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( Outline

Outline
General Energy
collinear evolution correlators
General motivation Scheme in detail
® What does the general collinear ® How do we apply it?

evolution mean? » Track function formalism.

> Application: track EEC.
® Why and where should we use the op

general collinear evolution?

® Why do we like energy correlators?
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Collinear evolution

Collinear factorization theorem:

Separating the perturbatively calculable part of a process from universal non-
perturbative objects describing the hadronization process.

Diy
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single-hadron di-hadron FF
fragmentation function (FF)

* non-linear
DGLAP evolution WV\,\’\’\”
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Collinear evolution

Collinear factorization theorem:

Separating the perturbatively calculable part of a process from universal non-
perturbative objects describing the hadronization process.

Piq

an arbitrary

number; the total
Kinematics

single-hadron di-hadron FF
fragmentation function (FF)

* non-linear
DGLAP evolution WV\/\’\’\,.}
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Collinear evolution

Collinear factorization theorem:

Separating the perturbatively calculable part of a process from universal non-
perturbative objects describing the hadronization process.

Piq
, \S{m
1 '-A — — ' '.é ' ﬁ L
(p "0“ ..0" =l (p{l} &.«n" (pq} ﬁ“.. - =rifT
single-hadron di-hadron EF track function
fragmentation function (FF) (generalized FF)

* | non-linear * _
DGLAP evolution WV\/\I\’\'-} general collinear

: evolution




Correlations of energy fluxes

® Many observables fundamentally characterize energy flow, eg.:

- k-point energy correlators:

1 5
Oy, = Qk/d%e@x@\@( )E(i11) - - - E (k) OT(0)]0)
é 2—6@) 0;)|X)
2-point: EEC
éeml) (732) | X) ~Z% %wu— 03052)| X)

11,22

k-point |k(k — 1)/2 angular vars

o=

- Angularity-type:

do
d7y.
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Correlations of energy fluxes

® Many observables fundamentally characterize energy flow, eg.:

- k-point energy correlators: - Angularity-type:
1 .
Oy, = Qk/d‘lwe@‘”@\@( )E (1) - - () O7(0)]0) 3—; =/d“xezQ“(O\O(w)é(m—%k)O*(O)\0>
clg 2—5@) Q) X) £ 1X) ~ ZE 6% | X)
2-point =
1 poin q _— S — ) =3 (Ts!) 5 (1)
@5(711) (7ig)| X) ~ ) Q 0 0(012 — 0514y )| X) n=0
21,12 ndo 4, iQ-x ~ \n oyt
k-point |k(k — 1)/2 angular vars /(Tk) dTg /d v e 00(@)(7)"O10)10)

® Any observable based on final-state kinematics involves a finite or infinite

number of energy correlators. = a basis for IRC-safe observables
(& (r1)E(riz) - - E(Mig)) 7




Why go beyond the DGLAP paradigm?

@ Extending observables

® From fully inclusive energy flow to + r(1)|X) = Z E; 5(2) Q)| X)
a (proper) subset (R) of final-state hadrons. i€RCX



Why go beyond the DGLAP paradigm?

@ Extending observables

® From fully inclusive energy flow to v r(1)|X) = Z 6@ (Qs — Q5)[X)
a (proper) subset (R) of final-state hadrons. iERCX

@ Factorization

® EXxclusive energy flow correlations are not IRC safe.
® Regularize collinear divergences.

* absorbed (factorized) ‘}
Non-perturbative functions with RG evolution =




Why go beyond the DGLAP paradigm?

@ Extending observables

® From fully inclusive energy flow to + r(7)]|X) Z E:6@ (9
a (proper) subset (R) of final-state hadrons. iERCX

@ Factorization

® EXxclusive energy flow correlations are not IRC safe.
® Regularize collinear divergences.

* absorbed (factorized) ‘}
Non-perturbative functions with RG evolution =

@ Multi-particle correlations — general collinear evolution

® k-point correlators (k > 2) encode multi-particle correlations.

® Require non-perturbative objects with multi-particle correlations,

necessitating collinear evolution beyond DGLAP.
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[ Motivation

EX: track-based observables

® [racking system: superior angular resolution
& pileup mitigation.

® Experimentally cleaner to measure. ATLAS Collaboration 19] _

a PUBI 7
3 ATLAS \ —
© e ol
o e 3 C Vs=13TeV, 32.9 b &Data_ n
© - ATLAS “+ Data = o 2-9[ Track-based, anti-k R =0.8 m Pythia 8.186 e
S 2.5 (s=13TeV, 32910 s _ - —~ - Soft Drop, z_ =0.1,p=2 % Sherpa 2.1 -
- — Calorimeter-based, anti-k R=0.8 m Pythia 8.186 - 2 2:_ p'Tead>300 GeV + Herwig++ 2.7 4
& 2f SoftDrop,z, =04,p=2 8 SiErpazsi 3 track-based © =
_ 2 - p**?> 300 GeV + Herwig++2.7 - - = b ® =
calorimeter-based ¢ :F ' E (charged-particle)= ke X O
. i T ] 1__ sl Se =
(all-particle) =: - - - -
:_ _: O . 5 __ \\\\'\\\\ —
B . o - \‘\\é
= = © g-i-?ii“i‘I‘f“ii*iiiiiiiiiiiiiiiiiiiiiiiiiiiiiE
e S5 CDU 15;_8\\ * x_g
S g g | | | | | | | E
&U _4 5 I_4I | I_l3 |5| | |_3| | I_I2.é 1 1 |_2| | I_I1 é 1 1 I_1I | I_IO 5
P

[lllustration idea inspired by Jingjing Pan’s talk at BOOST2024 :)
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EX: track-based observables

Two-point energy correlator (EEC): all-hadron

d(X° EiE;/Q°)

1

dz

10° ¢ :
| * DELPHL: Q=91.2 GeV -
10% £ ]
10} - - __
1; -.-.-"'_‘_ o-‘:.- E
10_1 \/f ]
107 : F
Collinear Back-to-Back:

10+ 1072 1/2 1 — 107" 1—10"*

z=(1—cos(f))/2
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EX: track-based observables-

Two-point energy correlator (EEC): track

[Yu-Chen (Janice) Chen’s

talk at Hard Probes 2024] 10°
[Max’s talk at SCET 2025,
and his talk today!]
107
N@ 10
LLi -
L IN
E ©
7 1
:6/ =
1T
Resolve small-angle
information 1072
h
107°

ALEPH e*e, Vs =91.2 GeV, Preliminary

< Use track functions |
I'(x) to calculate!

—— Fully Corrected Data
—— Track Function Theory Calculation
(NNLL Collinear + NNNLL Sudakov)

:
e, ittt | i
C Free Free -
— Hadron Hadron —
E Transition E
E Res. Res. E
= Collinear Back-to-Back :
|_ | | ||I|||| | 1 IIIIIII | | |I||||| [ 1 I|||||| I I I I ||I|||| | 1 |I||||| | 1 |I||||| | | |||||II [ 1 —I
10 10° 1/2 1-10% 1-10"
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Z = (1- cos(0))/2

Motivation

[Theory inputs: Jaarsma, Li,
Moult, Waalewijn, Zhu 25]

[Coming soon]
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( Motivation )

Zooming In

@ “Imaging” of confinement transition

II. o ey N
2l “OLAT L0088 . - da

1 b <k | | 'l s D . = B
b | b & J ko 1 ;4 \
: A : S L . S e .
! « 80 B q 2 L e S 1 U B O]
s B B o e B ' ; -

- A

Non-interacting hadrons
EEC(z) = const.

aracting quarks & gluons
The OPE limit:

Free Hadron

= EEC(2) ~ 1/21773)
= Transition e,
e e, [Dixon, Moult, Zhu 19;
| B \ Chen, Moult, Zhang, Zhu "20;
1 0—1 e Lee, Mecaj, Moult 22;
U Res. Chen 23]

Collinear

IIIIIII| L L L LI
1n4 1 N2
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( Motivation )

Zooming In

® “Imaging” of confinement transmon

1C

A
-T WSt I

Non-interacting hadrons
EEC(z) = const.

aracting quarks & gluons

The OPE limit:
EEC(z) ~ 1/2'773)

[Dixon, Moult, Zhu 19;
Chen, Moult, Zhang, Zhu 20;
Lee, Mecaj, Moult 22;
Chen 23]

Free Hadron

Transition

Collinear

|I|I||I| L 1 1iii
1Nn-4 1N-2
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How does it work?

The track function for d

® [rack function formalism

im—l
1—1112...1m T/Lm_l(mm_l)
X
" . + .
® Full-range energy-energy correlationine "e
? —— Fully Corrected Data %
B Track Function Theory Calculation i
102 = (NNLL Collinear + NNNLL Sudakov) i
> : :
@| 10 Mﬂ*"ﬂ‘ﬂ&\ . ﬂé
i — 3
W » =
al E ~
°le F s
Hrol \, ]
1072 ;— _é
e sl b

z = (1- cos(8))/2
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Track function formalism

The track function for d
2.9 T :

2.0
= L1.5]

~ 1.02—

0.5

0.0
0.0 0.2 0.4 0.6 0.8 1.0



Track functions T(x, u)

@ Describes the total momentum fraction x of a restricted subset R of final-state hadrons in a

. 1 e
1g(z) = /d,yJ“d%yLe“‘c y+/22N 25 (a: k}E
“R

jet initiated by a hard parton 1.

R

E.g., R = charged particles (tracks).
Nonperturbative.

Perturbatively calculable scale (1) dependence.

1
Sum rule: / i TZ(.’L‘,/L) —1
0

)

Pg = k" + O(AQCD)

2O, 0,4.)|RR)(RRIH(0)[0)

(0<x<1)

-
-
-—
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Incorporating tracks

@ For a o-function type observable
measured on partons:

full functional
formof T

@ For a k-point energy correlator :
- E(Tig))

(E(ri1)E(i2) -

Ctracks

® Related to partonic-level correlation
functions by moments of T:

<5R(771)5R(ﬁ2) -+ - ER(Mik))

= X Tl T {6 ()8 ) -

11,12,

+ [contact terms|

1
dependent on higher moments of T | T;(k) z/ dz 2* T;(x)
0
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Incorporating tracks

@ For a o-function type observable
measured on partons:

full functional
formof T

(E(ri1)E(i2) -

Ctracks

Simpler! &

@ For a k-point energy correlator :
- E(Tig))

® Related to partonic-level correlation
functions by moments of T:

<5R(771)5R(772) ‘s °5R(ﬁk)>

Z T3y (1)(Eiy (M) Eiy (T02) -

11,12,

+ [contact terms|

1
dependent on higher moments of T | T;(k) E/ dz 2* T;(x)
0
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Track function evolution

Universal

e l@ =) i‘i[ /| 1dzm: (-3 o | i 53 (21 })

M {ig} -

- M ] - M
X _Hl/o s A (azm) 5(:13 — Z zmxm)

® Nonlinear, involving contributions from all

L ® For single-hadron FFs: Only one
branches of splittings.

branch observed — Linearity

® In moment space,

d P — O R
— _ L (L)
Tz T () = BofTa () [Bo)= >t R
T, ={T;(n),--- ,T;,(K)T;,(n —k),--- , T3, (1)--- T3 (1)}* — Combinations of moments

with a total weight n

V' NLO evolution fully derived.
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Shift symmetry

® [Energy conservatiorﬂimplies the evolution is shift-symmetric: x — x4+a

q M .1 - M B - M - M
I 2 T;(x+a) L L H /0 dz,, 5(1 — Z zm)Ki_){if}({zf}) H /0 dz,, T; (x,+a) (5(x — z zm:cm)
M {i;} =m=1 a m=1 ) -m=1 2 m=1

® T[his invariance constrains the form of the evolution of track function moments:
d

Tt = —ea(2) = Yaa(2)] A | [sﬁfm objects:
A= Ty(1) — Ty(1)
d_[os@] _ [-1003) —1a93)] [06@)] | [7Re] 52 | 0i(2) = T(2) - T(1)*
dIn p? 0q¢(2). —Y9q(3)  —Yqq(3)] [o4(2). _’)’22_

® In charged-hadron case, the small A implies that the 6(2) evolution is dominated by
the DGLAP kernels.
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( Intro to track function )

Shift symmetry

® (Energy conservation)implies the evolution is shift-symmetric: x — x4+a

N

- M .1 A M - M .1 ; M
d N\ A\
dl 2T’i(x+a) — LL H / dZm 5(1 o Z Zm) Kz—*{zf}({zf}) H / dxm Tf’im (CEm—{—CL) 5(37 — Z mem)
i M {i;}tm=1"0 = m=1 m=1"0 - m=1
® T[his invariance constrains the form of the evolution of track function moments:
dld A= [a0(2) — 70D A ['shift-invariant objects: |
11
o S L A=T,)-T,0)
d 0q(2) _ —Yg9(3)  —Yqg(3) | |04(2) N ’722 A2 LO@(Q) = T¢(2)_Tz’(1)2j
ding? |o,(2)]  [=794(3) —72a(3)] |oa(@)]  |Vie.

® In charged-hadron case, the small A implies that the 6(2) evolution is dominated by
the DGLAP kernels.

vExtend the NLO second-moment evolution to NNLO Track EEC
using three-loop DGLAP kernels. at NNLL
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Full-range track EEC
_ % ., &

fixed-order back-to-back




( Outline

A sketch

* NNLL resummation e 2-loop * N4LL Sudakov resummation
[3-loop DGLAP: Moch, Vogt "07; analyt. [Ingredients: ...; Billis, Michel, Tackmann 24]
Chen, Yang, Zhu, Zhu "20]

e 3-loop * NP Collins-Soper kernel piece
[CoLoRFUINNEO] from lattice and data

[Moos, Scimemi, Vladimirov, Zurita 23]
[Avkhadiev, Shanahan, Wagman, Zhao 24]

e NP effects in TMDs
[...; Li, Makris, Vitev 21]

« NP power correction: €2,
[...; Lee, Pathak, Schindler, Stewart, Sun 24]

 Col plateau ~ b2b plateau
Collinear FO Back-to-Back
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( Outline

A sketch

* NNLL resummation e 2-loop * N4LL Sudakov resummation

[3-loop DGLAP: Moch, Vogt "07; analyt. [Ingredients: ...; Billis, Michel, Tackmann 24]
Sag,_Yang, Zhu, Zhu "20]
¢ 3-loop * NP Collins-Soper kernel piece
[CoLoRFUINNLO] from lattice and data

[Moos, Scimemi, Vladimirov, Zurita 23]
[Avkhadiev, Shanahan, Wagman, Zhao 24]

e NP effects in TMDs
[...; Li, Makris, Vitev 21]

« NP power correction: €2,
[...; Lee, Pathak, Schindler, Stewart, Sun 24]

 Col plateau ~ b2b plateau
Collinear FO Back-to-Back

See Max’s talk
this afternoon!
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( CEEE

Track EEC
Definition
@ Partonic EEC: d_" — Z / Ao ( 1—0059mn> 7, ()E,

2
® Irack EEC: <
/ da—m

I; (DE,

6(z

Track EEC(Z) = i Z T(O)(I)T(O)(l) /dO’ ESQE”(S(z 1 —cos Omn)

go | 2

@® Fixed-order calculation:

® Renormalization of the coupling constant and track function moments.

Tgare :Tn(U) + ag -

n(1t)

1 , (R  RYRy — BoRy)
+ 50 ( | ; & Ty (1) + O(a;)

2 € €
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[ Collinear limit j

Collinear resummation

® Collinear limit: 9 - 0,z - 0.

@® Physical scales involved: Q, \/EQ, Aqcp -

@ Hard-collinear factorization: Q > \/EQ > AQcD

d [* 222 ()? - Q)
EECe /d 2 (1 )H( In % )
z—>0( ) dZ zz“J|In 'uz y U n'u s

® uy~Q uy~1/2Q.

® Single logs: L1 - : : L3 -
In™" " 2 In""“2 In""" 2
ay | Cr.r +CrL,.1 +CL,L2 T
L~ Iy N R
W W
LL NLL

28



[ Collinear limit

Collinear resummation

@® lechniques:

e Evolve the jet function from pu ; ~ \/EQ touy ~ Q.

® The jet function at N/LL accuracy:
, -

- L
Jz'NlLL( (’u) Tz ) Za Z ji[fr]r;(L) - Ty 111"”(&)

2
-m=L—I H -

® [teratively solve the RG equation for the perturbative coefficients.

e A truncated solution up to order-a2°.
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Summary

. I ! L, cHEs IR S UEene T =
® T[he general collinear evolution with track 85 555 ATLAS Preiminay L pyina E
=E 35_£O=é3\/TeV’ 14%(‘;%'(; , + Shema (AHADIC)_=
. = ev<p_< e -
functions. 2.5 Forward n b 7 Sherpa (Lund) 2
2F- ¥y 0 =
1.5 . . =
: : 1 a =
® Application to full-range track EEC. o5 e “
o 122&!ITIHIllIHIIIIIIIIH}HII{HH}HHIHHIIHE
ALEPH ee, Vs =91.2 GeV, Preliminary g"g '—E_ ................................... | — B..... . i_§
103§;-';u"ykclf"eitedfhataC||' i D(:US 0'8%::;::::':?::'::i::'::.::'::::'H::'::::'::H':::Tg
N rack Function Theory Calculation N B | | | | l | I | | -
102 (NNLL Collinear + NNNLL Sudakov) — - — Total S_yst. ---. Stat. . - - MC Model  --- Exp. Conditions 3
= = > 0-25 ------ Unfolding - - Tracking — JES+JER &

] =

. 0 bebir s ¢ I g_’(z_u

W = T O

g_% L § §
[ATLAS-CONF-2024-012, 2502.02062] '

N T T T T BT Measurement of

z = (1- cos(0))/2

track functions starts!

® Use track energy correlators to probe into both —
perturbative and nonperturbative QCD.
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Outlook

® Precision phenomenology with all particles
(Er, (N1) Er, (n2) -+ Er, () Including extra
quantum info.
® Data and pheno for multi-hadron fragmentation functions.
® A benchmark for triple collinear evolution in parton showers.

® |ncluding quark mass effect.

® Non-perturbative power corrections.
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Outlook

@® More formal aspects:

® Moments of (single-hadron) FFs are related to light-ray operators. Their
analytic continuation gives DGLAP/BFKL mixing trajectory.

® DGLAP evolution: RG of twist-2 light-ray operators

Connections between the non-linear kernels and higher-twist operators.
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