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Gravitational wave science era has begun! A EE
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Modern Quantum Field Theory techniques are playing a crucial role in precision GW physics!
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Gravitational waves from binary coalescences

37
Gwiso4r2
GW190521.074359
GW190728.064510
GW190926_050336
Gwiere 213338

GW200210.092254

?ﬂe
VIRGO
KAGRA

GwIsi012

GW190413_052954

GW190527.092085

GW190731.140936

GW190929 012149

GW191219 163120

GW200216 220804

76
GWI90413 134308

GW190602. 175927

GW190803_022701

GW190930.133541

Gw191222 033537

GW200219_094415

GW190421 213856 |

GW190620_030421

GW120805_21m37

GWI91103_012549

82
GW191230 180458

GW200220 061928

GW190425

GW190630.185205

26
Gwisosi4

GW191105.143521

GW200105 162426

GW200220.124850

GW170729

GW190701 203306

GW190828_063405

61
GW200112 155838

GW200224.222234

69
GW190503.185404
b Pt

GW190706.222641

GW190828 065509

GW200225_060421

GW190707_093326

GW190910_112807

20

GW191126 115259

71
GW200128_02201

GW200302 01581

GW190403 051519

101
GWI90519 153544
KGN

59
GWI190517.055101

GW190708_232457 GW190719_215514 GW190725 174728

¥ Gw190720_000836

2 a4 1 21

|
‘J

66 n
Gwisosts 235702 || Gwis0s16 200653 B Gwis0s17. 114630
g

GW191204,
"

GW200129 065458 B GW200202 154313 GW200208.130117  GW200208_222617

20

GW200306.093714  GW200308.173609 GW20031_115853 GW200316 215756

GWTC-3: 90 GW events—the majority are binary black holes (BH),
but also several binary neutron stars (NS) and mixed NS-BHs
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Gravitational waves from binary coalescences A EE

ﬁiral merger ringdown
- © e

|

U (©Antelis & Moreno 2016

Merger: Numerical Relativity Ringdown: black hole perturbation theory
Inspiral: the interaction between two bodies is weak
GM
V2~ — <1
® Numerical Relativity: accurately, but computationally expensive
® Analytic methods: corrections in v or G are perturbatively calculable

Post-Newtonian/post-Minkowskian expansion

> QFT methodology (EFT & Feynman loop techniques) shown great power!
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Effective Field Theory

e Gravitational binary system

m ey
SWL: Z [— ?/dtg,,wxl“x, ‘I‘]

i=1,2
e Effective action for gravitational binary systems

A FEE

SGR d4X vV — R + -

16G

Goldberger-Rothstein hep-th /0409156

Guv = Nuv + huu

eISefF[Xa('T)] — /th/ e/SWL—HSGR

® Post-Minkowskian expand in powers of G
Lett=Lo+ GLy +G Lo+ ---

® The equations of motion for trajectorieS'

d oL,

m;
LO = — Z/ ?’nu,/X

oL,
T 177 Gn
miX; i Z (GX,-
® Physical observables:

Apt = pt(4o00) — pt(—o0) =

Zhengwen Liu (& %)
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Effective Field Theory N E 2
e Worldlines as classical sources in path integral:

VVVVVVVVVWVW\

e Hilbert-Einstein: Lug = Lpp + Lppp + Lippp + -+ -

® (Classical physics: we use the saddle-point approximation in path integrals.

Y X H

® Enjoy the advantages of quantum field theory methods and classical physics
powerful and systematic & purely classical at all steps (simplicity)
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Effective Field Theory A F 2

The in-in effective action is obtained by performing a closed-time-path integral

e/ Seit[Xa1.xa2] :/Dh1Dh2 e/ (Ser[Mm]=Ser[ho]+Swi[h X1l =Swi[h2.Xa.2])

It is convenient to use the Keldysh basis Galley PRL 110 (2013) 174301
h, 6 = L h h T x
uy E( Tuy + QN«U) X+ = E(Xa,l + Xa,2)
h;ru = M — Moy Xo— = X51 — X32

for which the matrix of (classical) propagators for gravitions becomes

i ( 0 _Aadv(X - _)/)>
_Aret(X - Y) 0

The worldline equations of motion: Kalin-Neef-Porto JHEP 01 (2023) 140
ol . % 6Seﬂ:, int [Xa,:t] w [ > 5SefF, int [Xa,j:]
x{_ (1) lpL —00 Xi—\T) lpL

Physical Limit (PL): x5 - — 0, x5+ — X,.
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Closed-time path integrals A
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Effective Field Theory A F 2

e Observables at O(G") Dlapa-K3lin-ZL-Porto PRL2022
Apfi ~ /dD elqbé(q Ul)é(q U2) H dDe e U ) Nu(qvua)
|C]2|n (Z Ub—IO)U’ D1D2D3'°'
» Graviton propagators:
1 1 1
- > - or
D, 2 +i0 (£0 £ i0)2 —
> always one delta function §(4;-u,) for each loop

» Kinematics: g- v, =0, u> =1, uy-u, =7 = single scale 7y to all orders

e Multi-loop technology from QFT can be used to solve classical gravitational problems!
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QFT toolbox A FE

e Observables at O(G") Kalin-ZL-Porto PRL 2020 Dlapa-Klin-ZL-Porto PRL 2022 Dlapa-Kilin-ZL-Neef-Porto PRL 2023

iq-b
o 5 €9°6(q-11)8(q-u) p, 0(£-u,) NHE(q,u,)
Ap /d |g2! H S (4i-up—10)" | D1D;Ds - - -

e Perturbative QFT toolbox: Dlapa-Kilin-ZL-Porto JHEP 2024

0 vH
d.;.i =
T = S R

={h. 1.

Integration-By-Parts  pijfferential Equations (DEs)

Relations Canonical DEs

Iterated Integrals Initial Conditions

PN limit: v — 0
pot: ## =(w, £) ~ (v, 1)
rad: ¢ =(w, £) ~ (v, v)

PM Observables gxe) =) €'g(0)

0= Zi C,'/,‘

e Post-Minkowskian physics can be bootstrapped from Post-Newtonian data using DEs!

((x) = / Mg () dt +
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NNLO: 3PM T

® O(G3): two-loop integrals Kilin-ZL-Porto PRL 2020 PRD 2020
/ dDeldegé(ﬁl'Ul) 6(221,/2) 1
[€1- ] [£Lo-un]® [€9]% [€5]% [(L1+42—q)]% [(61—q)?]% [(£2—q)?]*

® The reduction and evaluation of integrals can be performed in standard techniques.

@f(x,e):e(éqt 5 + ¢ ) f(x,€)

x+1  x—-1
e Conservative dynamics at O(G3): Kilin-ZL-Porto PRL 2020
G3b* (8m?m3(4v* — 1292 — 3) 5 2mymo(m2+m3)(167° — 329* + 1672 — 1)
A = Tip e I U R
4m? m37y(207°—90y*+120v>—53) 37 (292-1) (572—1) G3mymy(my+my) i i
— 37— 1) ) + > 2 —1)7 272 ((m1+7m2)u2 - (m2+’Ym1)u1>

® \We provided the first confirmation for the result from a scattering amplitude clacualtion.
Bern-Cheung-Roiban-Shen-Solon-Zeng 2019

® We computed quadrupolar and octupole tidal corrections at O(G?3).  Kilin-ZL-Porto PRD 2020
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NNNLO: 4PM A EE

O(G*): three-loop integrals Dlapa-Kalin-ZL-Porto PRL 2022 PLB 2022 Dlapa-K3lin-ZL-Neef-Porto PRL 2023

5(@1'U1)5(£2'U2)5(£3'U2) DgUSDgug
[£1- up]® [€2- un]®2 [€3-uy]®= DY*Dy* - - - DI

/ d®e,d"e,d"%;
IBP reduction:

conservative: O(10%) master integrals full: ©O(10%) master integrals

Differential Equations Dlapa-Kalin-ZL-Porto PRL 2022 PLB 2022

df(x, €) B -
= e M(x) f(x,¢)

e The majority can be solved in terms of multiple polylogarithms.

e Elliptic integrals appear in post-Minkwskian gravity for the first time.
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NNNLO: 4PM ¥ T A

The full impulse at O(G*):  Diapa Kilin-ZL-Porto PRI 2022 JHEP 2023 Dlapa-Klin-ZL-Neef-Porto PRL 2023

4 W 1 o8 12 12
AP R (N [ St WIS L Sl
LINNNLO ™ | pJ4 b|b| 1 ¥2—1 - ¥2 -1
& _ _ 3hamomi(mi+m3)  mimiams | 3heK*(wa)  3heK(w2)E(we) N 21hswsE (o) Mhievee | 3Yhio(Lia(w2) — 4Lia(V/Wa)) D,
g 64v3, 4 4v3 4v3, 8v3 4(y+1) w32 Q//
+ log( Vo) E _ 3alog(*%) _ 3yhaz log(wi) mem? hs» -~ he3 _ 3Voo (haoLiz(wa) + 2wz hasLis(—ws)) :O /
7\ 2v3 Voo 2v4 271 148v8 7687wV 64ws WO/
N 3hiqlog(5) log(ws)  yhse log(ws) N 3vhxzlog(ws) log(wi) — has log(3) N hss log(2) — hszlog(ws) + 2vhsslog(y) — vhsi log(wi) \
vy, 8wiv2 8v4 32v3 16v7 ~
3 Yoo () oo oo A
N
+ m2md hsg hss  Yhaolog(wr) — 2yhsolog(ws) + 3v2hy3log?(wy) _hy log(%) N 3ylog(wy) (5ha6 log(2) + 8hi1z log(ws)) 3
172110297v5 " 488 16v8 32v7 8v4 svi 0
o0 o0 o0 s} s} o0 /\/
) : Y
_ hsglog(ws) | yhsolog(y) N hszlog(2) N 3(zwaLin(w,) — 2hosLin(—w,) + s log®(ws) — holog®(2))  3h7log(2) log(ws) N /\Q
4v3 203 813 8Vio Voo //l
=
o — o2 [ 2haemias 9m2hymz, - 4vhy  8yhylog(wi)  16hoslog(wa)  8hs . /§
! 1 vS 32v2 2\ 3v8, %3 v3, 3ve S
/A
omh,  2h h dyhss  3hss(Lin(wa) — 4Lia(y/W5)) — Yhar (Lia(—w?) + 2log(y) log(wy)) A
_ 4 1 46 5> 3 60 Y Nag 3g(LI2( W2 2 2 YM21(Li> 1 glv)log(wy v
2=~ mm (32\/30 e ) HMRm 2056008 3u8, T 16v4 &
n 3vhs1 (2Lix(—w1) + log(w) log(ws)) 4 hea log(wa) | 327%has log®(ws) 4 8(2halog(2) — harlog(wi)) log(wa)  32hyglog(ws) | mha .
8v4 672079V vz VA 33 192v4 X
£ > £ £ £ £ N
. . . . /
IR hso ho(Liz(—w7) + 2log(v) log(ws)) 4 haz(Lia(wz) — ALia(v/W2))  hao(2Liz(—wi) + log(wi) log(ws)) N é
271 144097v5, 8v4 32v4 avh I
~ 0
_ helog(wa)  1692hiy log*(wa)  32yhas log®(ws) | 16vhslog(w) _ 32hxlog(2) log(ws) mhg  2hs \b
480788 v 78 5v3 v 48vi  45v8 \D///
N
&
With Y = U1 - s, Voo = /72— 1, wp =7y — Vo, Wo = % ws = + 1, hj = polynomial in 7.
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NNNLO: 4PM A EE

The full impulse at O(G*):  Diapa Kslin-ZL-Porto JHEP 2023 Dlapa Kslin ZL NeefPorto PRL 2023

G* p* yub—ut yul—u¥
7 _ 2 1 1 2

AP | nio = W(Cbm+cl 21 T 2 —1 )

e We obtained the full dynamics of binary inspirals at O(G*) for the first time.

e Conservative part agrees perfectly with previous derivations.
Bern-Parra-Martinez-Roiban-Ruf-Shen-Solon-Zeng 2022 Dlapa-Kalin-ZL-Porto PRL 2022

e Perfect agreement with the state-of-the-art PN computations
Cho-Dandapat-Gopakumar 2021  Cho 2022 Bini-Geralico 2021 2022  Bini-Damour 2022

e L ater, two new calculations confirmed our results.

Damgaard-Hansen-Planté-Vanhove 2023 (exponentiation of amplitudes)

Jakobsen-Mogull-Plefka-Sauer-Xu 2023 (worldline formalism)
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NPT

Analytic vs Numerical Relativity AT

s conservative
160 \\ T XiPM ]
‘\ T X2PM ]

140 AN —*—X3PM i

rad. -
AR ""."'X3PM+X3PM-

— L A N i
o 1201 T X4PM ]
=, I ——.——

< 100} APM(3PN) ]

11 12 13 14 15 16

Khalil-Buonanno-Steinhoff-Vines 2204.05047
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NNNLO: local-in-time part AL

® The full result does not describe generic elliptic-like motion due to nonlocal-in-time effects.
Damour-Jaranowski-Schafer 2014 Galley-Leibovich-Porto-Ross 2015 Cho-Kalin-Porto 2021

® Nonlocal-in-time radial action:

Sﬁ”'oc) _ _@/ dwdE 10g 4w 2V
2T 271 dw ,u

® The 4PM integrand can be built from 3PM diagrams. W = K- Ucom

p, 0, 0(L1-t1)d(Lo-up) log(w?)
/d adt [€1-wo][lo- in]  [E][63][(41+62—a)?] (61 —q)?][(€2—q)?]

® \We managed to compute the integrals and obtained nonlocalin-time contribution:

h 1 h h 1 hglog(2 h
% hy + _mhy + hslog v+ . faarccos (’Y) 4 he Iog + he log? ¥+ LG og(2)arccosh(y)
(v2-1) V3-1 2 V2 -1 8 2 72-1
-1 1 hiolog L=2arccosh -1 h?2 4Li 2_1_
+hy arccosh(y)2 + o log Y log Y+ . Inolog Trg~ar (y) L YL 4y, ArCC0S () + 4Lia(v/72—1 — )

Coefficients h;: exact-v (iterated elliptic integrals) and SF-expanded (30SF) forms
Dlapa-Kalin-ZL-Porto PRL 2024

® Using 6PN results in the literature, we constructed an improved bound Hamiltonian.
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Conclusion & Outlook A EE

Modern techniques from Quantum Field Theory have already proven useful to
improve theoretical predictions for gravitational-wave observables.

We have developed an efficient framework and made breakthroughs to NNNLO.
e Conservative spin & tidal effects at NLO PRD 102 (2020) 124025
e Conservative dynamics at NNLO PRL 125 (2020) 261103
e Conservative dynamics at NNNLO rLB 822 (2021) 136698 PRL 130 (2023) 101401
e Local-in-time & nonlocal-in-time separation to N*LO PRL 132 (2024) 221401

® Novel techniques to evaluate classical loop integrals JHEP 08 (2023) 109
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Outlook: precision frontier

A E 5

GW science is just starting! discovery potential = precise theoretical predictions!

OPN 1PN 2PN 3PN 4PN 5PN 6PN ---

1PM
2PM
3PM
4PM
S5PM
6PM

TPM
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Outlook: precision frontier

A FEE

GW science is just starting! discovery potential = precise theoretical predictions!

OPN 1PN 2PN 3PN 4PN 5PN 6PN ---

3PM
4PM
5PM
6PM

TPM

> ].SF Driesse-Jakobsen-Mogull-Plefka-Sauer-Usovitsch 2024
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Outlook: precision frontier B

GW science is just starting! discovery potential = precise theoretical predictions!

OPN 1PN 2PN 3PN 4PN 5PN 6PN ---

IPM (B x (1 + |02 + ot + 08 + 08 + 010 + 12 +-+) = (E20) x (1)

2PM (CMY 5 (1] + w2 + vt + of] + |08 —i—M—l—---)(Gi‘/")Qx(l)

M i e e Ll

4PM e > s s » i (G0 % (1 + »)

5PM NEWS AND VIEWS | 14 Wy 2025 (Gi\/[)5><(1 + v+ 1?)
e L
7TPM e e (G (L + v+ 12 + 12

By Zhengwen Liu

OSF 1SF 2SF 3SF ---

> ].SF Driesse-Jakobsen-Mogull-Plefka-Sauer-Usovitsch 2024 D-J-Klemm-M-Nega-P-S-U 2024
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Outlook: precision frontier

A FEE

GW science is just starting! discovery potential = precise theoretical predictions!

OPN 1PN 2PN 3PN 4PN 5PN 6PN ---
1PM (G

r

02 + U4 + 1)6 + U8 +010+1}12 + ...

)x (1] +
(25

2PM 1| + 02| + o8] + o8] + (o8] + 10 +---

nature

Explore content ¥ About the journal v  Publish with us v

3PM

Subscribe

4PM

nature > news & views > article

NEWS AND VIEWS | 14 May 2025

5PM

6PM Black hole fly-by modelled with

landmark precision
7TPM

By Zhengwen Liu

> ].SF Driesse-Jakobsen-Mogull-Plefka-Sauer-Usovitsch 2024

» 1SF: local-in-time conservative dynamics:

Zhengwen Liu (& %)

A prediction of the gravitational waves produced by interacting black holes achieves
high precision and demonstrates the link between general relativity and geometry.

Classical GW Observables from QFT

) = (&9 < (1)
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Outlook: precision frontier

A FEE

GW science is just starting! discovery potential = precise theoretical predictions!

OPN 1PN 2PN 3PN 4PN 5PN 6PN ---

1IPM (E29) (1] + o2 + [ot] + (08 + o8] + 19 + w12 +---) = (EX)
9PM CMP % (1) + 02 + vt + b + 08 + pl0 +--1) = (GM)
4PM N (GM )4
5PM NEWS AND VIEWS | 14 May 2025 (len\/[ )5
GEM Landmark preciion ey
PM sl )7

By Zhengwen Liu

> ].SF Driesse-Jakobsen-Mogull-Plefka-Sauer-Usovitsch 2024
» 1SF: local-in-time conservative dynamics:

» 2SF: nonplanar diagram, more complicated functions - - -
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A E 5

Feynman's integrals solve Einstein’s equations!




Elliptic differential equations AL
® From 4PM order, more complicated functions appear beyond polylogarithms.

e An elliptic example:

1—x2 14-x2 3
f(x) 2x(1+xx2) 4X(1fo2) (1—x2))(<1+x2) f(x)
d 1—x2 3(1+x2) 6
dx LX) | = | - 2x(1—xx2) — =) () f(x) | +O(e)
1—x2 14+x2 1—4x°+x*
fs(x) X(112) _zx(1+—x2) _x(l—x2)(—{j—x2) fs(x)

It can then be written as a third-order differential equation:

d3 6x d? 1—4x2+7x* d 1+ x?

dx3 1—x2dx2  x2(1—x2)2 dx x3(1-x?) filx) =0

It is easy to find the three solutions:

xK? (1—x?), x K(1—x?)K(x?), x K?(x?)

Complete elliptic integrals: K(x)

:/1 dt
Jo V(1= t2) (1 — xt?)



Elliptic differential equations AL

With the knowledge of leading-¢ solutions, one may transform the elliptic diagonal block into

d ~
&g‘(x, €) =€ Dei(x) g(x,€) + . ..
with

4(1—|—X2) 2

( T 3x(1-x2) X(l—X2ﬂ<2(1—X2) 0 \

B = 2(14+110x%+x* )K2(1-x2) 4(1+x2) 72
ell = 3m2x(1-x2) T 3x(1-x2) X(1—xK2(1—x2)
16(14x2) (1-18x+x2) (14+18x+x2)K*(1-x2)  2(1+110x%+x*)K2(1-x2) 4(14x2)
K 27m2x(1—x2) 3m2x(1—x2) T 3x(1-x2) )

e Elliptic integrals appear in the transformation matrix: automated by INITIAL

e Higer O(¢€): lterated integrals involving elliptic kernels.



