqtZmrjxOos5o8TAVBIm8otqy5rtZJJ3TutWoN+7Oqs3LaW9lcAiOwAmwwDloghvQAm2AwBN4Bq/gTXvR3rVP7WsyWtKmO/tgBtr3L6/4qGc=</latexit>

[⌫ � 1��L]

<latexit sha1_base64="EHZRiSok9H9oNVqma9QWZYkJUQs=">AAACEXicbVDLSsNAFL3xWeur6tJNsAiuSiJSXRbduGzBPqANZTK9aYdOJmFmIobQL3Cpfow7cesX+C1unLZZ2NYDA4dz7uWeOX7MmdKO822trW9sbm0Xdoq7e/sHh6Wj45aKEkmxSSMeyY5PFHImsKmZ5tiJJZLQ59j2x3dTv/2IUrFIPOg0Ri8kQ8ECRok2UqPRL5WdijODvUrcnJQhR71f+ukNIpqEKDTlRKmu68Tay4jUjHKcFHuJwpjQMRli11BBQlReNgs6sc+NMrCDSJontD1T/25kJFQqDX0zGRI9UsveVPzP6yY6uPEyJuJEo6DzQ0HCbR3Z01/bAyaRap4aQqhkJqtNR0QSqk03C1ee5lEXtHiUKkbVpGjacpe7WSWty4pbrVQbV+Xabd5bAU7hDC7AhWuowT3UoQkUEJ7hFd6sF+vd+rA+56NrVr5zAguwvn4BXbSeXg==</latexit>

Q
<latexit sha1_base64="a4L03bwkjb5Yfs+SHO16VBkg6Z4=">AAACJnicbVDLSsNAFJ34rPVVHzs3wSK4KolIdVmsCxcuWrAPaEKYTKft0MkkzNxIa8i/uFQ/xp2IO//DjdM2C9t64MLhnHO5l+NHnCmwrC9jZXVtfWMzt5Xf3tnd2y8cHDZVGEtCGyTkoWz7WFHOBG0AA07bkaQ48Dlt+cPqxG89UqlYKB5gHFE3wH3Beoxg0JJXOHbudbiLvcQBOoKkXr1NU69QtErWFOYysTNSRBlqXuHH6YYkDqgAwrFSHduKwE2wBEY4TfNOrGiEyRD3aUdTgQOq3GT6fWqeaaVr9kKpR4A5Vf9uJDhQahz4OhlgGKhFbyL+53Vi6F27CRNRDFSQ2aFezE0IzUkVZpdJSoCPNcFEMv2rSQZYYgK6sLkro9mrc1o0GCtGVJrXbdmL3SyT5kXJLpfK9cti5SbrLYdO0Ck6Rza6QhV0h2qogQh6Qs/oFb0ZL8a78WF8zqIrRrZzhOZgfP8Cmdam4Q==</latexit>

⇤QCD

Typical size
<latexit sha1_base64="3CLEqQ11UcVu5xD1hqMK0fXrVXw="></latexit>

⇤⌫�1��L
QCD

<latexit sha1_base64="pR2T1ODwIjmHuBntmH9yxqm2ojM=">AAACJ3icbVDLSsNAFJ34rPUVFVduBovgqiQi1WVRFy5ctGAf0MQwmU7aoZNJmJmIIeRjXKof40506Xe4cdJ2YVsPXDiccy/3cPyYUaks68tYWl5ZXVsvbZQ3t7Z3ds29/baMEoFJC0csEl0fScIoJy1FFSPdWBAU+ox0/NF14XceiZA04vcqjYkbogGnAcVIackzD5sPmRMiNfSDzLkhTKHcu8s9s2JVrTHgIrGnpAKmaHjmj9OPcBISrjBDUvZsK1ZuhoSimJG87CSSxAiP0ID0NOUoJNLNxvFzeKKVPgwioYcrOFb/XmQolDINfb1ZJJXzXiH+5/USFVy6GeVxogjHk0dBwqCKYNEF7FNBsGKpJggLqrNCPEQCYaUbm/nyNIk6o8XDVFIs87Juy57vZpG0z6p2rVprnlfqV9PeSuAIHINTYIMLUAe3oAFaAIMMPINX8Ga8GO/Gh/E5WV0ypjcHYAbG9y+TSadk</latexit>

Q�L

Largest dimension detector dominates the detector matching.
<latexit sha1_base64="ZCEW9cnQ4b1UrHdNGDf5Z638UvA=">AAACJXicbVDLSsNAFJ3UV62vaJduBosgCCURqS6LunDhooJ9QBPKZDpph04mYWYihpBvcal+jDsRXPkhbpy0WdjWAxcO59zLPRwvYlQqy/oySiura+sb5c3K1vbO7p65f9CRYSwwaeOQhaLnIUkY5aStqGKkFwmCAo+Rrje5zv3uIxGShvxBJRFxAzTi1KcYKS0NzKoTIDX2/NS5IUyhbHB3ag/MmlW3poDLxC5IDRRoDcwfZxjiOCBcYYak7NtWpNwUCUUxI1nFiSWJEJ6gEelrylFApJtOw2fwWCtD6IdCD1dwqv69SFEgZRJ4ejOPKhe9XPzP68fKv3RTyqNYEY5nj/yYQRXCvAk4pIJgxRJNEBZUZ4V4jATCSvc19+VpFnVOi8aJpFhmFd2WvdjNMumc1e1GvXF/XmteFb2VwSE4AifABhegCW5BC7QBBgl4Bq/gzXgx3o0P43O2WjKKmyqYg/H9Cw7IpgU=</latexit>

�L + 1

<latexit sha1_base64="TOtJiglbDQMFXgXjCBJcI5Yx1zs=">AAACE3icbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLoxmVF+4B2KJk004YmmSHJiMPQT3Cpfow7cesH+C1uTNtZ2NYDgcM593JPThBzpo3rfjsrq2vrG5uFreL2zu7efungsKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqZ+K1HqjSL5INJY+oLPJAsZAQbK913ZdIrld2KOwVaJl5OypCj3iv9dPsRSQSVhnCsdcdzY+NnWBlGOB0Xu4mmMSYjPKAdSyUWVPvZNOoYnVqlj8JI2ScNmqp/NzIstE5FYCcFNkO96E3E/7xOYsIrP2MyTgyVZHYoTDgyEZr8G/WZosTw1BJMFLNZERlihYmx7cxdeZpFndPiYaoZ0eOibctb7GaZNM8rXrVSvbso167z3gpwDCdwBh5cQg1uoQ4NIDCAZ3iFN+fFeXc+nM/Z6IqT7xzBHJyvXzfqn2A=</latexit>⌫

<latexit sha1_base64="dMOFKPdlIOcfS4BxUDFAKTq0W0s=">AAACI3icbVDLTgJBEJzFF+IL9OhlIjHxRHaNQY9ELx4xkUcChMwODUyYnd3M9Apkw6d4VD/Gm/HiwS/x4vA4CFhJJ5Wq7nSl/EgKg6775aQ2Nre2d9K7mb39g8OjbO64asJYc6jwUIa67jMDUiiooEAJ9UgDC3wJNX9wN/VrT6CNCNUjjiNoBaynRFdwhlZqZ3NNhBEmMhyCphPaVHE7m3cL7gx0nXgLkicLlNvZn2Yn5HEACrlkxjQ8N8JWwjQKLmGSacYGIsYHrAcNSxULwLSSWfQJPbdKh3ZDbUchnal/LxIWGDMOfLsZMOybVW8q/uc1YuzetBKhohhB8fmjbiwphnTaA+0IDRzl2BLGtbBZKe8zzTjatpa+jOZRl7SoPzaCm0nGtuWtdrNOqpcFr1goPlzlS7eL3tLklJyRC+KRa1Ii96RMKoSTIXkmr+TNeXHenQ/nc76achY3J2QJzvcvLyOlnw==</latexit>

lower ⌫ For , the dominant operator is DGLAP operators. The corresponding 
matching coefficients are related to the moments of the fragmentation functions. 

ν > 1

<latexit sha1_base64="e44b11Yzj2hCvAyNkpM0oq73dGA="></latexit>

f(⌫, Q) ⇠ Q�max
L �⌫+1leading approx. for 

1-pt event shapes
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Monte Carlo Simulation Data (Pythia)

<latexit sha1_base64="e44b11Yzj2hCvAyNkpM0oq73dGA="></latexit>

f(⌫, Q) ⇠ Q�max
L �⌫+1

We generate events from - and -decay respectively in Pythia 
at center of mass energy 

γ* h*
Q = 250,300,350,…,1000 GeV

and fit the simulation data to the ansatz
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In the high energy limit, power law is a good approximation.
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Monte Carlo Simulation Data (Pythia)

<latexit sha1_base64="e44b11Yzj2hCvAyNkpM0oq73dGA="></latexit>

f(⌫, Q) ⇠ Q�max
L �⌫+1

We generate events from - and -decay respectively in Pythia 
at center of mass energy 

γ* h*
Q = 250,300,350,…,1000 GeV

and fit the simulation data to the ansatz
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Extract 
<latexit sha1_base64="0OQ+U1nx8t/QyXM8FhwvWoVsqWE=">AAACMHicbVC7SgNBFJ2NrxhfUUtBFoNgFXZFomVQCwuLCOYB2RhmJ3eTIbMPZu5KwrKdX2OpfoxWYusv2Dh5FCbxwMDhnHu5Z44bCa7Qsj6MzNLyyupadj23sbm1vZPf3aupMJYMqiwUoWy4VIHgAVSRo4BGJIH6roC6278a+fVHkIqHwT0OI2j5tBtwjzOKWmrnDx2fYs/1EucaBNK0ffuQOAgDTHw6SNN2vmAVrTHMRWJPSYFMUWnnf5xOyGIfAmSCKtW0rQhbCZXImYA058QKIsr6tAtNTQPqg2ol43+k5rFWOqYXSv0CNMfq342E+koNfVdPjlKreW8k/uc1Y/QuWgkPohghYJNDXixMDM1RKWaHS2AohppQJrnOarIelZShrm7mymASdUaLekPFmUpzui17vptFUjst2qVi6e6sUL6c9pYlB+SInBCbnJMyuSEVUiWMPJFn8krejBfj3fg0viajGWO6s09mYHz/AgtSq8w=</latexit>

�max
L

as a function of  ν
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CMS Open Data
We also used the CMS Open Data with jet energy in the range [375,1125] GeV.

0. 0.5 1. 1.5 2. 2.5
0.5

1.

1.5

2.

2.5

Positive energy weighting

Due to the jet algorithm and 
other potential cuts, the 
negative energy weighting 
region might be affected.



Analytic Structure in Complex Space

47
[Gromov, Levkovich-Maslyuk, Sizov, 2015] 

<latexit sha1_base64="LknTgt4mOtG6bjTgM3Y/j6+Ratk="></latexit>

planar N = 4 SYM

When there is a level repulsion phenomenon, we can see branch cuts in complex space.

[Caron-Huot, Kologlu, Kravchuk, Meltzer, Simmons-Duffin, 2022]

<latexit sha1_base64="pmwlIwqGOd+CliwMCesShIAAM6M=">AAACMXicbVDLSgNBEJyNrxhfUY8eHAyCF8OuiHoMCuIxgnlAEsLspJMMmd1ZZnrVZcnRr/Gofkxu4tVP8OLkcTBqQUNR1U13lx9JYdB1R05mYXFpeSW7mltb39jcym/vVI2KNYcKV1Lpus8MSBFCBQVKqEcaWOBLqPmDq7FfuwdthArvMImgFbBeKLqCM7RSO7/fRHjE9AHYQCbHXMWRhA6tXVPsg9LJsJ0vuEV3AvqXeDNSIDOU2/mvZkfxOIAQuWTGNDw3wlbKNAouYZhrxgYixgesBw1LQxaAaaWTR4b00Cod2lXaVoh0ov6cSFlgTBL4tjNg2De/vbH4n9eIsXvRSkUYxQghny7qxpKiouNUaEdo4CgTSxjXwt5KeZ9pxtFmN7flcXrqnBb1EyO4GeZsWt7vbP6S6knROyue3Z4WSpez3LJkjxyQI+KRc1IiN6RMKoSTJ/JMXsmb8+KMnHfnY9qacWYzu2QOzuc349iroQ==</latexit>

weakly-coupled WF theory



LO Top Trajectory in Complex Space

48

In complex space, we can easily see the branch cut from the discontinuity in 
the imaginary part.

<latexit sha1_base64="ywtilkBejOOtdZaIGjU3ZiMS5Xs=">AAACIXicbVDLSgMxFM34rPXRUZdugkVwVWZEqi6EohuXFewD2mHIpJlOaCYTkow4DP0Sl+rHuBN34qe4MW1nYVsPhBzOuZd7OIFgVGnH+bJWVtfWNzZLW+Xtnd29ir1/0FZJKjFp4YQlshsgRRjlpKWpZqQrJEFxwEgnGN1O/M4jkYom/EFngngxGnIaUoy0kXy70kdMRMhX8Bo6NefKt6vmmwIuE7cgVVCg6ds//UGC05hwjRlSquc6Qns5kppiRsblfqqIQHiEhqRnKEcxUV4+DT6GJ0YZwDCR5nENp+rfjRzFSmVxYCZjpCO16E3E/7xeqsNLL6dcpJpwPDsUpgzqBE5agAMqCdYsMwRhSU1WiCMkEdamq7krT7Ooc5qIMkWxGpdNW+5iN8ukfVZz67X6/Xm1cVP0VgJH4BicAhdcgAa4A03QAhik4Bm8gjfrxXq3PqzP2eiKVewcgjlY37/8pqNC</latexit>

↵s = 0.09Real Part Imaginary Part



LO Top Trajectory in Complex Space

49

In complex space, we can easily see the branch cut from the discontinuity in 
the imaginary part.

<latexit sha1_base64="ywtilkBejOOtdZaIGjU3ZiMS5Xs=">AAACIXicbVDLSgMxFM34rPXRUZdugkVwVWZEqi6EohuXFewD2mHIpJlOaCYTkow4DP0Sl+rHuBN34qe4MW1nYVsPhBzOuZd7OIFgVGnH+bJWVtfWNzZLW+Xtnd29ir1/0FZJKjFp4YQlshsgRRjlpKWpZqQrJEFxwEgnGN1O/M4jkYom/EFngngxGnIaUoy0kXy70kdMRMhX8Bo6NefKt6vmmwIuE7cgVVCg6ds//UGC05hwjRlSquc6Qns5kppiRsblfqqIQHiEhqRnKEcxUV4+DT6GJ0YZwDCR5nENp+rfjRzFSmVxYCZjpCO16E3E/7xeqsNLL6dcpJpwPDsUpgzqBE5agAMqCdYsMwRhSU1WiCMkEdamq7krT7Ooc5qIMkWxGpdNW+5iN8ukfVZz67X6/Xm1cVP0VgJH4BicAhdcgAa4A03QAhik4Bm8gjfrxXq3PqzP2eiKVewcgjlY37/8pqNC</latexit>

↵s = 0.09Real Part Imaginary Part

Can we find similar structure in the data?
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Let’s measure complexified observables!

<latexit sha1_base64="IMM48RcOsXTXORM3mWgsUlbb7SU="></latexit>

f(⌫, Q) =
1

�tot

X

X

Z
d�e+e�!X

X

h2X

✓
Ea

Q

◆⌫�1

=
4⇡

�tot

⌦
O

H

JL
(z)

↵
Q

Q⌫�1

To the best of my knowledge , this might be 
the first and should be the simplest non-trivial 
complexified observable in collider physics.



Pythia Data

51

Real Part Imaginary Part

-decay eventsγ*
Near the location of anticipated branch cuts, we see violent changes — a series of 
peaks and dips! We can clearly see the discontinuity!



Pythia Data vs LO prediction

52

Real Part
Imaginary Part

view from below
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CMS Open Data

Real Part Imaginary Part

In complex space, the structure of branch cut seems to be robust to the 
effects of jet algorithms and other reasonable experimental cuts.



Theory Pheno

Exp.

Summary

CMS Open Data

need our experimental colleagues

light-ray operators 
BFKL/DGLAP mixing

One-point event shape

• Factorization


• Complexification


• Pythia simulation

Thanks!

• renormalization


• level repulsion


• analyticity 



Behaviors Near Branch Cut
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<latexit sha1_base64="/V1JW8HVWXZMKIT0gUhcWcgah3A=">AAACI3icbVC7SgNBFJ2NrxhfGy1tBoNgY9gViWIVtLFMwDwgCWF2MpsMmZ1dZu5qwrKfYql+jJ3YWPglNk4ehUk8cOFwzr3cw/EiwTU4zpeVWVvf2NzKbud2dvf2D+z8YV2HsaKsRkMRqqZHNBNcshpwEKwZKUYCT7CGN7yb+I1HpjQP5QOMI9YJSF9yn1MCRura+dF5G9gIEjLi+ganuNq1C07RmQKvEndOCmiOStf+afdCGgdMAhVE65brRNBJiAJOBUtz7ViziNAh6bOWoZIETHeSafQUnxqlh/1QmZGAp+rfi4QEWo8Dz2wGBAZ62ZuI/3mtGPzrTsJlFAOTdPbIjwWGEE96wD2uGAUxNoRQxU1WTAdEEQqmrYUvo1nUBS0ajDWnOs2ZttzlblZJ/aLoloql6mWhfDvvLYuO0Qk6Qy66QmV0jyqohih6Qs/oFb1ZL9a79WF9zlYz1vzmCC3A+v4FUH+lHA==</latexit>

x� axis: Q
<latexit sha1_base64="O7wWYxlikIiKJ8iGy2jwGow3FqA=">AAACL3icbVBNS8NAEN3Ur1q/qh5FWCxCC1oSERVPRS8eW7Ct0JSy2W7axc0m7E6kIfTkr/Go/hjxIl79DV7cfhys9cHA470ZZuZ5keAabPvdyiwsLi2vZFdza+sbm1v57Z2GDmNFWZ2GIlR3HtFMcMnqwEGwu0gxEniCNb3765HffGBK81DeQhKxdkB6kvucEjBSJ7+fHLvABpCSAdeXeIhdIYt+0ZXxUa1U6uQLdtkeA88TZ0oKaIpqJ//tdkMaB0wCFUTrlmNH0E6JAk4FG+bcWLOI0HvSYy1DJQmYbqfjN4b40Chd7IfKlAQ8Vn9PpCTQOgk80xkQ6Ou/3kj8z2vF4F+0Uy6jGJikk0V+LDCEeJQJ7nLFKIjEEEIVN7di2ieKUDDJzWwZTE6d0aJ+ojnVw5xJy/mbzTxpnJSds/JZ7bRQuZrmlkV76AAVkYPOUQXdoCqqI4oe0RN6Qa/Ws/VmfVifk9aMNZ3ZRTOwvn4AloapPg==</latexit>

y � axis: ln(f(⌫, Q))

real part
imaginary part

Choose a fixed  slice and 
increase  to cross the branch cut

Im ν
Re ν

<latexit sha1_base64="LyLHr3sL9iJqfHF3Ogj2KSIU0KU=">AAACEXicbVDLSsNAFL3xWeur6tJNsAiuSiJSXRbduGzBPqANZTK9aYdOJmFmIobQL3Cpfow7cesX+C1unLZZ2NYDA4dz7uWeOX7MmdKO822trW9sbm0Xdoq7e/sHh6Wj45aKEkmxSSMeyY5PFHImsKmZ5tiJJZLQ59j2x3dTv/2IUrFIPOg0Ri8kQ8ECRok2UsPtl8pOxZnBXiVuTsqQo94v/fQGEU1CFJpyolTXdWLtZURqRjlOir1EYUzomAyxa6ggISovmwWd2OdGGdhBJM0T2p6pfzcyEiqVhr6ZDIkeqWVvKv7ndRMd3HgZE3GiUdD5oSDhto7s6a/tAZNINU8NIVQyk9WmIyIJ1aabhStP86gLWjxKFaNqUjRtucvdrJLWZcWtVqqNq3LtNu+tAKdwBhfgwjXU4B7q0AQKCM/wCm/Wi/VufVif89E1K985gQVYX78oFJ4+</latexit>

1
<latexit sha1_base64="a/yWxawjyi69tCWAnkWQSxxHehY=">AAACEXicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4hkUcCGzI79MKE2UdmZo0bwhd4VD/Gm/HqF/gtXhxgDwJWMkmlqjtdU14suNK2/W3lNja3tnfyu4W9/YPDo+LxSUtFiWTYZJGIZMejCgUPsam5FtiJJdLAE9j2xnczv/2IUvEofNBpjG5AhyH3OaPaSI1Kv1iyy/YcZJ04GSlBhnq/+NMbRCwJMNRMUKW6jh1rd0Kl5kzgtNBLFMaUjekQu4aGNEDlTuZBp+TCKAPiR9K8UJO5+ndjQgOl0sAzkwHVI7XqzcT/vG6i/Rt3wsM40RiyxSE/EURHZPZrMuASmRapIZRJbrISNqKSMm26WbrytIi6pMWjVHGmpgXTlrPazTppVcpOtVxtXJVqt1lveTiDc7gEB66hBvdQhyYwQHiGV3izXqx368P6XIzmrGznFJZgff0CKcGePw==</latexit>

2
<latexit sha1_base64="TmK+uvNqwp7MDBOJUOZQsLNbp84=">AAACEXicbVDLTsJAFL3FF+ILdemmkZi4Iq0adEl04xISeSTQkOlwCxOm02ZmaiQNX+BS/Rh3xq1f4Le4cYAuBDzJJCfn3Jt75vgxZ0o7zreVW1vf2NzKbxd2dvf2D4qHR00VJZJig0Y8km2fKORMYEMzzbEdSyShz7Hlj+6mfusRpWKReNDjGL2QDAQLGCXaSPXLXrHklJ0Z7FXiZqQEGWq94k+3H9EkRKEpJ0p1XCfWXkqkZpTjpNBNFMaEjsgAO4YKEqLy0lnQiX1mlL4dRNI8oe2Z+ncjJaFS49A3kyHRQ7XsTcX/vE6igxsvZSJONAo6PxQk3NaRPf213WcSqeZjQwiVzGS16ZBIQrXpZuHK0zzqghYPx4pRNSmYttzlblZJ86LsVsqV+lWpepv1locTOIVzcOEaqnAPNWgABYRneIU368V6tz6sz/lozsp2jmEB1tcvK26eQA==</latexit>

3
<latexit sha1_base64="2YiXMT1S6jkK/tnM6gYME/XyS2s=">AAACDXicbVDLSsNAFL2prxpf1a2bYBFclUSkuiy6cVnBPqANZTK9aYdOJmFmIobQL3Cpfow7t36C3+LGaZuFbT0wcDjnXu6ZEyScKe2631ZpY3Nre6e8a+/tHxweVezjtopTSbFFYx7LbkAUciawpZnm2E0kkijg2AkmdzO/84RSsVg86ixBPyIjwUJGiTbSw9WgUnVr7hzOOvEKUoUCzUHlpz+MaRqh0JQTpXqem2g/J1IzynFq91OFCaETMsKeoYJEqPx8HnTqnBtl6ISxNE9oZ67+3chJpFQWBWYyInqsVr2Z+J/XS3V44+dMJKlGQReHwpQ7OnZmv3aGTCLVPDOEUMlMVoeOiSRUm26Wrjwvoi5pyThTjKqpbdryVrtZJ+3Lmlev1auN26K1MpzCGVyAB9fQgHtoQgsoILzAG7xbr9aH9bkYLFnFxgkswfr6BXg/nO4=</latexit>

4

<latexit sha1_base64="MX9v4VnXGTySPd3TLFY1z36JKXs=">AAACEXicbVDLTsJAFL3FF+ILdemmkZi4Iq1RdEl04xISeSTQkOlwCxOm02ZmaiQNX+BS/Rh3xq1f4Le4cYAuBDzJJCfn3Jt75vgxZ0o7zreVW1vf2NzKbxd2dvf2D4qHR00VJZJig0Y8km2fKORMYEMzzbEdSyShz7Hlj+6mfusRpWKReNDjGL2QDAQLGCXaSPWrXrHklJ0Z7FXiZqQEGWq94k+3H9EkRKEpJ0p1XCfWXkqkZpTjpNBNFMaEjsgAO4YKEqLy0lnQiX1mlL4dRNI8oe2Z+ncjJaFS49A3kyHRQ7XsTcX/vE6igxsvZSJONAo6PxQk3NaRPf213WcSqeZjQwiVzGS16ZBIQrXpZuHK0zzqghYPx4pRNSmYttzlblZJ86LsVsqV+mWpepv1locTOIVzcOEaqnAPNWgABYRneIU368V6tz6sz/lozsp2jmEB1tcvLsieQg==</latexit>

5
<latexit sha1_base64="wZ4mJr7AJRaQZloyXuYAAGTgyvw=">AAACEXicbVDLSsNAFL3xWeur6tJNsAiuSiJSXRbduGzBPqANZTK9aYdOJmFmIobQL3Cpfow7cesX+C1unLZZ2NYDA4dz7uWeOX7MmdKO822trW9sbm0Xdoq7e/sHh6Wj45aKEkmxSSMeyY5PFHImsKmZ5tiJJZLQ59j2x3dTv/2IUrFIPOg0Ri8kQ8ECRok2UqPaL5WdijODvUrcnJQhR71f+ukNIpqEKDTlRKmu68Tay4jUjHKcFHuJwpjQMRli11BBQlReNgs6sc+NMrCDSJontD1T/25kJFQqDX0zGRI9UsveVPzP6yY6uPEyJuJEo6DzQ0HCbR3Z01/bAyaRap4aQqhkJqtNR0QSqk03C1ee5lEXtHiUKkbVpGjacpe7WSWty4pbrVQbV+Xabd5bAU7hDC7AhWuowT3UoQkUEJ7hFd6sF+vd+rA+56NrVr5zAguwvn4BMHWeQw==</latexit>

6
<latexit sha1_base64="HS2aB2EoPnRF+mHALb52sF1Mjj4=">AAACEXicbVDLTsJAFL3FF+ILdemmkZi4Iq0x4JLoxiUk8kigIdPhAhOm02ZmamwavsCl+jHujFu/wG9x4wBdCHiSSU7OuTf3zPEjzpR2nG8rt7G5tb2T3y3s7R8cHhWPT1oqjCXFJg15KDs+UciZwKZmmmMnkkgCn2Pbn9zN/PYjSsVC8aCTCL2AjAQbMkq0kRrVfrHklJ057HXiZqQEGer94k9vENI4QKEpJ0p1XSfSXkqkZpTjtNCLFUaETsgIu4YKEqDy0nnQqX1hlIE9DKV5Qttz9e9GSgKlksA3kwHRY7XqzcT/vG6shzdeykQUaxR0cWgYc1uH9uzX9oBJpJonhhAqmclq0zGRhGrTzdKVp0XUJS0aJ4pRNS2YttzVbtZJ66rsVsqVxnWpdpv1loczOIdLcKEKNbiHOjSBAsIzvMKb9WK9Wx/W52I0Z2U7p7AE6+sXMiKeRA==</latexit>

7
<latexit sha1_base64="o+jKkJGUbwCnM/YYTIoIIa+P41s=">AAACEXicbVDLTsJAFL3FF+ILdemmkZi4Iq0xyJLoxiUk8kigIdPhAhOm02ZmamwavsCl+jHujFu/wG9x4wBdCHiSSU7OuTf3zPEjzpR2nG8rt7G5tb2T3y3s7R8cHhWPT1oqjCXFJg15KDs+UciZwKZmmmMnkkgCn2Pbn9zN/PYjSsVC8aCTCL2AjAQbMkq0kRrVfrHklJ057HXiZqQEGer94k9vENI4QKEpJ0p1XSfSXkqkZpTjtNCLFUaETsgIu4YKEqDy0nnQqX1hlIE9DKV5Qttz9e9GSgKlksA3kwHRY7XqzcT/vG6sh1UvZSKKNQq6ODSMua1De/Zre8AkUs0TQwiVzGS16ZhIQrXpZunK0yLqkhaNE8WomhZMW+5qN+ukdVV2K+VK47pUu816y8MZnMMluHADNbiHOjSBAsIzvMKb9WK9Wx/W52I0Z2U7p7AE6+sXM8+eRQ==</latexit>

8

Near the branch cut, the ansatz  is not a good approximation ln( f ) = γ ln Q + c


