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Scattering amplitudes

Amplitudes

In past over 30 years, significant progress has been made
In the studies of scattering amplitudes.
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Scattering amplitudes

Amplitudes

In past over 30 years, significant progress has been made
In the studies of scattering amplitudes.
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“On-shell” method

“Modern”’on-shell method
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Amplitudes

Form Factors



Aspects of form factors

Nuclear form factor Sudakov form factor
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“Generalized” form factors
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“Generalized” form factors

Hybrids of on-shell states and off-shell operators:

..p, |0 - A
(P1P2---Pu10) Bt (0,0,...0,)
Scattering amplitude ,@f‘. { -é‘ Correlation functions



Applications of form tactors

Operator classification and spectrum

EFT amplitudes

IR divergences (Sudakov FF)

Correlation functions (EEC, etc..)

New hidden structures beyond amplitudes

Loop form factor = (Universal IR div.) + (UV div.) + (Finite part)

Sudakov form factor Renormalization EFT amplitudes



"Higgs™ EFT

Effective gluon-Higgs vertex:

my — OO A
H ——pp 1
Log = CoOp + — C;0;+ O (—4>
my my
1=1
Dimension-5 operator Dimension-7 operators
0, = Hu(F, F*) 01 Htr(F,VF,PF,H),
= Htr(D,F,, D’ F")
= Htr(D’F,,D,F"),
04 = Htr(F,,DP Dy F").

Higgs plus jet production fa 99999
p ==( &ﬁ( o

A" 18,28, ..., n8) = Fy_ymy(18,25, ..., n®)



Tree-level form factors



A warm-up example

Scattering amplitudes in massless scalar theory with ¢3 interaction:

O|T¢(x1)d(z2)p(x3)P(24)]0) (LSZ reduction)

(ﬂ?zl [ dhw; et (a%;)) (0|Tp(x1)p(22)$(23)$(x4)|0) = Aa(p1,p2,P3,14)

(Top(x1)p(x2)) = A(z1—22), (97,)A(z1—32) = §*(21—72)

O S Y

1
Ay = 5*(p1+potpst + +
4 (prtp2tps p4)<(p1 +p2)2  (p2 +p3)2 (p1 +p3)2>




A warm-up example

How about LSZ reduction for part of the fields?

(0|Td(x1)p(x2)p(y)|0) LSZ reduction for the first two fields, but
only Fourier transformation for the third

( [ dtyeia Il / d“a:z-e’ipﬂi(a%i)) (0T ¢(x1)p(22)$(y)[0)
1=1

— \(/d4z I/d4ye—iqy+i(2?1+?2)2\, A(y_ .Z) /)1
\J J /
e
= 5*(p1 +p2> — q) -
(p1 + p2)? P2

q = p1 + p2, pz~2=0




P R

Composite operator

4
/d4y€—zqy H /d4£U ew@x"(aQ
1=1

LSZ reduction for elementary fields,
Fourier transformation for the operator

i—1 $345234 5345134

) (01T ¢ (1) p(x2)$(23)d(wa)tr(¢°(y))|0)

4 1 1
F4(p1,p2,p3,p4:0) = 6% [ > p— ) + -|->

=1
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+ (1, u channel like diagrams)



MHYV form factor 7

MHYV (color ordered) amplitudes (Parke-Taylor):

o Ly
AMHV(1+7 by ] ,..,’I’L+) — 54(22)2) < < ce
1

(firstly found by computing Feynman diagrams) M IXE I’Ei

Do we have MHV formula for (color ordered) form factor ?

A four-point example (in N=4): £, (¢(p1), ¢(p2), 97 (23), 97 (p4); tr(7)(0))




MHYV tree-level form factors

Fn(l_l_a X3 Z(b) 7]¢7 P n_l_v tr(¢2)(Q)>

=5 (Y mi—a war =Y, pP=0, ##O0
. <]_ 2><n 1> q—ip“ b, =Y, ¢q

MHYV like structure implies the underlying simplicity of form factor !

MHV rules, BCFW recursion relation, unitarity method can be applied
efficiently.



“On-shell” method

“Modern”’on-shell method
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Loop-level form factors

F, = Jd4x e 4 p,,...,p,| tr(F*)(x)|0)

Full-color integrand up
to 5 loops
Boels, Kniehl, Tarasov, GY 2012
GY, 2016
Integrated results at 4
loops
Boels, Huber, GY 2017

Huber, von Manteuffel, Panzer,
Schabinger, GY 2020

Full-color integrand up Integrated results
to 4 loops at 2 loops
Lin, GY, Zhang, 2021 Guo, Wang, GY, 2022

Guo, Wang, GY, Yin 2024
Integrated results at 3

loops

Lin, GY, Zhang, 2021
Guan, Lin, Liu, Ma, GY 2023

See also: Dixon, Gurdogan, Liu, McLeod,
Wilhelm 2021, 2022; Dixon, Xin 2024



Computational methods

° On_she” un |tar|’[y method Bern, Dixon, Durban, Kosower 1994;
Britto, Cachazo, Feng, 2003

Simple tree blocks -> Higher loop results

. CO|OI’-kIﬂema’[ICS duallty Bern, Carrasco, Johansson 2008

Large number of diagrams -> Very few “master” diagrams

* Master-integral bootstrap  cuo. Wang. 6v 2021

Construct final results directly using physical constraints



Sudakov form factor



Sudakov form factor

P1

9 9
q Sudakov pi=p3=0
From Factor ‘ ‘
¢* = (p1+p2)”

P2

For dim-reg representation, see:

Logarithm behavior is well-understood: Magnea and Sterman 1950,

Sterman and Tejeda-Yeomans 2002
Bern, Dixon, Smirnov 2005

c(fl)sp Cg(l)u
log Fy(1,2) = Zg”( N )=+ 0"

Leading IR singularity -> Cusp anomalous dimension



Color structure

Up to three loops, only quadratic Casimir appears:

At four-loop, there is a new quartic Casimir which contains non-planar part



Casimir scaling conjecture

In "On the Structure of Infrared Singularities of Gauge- Theory Amplitudes",
JHEP 0906, 081 (2009)

Thomas Becher and Matthias Neubert conjectured that:

“Our formula predicts Casimir scaling of the cusp anomalous
dimension to all orders in perturbation theory, and we explicitly check

that the constraints exclude the appearance of higher Casimir
invariants at four loops.”

An explicit four-loop computation is needed.



Four-loop compact integrand

[Boels, Kniehl, Tarasov, GY 2012]

Four-loop form factor integrand was obtained by:
color-kinematics duality and unitarity:

non-planar
compact form and with only quadratic loop Noy= (591 = (b5 pa)® = 6(¢s - p1)(£s - p2)
. +(p1 - p2) 23 - £3) + 4(L3 - p1) + p1 - 2]
momenta in the numerator. Har +1)[(6 - prz — pr - p2)’

~2(l3- (s — p12) + p1 - p2) (p1 - 2)]



Four-loop Sudakov form factor

\

—< _<%\ T _—
(a) (0) () (d) (e)
(f) (9) (h) (1) ()

Numerical integration:

1
A = —3072 x (1.60 % 0.19)

Fg
* Analytic integration:
@ = —3072><(352 g)
J/cusp,NP 8 3 140 2

Boels, Huber, GY 2017

Finding Uniform Transcendental (UT) basis is the key

Huber, von Manteuffel, Panzer, Schabinger, GY 2020
(See also: Henn, Korchemsky, Mistlberger 2020)

1
— 3072 % 1-52ﬁ Casimir scaling conjecture is incorrect.

c

Full-color five-loop N=4 integrand is also known. 6Y.2016  (N4LL resummation)



High-dimensional operators and
two-loop renormalization

* 1804.04653, 1904.07260, 1910.09384, with Qingjun Jin ($FKZE)

e 2011.02494 with Qingjun Jin, Ke Ren ({EH]) ;
» 2202.08285, 2208.08976; 2301.01786, 2312.08445, 2510.19696 with

Qingjun Jin, Ke Ren; RuiYu (R&)



High dimensional YM operators

Gauge invariant operators:

O ~ clai,...,a,) (D,Ull“'D,MlmlFl/lp1>a1 ++ (Dypy Dy Fripn)™"

D“ * = a,u + ig[A,ua*] , [D/J7 Dy] * = ig[F/,Lua*] FMV = FﬁVTa7 [T(I, Tb] o '[:fabCTc

D-dimensional on-shell methods using form factor formalism:

F = Jd4xe‘iQ‘X<p1, s Pl O] 0)

e Operator basis
e [wo-loop renormalization and spectrum

e [wo-loop EFT amplitudes



Minimal tree form factors

—> O, < Fo,.(1,...,L) /
° q /
. B \
* >
Dictionary for YM operators:
operator | Dgq Jap fa 5 operator | D, F
spinor idAa Ao —5\(545\ 5 kinematics | p, | Puv — Dvey
4-dim|  Fuv = Foaps = €aplop +€apfos D-dim
Used in N=4 SYM: Zwiebel 2011, Wilhelm 2014 Important for capturing

“Evanescent operators”

One can translate any local operator into “on-shell” kinematics.



A graphic representation of operators

Jin, Ren, GY, Yu 2025

[‘WW’%]

¢ Co
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A graphic representation of operators

F, F* Q (D D;F,DsF, - Reducible graph

D1F23D2F31

CD coums nob rednalle fub s
- Q-0 D> D40

The operator basis construction is equivalent to
the problem of finding a basis for irreducible graphs.



Primitive configurations

th
| ength-2: O FF,, D\W%

Z E
4 0 -
6 A
Length-3: /\ <> D
DO, P
Fiolpsts, F34(D3F ) (D4F) /0 A@D 7%
» | L
D @
All higher-dimensional
operators of length-2 and o O |, D, f?
length-3 are straightforward @, G
to obtain. 0\3) @



Primitive configurations

Length-2: O Length-3: /\ <>

Length-4: Length-5:
0o ONXMN S S B 0D

T3 T3

@O*OO@@@

Explicit construction up to length-7. Jin, Ren, GY, Yu 2025



Unitarity-IBP strategy

D-dimensional unitarity-cut:

— H(tree blocks) = cut integrand — Z C; Mz‘|cut

SOO(

Jin, GY 2018  Boels, Jin, Luo 2018

(cut) IBP reduction

Numerical unitarity: Abreu, Cordero, Ita, Jaquier, Page, Zeng 2017



Unitarity cuts and master integrals

All cuts that are needed:

%(

Master integrals are known in terms of 2d Harmonic polylogarithms.

XOOX <X XX <) <L O ()]
w@w@o@é}
‘|||‘|f||¢\j§<§@<§
<D< (i <p- <>
<E1<Z<><><> &

[Gehrmann, Remiddi 2001]



Dim-16 lengt

(2)

016’f %—part.
(2)
O16,4 |1

Mixing matrix and spectrum

Jin, Ren, GY 2020

—& 0 0 0 0 0 0 0 0 0 0 0 0 0 0
-3 209 0 0 0 0 0 0 0 0 5 0 0 0 0
209 5579 712 1493 5
900 ~ 18000 125 0 0 0 0 0 0 0 1200 36 0 0 0
_ 31 53 _ 36227 3575983 9793 0 0 0 0 0 13 16877  _ 7319 0 0
180 3600 28800 432000 21600 16 14400 14400
_ 181 60979 78487 2177 704167 0 0 0 0 0 1229 115501 _ 9803 0 0
900 36000 72000 2000 72000 1200 43200 43200
_ 523 2201287 605939 _ 64128769 3303367 332422343 6699071 0 0 0 37547 75071 _ 497 103 0
3920 29635200 1975680 24696000 9878400 29635200 14817600 78400 39200 576 1440
__ 809 _ 12166789 11202299 _ 73487 _ 9182209 37249 26302879 0 0 0 1613 17401 19 1187 0
5600 21168000 7056000 36750 7056000 156800 2116800 3360 6720 225 2880
_ 269 125599 50369 _ 98317 73489 _ 8625329 _ 97913 90760559 25354501 40519 184259 65297 420373 248791 _ 2747
2520 10584000 1323000 1176000 392000 3528000 756000 7408800 21168000 56448 1058400 23520 211680 235200 9408
19717 3374557 _ 102465523 5260289 6201763 _ 115070197 10687837 6498287 1025255701 25511 347437 863371 230747 938797 78243
176400 7408800 74088000 1764000 4939200 24696000 9261000 9261000 74088000 493920 1764000 302400 105840 705600 196000
_ 19717 | _ 2733089 88146899 _ 5678651 1966229 17842339 _ 6878309 _ 58976629 8569667 179275483 28489 54403 228689 687461 485507
176400 9261000 74088000 3528000 12348000 18522000 4630500 37044000 9261000 12348000 661500 14700 88200 264600 5292000
—1 0 0 0 0 0 0 0 0 0 % 0 0 0 0
19 139 499 _ 143 2195
I R ’ ’ ’ SO PP S
—3 15 00 500 ~ 500 0 0 0 0 0 120 T 7300 7200 0 0
_ 209 6299 6767 71063 34723 25841 36091 O 0 O 22723 _ 35 _ 2861 443801 0
900 21168 35280 88200 176400 58800 264600 21600 48 5400 36000
31 13843 8317 _ 797 5477 2417 611 13975 _b377 _ 3581 114221 6017 121 3661627 63879443
180 105840 15120 35280 35280 3528 105840 14112 10584 10080 151200 15120 216 1411200 4233600
oL 0 0 0 0 0 0 0
23347 46517 487
14400 5760 0 0 0 0 1800 0
3883 171823 36597791 29581 0 0 1789 0
4032 37800 3024000 16800 4800
9271 35239 74209 188599 0 0 2101 0
11200 50400 168000 18900 4800
3287 2048479 422283 2501309 49211483 293221 2764807 _ 61
84000 1176000 392000 1764000 3528000 392000 2116800 20160
947587 1555357 16831 239641 _ 381527 5839021 5807 118933
1058400 705600 29400 75600 2116800 423360 201600 1411200
3349 2591 0 0 0 0 150391 0
7200 2400 14400
_ 45083 16564 5447 380791 1063 545189 1176541 174229
44100 11025 117600 176400 29400 352800 1058400 12600




Mixing matrices and spectrum

Two-loop anomalous dimensions for length-3 operators up to dimension 16:

Jin, Ren, GY 2020

dim 4 6 8 10 12 14 16
(1) 22 / 7 71 241 101 61 172 331 1212+£+/3865
V't 3 3 15 30’ 15 6 21 35 105
231568398949
(2 _ 136 / 269 2848 49901119 8585281 4392073141 685262197 4253886000 °
Vf,a 3 18 125 1404000 * 234000 87847200 ° 15373260 3551061714520344+95588158951/3865
6576507756000
(1) _ 22 17 43 67
Tr.B 3 1 / 3 9 5 6
(2) 136 25 / 2195 79313 443801 63879443
1.8 3 3 72 1800 9000 1058400
(1) / / / 13 41 55143609 321+£+/1561
Vd,o 3 6 60 30
(2) / / / 575 46517 58093058974+19635401/609 229162584707+2256587921/1561
Vd,a 36 1440 131544000 4130406000
(1) 67
Yas |/ /[ |/ / 9 / I
(2) 150391 174229
Td,B / / / / 3600 / 3150

Two-loop renormalization for higher length operators.

Jin, Ren, GY, Yu 2022



Evanescent operators

Yooy /‘\'/‘\'n) .

Evanescent operator (“{&ih &5
Vanishing in 4 dimension but non-zeroin d =4 — 2¢

(0) _ (0)
FOeL,nZL‘él-dim =0, FOi,L|d-dim 7




Evanescent operators

Yooy /‘\'/‘\'n) .

Evanescent operator (“{&ih &5
Vanishing in 4 dimension but non-zeroin d =4 — 2¢

(0) _ (0)
FO%,nZL‘LL—dim =0, FO%,L d-dim 7

Four-fermion dimension-6 operators:

@(Ar:zferm - l/_/y[ﬂl"'yﬂn]wlpy[m"'yﬂn]w’ nzs.

Buras, Weisz 1990; Dugan, Grinstein 1991; Herrlich and U. Nierste 1994



Evanescent operators

Yooy /‘\'/‘\'n) .

Evanescent operator (“{&ih &5
Vanishing in 4 dimension but non-zeroin d =4 — 2¢

(0) _ (0)
F(’)eL,nZL‘zl-dim =0, FOi,L|d-dim 7 0

Gluonic evanescent operators (start to appear at dimension 10):

1 L ength-4 basis countin
O = — 023 tr(DVs)Fumz FM3M4DM5FV1V2FV3V4) J J

16 V1 V2V3V4V5 Ao NE = NP N¢ N¢

8 4 0 0

ot ... ot 10 20 4 0

12 82 2 1
H1--Hn HY — : :

Oy o = det(6) = | ; 14 232 88 4
T T

shn . ghn 16 550 246 13

Jin, Ren, GY, Yu, 2022



Two-loop renormalization

Jin, Ren, GY, Yu, 2022

Evanescent operators are important for renormalization beyond
one-loop order.

A
1 | W L0 | =2
O Zee Zep Zee
One can use finite renormalization scheme such that
DY) B!
0 DY

but the lower-loop evanescent operator result are needed.

For example, DY) contains (—2¢Z5% Z%)



Evanescent operators

- Is Yang-Mills Theory Unitary in Fractional Spacetime Dimension?

The answer is NO.

YM theory is non-unitary in non-integer spacetime dimensions,
due to the existence of evanescent operators.



0,0,
0,0,
0,0,
0,0,
0,0,
9,0,
0,0,
0,0,

Evanescent operators

- Is Yang-Mills Theory Unitary in Fractional Spacetime Dimension?

The answer is NO.

YM theory is non-unitary in non-integer spacetime dimensions,
due to the existence of evanescent operators.

5:%%82’; <tr(D1F23F45D6F78F9M ) + Rev.)
54533822 <tl“ D1 Fy3Fy5Dg FrgFy,, ) + Rev.

6453382’; tr D1F23D4F56F78F9’u +R6V

64(552)2;8"; tr D1F23D4F56F78F9H +R6V

( )

(1x( )

G )

5162357 <tr(D1F23F45D6F78F9M) + Rev.

(1x( )

55 seaTy (tr(D1F23D4F56F78F9M) + Rev.
( )

525%23;; <tl" D1F23F45D6F78F9H + Rev.

Dim-12 evanescent operators

)
)
) i
545333;; tr(Dy Fos Dy Fsg Frs Fo,,) + Rev.) )|
)
)
)
)

|
)
)
)
)
)
)
)

(-3 2 13 g 4 o 1 A pair of |
3 12 3 3
T % 2 s 2 s 1 is palr of compiex
2 6 6 3 12 3 3 .
0 _4 _2 16 o _1 4 1 eigenvalues:
461 736 3§4 3216 3e
0 —3 3 3 0 — 3 0 0
4 1 3 1 _4 5 1 2
I R G S AL 1.90386 == 0.1811421 .
3e 3e € 3e
1 3 9 _1 29 _ 5 _49 13
6e 2€ 16€ 2€ 6e 12¢ 6e 3e
\_g 1 13 _5 3 1 5 _91
6e 3e 32¢ € 4e 4e 12¢ 6e

One-loop mixing matrix
Jin, Ren, GY, Yu, 2023



‘Color” evanescent operators

How about Yang-Mills Theory with fractional Nc (rank of gauge group)?

In this case, there are also complex AD due to the existence of

“color” evanescent operators. iz o o2 1o g(123) 4 tr(132) = dmie2as

J1J233 t1J1 2J2 1373

Mathematically, we make analytical continuation for Nc and consider
AD as a function of Nc.



‘Color” evanescent operators

How about Yang-Mills Theory with fractional Nc (rank of gauge group)?

In this case, there are also complex AD due to the existence of
“color” evanescent operators.  sieare 1o 7o — g(193) + (132) = duoses

J1J2J3 %1717 12J27 13J3

Re(A)
0 T T T - T T - T NC 17 . . T}
&5 1.0 15 20 25 3.0 Exceptional point
-9
-20 A 71.696 , 2.700
_30 .
_40 .
Complex AD
_50 .

Four Dim-8 operators To appear with Q. Jin, K. Ren, R. Yu,



‘Color” evanescent operators

How about Yang-Mills Theory with fractional Nc (rank of gauge group)?

In this case, there are also complex AD due to the existence of
“color” evanescent operators.

-10

—————
- -~
-
-
-
I

-15E =

I ~
-~
20 ~ee.

S
S~
~a

-25F+

Dim-12 operators

To appear with Q. Jin, K. Ren, R. Yu,



Summary

\ W ‘Il
Scattering Amplitudes Correlation Functions

I a

- Form factors provide a framework to study many interesting
physical quantities using on-shell amplitude methods:

* IR divergences * UV renormalization * Finite remainder
Other hidden structure of form factors

e CK duality, double-copy of form factors, DDCI, FFOPE, etc.



Thank you for your attention!
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Backup slides



1) Nuclear “structure tactor”

Form factor characterizes the deviation from the point-particle picture.

/

\ y(q) —"

electron _j~A~.’ Strong proton

/ ~,

Ze\?cos0r p*  singr 2
os(0)= (-——) [ f p(7) 47T1’2d1’J :
0

2E/ sin%6 qr

"

4w &
F=— f p(r) sin(gr)rdr
qg Yo

“form factor”

\\ ELECTRON SCATTERING
10-2° FROM HYDROGEN — |
\ (188 MEV LAB)
\ {c)
, POINT CHARGE,
o 10730 POINT MOMENT —
g (ANOMALOUS)
b CURVE -,
2
s
: OTT(a)c RVE \\ <
4 M 0
& 10> \\§\\ ,
5 >~ | Robert Hofstadter
i EXPERIMENTAL CURVE >3\ 1Ny
’ ol (1915 - 1990)
g DIRAC "\ Nobel laureate 1961
CURVE \
o2 L |

30 50 70 20 o 130 150
LABORATORY ANGLE OF SCATTERING (IN DEGREES)

McAllister and Hofstadter, Phys.Rev. (1956)



2) Form factor in text book

J=wrty

oM
q, .
[(q) = y*Fy(g*) A Fy(g*) _ _
- 2m wyty — wlHy
WT 7"“

Form factors

Leading order: Fi(p*) =1, F(p®)=0

One-loop order: 0) =2 —» g—2=2F(0)=2%

Anomalous magnet moment



3) Sudakov form factor

* Pioneer work by Vladimir Sudakov in 1954

Vertex Parts at Very High Energies in Quantum Electrodynamics

V. V. Subakov
(Submitted to JETP editor Nov. 4, 1954)
J. Exper. Theoret. Phys. USSR 30, 87-95 (January 1956)

A method isdeveloped for calculating Feynman integrals with logarithmic accuracy,
working to any order of perturbation theory. The method is applied to calculate the ver-

tex part in quantum electrodynamics for a certain range of values of the momenta. The
result is displayed as the sum of a perturbation series.

[ P( . . 0?_‘ 1 ( e? [2 2 | n
0@ D=1, (=] |In| 5
—jepl* = @ — n! 27 p q )
a2 1] 2 )
g 1)

: e?
= {4 €Xp {— 5= In o7

A closed formula of summing up the leading-logarithm terms.

Generalization to non-leading logarithms in QED of Mueller 1979, Collins 1980, and in QCD Sen 1980



IR divergences

Infrared structure of amplitudes:

For modern dim-reg representation, see:
Magnea and Sterman 1990;

Catani 1998,
Sterman and Tejeda-Yeomans 2002

Bern, Dixon, Smirnov 2005

figure from L. Dixon 1105.0771

n

N 1/2
M, = H [./\/l[gg_)” (8“;1 , Ol e)] X hy (ki b, g, €)

1 f
\ ) A
Sudakov form factor = exp [—i > d (_“ 52)l€+ 2?5)) + finite}

\

Leading IR singularity -> Cusp anomalous dimension

1




Unitarity computation

Consider one-loop amplitudes:

}@g:zé/ +Z£j><+>:£>©<
o

What we really want




Unitarity computation

FO = Com [+ oo =X

The basis coefficient can be computed by cuts:

+ Chbub

_ JdPSz FO(=1,, = 1) O(1,2,1, 1)




Unitarity computation

%(;d —» (i + Chbub

FOW) == [dPS2 3 AV, —1) x AD(L,2, 1,01

S12-cut o

helicity of [;

— .7—“2(0)(1,2)i/dP821  Ahl)(12)

<l1p1> (le>

— F91,2 z'/dPS o1
> (1,2) "+ p)?

: P1
- ]:2(0)(]., 2)(—812) _<\I<
| D2

— —_— —_—
Ctri = — 312, Cbub =0

O = tr(¢?)




Four-loop non-planar cusp AD

o,
A ] V41
1= =< <(ls—p)? LY = < (b= 1) (G 46— G+ (s — Lo+ p1)” + (6 — s — 1))
~l, »
by T " oo [Boels, Huber, GY 2017]
X (£ — p1)?]? Y = o x (b —p1)2 (g — £ — £5) + (5 + p2)?]

X { [(p1 = €5) 4+ 2(Ly — €5)* + (05 — £4)* — (b3 — £5)* — (p1 — 54)2]2— 4(by —l5)? (p1 — g + Ly — 55)2}

X {[(53 — Ly —l5)> = (b3 — Ly —p1)* — (b6 — p2)® — (3] [02 — 03 — 0§ + (La — L6)*] + 402 (Us — p2)® + (Ls — £5)? (U5 — Ly + LG — pz)z}

X {4 (€4 —l5)(l3 — Lo+ L5 — p1)] [(€a — lo)(£3 — £a + s — p2)] — €3 (bg — p2)* — 4 (g — €5)* (L3 — Ly + Ls — p2)* — LG (b5 — p1)*

— (b3 — €4)* (05 + b6 — €4)* — 05 (b5 — Ly + U5 + Ls — p1 —p2)2}

S
Cox g (63 — 65 — (La — l3 — p1)?] [(s — €s — £5)* + (€5 + p2)?]

' q 1
X (b3 — Ly —pa)? [(ls = £4)* = (€3 — p1)?] 11((2)9) = X 3 (05— 05— (bs — ls — p1)?] [ls - (b — La + 3 — p2)]

X (b3 =y —p2)? [(p1 — £a)? + (€3 — £4)* — (b3 — p1)?]

Plus 12 simpler 11- and 10-line integrals



Full color form factors

| thoop  [1=1[t=2 [1=3 | 1=s | 1=5 | Fourmaster ENNRON
#oftopologies | 1 | 2 | 6 | 34 | 306 | graphc@ 9%

5-loop:
“votmesen | 1|1 [ [ 2 | s

Boels, Kniehl, Tarasov, GY 2012

GY, 2016
L loops L=1 L=2 L=3 L=4
# of cubic graphs 2 6 29 229
# of planar masters 1 2 2 4
# of free parameters 1 4 24 133

Lin, GY, Zhang, 2021



Three-point form factors ---

! T T X

X T T
b 4 a a

Master graphs T4 ' T2 X4 Tp| T2 T4 T2 T4\ /) g )

X l’d T

Tq ¢ L c Te

R 229

‘j_ 03 _._—l



Strategy of loop computation

CK-duality .
i X AV;

FO) L Z [
- . D
Conjecture ! = -0 1l

Compact ansatz of
i the loop integrand

Cs=Ct+Cu i stNt_l'Nu




Strategy of loop computation

CK-duality
Conjecture ! Y

Compact ansatz of
the loop integrand @

-3 )@4%(
i

Loop-ansatz| = Htree—blooks

Solving linear equations

Main challenge: it is a priori not known whether the solution exists



