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Outline

• What does the general collinear 
evolution mean? 


• Why and where should we use the 
general collinear evolution? 


• Why do we like energy correlators? 

General motivation Scheme in detail

• How do we apply it? 

‣ Track function formalism. 


‣ Application: track EEC. 

General  
collinear evolution 

Energy 
correlators



Collinear factorization theorem:
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single-hadron 
fragmentation function (FF)

Collinear evolution

di-hadron FF

DGLAP evolution

[Collins, Soper, Sterman `84, 85, 88]

non-linear

Motivation

Separating the perturbatively calculable part of a process from universal non-
perturbative objects describing the hadronization process. 
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Collinear evolution

an arbitrary 
number; the total 
kinematics

?single-hadron 
fragmentation function (FF)

di-hadron FF

DGLAP evolution
non-linear

Collinear factorization theorem:
Separating the perturbatively calculable part of a process from universal non-
perturbative objects describing the hadronization process. 

Motivation
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Collinear factorization theorem:
Collinear evolution

single-hadron 
fragmentation function (FF)

di-hadron FF

DGLAP evolution

track function

(generalized FF)

general collinear 
evolution

non-linear

Motivation

Separating the perturbatively calculable part of a process from universal non-
perturbative objects describing the hadronization process. 



Correlations of energy fluxes
• Many observables fundamentally characterize energy flow, eg.:  
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[Farhi `77; Rakow, Webber `81; Ellis, Webber `86; Berger, Kucs, Sterman `03; Almeida, 
Lee, Perez, Sterman, Sung, Virzi `09; Ellis, Vermilion, Walsh, Hornig, Lee `10; …]

[Basham, Brown, Ellis, Love `78-79; Sveshnikov, Tkachov `95; 
Belitsky, Korchemsky, Sterman `01]

-pointk

2-point: EEC

 angular varsk(k − 1)/2

[Chen, Moult, Zhang, Zhu `20; Larkoski, Moult, Nachman `17]

- Angularity-type: - k-point energy correlators: 

Motivation



• Any observable based on final-state kinematics involves a finite or infinite 
number of energy correlators. 

Correlations of energy fluxes
• Many observables fundamentally characterize energy flow, eg.:  
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a basis for IRC-safe observables
[See also energy flow polynomials: Komiske, Metodiev, Thaler `17]

- Angularity-type: 
[Farhi `77; Rakow, Webber `81; Ellis, Webber `86; Berger, Kucs, Sterman `03; Almeida, 
Lee, Perez, Sterman, Sung, Virzi `09; Ellis, Vermilion, Walsh, Hornig, Lee `10; …]

- k-point energy correlators: 
[Basham, Brown, Ellis, Love `78-79; Sveshnikov, Tkachov `95; 
Belitsky, Korchemsky, Sterman `01; …]

-pointk

2-point 

 angular varsk(k − 1)/2

[Chen, Moult, Zhang, Zhu `20; Larkoski, Moult, Nachman `17]

Motivation



a (proper) subset ( ) of final-state hadrons.R

๏ Extending observables
Why go beyond the DGLAP paradigm?

• From fully inclusive energy flow to
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Motivation



a (proper) subset ( ) of final-state hadrons.R

๏ Extending observables
Why go beyond the DGLAP paradigm?

• From fully inclusive energy flow to
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๏ Factorization

• Exclusive energy flow correlations are not IRC safe.


• Regularize collinear divergences. 
[The KLN theorem]

Non-perturbative functions with RG evolution
absorbed (factorized)

Essential for prediction!

Motivation



a (proper) subset ( ) of final-state hadrons.R

๏ Extending observables
Why go beyond the DGLAP paradigm?

• From fully inclusive energy flow to
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๏ Multi-particle correlations  general collinear evolution→

• -point correlators ( ) encode multi-particle correlations. 


• Require non-perturbative objects with multi-particle correlations, 
k k ≥ 2

necessitating collinear evolution beyond DGLAP. 

๏ Factorization

• Exclusive energy flow correlations are not IRC safe.


• Regularize collinear divergences. 
[The KLN theorem]

Non-perturbative functions with RG evolution
absorbed (factorized)

Essential for prediction!

All embedded in track function RGE.

Motivation



• Tracking system: superior angular resolution  

& pileup mitigation. 


• Experimentally cleaner to measure. 
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calorimeter-based

(all-particle)

track-based

(charged-particle)

[ATLAS Collaboration `19]

[Illustration idea inspired by Jingjing Pan’s talk at BOOST2024 :)

Ex: track-based observables
Motivation



θ

En

Em

Ex: track-based observables
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Two-point energy correlator (EEC): all-hadron

DELPHI: Q=91.2 GeV

FOCollinear Back-to-Back

Motivation



Ex: track-based observables

θ

Tin(1)En

Tim(1)Em

Free 
Hadron

Transition

Res.

Free 
Hadron

Res.
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[Yu-Chen (Janice) Chen’s 
talk at Hard Probes 2024]

Use track functions 
 to calculate! T(x)Two-point energy correlator (EEC): track

[Max’s talk at SCET 2025,

and his talk today!]

Resolve small-angle 
information

[Theory inputs: Jaarsma, Li, 
Moult, Waalewijn, Zhu `25] 
[Coming soon]

Motivation

Small  regionqT



Free 
Hadron

Transition

Res.

Free 
Hadron

Res.

Zooming in
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๏ “Imaging” of confinement transition

Free Hadron

Transition

Res.

Free Hadron

Res.

Non-interacting hadrons Interacting quarks & gluons
The OPE limit: 

[Dixon, Moult, Zhu `19; 

Chen, Moult, Zhang, Zhu `20; 

Lee, Mecaj, Moult `22; 

Chen `23]

Motivation



Free 
Hadron

Transition

Res.

Free 
Hadron

Res.

Zooming in
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๏ “Imaging” of confinement transition

Free Hadron

Transition

Res.

Free Hadron

Res.

Non-interacting hadrons Interacting quarks & gluons
The OPE limit: 

[Dixon, Moult, Zhu `19; 

Chen, Moult, Zhang, Zhu `20; 

Lee, Mecaj, Moult `22; 

Chen `23]

Probe rich physics of QCD through its dependence on z. 

Motivation



How does it work?
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• Track function formalism


• Full-range energy-energy correlation in e+e−

i
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Track function formalism 
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Track functions Ti(x, μ)
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Intro to track function

๏ Describes the total momentum fraction  of a restricted subset  of final-state hadrons in a 
jet initiated by a hard parton . 

x R
i

[Chang, Procura, Thaler, Waalewijn `13]

[Chen, Jaarsma, Li, Moult, S. van Velzen, Waalewijn, Zhu `21-23]

• E.g.,  = charged particles (tracks). 


• Nonperturbative. 


• Perturbatively calculable scale ( ) dependence. 


• Sum rule: 

R

μ

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.5

1.0
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2.0

2.5

dx



Incorporating tracks
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๏ For a -function type observable  
measured on partons: 

δ τ ๏ For a -point energy correlator : k

tracks

• Related to partonic-level correlation 
functions by moments of T: 

dependent on higher moments of T

full functional 
form of T

tracks

k-th moment: 

Intro to track function



Incorporating tracks
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๏ For a -function type observable  
measured on partons: 

δ τ ๏ For a -point energy correlator : k

tracks

• Related to partonic-level correlation 
functions by moments of T: 

dependent on higher moments of T

full functional 
form of T

tracks

k-th moment: 

Intro to track function

Simpler! 



Track function evolution
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Parton  branches 

in perturbative QCDi

i
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<latexit sha1_base64="ofaVq6CkBfPx9Ub9wY8Z14zTJXo=">AAACAXicbVDLTgIxFL2DL8QX6tJNIzFxI5kBE10S3bjERB4JTEindKCh7UzajpFMWPkFbvUL3Bm3fokf4H9YYBYCnqTJyTn35p6eIOZMG9f9dnJr6xubW/ntws7u3v5B8fCoqaNEEdogEY9UO8CaciZpwzDDaTtWFIuA01Ywup36rUeqNIvkgxnH1Bd4IFnICDZWarFeKi68Sa9YcsvuDGiVeBkpQYZ6r/jT7UckEVQawrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYslVhQ7aezuBN0ZpU+CiNlnzRopv7dSLHQeiwCOymwGeplbyr+53USE177KZNxYqgk80NhwpGJ0PTvqM8UJYaPLcFEMZsVkSFWmBjb0MKVp3lU24u33MIqaVbKXrVcub8s1W6yhvJwAqdwDh5cQQ3uoA4NIDCCF3iFN+fZeXc+nM/5aM7Jdo5hAc7XL7U2l8U=</latexit>

im
<latexit sha1_base64="Q9SC/LbxT1rltKNyneHM8j0+T2k=">AAAB/3icbVDLTgIxFL2DL8QX6tJNIzFxRWbQRJdENy4xcYAEJqRTOtDQdiZtx0gmLPwCt/oF7oxbP8UP8D8sMAsBT9Lk5Jx7c09PmHCmjet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqCPVJzGPVDrGmnEnqG2Y4bSeKYhFy2gpHt1O/9UiVZrF8MOOEBgIPJIsYwcZKPutlYtIrV9yqOwNaJV5OKpCj0Sv/dPsxSQWVhnCsdcdzExNkWBlGOJ2UuqmmCSYjPKAdSyUWVAfZLOwEnVmlj6JY2ScNmql/NzIstB6L0E4KbIZ62ZuK/3md1ETXQcZkkhoqyfxQlHJkYjT9OeozRYnhY0swUcxmRWSIFSbG9rNw5Wke1fbiLbewSpq1qndRrd1fVuo3eUNFOIFTOAcPrqAOd9AAHwgweIFXeHOenXfnw/mcjxacfOcYFuB8/QLRypdT</latexit>

··
·

<latexit sha1_base64="8tRIflu+DAsXHTsjD+OW+CySdc8=">AAACAHicbVDLSgMxFM34rPVVdekmWARXZaYKuiy6cVnBPqAdSiaTaWMzyZDcEcvQjV/gVr/Anbj1T/wA/8O0nYVtPRA4nHMv9+QEieAGXPfbWVldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7IIYJLlkDOAjWTjQjcSBYKxjeTPzWI9OGK3kPo4T5MelLHnFKwErNLg0VmF6p7FbcKfAy8XJSRjnqvdJPN1Q0jZkEKogxHc9NwM+IBk4FGxe7qWEJoUPSZx1LJYmZ8bNp2jE+tUqII6Xtk4Cn6t+NjMTGjOLATsYEBmbRm4j/eZ0Uois/4zJJgUk6OxSlAoPCk6/jkGtGQYwsIVRzmxXTAdGEgi1o7srTLKrtxVtsYZk0qxXvvFK9uyjXrvOGCugYnaAz5KFLVEO3qI4aiKIH9IJe0Zvz7Lw7H87nbHTFyXeO0Bycr19xXpep</latexit>

Ti1(x1)
<latexit sha1_base64="AacKIGiofQwkxqPeF+nQyAFz+ME=">AAACFnicbVDLSsNAFJ3UV62vqDvdDBahbkpSBV0W3bis0Be0IUwm03boZBJmJtISAn6GX+BWv8CduHXrB/gfTtMsbOuBgcM59865HC9iVCrL+jYKa+sbm1vF7dLO7t7+gXl41JZhLDBp4ZCFoushSRjlpKWoYqQbCYICj5GON76b+Z1HIiQNeVNNI+IEaMjpgGKktOSaJ0k/+yQRxE9h002oa6eViWtfpK5ZtqpWBrhK7JyUQY6Ga/70/RDHAeEKMyRlz7Yi5SRIKIoZSUv9WJII4TEakp6mHAVEOkkWn8JzrfhwEAr9uIKZ+ncjQYGU08DTkwFSI7nszcT/vF6sBjdOQnkUK8LxPGgQM6hCOCsE+lQQrNhUE4QF1bdCPEICYaVrW0iZzE/VvdjLLaySdq1qX1ZrD1fl+m3eUBGcgjNQATa4BnVwDxqgBTB4Ai/gFbwZz8a78WF8zkcLRr5zDBZgfP0C5fGf7A==</latexit>

Ti2(x2)
<latexit sha1_base64="4DnwMR1BbneP+O0jUas1o+y3WTg=">AAACFnicbVDLSsNAFJ3UV62vqDvdDBahbkoSBV0W3bis0Be0IUwmk3bo5MHMRFpCwM/wC9zqF7gTt279AP/DaZqFbT0wcDjn3jmX48aMCmkY31ppbX1jc6u8XdnZ3ds/0A+POiJKOCZtHLGI91wkCKMhaUsqGenFnKDAZaTrju9mfveRcEGjsCWnMbEDNAypTzGSSnL0k3SQf5Jy4mWw5aTUsbLaxLEuMkevGnUjB1wlZkGqoEDT0X8GXoSTgIQSMyRE3zRiaaeIS4oZySqDRJAY4TEakr6iIQqIsNM8PoPnSvGgH3H1Qglz9e9GigIhpoGrJgMkR2LZm4n/ef1E+jd2SsM4kSTE8yA/YVBGcFYI9CgnWLKpIghzqm6FeIQ4wlLVtpAymZ+qejGXW1glHatuXtath6tq47ZoqAxOwRmoARNcgwa4B03QBhg8gRfwCt60Z+1d+9A+56Mlrdg5BgvQvn4B6Sif7g==</latexit>

Tim�1(xm�1)
<latexit sha1_base64="5KeHT8qLs+yaQqW5+wIF/wA9LkQ=">AAACHnicbVDLSsNAFJ3UV62vqEs3Q4tQF5akCrosunFZoa2FNoTJZNIOnTyYmUhLyN7P8Avc6he4E7f6Af6H0yQL23pg4HDOvXMPx4kYFdIwvrXS2vrG5lZ5u7Kzu7d/oB8e9UQYc0y6OGQh7ztIEEYD0pVUMtKPOEG+w8iDM7md+w+PhAsaBh05i4jlo1FAPYqRVJKtV5Nh9knCiZvCjp1QO/HPzTStT3Nyltp6zWgYGeAqMQtSAwXatv4zdEMc+ySQmCEhBqYRSStBXFLMSFoZxoJECE/QiAwUDZBPhJVkMVJ4qhQXeiFXL5AwU/9uJMgXYuY7atJHciyWvbn4nzeIpXdtJTSIYkkCnB/yYgZlCOfFQJdygiWbKYIwpyorxGPEEZaqvoUr0zyq6sVcbmGV9JoN86LRvL+stW6KhsrgBFRBHZjgCrTAHWiDLsDgCbyAV/CmPWvv2of2mY+WtGLnGCxA+/oFa6CjYA==</latexit>

Tim(xm)
<latexit sha1_base64="3M3Z6svd69VGMMzx9Xn6Zo0lKNo=">AAACGnicbVDLSsNAFJ3UV62vqEtBBotQNyWpgi6LblxW6AvaECaTSTt08mBmIi0hOz/DL3CrX+BO3LrxA/wPJ2kWtvXAMIdz7ovjRIwKaRjfWmltfWNzq7xd2dnd2z/QD4+6Iow5Jh0cspD3HSQIowHpSCoZ6UecIN9hpOdM7jK/90i4oGHQlrOIWD4aBdSjGEkl2fppMsyHJJy4KWzbCbUTP01r0+y7SG29atSNHHCVmAWpggItW/8ZuiGOfRJIzJAQA9OIpJUgLilmJK0MY0EihCdoRAaKBsgnwkryE1J4rhQXeiFXL5AwV/92JMgXYuY7qtJHciyWvUz8zxvE0ruxEhpEsSQBni/yYgZlCLNQoEs5wZLNFEGYU3UrxGPEEZYquoUt0/mpKhdzOYVV0m3Uzct64+Gq2rwtEiqDE3AGasAE16AJ7kELdAAGT+AFvII37Vl71z60z3lpSSt6jsECtK9ffxiifA==</latexit>

Ki!i1i2...im
<latexit sha1_base64="T5PDj1QKubYfiBZGUIoGlalS07o=">AAACF3icbVDLSsNAFL2pr1pfUZfdDBbBVUmqoMuiG8FNBdsKbQiT6aQdOpOEmYlYQhd+hl/gVr/Anbh16Qf4H07bLGzrhQuHc+7h3nuChDOlHefbKqysrq1vFDdLW9s7u3v2/kFLxakktEliHsv7ACvKWUSbmmlO7xNJsQg4bQfDq4nefqBSsTi606OEegL3IxYygrWhfLt842esq2PEfNd0rduLtTIgE+Oxb1ecqjMttAzcHFQgr4Zv/xg7SQWNNOFYqY7rJNrLsNSMcDoudVNFE0yGuE87BkZYUOVl0yfG6NgwPRTG0nSk0ZT968iwUGokAjMpsB6oRW1C/qd1Uh1eeBmLklTTiMwWhSlH5ulJIqjHJCWajwzARDJzKyIDLDHRJre5LY+zU00u7mIKy6BVq7qn1drtWaV+mSdUhDIcwQm4cA51uIYGNIHAE7zAK7xZz9a79WF9zkYLVu45hLmyvn4BMt+gEw==</latexit>

• Nonlinear, involving contributions from all 
branches of splittings. • For single-hadron FFs: Only one 

branch observed  Linearity→• In moment space, 

( )i, if = g, u, ū, d, ⋯

Universal

Combinations of moments 
with a total weight n —

Intro to track function

✓NLO evolution fully derived. [Chen, Jaarsma, Li, Moult, Waalewijn, Zhu `22]



Shift symmetry
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• Energy conservation implies the evolution is shift-symmetric: x → x+a

• This invariance constrains the form of the evolution of track function moments: 
shift-invariant objects: 

• In charged-hadron case, the small  implies that the  evolution is dominated by 
the DGLAP kernels. 

Δ σ(2)

Intro to track function



Shift symmetry
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• Energy conservation implies the evolution is shift-symmetric: x → x+a

• This invariance constrains the form of the evolution of track function moments: 
shift-invariant objects: 

• In charged-hadron case, the small  implies that the  evolution is dominated by 
the DGLAP kernels. 

Δ σ(2)

Extend the NLO second-moment evolution to NNLO 
using three-loop DGLAP kernels. 🚀🚀🚀

Track EEC 
at NNLL

Intro to track function



Full-range track EEC 

24

collinear back-to-backfixed-order

θ

Tin(1)En

Tim(1)Em



A sketch
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Outline

Collinear FO Back-to-Back

• NNLL resummation


• Col plateau ~ b2b plateau

• N4LL Sudakov resummation


• NP Collins-Soper kernel piece 
from lattice and data


• NP effects in TMDs

[…; Lee, Pathak, Schindler, Stewart, Sun `24]

• 2-loop 
analyt.


• 3-loop


• NP power correction: Ω1

[CoLoRFulNNLO]

[Avkhadiev, Shanahan, Wagman, Zhao `24]
[Moos, Scimemi, Vladimirov, Zurita `23]

[Ingredients: …; Billis, Michel, Tackmann `24][3-loop DGLAP: Moch, Vogt `07; 

Chen, Yang, Zhu, Zhu `20]

[…; Li, Makris, Vitev `21]



A sketch
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Outline

Collinear FO Back-to-Back

• NNLL resummation


• Col plateau ~ b2b plateau

• N4LL Sudakov resummation


• NP Collins-Soper kernel piece 
from lattice and data


• NP effects in TMDs

[…; Lee, Pathak, Schindler, Stewart, Sun `24]

• 2-loop 
analyt.


• 3-loop


• NP power correction: Ω1

[CoLoRFulNNLO]

[Avkhadiev, Shanahan, Wagman, Zhao `24]
[Moos, Scimemi, Vladimirov, Zurita `23]

[Ingredients: …; Billis, Michel, Tackmann `24][3-loop DGLAP: Moch, Vogt `07; 

Chen, Yang, Zhu, Zhu `20]

[…; Li, Makris, Vitev `21]

See Max’s talk 
this afternoon!



θ

Tin(1)En

Tim(1)Em

Track EEC
Definition

27

Track EEC

๏ Partonic EEC: 

๏ Track EEC: 

๏ Fixed-order calculation:  

• Renormalization of the coupling constant and track function moments. 



๏ Hard-collinear factorization:  , Q ≫ zQ ≫ ΛQCD

Collinear resummation

• Soft insensitivity: natural jet substructure observable. 
28

Collinear limit

๏ Collinear limit: , . θ → 0 z → 0

๏ Physical scales involved: , ,  . Q zQ ΛQCD

•  ,  . μH ∼ Q μJ ∼ zQ Large logs  ln(z)

• Single logs: 

LL NLL NNLL

Also true for higher-point correlators. 

H

J

Fact.



Collinear resummation

• Evolve the jet function from  to  . μJ ∼ zQ μH ∼ Q

29

Collinear limit

• The jet function at  accuracy: NlLL

• Iteratively solve the RG equation for the perturbative coefficients. 

• A truncated solution up to order- . a25
s

๏ Techniques:  



Summary
• The general collinear evolution with track 

functions. 

30

• Application to full-range track EEC. 

[ATLAS-CONF-2024-012, 2502.02062]

• Use track energy correlators to probe into both 
perturbative and nonperturbative QCD. 

Measurement of  
track functions starts! 



Outlook
• Precision phenomenology with all particles 


• Data and pheno for multi-hadron fragmentation functions. 


• A benchmark for triple collinear evolution in parton showers.


• Including quark mass effect. 


• Non-perturbative power corrections.

31

[Recent: di-hadron: Cocuzza, Metz, Pitonyak, et al `23-24]

[Lee, Moult `23] Including extra 
quantum info.

[Mrinal Dasgupta’s talk at Fragmentation 2025, Zurich]



๏ More formal aspects: 


• Moments of (single-hadron) FFs are related to light-ray operators. Their 
analytic continuation gives DGLAP/BFKL mixing trajectory. 


• DGLAP evolution: RG of twist-2 light-ray operators 


Connections between the non-linear kernels and higher-twist operators. 

Outlook
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[Hao Chen’s talk: Chang, Chen, Kravchuk, 
Simmons-Duffin, Zhu: coming soon]
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Collinear Parton Dynamics 
Beyond DGLAP

Thanks! 


