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N-Point Energy Correlators (ENC) in Any Angle Scattering

n R SV fd%e@qﬂowow( )+ (i) 0(0)/0)
ECioy) = | Hdg Lo = cosb) o T woior o)
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' Differential Equations: Mainstream Analytic Method

e Integration by Parts (IBP)

dek [ Use this set of relations to solve the J
e.g F(a)= / (k2 — m2)a reduction problem
BP  fgap O 1 (d — 2a)F(a) — 2am2F(a+1) = 0
Identity Ok, (k%2 —m2)a

e (Canonical) Differential Equations

Af(# ) = e [dA@) | f(#,¢) ) 5
D=d - 2e Chen’s iterated f(.f) = Pexp (E f dA) f(:l?_('))
d}i(f) _ Z ard log(ak) integrals |
P EEC comparing to Feynman Integrals:
/ \ * Always Finite Integrals
Constant Symbol * Nodim-reg
Matrix letters « Different Types of Propagators
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Differential Equations: Overview

Partial Frac?ion Degomposition to
} Simplify the integrand

{ Verify Finite Integrals

@ S Combine Divergent Integrals
into Finite Integrals

[ Syzygy Equations for IBP 1

@ _—> Also need Additional Relations

[ Lift Equations for Finite Integrals J

Difficulties of Higher Points

@ * Increasing number of integral variables

[ Boundary IBP 1 * Polynomial Propagators
* Complex Measurement because of the delta

@ function

[ Canonical Differetial Equations 1
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E3C Integrand and Simplification

e Integrand: Form Factor Square

2\ 2 2\2 2\2 2\2 232 2\2

(g%) (g%) 4(g*) 4(q%) 2(q°) (g%)
+ + it + 1 .
512813524534 S$128135124S5134 512834512485134 513824512385124 8923892451235124 892483451245134

where  §;; = iB@LB]Cw and p4s=q—p1—p2—p3

: : e B | - All the propagators
e Using delta function 0(1 —Qn) =19 (1 Zi:xz + 15;91 Gij Ti %) {  E3C is linear! }

e By Partial Fraction Decomposition (PFD)

family 1 Di=—-14z9, Dy =—-1+4+2x3, D3 =—-14+ 21 + 22 + x3,
family 2 D1 = —1 —+ T2, Dg = —1 + I + i) + I3, D3 = —1 + 33‘1C12 + $3C23,
family 3 Dy = —-14z3, D2 = —1+ x1(13 + z2(23, D3 = —1 + z1(12 + x3(23.

6/27



E3C Finite Integrals

e Check the finiteness of the Integrals

An integral 1s finite if it 1s finite in : .
—> !
[ every potentially divergent region J Check all P ossible ICglons:

Propagators = 0

e Example:

o Yo ]_
I(z0,y0) = /O dﬂs/O dy'CC v (zo + yo) log (zo + yo) — zolog (z0) — yo log (o)

l[m—)cm,y—)cy;c—)O}

= %0 1 power
I(zo, yo) —>/ d(cx)/ d(cy) »1>0
0 0

CX 4+ cYy counting

For infinite integrals, rewrite them into sum of finite integrals. (Find another basis)
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E3C Divergent Region

e (Consider the Delta Function

region 1
region 2

region 3

® propagators

e Divergent
Integrals

0(1 —x1 — 2 — 23+ (127172 + (232223 + (13T173)

{x1 = cx1, 22 > 1+ ({12 + (o3 — 2)cx2, 3 — cx3 }Hes0,

{1 — 1+ (C12 + 13 — 2)cx1, T2 = cx2, T3 — €T3 }c—0, {
{z1 — cx1, x2 = cx2, 23 = 14 (13 + (23 — 2)cz3 Heso -

5134
D

Potentially
Divergent Region

$124 $123

1:?2—1+$2, D2=q72=—1+$3= DSZ?=—1+$1+$2+$33
$34 $24
Dy =——=—-1+z1013 + 22¢23, D5 = —— = -1+ 21612 + za2s.
q-x3 q-x2

{Dla DZ: DS: D47 D5}

power

counting

N

(region 1 {0, 0, 1, 0, 0}
region 2 {1, 0, 1, 0, 0}.

| region 3 {0, 1, 1, 0, 0}
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Syzygy and Lift Equations

e Integration by parts (IBP) ——— Syzygy Equations

3
3 0
Osp = E 9 (a;-) Z = ox; Ly — gy =, Not increase the
. -
i—1 9T e=l power of propagators!

ai, bj € Q(C12,(23,C13)[z1, T2, 23]

e Derivative of a certain parameter ——— Lift Differential Equations

3 - a 3 6 a 3 6
Oac** - aC** -+ OIBP = [ac** + ; axza% ag**Dj -+ ;Gga—xzDJ — bJDJ = 0’
l l ai, bj € Q(C12, (23, (13)[71, T2, T3]

Find the differential May bring higher
equations of a certain ~ power of divergent
kinematic propagators

When the Lift equation is satisfied,
the integral will be finite!
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Boundary IBP and Canonical Differential Equations

e Differential Equations include a boundary term

a 3 Not only depends on lower point energy
_ — E o correlators but other terms from the other
6C** Int [nl’ n2,ns, 1] Oac** Int [nl’ n2,ns, 1] (BTJ"E_O)' boundary of integral contour
=1

7
’
>

Integrate iteratively

QL
|

cubically
nilpotent
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E4C Difficulties

e More integration variables and parameters

e More complicated measurement

0(l—z1 —x2— T3 — x4+ T122C12 + 2123013 + 17414 + 22323 + T2T4C24 + 23T 4(34)

e Complex propagators (involving quadric propagators)
S4 S
w—j =1 — 21014 — Z2C024 — ®3(34, f =1— 22012 — T3C13 — T4C14, S35 =1—21,

S1345s = 1 — X2, S1235=1—24, S1293a=1—21 — 22— 23— 24,
S3gs = 1 — 21 — X2 + 122(12, S145 = 1 — X2 — x3 + T223(23, S125 = 1 — X3 — T4 + 324(34,

s123 = £1x2(12 + 123013 + x2x3(23 , S234 = x2x3(23 + T2x4(24 + 3%4(34, S1245 = 1 — 3.

e More Divergent Integrals N IE= % L At most 3 in each
n k

integral after partial
fraction decomposition
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' Master Integrals of Three and Four-Point Any Angle

Three Points Four Points

Into 3 families 13 propagators, 26 families, 55 sectors

family 1 Dy = —s134, Do = —5124, D3 = —5123, 545 515
' S Dy =—, Dy = 5123, D3 =—, Dy = —s195, D5 = —s19234,
family 2 Dy = —s134, D2 = —s123, D3 = Pt B = 1 — s — Siss 5 Ty . D£1 R R
. : 6 — —51235 7= —S5145 8 — —51245 9 — —5345 10 = —51345;
family3 D1:—5124, DQZE,D;g:E. > 27 ’ ”
Propagators 3 T2 D11 = —82345, D1y = 8234, D13 =1 — 1234 — S1234
. s s
subfamily 1 Dy = %24|13_>0, Dy = 1%4|13—>0, Ds = (1 — 2123 — 5123)|23-0 ,
" S14 534
subfamily 2 Dy = T—1|12Ho, Dy = T—%|1240, Ds = (1 — z123 — 5123)|22—0 » Propagators | Count Numerators Propagators | Count Numerators
. S24 s34 D, 2 1,1, Dy, Dg, D13 | 2 T1E2, T3
subfamily 3 D1 = —=|z;50, D2 = —|2;50, Ds = (1 — 2193 — 8 sy e ? U ’
y 1 .7:2| 10, D2 373| 10, Ds = ( 123 — 5123) |21 50 D. 3 1,2y, 2 Dy, Ds. D1y p B1 s
Dy 1 1 Ds, Dg, D7 4 321,.’13%,332, 12
. X2 Dy D, 1 1 D2 D- D 6 1. 21. Zo. 22. 22 202 Dy, Ds, D 6 o1, 33,53, 7172, T173, ToT
Famlly 1 D, D= D ) D= D ) D= D H D= D H D, D H D, D ) 7, /12 y 41,42, L9, Lg, L2Lyg 2, U5, L7 1, L7,L7, L1442, L1L3, L2L4
2 D3 Dg 3 Ds 3 Uy 3 Uy 2 Ug 14 Ds, Dio 3 1,21, 73 Dy, Dy, Dy 3 l’%,zg,mﬂ’z
t o o - r 1 1} D, Dig 1 1 D3, D3,Dyp | 2 1,71
D1 Dy ° D1 Dy Ds” Dsybi,3  Dsub2,3  Dsubs,s Dg, Dy 3 1,20, 23 D, D3, Dg 9 T1, T2
Family 2 Ds, Dqo 3 T2, T3,T4 D3, D3, Dy 4 $1=$2,$3,I§
{ D2 5 Dl 3 1 ) 1 3 D3 5 Dl 5 D5,D11 1 1 D11D7aD12 4 17$17I21$4
D; D3 Ds " Dy D3Ds” D1 D3Ds” Dy D3Ds” Dy Ds” Dy Dy Dy, D5 5 1,71, 22, T2, T3 D, Dg, Do 1) 1,z
1 5 1 ) L ’ L 5 1 5 L B l} D4=D9 9 1,$1,$%,.’L‘2,I3,$1$3,$2.’1,‘3,SL'4,$1.’I,‘4 Dl’DG’D7 4 ].,.’E],.’L'%,ﬂ?g
Master D1 Ds " D2Ds4 " Dsubi,3 ™ Dsub2,3  Dsub2,2 Dsub2,3 ~ Dsubs,s D4, D- y 1,5y, 2o, By Dy, Ds, D1s 5 Tg, 122, T222, T3, T4
2
Integrals Ds D, 1 1 1 D3, D5 1 1 31,35,37 j i,ml,xl,mg
2 2 2 2 1, D4, Do yT1, T2, T4
’ {Dl D, D,’ D, Ds D4 > D,D, D’ D, D5 D > D, D,° Dy, Do 9 Zo,T1T2, T1T2, Ty, T1T5, T3, T1T3, T3, TaL4 e A .
Farn11y3 1 1 1 1 Dz,D4 5 T1,22,T3,T1T4,T3T4 1, M4, 11, T2, T4
D > D D > D ’D ’ l} D4, Ds 3 1,21, 2 D1, D3, D1o 2 1,7
\sub1,3 subl,2 Vsubl,3 sub2,3 sub3,}3 Dy, Bs 1 1 D1, D3, Dg 2 1,21
! D1, Dy 3 1,x1, 29 Dy, D3, Dy 4 1,I1,1‘%,I2
o Dy, D9, D12 3 T2, T3, T124
Also depends on subfamily integrals! D1, Ds 1 1 Dy, D, Dg 9 5
The subscripts describes which subfamily Bs, ey lia | 3 %2, %1%2, %3 Di. Do D 3
D3, D5, Dg 2 1,21 1,2, V4 T1,%2,T3
the propagtor belongs to. D1, Dy, Dy 2 1,2
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Three Points

All Master Integrals
are MPLs

Symbol Letters

Family 3 for instance
22, 2 — %3, %3,%3 — 22, 3, ¥3 — 22, %3 — 3,
zg + 1, 29023 + 1, 2023 + 1, 2323 + 1,

(253 — ZQ) (z223 I ].) : (23 — Zz) (2223 —+ 1)

N(z)dz

1/P4(LL’)

g=2 hyperelliptic N(z)dz

\/ PG(CL')

Elliptic Integrals

P, degree 4 polynomials

P¢ degree 6 polynomials

Analytic Results of Master Integrals

Four Points

Including 3 elliptic
curves and a
hyperelliptic curve

Elliptic Curves
6(Ds) 6(Ds) 6(Ds)

DyDs’ DsD7’ DyDy

Hyperelliptic Curves, g=2

0(Ds)

DsDo

Check by:

Maximal Cut
Leading singularities

Picard-Fuchs operators

—

|

be integrated directly
Symbol Integration

Some MPLs cannot J

]— —— > Algebraically

From DE
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Symb()l IntegrathIlS Also useful in bootstrap method

e Purpose: Calculate Symbols for integrals whose integrands have branch cuts!

Va Wi Va Wi
= v When deforming the integral contour, it can wind
I - around the pole .anc.i contribute' toa r§si§1ue contour,
% P which indicates the discontinuity.
[
Integral Contours (a) Poles of the integrand (b) (C)

Symbol Di tinuit
S(I) =515 ---®S, S(Disc(.’[)) =S ® - ® Sy, ymbol Discontinuity

Relations
Va Branch Cut
b
f / I /‘ A1(t) ® As(t)... ® A,(t) at.
a t—c
P,

. S == b ® A1(c) ® Az(c)... ® An(c) [A recursive relation to}

Vi P
Va ¢=8 - calculate symbols!
{ ) ) —|-ZA(b) 0%} (/ t—CAz(t) ®A3(i)... ®An(t))
) YAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAV 4 e e
Vi P

) P, -I-ZA(a)@(/:tl
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Bootstrapping: Integrands in the Collinear Limit

e Three Point cE3C: Taking n =3, 6;; - 0 Depends on the
splitting functions!

ree co co ée L E;Ey, 1 — cos 0;;
|:/dPSQ|M!i_)2 :| [Z/d o4 11|M1_l$; |2 Q.g 53 (:E%J o 3 3)]

1,5,k
e N =4sYM,

Pral - Nﬂsﬁzj (1 1 1 )_l_slgg(l_l_ 1 )+ }
1321, 22,23) = — erims
% 2‘313‘325 2129 (1 — Zl)(l — 22) S$1223 \ 21 1 — 21 P

e (QCD, quark jet for instance

S19¢ 21 (812 + 2893) — 29 (819 + 257: 2 Az + (z1 — 2 . S
TR 128 21 (512 23) : 2 (512 13)] a5 (21 — 22) +(1—-2) (71 o gy BB )
2512 (21 + 22)” s125123 21 + 22 5123
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Bootstrapping: Integrands

e (ollinear Phase Space
4@(_A§011)(_A§011)—%—£
(47)5=2D(1 — 2¢)

d(ygoll = d812d813d823dw1dwgdwg(S(l —sfel ity — w:;)

Wlth Agoll = (UJgSlz — W1823 — w2513)2 — 4&)1&)2813823

‘ 1 1 1
e Measurement w“"g% x (3:12 - Zefg) 5 (m - 19%) 5 (:::23 . 1933)

e Combine and integrate over 0, for instance one term in N =4

1 1 1
512
d d dwszd(l — wp — we — iective i
/0 w1/0 wgfo w30 ( W1 — W2 w3)5123(w1+wg+w3)2(w1+w2) [ A projective integral J
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' Bootstrapping: Algorithms Overview

[ Writing Down the Integrands ]

U

L Using Feynman Parametrization to J

Combine All the Propagators

J

{ Spherical Contours for Highest Weight }

s

[ Bootstrapping Lower Weight Functions }

From Spurious Poles and Data
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Feynman Parametrization

e Purpose: One-denominator quadric singularity to perform Spherical Contour

e Three denominators

1 (’1 _|_ (12 + (;3 ac,l la(_,g 1(163 1
% s ;e / d(l1/ d(lg/ d(135 1 al1—ag— (]3) ! 2 3 S Tate
Dy Dy D3 (@101 +ag Dy + agDg)et+eatss

e Generally (used in four points bootstrapping or higher)

k c1—1 ¢ 1 crp—1
1 F((‘l + FQ Jr Ck‘ / / / (}11 ar22 akk
— et = day das - - darpo(1— ag

e Note: Functions inside of 0 can change, like Cheng-Wu thoerem.
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Rewrite into Projective Space

of variable to 1 in three points

[l mf o[
an as dwn w2
0 0 0 0 (8123 |ws=1 + a2(w1 + w2 + 1) + az(w1 + wa))?

e Match the homogenity, into projective measure

e Integrate over two 0 functions <—=) Putting one of ® and a; to 1. [This equivalent fo set any ‘m"}

(XdX4>812.’133 _/ <XdX4>N [Xg]
A

//_\ (s123(X) + za(@s + T2 + T3) + Ta (W1 + 72))* (XQX)2 [ Where Q is a 4x4 matrix J

: 1
with the volume element (xdx?) = Sefl...ISXflde A-ooA-e-dX s

Feyman Parameters of quadric

e Requirement: Quadric Singularities! =) term should be set to 1!
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Highest Weight: Spherical Contours

Sl=01®a2® - Qag
S[Discy, [I]] = a2 ® -+ - ® ag

n—1\ /
I= / <Xd)((X Q;)ndetQ /First Entries \
A KT(Q;,IJL{@JJ)J Qm # 0:' ij 7£ 07

e Algorithms of Spherical Contour « Using

02\ —sen(Qij
/an hja == aln\ — < (Qz) ) Qii — 0: ij 7é 0:
L] first entry — 2 \ —sign(Q;;)
a a s o0 (19, 2 ij
Q _ 12 422 2n (%) : Qii 7é 0’ ij - O’
.—IQSign(Qij) . S
\aln aon *** Upp / ) QZJ ’ Qu QJJ |

* Discontinuities

Sen=0Cn ) P12 QP304 R - Q Prn_1Pn —
; v—1 V= det QW) (X(5d"* X))

2(??, — 2) A(id) (X(ij)Q(ij)X(ij))nT—z

)

* (Consider n is even

* Q is symmetric matrix (i5) .
Qs not degenerate where Q™' = Qg5 o5 — Qg Qi) Qg Gy

* A is a canonical simplex _ . . . o
_ * Recursively read “First Entries” and discontinuities
defined by z; =0
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Highest Weight: Spherical Contours Explanation

e Why Spherical Contour Works?

(XdX"1)y/—det@ choose i, s , Calculating . (XdX"3)/—detQ’
I = = ij First Entries . — = =
A (XQX)?z Discontinuities A (XIQ'XN) 3
How to? l

)

el S

. . e L w; _ o - - T o _
Perform Change of Variables (m ) = B ('wj) Q{i’j},{é,j}Q{i,j}’{i,j}X(@J) R Qg i (

J

= O

1
(wiwj + Xij) Qi) X(ij))

* After change of Variables I = /—detQ / (XdX"2) f dw;dw;
Aij

(ST

* Discontinuity Contours: Spherical Contours

. This is related to that the
X -3 discontinuities are similar
Disc[l] = v/ —detQ / (XdX™™) dw;,;d'wj 2 to residue contours.
Asj (wiw; + X (i5)Q 55y X (45)) 2
\’

[ w; = re'?, Wy = re . re [0, +o0], 6 € [0, 271'].]
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A Toy Example

e Consider a pure log function

B 00 N 00 N z—1 _ > (Xd*X) (LX)
log(z)—fo d 1/0 d “(@a(z + 1) + (31 +2)2 S (XQX)* 7

1 011
where L=[0:0:2z—1], in 101 ).
112z

l ry = Yy, — T3, Ta = y_ — x3 Perform a transformation

(y+y— + (2 — 1)z3) in the denominator, which means poles!

Discontinuities are calculated by a S? contour
yyr =re® r e 0,+o00], ¢ € [0,27].

Lh an (2 —1)x2 L
— / dr (—2ir) ] d¢ > = 2mj. —> Discontinuities of a pure log!
0 0 (r? + (z — 1)z3)?
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Highest Weight: Spherical Contours with Numerators

e More information: Rational coefficient of symbols. Mixed weights.
e Symbol Entries will not change.

e Discontinuities can be calculated by the same spherical contour!

(XdX" 1N [X;f] h Calculati Coeffecient
gl B choose1,) .. _. _ alculating : :
e / ntk L. 1j First Entries , > e —%[Last integral Rational ]
A (XQX) =z Discontinuities
* Consider 1j variables [ = f (XJXP NN f dayda;———I
A (XQX) 2

» After performing change of variables and taking spherical contours

N i(w: ., w: )Pz (w,;. w., )P This part can be integrated
Disc[I] = v/ detQ/ (XdX”"})NU dw;dw; (Wi, wy)Pix; (wi, wy) J [ in a gencral form! Stll

S2 (w(wj + X (ij)Q(ij)X (:Ej))§ recursive relation.
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Lower weight Functions: Symbol Bootstrapping

e Enecrgy Correlations: Finite at the poles of highest terms as well as at infinity.

e Example: From a term of N =4

B f (wdw3)wows
1 e
A [wiws + |2|2wews + |1 — z|2wiws + w1 +wo + w3}4

. . . Three different orders . -
o nghest Welght l By Spherical Contour only two conteibute Cqmblne -to quck
Wigner Dilogarithm

1 22 (=1 — |2 + 20 + 201 — 22 — |21 — 22 — |1 — 2] (M -2

CEEE 1Z+(12)®zz®(1z))

Z [aijziéj + b 2% log(2Z) + cijz*Z’ log(1 — 2)(1 — Z)]

2,7=0

e Assumptions: 2
 The weight two function when z — Z — € is order €, so we assume the pole is (z — z) ™.

* The heighest power of z and z in the weight two numerators are power 3.

* By this assumption we can recover all the solutions in N=4 sYM. 24/27



Problems in QCD Bootstrap

e The spurious pole condition cannot fully determine the coefficient!

[About 90 remaining variables in each channel!] More Data! ]

e S3 Symmetries from permutation of angles

e Squeeze Limit

~ G

z—0 |Z|2 ’

R G(2)

z—1 o |1—Z|2’

1

Z—00 |Z|2 .

G(2)

[About 30 remaining variables in each channel!]

e Light-Ray OPE data: Expansion at 2 — 0.

e.g Expansion to 2° is enough for quark channel.

e Any other physical information to use?
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' New Phenomena in Four-Points

e Feynman Parametrization will give more than quadrics: Cubics

XdX3 XdX4
For instance ] = / ( T2C23 / dt / T2C23

5123523471234 (5123 +(ts234 + T571234)3

Performing Spherical
Contour with parameter t

S[I] =

S[t, 2, Z, W, TB]R('{J) a3 = ww(l — 2)2(1 — 2)2, az=—1-2)1—-2)(ww(l+2)(1+ 2) — (w+ w)(ww + 22)),
/ [(l a1 = —(1 —w)(1 — @)(22(1 + w)(1 + @) — (2 + 2) (WD + 272)), ap = (1 — w)?(1 — w)22z,

L W 2
3t3 + aqt? + a1t + (10]

S[t; z, Z, w,w] can still be calculated by Spherical Contour

. [Symbol Integrations:] Do the quadrics with spherical contour, integration over

the remaining variables.

* Generalized Projections: Symbol Calculations from projective geometries

e More kinematic variables:

*  We assume that all the spurious poles conditions are enough for bootstrapping
N=4 sYM cE4C all the lower weight functions.
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Summary and Outlook

e Differential Equations Method of Any Angle Scattering ENC in N=4 sYM

E3C in Any Angle: Canonical Differential Equations
E4C in Any Angle: Master Integrals

Integral Family of EEC: Elliptic, HyperElliptic, or even Calabi-Yau (CY)?

e Bootstrap Method of Energy Correlators in the Collinear Limit in N=4 sYM and QCD

Spherical Contour Method for highest weight. More direct bootstrap method?

Lower weight bootstrap information by Squeeze Limit and Light-Ray OPE
Does it work in E4C or even QCD?

Does these analytic information related to factorization or other properties?

Thanks
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