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Precision: gateway to discovery

* Currently main strategy: search
anomalous deviations from theory

* Interplay between exp. and th.

To make full use of data: theoretical errors should be much smaller than experimental errors, ideally:

Errory, < §Err0rexp
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Feynman integrals: a key obstacle in high-order computation

Z ngk I—v ) —0

1) Reduce loop integrals to basis (Master Integrals )

2) Calculate Mis
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Integration-by-parts reduction: the bottleneck!

» The state-of-the-art IBP method: very challenging

* 4-loop DGLAP kernel cannot be obtained

 H + 2j production: exact two-loop contribution is missing Chen, etal.. JHEP2022
* H + tt production: exact two-loop contribution is missing Catani, et al., PRL2023

» Improvements for IBPs

+ Syzygy equations: trimming IBP system —
Gluza, Kajda, Kosower, PRD2011
Boéhm, Georgoudis, Larsen, Schulze, Zhang, PRD2018

BP: l 202 Improve efficiency
_ _ - ~ half order in a,
« Block-triangular form: search simple IBP system by a hundredfold
Liu, YQM, PRD2019
Guan, Liu, YQM, CPC2020

Blade: Guan, Liu YQM, Wu, 2405.14621

N

Need to calculate two more orders in a,! How?
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https://doi.org/10.1007/JHEP03(2022)096
https://inspirehep.net/literature/1651462
https://inspirehep.net/literature/1771922
https://inspirehep.net/literature/2789587
https://inspirehep.net/literature/866930
https://inspirehep.net/literature/1645272
https://inspirehep.net/literature/2659772
https://doi.org/10.1103/PhysRevLett.130.111902
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Ways to bypass IBP



The new representation

> Any L-loop amplitude, including Feynman Integral, takes the form
4P P(l)
= [T
» Can be writtenin the new representation

M = / [dX] M MX)=U="27 Y KH(X) 12

N

e A=— K s are rational in X

* Fixed-Branch Integrals (FBls) defined as

By = EQTC=8) [y aoysie™
= Hfj:lr(’/a) -/[ y (%yT-R-y—iOﬂ

v—A

* The same as one-loop integrals, except for more delta functions |4y = H Ay, H B (1 _ Zy(b ))

. U~L+DD/2 53 sometimes be absorbed into the definition of FBI 7130
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Introduce a parameter for FI

> For 2-loop, 3 branch variables at most, after integrating
delta functions: two-fold integration

1 1
FP — Z /U dX /0 dY K25(X,Y)IZ(X,Y)

 Here, we rescale the integral region to [0,1], with the new integration variables named X and Y.
- U~+LUD/2 g absorbed into the definition of FBI

> Introduce a parameterinto Fl

a+(1—a)d b+(1—b)d
FP(6) =) / dX dY K27 (X,Y)I5(X,Y)
7 a—ad

b—bd

 The original Fl can be achieved by taking the 6 to 1

* (a, b) could be any rational regular point of the integrand
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Expand generalized F1 atd = 0

a+(1—a)é b+(1—b)s
F2(6) =) / dX dY KZ25(X,Y)I5(X,Y)
i a—ad

b—bd

> Expand F(5) at 6=0 to n-th order with complexity 0(n?) ~\

 We have FBIs’ differential eqautions w.r.t. Xand Y
L Need X'Y™ whosel+m < n
« Kisrational on Xand Y

« Mainly Taylor expansion of X and Y, the integration is straightforward

> The expansion takes the following form

i=0
* bisboundary condition of the FBI, which is the fisrt order coefficient of the FBI

* b could be irrational, but we don’t really need b

« c comes from DEs and K, and since (a, b) is rational, c is rational
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Search relation between generalized FIs

él‘ 2 Z bu (Z Ci.i i ‘51 + O(6n+l))

i=0

> Use series expansions of generalized Fls to search
relations between them

« Choose a set of generalized Fls for search S = {f?|17 chosen for Searc:h}

« Assume a polynomial relation for the integral, with degree d

> (Z mt) FP@B)=0

res

 Considering a and c are rational and b should be independent irrational numbers, we can

further write down independent relations

d n
;j (Sj “z"ﬁi) (Z Gﬁ,ﬂ’,jﬁj + 0@”’“)) =0, V'€ Master FBIs

ves \i=0 =0
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Solve equations between generalized FIs

d n
Sj ( p “i'ﬁi) (Z Co, 507 + @(5n+l)) =0, VU € Master FBIs
0

s =0

> Solving the above equations, we may get the relations
between (generalized) Fls

« To search relations between more complicated integrals, #S and d should increase,

which in turn requires an increase in n
« For 0(n?) complexity, n can easily go up to 10% or even 103

« Since a and c are all rational, we can use Finite Field to speed up the calculation
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An alternative approach to introducing a parameter

> Introduce a parameter for Fl by restricting the integration
to aregionneara specific U

FP = / [dX] K55 (X) 7 (X f dt / [dX] K75 (X) 15 (X)d (éut)

FP()) :f dt/[dX]KH; (X)T2(X)s (L{t)
3
> X1X2+X2X3+X3X1€[0,1/3]

- ExpandnearA~0,sot~0,U~1/3, (X1, X2, X3) ~(1/3, 1/3, 1/3), mainly Taylor region

» |Integrate the &-function in the mesure to get a two-fold integral

« Expand the integrand and the integration takes the standard form

f dzdy ;}:’!ym(?(l - yg)

« With series expansions of A, the search process is the same
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1 expansion

» FBI with an auxiliary parameter n:

A (—1)"T(v — A) [1o_, st
1 — N d = U—A
X [[o=r T (va) / t (lyT'R'y ‘I"r))

« Expand eta asymptotically in the limit toward infinity

A (—1)"T'(v — A) Lk
"Zu n 1 uk
T (S ) (+Z ! )

i=1 y(b i)

« Determine the coefficients by solving the differential equation

d
(2zon — C) %Iﬁ‘(n) = (2A — v — B) 2025 (n) + Z ZQIA ' (
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1 expansion

» Coefficients can be computed directly

1 N
A A A
as, = CA—v—k+1)a5,._, — Vipiy — 1 | 25 o~ &
* Z{}(B - Qk o 1}) - -U:Z=:l i iTh I.F%:*m.mf* o o
L branch with o _
* Final result
{ng ~ X(L_H}k XZ{X'th;---;XH}

« Substitute n with —iUn so that n becomes a real number with the dimension of mass squared.

« Specifically, amplitude with an auxiliary parameter n becomes:

/H dP¢, N P(l)
M irD/2 (D + in)ve

nl
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1 expansion

» Amplitude with the substituted n in the new representation:

M(A, s,1) :/dX — e ZI X)I2(X,n)

—1)"TI' (v — A
I,;—?*(?;)=H£ F}(Z( H“}_})( ) (1+Z 2 (—iltn)” )
b=1 i=1 2,1

» The computation of the n-expansion of the amplitude reduces
to the evaluation of vacuum bubble diagrams.

M(A,5,n) Z MAAr (Aot st

T

Ao, A
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1 expansion

> Suppose we have a set of integrals: G ={M,,... . M,}

Linear relations among them can be written as:

Z Q%(&" §; I?)Mz(ﬁ‘ §1_ ‘}’;.i) p— 0
i—=1

Q; are homogeneous polynomials of n and kinematic variables s.

Denote the mass dimension of M; by Dim(M;) and the degree of Q; by d;.
2dy + Dim(My) = --- = 2d,, + Dim(M,,)

QA Fm)= Y QMM s

T~y 1
(Ao,A) €02y

There is only one degree of freedom in {d;}, which can be chosen as d,,,,, = max{d;} .
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1 expansion

> Vanishing the coefficients of these polynomials of n and s provides
the condition to solve for Q
» Thus, the reduction relations among these integrals can be obtained.

Consider two sets of integrals, G1 and G2. Assuming that G1 can be reduced to G2, we

provide an algorithm to find out relations to realize this reduction:

1.Let G = {G;,G,}and d,, 4, = 0.
« 2.Solve the linear equations generated by vanishing the coefficients of these polynomials,
to obtain all possible relations

« 3.If the obtained relations are enough to express G; interms of G, ,stop; otherwise,

increase d,,,,, by 1 and go to step 2
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Non-commutativity of IBP Equations

» IBP Equations for Integral Reduction

— ) + Fﬂf ]'{1 +F J(I/)—O
o= fig (1) = PR °

{1;{.](1)) vad (V+ €,)
1, J(v) = J(v —ep)

 Linear Relations from Full Derivatives

» Difficulties: Non-commutativity [1,,1)] =64

« Laporta algorithms: Large Linear System. S. Laporta: hep-ph/0102033

« Symbolic Rules (Smirnov): complexity from non-commutative A.\.Smirnov,V.A. Smirnov: hep-
phl0606247

nature of IBP A.V. Smirnov, V.A. Smirnov: hep-
1at/0509187
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https://inspirehep.net/literature/552763
https://inspirehep.net/literature/719952
https://inspirehep.net/literature/693744

Large Index Limit & its Expansion

» Use large index (v,) limit to resolve the structure

« Subtitute v, - n + v , take limitn - oo; j(v) = J(n + v)

» Consider leading behavior in 1/n, then make perturbation

» Asymptotic behavior at large n limit

. . . . + 4+ . -

Single out terms involving 1} AT j(v) = j(vte,)
« Asymptotic IBP made up of commutative difference Lo I
[Aa'—'ﬁb]:o? Aaﬁazl

operator A
* Linear Difference Equation at leading order 17 =nAS(1+0(1/n))

(F™A; AF + FM™ADYi(v) = O(1/n)
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Unperturbed Solution: Characteristic Equation

> IBP in leading order of 1/n (B Ay A + FyV AN j(v) = O(1/n)

+ Opartors AL, f™ = ZFb(;")AgAZ; + ZFa(m)AJ{l commute with each other
-  Feynman Integrals (Fls) are lying in the zero eigenspaces of f™

iv) =) Cii®(v)
k

AF§E) = AW ()

a

——> Fls can be expressed as linear combination of Aﬁ’s eigenfunctions.

» Eigenvalue problem

« Eigenvalues of operators Aﬁ satisfy characteristic equations:

By Byda + Fs™Aa =0, ¥m | ps g9 40021 70
A,B,—1=0, Va :

: k
« General solutions can be generated by action of A;—r: _}'(.v) — Z Ck H(A.g ))u“

23/30



Perturbed Solution: Expansion by recursion

> IBP in all orders of n

Keep all orders in 1/n:
17 —_ T . ]- m .
> (S r s+ L (R8s a0 SR+ B i) -
a b a.b
Substitute the perturbation ansatz for each eigenfunction.
hk(y) o
o | COED DL NOED I | s
a k=0 3 a
« Matching coefficients in full order IBP. Starting from h, = 1, h; at each order can be

reconstructed recursively.

Z(ZFbm)A +F{m)A+hk+1 (ZFJ;IA A+ya+ZF Ay, + F™ ))h (1) = 0

with Fb( ™) — Fb(:lijAa, ™ = F™ A,
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Example

» Ex. Bubble Integral

* Propagators defined by D, = l2 +1, Dy = (l —|—p)2j p2 — 8
- Two Eigenvalues (for s=9): (Agl}jAg‘U) = (1/2,1/4), (A?)}Af]) = (4/5,4/25)

* Perturbation around 1st Eigenfunctions (1/2,1/4):

5Y%

hl(Vl,Vg) :Cl%) — 31 + TQ — V% + 219 — I/g

Vil 3 2.9 3 Vg
hg(Vl, Vg) :? — 21/11/2 + 31/1 vy — 21111/2 + ?

71/23 271/121/2 0 5
2 9 + 120405 + 5vj Notice: Some coefficient cannot be
+ 2 (% _ C[(}]b)) + vy (_ﬂ + 20{%)) + (25 — c(glg)) determined by IBP, but they don’t affect
W the reconstruction of linear relations for
209 797 5S¢ )
+ v (T - 3c[%)) + v ( =+ 2““ ) +c reduction.
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Summary: Large Index Expansion

» Large index (v,) limit:
* resolve the structure, separate commutative & non-comm. behavior

» Leading order (unperturbed part):

« determined by Characteristic Equation of commutative difference operators.

» Higher order (perturbation):

* recursive expansion coefficient calculation

» Reduction Relation:
« using expansion to reconstruct relation suitable for integral reduction.
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Surprising Connection to Syzygy-IBP

» Characteristic Equation & Syzygy

* Q: How to better understand the information encoded in characteristic equations? (and to

facilitate its solution?)

B( Z)w(ti}

Baikov Rep:
Consider Syzygy-IBP in Baikov Representation. A syzygy vector (g,, 90) /[d ] 1
A
defined by: aB (2) Ve
> 0:(2) 5, = (B oz
Syzygy-constrained |IBP: 0 = f[d aga( ) + w(d) ( ) B(z)w(d]
0z,
Syzygy-IBP In operator form: (1Igﬂ(1b_) + w(d)gﬂ(lg))J(y) =0
- Taking 1/ -related part, syzygy g, can give an alternate Z z n F m)
derivation of Char. Eqns.;
Moreover, linear syzygies (degg, < 1) gives exactly the Now Char. Egns. can be wr|tten as.

same Char. Egns. as in previous derivation. m} A B Z Ja (B Aa =0
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Elimination of Char.Eqns & Module Intersection

J. Bohm, A. Georgoudis, K.J. Larsen, H.
> |nterseCted Syzygy MOdL“e Schoénemann, Y. Zhang: hep-th/1805.01873
Further constraint put on syzygy-IBP, make combination of {g(™}£ _. so that
no increment of power in denominators. ha(z) = megém) (2), hq X 2z,
m

K
In other word: P € My, = Msyz M Mpd: Msyz = <g(m)> N Mp — <za€a>f:1
m=

» Module Intersection -> Elimination

For the solution of Char. Eqgns, module intersection gives a set of A-eliminated

R=3"pnf™ = pu(B)g” (B)As = ha(B)As =Y hie(f)

a

equations.

As Groebner basis in lex. order of A-eliminated equations usually gives explicit form of
the solutions hy(By) = 0,B; = h;(By).
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arXiv-1802.04790v1.tar.gz

Elimination of Char.Eqns & Module Intersection

> Inverse Problem: Elimination -> Module Intersection

* Inverse Problem: Can we constructed construct a module-intersected syzygy h,’(z) from each

A-eliminated Equation h(B) from {f ™ (4, B)}X _, ?1sh — h’amap (unique assignment exists)?

« Answer: h’ exists, but not unique: they can differ by h'' (2), s.t Y, hy /z, = 0.

» Summary

« Characteristic equations share the same structure and information as linear syzygy, both
from 1/ -related part of the IBP.
« Module intersection offers a referential method to solve the characteristic equation

(elimination of A’s).
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Summary and outlook

> IBP is the main obstacle of precise computation

» The new representation provides various ways of asymptotic
expansion

» Large index expansion

» Optimistic to overcome multi-leg Fls computation beyond one-
loop, and to meet the requirement of high-precision LHC data

Stay tuned!

Thank you!

30/30



