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What and Why？
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• Compared to exclusive decays: Better theoretical control

• Compared to beauty decays: More sensitive to power corrections

• Experimental detection of partial final state particles 

➡   ( , only  is detected)


• Sum of a group of exclusive channels  

➡   

➡  

D → e+X D → e+νeX e+

D0 → e+Xs = D → e+νeK−, e+νeK−π0, e+νeK̄0π−, . . .

D0 → e+Xd = D → e+νeπ−, e+νeπ−π0, e+νeπ−π+π−, . . .
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Charmed hadron lifetimes:  
theory vs experiment 
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What and Why？

Meson

Experiment：High precision

Theory：significant uncertainty

Baryon

Experiment：change in hierarchy

[Cheng, ’21][Cheng, ’21]

Lenz et al, ’22]

Fig 1

Fig 2
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What and Why？

“ Again a more precise experimental determination of  from fits to semi-leptonic  and 
meson  decays — as it was done for the  and  decays — would be very desirable. ” 

μ2
π D+, D0 D+

s

B+ B0

B meson           D meson

Relative Error：～40%

[Lenz et al, ’22]

Γ(D) = Γ3 + Γ5
⟨𝒪5⟩

m2
c

+ Γ6
⟨𝒪6⟩

m3
c

+ ⋯

⟨𝒪5⟩
μ2

π μ2
G

μ2
π(D) = (0.48 ± 0.20)GeV2

μ2
π (D+

s ) = (0.57 ± 0.23)GeV2

μ2
G(D) = (0.34 ± 0.10)GeV2

μ2
G (D+

s ) = (0.36 ± 0.10)GeV2

 介子质量差异DD*

⟨𝒪6⟩ ρ3
D

ρ3
D(D) = (0.082 ± 0.035)GeV3

ρ3
D (Ds) = (0.119 ± 0.052)GeV3

Relative Error：～30%

B meson           D meson

Relative Error：～40%
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What and Why？

• Four quark operators were estimated

[Gambino, et al ’10]

• Strong interaction running coupling constant have been estimated
αs = 0.377 ± 0.008 ± 0.114

[Wu, et al ’24]

• Assuming  non-perturbative parameters are identical to those of B meson  

Starting from dimension-5！

❓• Global Fitting under kinetic mass scheme
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Experimental status
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CLEO measurements
D+ → e+XD0 → e+X D+

s → e+X
B (D0 → Xe+νe) = (6.46 ± 0.09 ± 0.11) %
B (D+ → Xe+νe) = (16.13 ± 0.10 ± 0.29) %
B (D+

s → Xe+νe) = (6.52 ± 0.39 ± 0.15) %

[CLEO, ’09]

BESIII measurements

B (D+
s → Xe+νe) = (6.30 ± 0.13 ± 0.10) %

[BESIII, ’21]

Λ+
c → e+X Λ+

c → e+XD+
s → e+X

[BESIII, ’21]

B (Λ+
c → Xe+νe) = (3.95 ± 0.34 ± 0.09) %

[BESIII (567 pb ), ’18]−1

B (Λ+
c → Xe+νe) = (4.06 ± 0.10stat.  ± 0.09syst ) %

[BESIII (4.5 fb ), ’23]−1

Fig 7

Fig 8
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[Gambino,Kamenik, ’10]

[BESIII, ’21]

Electronic Energy spectrum(y ≡ 2Ee/mc)
1
Γ0

dΓ
dy

= 12(1 − y)y2θ(1 − y)

+
2μ2

π

m2
c

[−10y3θ(1 − y) + 2δ(1 − y)

−
2μ2

G

3m2
c

[6y2(6 − 5y)θ(1 − y)] + O (αs,
Λ3

m3
c )

Γ = ∫
dΓ
dy

dy, ⟨En
ℓ⟩ =

1
Γ ∫

dΓ
dy

En
ℓdy, n = 1,2,3,4

• Up to finite power, the obtained differential decay rate is NOT the experimental 
spectrum


• Observables require integration over final states
[Neubert, 1995] [Mannel et al,’94]
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Our main efforts on data

Ee

Δ
N i

/N



Experimental status
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Center moment

Γsl ⟨Ee⟩ ⟨E2
e ⟩ ⟨E3

e ⟩ ⟨E4
e ⟩

Γsl
⟨Ee⟩
⟨E2

e ⟩
⟨E3

e ⟩
⟨E4

e ⟩

Γsl ⟨Ee⟩ ⟨E2
e ⟩center ⟨E3

e ⟩center ⟨E4
e ⟩center

Γsl

⟨Ee⟩

⟨E2
e ⟩center

⟨E3
e ⟩center

⟨E4
e ⟩center

Correlations among observables

Γsl ⟨Ee⟩ ⟨E2
e ⟩center ⟨E3

e ⟩center ⟨E4
e ⟩center
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Our main efforts on theory

Power correlation ：up to dim-6 operators contributions
Perturbative correlation：up to NNLO contributions

NLO analytical integration
NNLO numerical results

provided by Long Chen

[Chen, Chen, Guan, Ma, ’23]

Dim-5, Λ2
QCD/m2

c Dim-6, Λ3
QCD/m3

c

 ( , only  is detected)D → e+X D → e+νeX e+



14LZU & HUST shaokk18@lzu.edu.cn

Our main efforts on theory

⟨E2
e ⟩center

≡ ⟨(Ee − ⟨Ee⟩)2⟩

Theoretical Results
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Phenomenological Analysis
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• 15 data points

• Scenario 1: 4 parameters to be estimated (up to dim-5 operators)

μ2
π (D0,+), μ2

G (D0,+), μ2
π (D+

s ), μ2
G (D+

s )
• Scenario 2: 8 parameters to be estimated (up to dim-6 operators) VIA

μ2
π (D0,+), μ2

G (D0,+), ρ3
D (D0,+), ρ3

LS (D0,+) μ2
π (D+

s ), μ2
G (D+

s ), ρ3
D (D+

s ), ρ3
LS (D+

s )
• Scenario 3: 10 parameters to be estimated (up to dim-6 operators,WA) HQETSR

μ2
π (D0,+), μ2

G (D0,+), ρ3
D (D0,+), ρ3

LS (D0,+) μ2
π (D+

s ), μ2
G (D+

s ), ρ3
D (D+

s ), ρ3
LS (D+

s )
τval, τnonval

Error from unknown power correlations

• Error from input parameters: μ ∈ [1,2.54]GeV



Phenomenological Analysis
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The width of semi-leptonic inclusive decays in D mesons is highly sensitive to the 
charm quark mass.

•   mass scheme: slow convergenceMS

Γ/ΓLO = 1 + 1.35αs + 3.02α2
s + 7.69α3

s ≈ 1 + 52% + 46% + 44 %
[Melnikov,van Ritbergen, ’99]

• 1S mass scheme:  well perturbative behaviors 1/2 J 质量/ψ

Γ/ΓLO ≈ 1 − 13.1% − 4.8% + 1.8 %
[Hoang,Ligeti,Manohar, ’98; Hoang,Teubner, ’99]

• Kinetic mass scheme:       (αs /π) μn /mn
c

[Fael,Schönwald, Steinhauser, ’20]

• Pole mass scheme: no convergence Naive parameters of HQET

Γ/ΓLO = 1 − 0.77αs − 2.38α2
s − 10.73α3

s ≈ 1 − 30% − 36% − 62 %

cut-off scale somewhat subtle



Phenomenological Analysis
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• Discrepancies among central values in the two scenarios

• Stable fitting results under 1S mass scheme

D meson matrix elements of operators in the HQET are hence determined 
by data for the first time



Phenomenological Analysis
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• Data-driven estimation for μ2
π

• The non-relativistic kinetic energy term in D meson is dominated by heavy quark contribution

• Discrepancy between  and   is significantμ2
π(D) μ2

π(B)



Phenomenological Analysis
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• Data-driven estimation for μ2
G

Discrepancy between  and   is significantμ2
G(D) μ2

G(B)

 Violation effects are also observedSU(3)f



Phenomenological Analysis
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The non-perturbative series exhibits good convergence behavior in D-meson semi-leptonic 
inclusive decays under the 1S mass scheme

We propose the 1S mass scheme as the optimal choice for calculating  
charmed meson lifetimes



Look Back
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Theory:

Data：

Ee

Phenomenological Analysis：
Global Fitting 1.Extract Non-perturbative parameters 

2.1S mass scheme is a optimal choice 

HQET OPE

D → Xd,s + e+
Optical Theorem Wilson Coef

Loacl Operators

Analytical Integral
Observables

Observables

Observables

Observables
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• Precision measurements of leptonic energy spectrum in the rest frame 
of charmed hadrons

•  spectrum, good for higher-dimensional operatorsq2

• Separate , to give first measurements of Xd, Xs Vcd, Vcs

• Rare decays: D → Xuℓℓ

Thank you!

Prof. Xiao’s talk

Collaborate with Prof. Liang Sun

Collaborate with Prof. Dong Xiao
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Scenario 3： 1S mass scheme

χ2(θ) = ∑
l=u,d,s

5

∑
i=1

5

∑
j=1

(yi,l − ηi,l) V−1
ij,l (yj,l − ηj,l) + (

τnonval − (−0.18)
0.65 )

2

+ (
τval − 0.45

2.10 )
2

.



1S mass scheme robust Testing ： scenario 3 
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  mass scheme robust Testing：scenario 3 MS
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 1S mass scheme robust Testing：scenario 2 
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1S mass scheme robust Testing：scenario 2 
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高阶修正和高幂次修正
理论部分

• 相空间解析积分与电子能谱

• 对于有限幂次修正，电子能谱的末端奇异行为导致其无法直接与实验数据进行对比

• 对相空间进行加权解析积分，抹除其奇异性。电子能量原点矩

Γ = ∫
dΓ
d ̂Ee

d ̂Ee ⟨En
e ⟩ =

1
Γ ∫ ̂En

e
dΓ
d ̂Ee

d ̂Ee
• 衰变宽度的三圈图修正数值结果 

• 矩的两圈图修正的数值结果 陈龙、马滟青老师

附录
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附录

形状函数

1
2Γb

dΓ
dy

= yF(y)Θ(1 − y) −
λ1 + 33λ2

6m2
b

δ(1 − y) −
λ1

6m2
b

δ′￼(1 − y)

1
2Γb

dΓ
dy

= yF(y)
1
N

N

∑
i=1

Θ (1 − y + εi)

1
N

N

∑
i=1

Θ (1 − y + εi)

δy =
1
N

N

∑
i=1

εi = −
λ1 + 33λ2

6m2
b

, σ2
y =

1
N

N

∑
i=1

ε2
i = −

λ1

3m2
b

N → ∞
ϑ(y) = Θ(1 − y) + S(y)F(1)/F(y)

S(y) = ⟨Θ [1 − y +
2

mb
(v − ̂p) ⋅ iD] − Θ(1 − y)⟩ +  less singular terms ,

部分子模型
束缚态效应
忽略胶子场 A.C.M. 模型

P: 轻子动量 
D：b夸克动量

ϕ ( ⃗pb )
ϕ ( ⃗pb ) =

4

πp3
F

exp −
⃗pb

2

p2
F

SACM(y) = ∫ ⋯ϕ ( ⃗pb )⋯d ⃗pb = [ 1
2

− Θ(1 − y)] Φ ( mb

pF
|y − 1 |)

b to u 跃迁电子能谱

理论部分附录
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附录 理论部分

真空插入近似
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附录 粲介子寿命与半轻单举衰变宽度

粲介子寿命与半轻单举衰变宽度

旁观者效应贡献很小

HQETSR, VIA

•  同位旋对称性:  D0, D+

强子化过程中

•  粲介子寿命差异: 旁观者夸克效应：弱湮灭、弱交换和泡利干涉项
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附录 粲介子寿命与半轻单举衰变宽度

粲介子寿命与半轻单举衰变宽度
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附录 粲介子寿命与半轻单举衰变宽度

粲介子与粲重子的差异



粲强子半轻单举衰变的唯象学研究邵康康 (LZU & HUST) 40

附录 粲介子寿命与半轻单举衰变宽度

粲介子寿命与半轻单举衰变宽度



粲强子半轻单举衰变的唯象学研究邵康康 (LZU & HUST) 41

附录 粲介子寿命与半轻单举衰变宽度

粲介子寿命与半轻单举衰变宽度

旁观者效应贡献很小

HQETSR, VIA

•  同位旋对称性:  D0, D+

强子化过程中

•  粲介子寿命差异: 旁观者夸克效应：弱湮灭、弱交换和泡利干涉项

弱交换 泡利干涉 弱湮灭

半轻衰变过程仅包含弱湮灭过程
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附录 粲介子寿命与半轻单举衰变宽度

粲介子寿命与半轻单举衰变宽度

•动力学质量方案下粲介子衰变宽度对非微扰矩阵元依赖形式为（ ）：μ = 0.5GeV
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附录 粲介子寿命与半轻单举衰变宽度

粲介子寿命与半轻单举衰变宽度

•动力学质量方案下粲介子衰变宽度对非微扰矩阵元依赖形式为（ ）：μ = 0.5GeV
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附录 粲介子寿命与半轻单举衰变宽度

粲介子寿命与半轻单举衰变宽度

•动力学质量方案下粲介子衰变宽度对非微扰矩阵元依赖形式为（ ）：μ = 0.5GeV
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附录 唯象学分析结果的稳定性检验

L2正规化

χTotal
2 : includes Regularization Terms

χTotal
2 : Don't include Regularization Terms

0 5 10 15 20
0

2

4

6

8

μ2
π (D0,+) μ2

G (D0,+) ρ3
D (D0,+) ρ3

D (D0,+) μ2
π (D+

s ) μ2
G (D+

s ) ρ3
D (D+

s ) ρ3
LS (D+

s )λ
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附录 唯象学分析结果的稳定性检验

唯象学分析结果的稳定性检验
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附录 唯象学分析结果的稳定性检验

唯象学分析结果的稳定性检验
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附录 唯象学分析结果的稳定性检验

唯象学分析理论输入参数的跑动

• 重整化群方程: 

αs(1.27) = 0.378

Λ4

αs(μ)

近似解析解

被假设服从均匀分布μ

nf = 4,nl = 3

αs (μ2
R) ≃

1
β0t (1 −

β1

β2
0

ℓ
t

+
β2

1 (ℓ2 − ℓ − 1) + β0β2

β4
0t2

+
β3

1 (−2ℓ3 + 5ℓ2 + 4ℓ − 1) − 6β0β2β1ℓ + β2
0 β3

2β6
0t3

+ ⋯)

t ≡ ln
μ2

Λ2

ℓ = ln t
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粲介子寿命的初步定性讨论
唯象学分析及其结果讨论

•动力学质量方案下基于HQETSR对粲介子衰变宽度的理论预言

—实验测量值

—量纲五算符拟合结果
—Lenz 2022

—量纲六算符拟合结果

量纲五算符拟合结果更靠近实验测量值

附录
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粲介子寿命的初步定性讨论
唯象学分析及其结果讨论

•动力学质量方案下基于VIA对粲介子衰变宽度的理论预言

—实验测量值

—量纲五算符拟合结果
—Lenz 2022

—量纲六算符拟合结果

量纲五算符拟合结果更靠近实验测量值

附录
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粲介子寿命的初步定性讨论
唯象学分析及其结果讨论

动力学质量方案下基于VIA对粲介子衰变宽度的理论预言

—实验测量值

—量纲五算符拟合结果
—Lenz 2022

—量纲六算符拟合结果

•实现了量纲五算符非微扰矩阵元模型无关的高精度全局拟合估计 

•该估计值使得衰变宽度更靠近实验测量值 

•该现象没有模型依赖

动力学质量方案下基于HQETSR对粲介子衰变宽度的理论预言

附录
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氢原子超精细结构
理论部分附录

ΔEHFS ∼ α4mec2 ( me

mp )
超精细分裂的典型能量尺度为
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色磁相互作用（自旋自旋）
算符混合附录

μ2
G =

1
2MD

⟨D | c̄vσ ⋅ Gcv |D⟩

σμνGμν = 2 (Σ ⋅ B + iγ0Σ ⋅ E)

Σ ⋅ B

Σ ⋅ E

直接耦合重夸克自旋与色磁场，色源来自于轻自由度（胶子和轻夸克）

被v/c速度压低，重夸克自旋与色电场的耦合在非相对论极限下可以忽略

μ2
G (D(s)) =

3
2

mc (MD*(s)
− MD(s))

μ2
G (D(s)) =

3
4 (M2

D*(s)
− M2

D(s))
质量谱劈裂：

在重夸克极限 下，重夸克近似为静态色源，其周围的胶子场主要
由 瞬时相互作用（如库伦势）主导。色磁场 B正比于胶子场的空间分量 

，且静态胶子场的 B是零能模（非相对论极限下不依赖速度 v/c) 。

mQ → ∞

Gij
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氢原子超精细结构
理论部分附录
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自旋轨道耦合项
算符混合附录

𝒪ρLS
= −

gs

2
c̄v {iDα, vμGμβσαβ} cv .

OρLS
=

1
2

c̄v {iDα, [(ivD), iDβ] (−iσαβ)} cv

ℒi = ψ†[r × (iD)]iψ,轨道角动量算符：

r一般被积分掉

自旋轨道相互作用，自旋-自旋相互作用
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数据处理
算符混合附录
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质量方案
算符混合附录

•  极质量方案: 微扰展开级数不收敛（重整子任意性问题）

•  质量方案: 微扰展开级数收敛较慢MS

•  1S 质量方案: 微扰展开级数收敛行为良好：引入 量级的修正αs(μ)3ΛQCD

•  D介子质量: 引入 量级的幂次修正ΛQCD


