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Research background
Top production ol* Heaviest particle

Standard Model Total Production Cross Section Measurements Status: February 2022
Q' 10 e ATLAS Preliminary L
— Theory
b 108 V5 =7,8,13 TeV
LHC pp Vs =13 TeV
o- . BBl  Data 32-1391!
10° so Lgrgc cross section
LHC pp Vs =8 TeV
10% BBl Data 202-203fb
; LHC pp Vs =7 TeV
10 W B Data 45-4610! 173GeV
. ossocuorred pro
102
S channel 183GeV
1 total n -O-Q-.
10 <o o
pair=pro #Vg - °®
H
1 o oy ] %% Top-mass
- I
101 T chml “ g “m
(x0.3) wwz -
. single-pro %] * Decay width

PP w y4 tt t Wit H WW WZ ZZ tttW ttZ tttt .:‘ YUKawa COupllng
t-chan s-chan WtthV Vv




Research background
Future Lepton CoIIiders\ Cleaner background than LHC

FCC-ee ILC 50 MeV!!!

17 MeV!!! ILC, 18] =
[FCC, *19]

. PD

Z
— >
c;(:” - FCC-ee (Baseline, 2IPs) %’ e ® Top p—?—l;arln ass 1
g i ILC (Baseline) i >|w_' 800 = = 3 — Experimental —
< CLIC (Baseline) =8 C —-. Theo. + trans. |
> 102 CEPC (Baseline, 2 IPs) o I Mass from decay _
= F . 600 = - - Total =
> | g o — Experimental -
3 O N - - — - Interpretation ]|
£ R v S T PS mass ate'e’ _
g 10 ; - e 1
3 E | g = — — — e — Experimental -
6538:‘)/))::;.18:113“ :nn:-zssd = 7 ' 200 —_— T Theo + '[I’anS_
HZ (250 GeV) : 1.5 x 10* cmés'® i 1
1 - i E - O_ j— — J; — —
102 — 10° | LHC HL-LHC Lepton

\'s [GeV] 13.6 TeV colliders




Research background
| State-of-the-art ete™ = y*IZF

o NLO

® NLO QCD: [J. Jersak, E. Laermann "82]

e NLO EW : [W. Beenakker, W. Hollik "91]

o NNLO QCD  otal xSec, distributions, AFB

® Phase-space slicing: [J. Gao, H.X. Zhu "14]

/5 [GeV] | 360 381.3 400 § 500
A 0.627 0.352 0.266} 0.127

® Antenna subtraction : [L. Chen, W. Bernreuther "16] o 0.281 0.110 0.070} 0.020

2%

o N3LO QCD -

® Form factor : [ J.M. Henn "16, R. N. Lee “18, M. Fael, "

0100
0.010 \\\\\\\ oT%t ——— — -

0.001 A o

aaan L
107
- By —---- Az*(-1) /

....................

® Total xSec & M :~=distribution :
[X. Chen, Y.-Q Ma "24]

N
Ratios to LO .
>




Research background
Legs Multi-legs

& CIVRING, doysro = [ doysro + J dogayo + J dogsrp + J doysro
d(I)m+3 d<I)m+2 dq)m+1 dq)m
KLN thm Kinoshita (1962); Lee, Nauenberg (1964)

finiteness when summing over all unresolved configurations

10

® Explicit IR singularities in multi-loop integrals

5¢ ® |mplicit singularities in multi-leg radiation

Q
w Multi-loops

4 Loops

A e

3e

¢ O
@ 00
® 0D




Research background
IR subtraction methods \

oJ* Subtraction methods

® NLO: CS dipole [S. Catani 96] FKS sutraction [S. Frixione, Z. Kunszt, A. Signer "96]

® NNLO:

» Antenna subtraction [A. Gehrmann-De Ridder, T. Gehrmann, E.W.N. Glover "05]
e¥e™ = tf [L.Chen, W. Bernreuther "16]

> SecToR-Improved residue subtraction STRIPPER tf [M. Czakon *10, 11°...]

> Nested soft—collinear subtraction [F. Caola 17 ]
NNLO massive extension [K. \elnikov, M.-M. Long "24, "25]

> Local analytic sector subtraction, ColorFul subtraction ...

¢ Slicing methods

> gr-subtraction ¢fH |[S.Catani 23, S. Devoto '25]  tfW [L. Buonocore "25]

> N -jettiness
See R.-J. Fu’s talk



Research background ... ...t

History of antenna subtraction

Successfully applied at NNLO to a variety of processes within the NNLOJET Monte Carlo framework

+H—+

0
0
‘05| ‘06 ‘07" ‘15

first formulation

(FS only)
[Gehrmann-De nclusi ;
Ridder,Gehrmann, Inc US!OrT 0
Glover ‘05] IS radiation

ee — tt

[NNLOJET collaboration: Huss et al. ‘25]

[L. Chen, W. Bernreuther "16]

NNLO

ee-|j] Zj |QCD

Jj (LC) ) [ VBF H ][VH] [VHj] jii (gluons)

‘16

‘17 18 ‘19 20 |21 22

23 24

H]

H

I NNLO massive I
antenna [W. Be

® Calculations

® Formulation and extensions

H

Wj Y. Y] ] YY jj (FC) ]

[ vi ||+ |

25 |

[ ee—sjj ]
N3LO

[Chen,Gehrmann,Glover,Huss,MM ‘22] “colourful” antenna
[Gehrmann,Glover, MM ‘23] (gluons-only)

general “colourful”

[ antenna

[Gehrmann,Stagnitto 22] [Gehrmann,Schurmann ‘22]
[Bonino,Gehrmann,MM,Schirmann,Stagnitto 24]

rnreuther "11, 13, "14]

) (wweoser)

identified FS particles
(fragmentation)

[Braun-White,Glover,Preuss '22,23] | “idea
[Fox,Glover 23]

lized” antenna
functions

Sector antenna
mapping

[XC, Marcoli ’25]

[Fox,Glover,MM "24]

“generalized” antenna

functions



https://inspirehep.net/literature/2948353

NNLOJET: Parton Level Event Generator

_

Based on Xuan’s slide @ SPCS2025

r
NNLO
JET

version NNLOJET

A parton-level event generator
for jet cross sections at NNLO QCD accuracy

About NNLOJET is a parton-level event generator for jet cross sections using the antenna subtraction method. It can be

used to compute a large number of jet cross sections and related observables in ete’, ep and pp collisions at
next-to-next-to-leading order in QCD. NNLOJET contains routines for Monte Carlo phase-space integration,

event handling and analysis.

Citation If you are using NNLOJET for a scientific paper, please cite:

A. Huss et al. (NNLOJET Collaboration)
NNLOJET: a parton-level event generator for jet cross sections at NNLO QCD accuracy

arXiv:2503.22804 [INSPIRE]

Please also cite the revelant references for each processes (as included in the .bib file which is automatically

written when running NNLOJET through the automatic workflow)

License GNU General Public License (GPL) v3.0

Contact Please send comments, questions and suggestions to nnlojet-support@cern.ch

https://nnlojet.hepforge.org/index.html

» Processes implemented:

ete” scattering Jet production
Still missing massive quark
production process @ public

ep scattering

pp scattering

o ete™ — 2jets

o ete™ — 3jets

Jet production

e ep — lepton + ljet
e ep — lepton + 2jets

Jet production

e pp = ljet + X
e pp — 2jets

Vector boson (+ jet) production

e pp — (Y*Z) + Qjet
*pp— (YZ) + ljet
e pp = W* + Ojet
e pp > W™ + ljet

Photon (+ jet) production

*ppoY+X
°* pp = 7 + ljet
*pPP—=>YY

Higgs (+ jet) production

epp—~>H+X
* pp — H + 1jet

S


https://nnlojet.hepforge.org/index.html

Framework of antenna

NLO antenna subtractions

o NLO cross sections

Q

SN Laea

(GNLO = Jd . doyo + jd . doNLo » Difficultly to solve ana-lytical-ly]

o Subtraction schemes

ONLO = f Kdo-lfl?LO — doyyo)j+ J
AP do
1 Finite 2

e doy, ' Mimics singular behavuour in IR-limits of daNLO

e | dov.0' Analytically integration over d®,
1

e

Ud ONLo + dUNLo]

m—w

lete

e Building block: NLO massive antenna function AJ

o Antenna subtraction

dosi o = NP _ (D1, P2, D3; ) ASIM; (P13, 523) M5 (Prs, Pas)




Framework of antenna

Antenna functions l
0/ - 2 ____é
Xg(l,], k) _ | %3(19]9 k) |

— X
430 K) -9

" ® Built from simple matrix elements N

® Mimic the divergent behaviour in singular limits

._® Easily integrated over phase space 3

¢* Colour-singlet decay MEs .

f/ Photon decay: 7~ — 44 Neutralino decay: X — 99 Higgs decay: H — gg ‘\

N3LO massless
antenna
___<._ _____
[P. Jakubéik et al *22]
[X. Chen et al "23]

. _ A
[X. Chen et al "23] Massive antenna - injgo i Fy, + he. L=—THF"WE

4

P

. Quark-Antiquark Quark-Gluon Gluon-Gluon
antenna functions antenna functions antenna functions




N3LO massive antenna
Local subtraction @ N3LO

donsro = /[davvv —do"] + /[daRVV —do¥] + / [do RV — do™] + / [do*EE — 4o
n n n—+1

/ / /
triple-virtual double-virtual real / triple-real

subtraction term subtraction term subtraction term

[Chen,Jakubcik,Marcoli,Stagnitto 23]

double-real-virtual
subtraction term

. X. Chen,M. Marcoli 25
o Subtraction terms | |

® do""n: counterterm for
the divergent behavior
of m unresolved partons

. T V.S V.S Ry os well as the exp|iCi'|‘ IR

* RRV: do’ = do"1 4+ do"12 — J do™ poles in a I-loop matrix

1 element,

® RRR: do® = do°! + do>2 + do™

e RvV: doV =de"’ — J doVor — j do>2 e NNLO-like terms:

1 2 do”1, do>2, do¥1, 6101, V2

ovVVv: do" =-— J do"2%1 — J'
1

doV1°2 — J do> e N3LO terms:
2

3 do®, deV1%2, 6V2%1 63



N3LO massive antennd ...t

| Tree-level antenna functions
L Antenna
NLO: é

NNLO: 'é vo_ MY

Integrated
antenna

XY o /d<I>3 X3

Xy o /dq>4Xg

N3LO: é / xo = M8
--_.‘< M,

Xy /d<I>5 X?




N3LO massive antenna

| One-loop antenna functions

NLO: X
. ""Oé — X3 ““O<
NNLO: ““.< ““‘<
rN3LO: "“(é -X3 - ::“5<
o

Based on Marcoli’s slide @ HP 2

Antenna Integrated
antenna
M3 M1
1 3 0442
X3 @—X?,@ Xgoc/d(I)gXé
— 3
Xl — Mi XO M21 1 1
4_@_ 4@ Xy o< | dPy X,




N3LO massive antenna  ............&
| Two-loop antenna functions

NLO: X
NNLO: X
| O o “
e o o o o <
Ant Y2 — M2 _ x0 M2 _ xl Ml Integrated X2 — /d<I>3X2
ntenna 5T MY 3 MY 3 MY antenna 3 s
- 2




N3LO massive antenna

l Workflow l

(R R
X2 oc M2/ MY
| REFETE

<

23 [ B4
— X2 x [dP3X?
L

*

1 1 [K. Melnikov "03] [X. Liu and Y.-Q. Ma "23]

2midt (p?) —

p2—i0  p2+i0

[Cutkosky "60] [Anastasiou, Melnikov "02, 03]



N3LO massive antenna
Generalized Power-Log Series Expansion

¢ Differential equations

0 . - . . 4m?
—1I(x,¢) = Bj(x,e)I(x,¢€) r=—
0X; S
¢» Boundary: AMFlow
f P "
d®l; 1
r,d) = lim [

/H ’L7Td/2 Dl + ,”7 (Dn + Zn)an '[(a’ L, d) 771)%1+ ( d? 77)
e 2
[X. Liu, Y-Q. Ma *17]

ol» Asymptotic expansion

‘/eﬁsy behawor]

1<X>-LLL<x x0) 10g" (X — x0)Cpu e (x — X0)"

pES k=0 n=0 \[Expansion point}

’:‘ Segment lines [R. Lee, Smirnovs “17]

([max(-xstarta X0 — I”()), X0, min(xenda Xo T rO)] ro = k X min(Abs[xo - LE]'] |£L‘j€Xsmg/\:cjgéxo )}




N3LO massive antenna
Renormalization ‘

f» Multiplicatively Renormalization
S.ob = p*Z, o, m? = Z,,m", W =/ Zoy", AP =\ Z3AH,

*¢* Renormalized amplitude:

Mg = Za|My(m?)) oo renormalized mass

b

e Y (o ob 2
= Zy VAmaeg I 3 1 (%) |Ml()1)(mb)>QQ + (%) |M,()2) (mb)>QQ +0(a?) ],

/ ® Integrand level: Amplitude
olMP _ dc O

bare mass ® Integral level: Ii+c

amb Bl me l

i ’
6mb




N3LO massive antenna
N3LO integral families

» VVV: 893 diagrams, 46 families, ~ O(1 X 10°) Fls
o VVR: 659 diagrams, 104 families, ~ O(2 X 105) Fls /3

* VRR: 407 diagrams, 257 families, ~ O(4 X 10°)Fls o, %,
* RRR: 86 diagrams, 201 families, ~ O(3 X 105) Fls <) 3.

- "y
B =i, =i Ds =13, Dy=15—m?
Ds = (p1 + lu)* — mf, De = (I + la)* — m?
Many massive 7= (i+hTl)—mi, Ds = (i +1z +19)* = m}
- 2 - )
369 MIs propagatorsi N I g 3 mi B il e il
Du=m@i+hL+lb+1l3+1l) —m;
L [X. Guan,X. Liu Y.-Q. Ma, et al "24] Dy = (p1+1)°, Diz=(p1+1)°, Du=(l+1)’ )




N3LO massive antenna
Validation of antenna @ NNLO

¥ Quark-antiquark antenna:

‘2

0
M (10,35,20)

M7 (10, 3., 4c,25) 2
|2 Bg(lQ,3q,4q, 2@) _ | 4 ( Q> Vg *q Q)|

|M(2)’7*(1Q72Q)|2

* * 2

MZ”Y (1Q73ga4972(2) "‘MZ,’Y (1Q749’39’2Q)|
MY (1g,29) 2

A3 (1g, 3, 25) =

)

MY (10,2)

|MZ,7* (1Q7 397 497 2@) |2
M7 (1g,25)

A2(1Q73ga4972Q)| = A2(1Q73ga4g72(2)| — |

ol» Expressions: o HPL:
AT 1 ® Integral kernel
0 _(H )
Boa @Y1, €) = (?) [6_2 {_6+ (8 C6(l—y) 6(1+y)> H(O’y)} foi1(z) = #, fo(z) = %, fi1(z) = 1+z
+1{( §+36 23 13 n 142y Z)H(O;y) . .
p (I—y) 36(1+y)  6(1+4y+y?) ® we|9h'|' 1 i
oo (- ') o Heetin = g1 79 = | s
+<3 31 ” 3(1+ )H( 1,0;y) H(O;z)Elog(z)=J1 dz fo(0).
H(0,0; ® Recursive definition:
0904.3297] <z 5 12 5 ) 100 :
2
1105.0530] <§_ 31—y~ 3(1+y))H(1’0;y) H(ay,-,a,2) = L dt f, ()H(ay, -+, ay; 2),
43 27° 212 2r® y
1309.6887] % 99—y 914y ) ® Package: HPL/PolyLogTools




N3LO massive antenna

Validation of antenna @ NNLO l

oo 527(3):

0.20 -
0.15-

7 L
s 0.10-
< L

0.05 -

0.00 -

0,v* Z
M5 (10:30.2)|

/d<I>3 [Ag <1Q’3g’2Q> o ‘MO,’y* (1Q 2—)’2
2 1 7Q

. RefA 30: 1/e
.~ —— Ref A_370: €

—— Our A_370: 1/e
- — Our A _3/70: €




N3LO massive antenna

oo 95’2:

Q' 29
‘M4 2 (1Q,3q,4q-,2é)‘

M (10:20)
2 @40 )

/ch>4 B} (1q,34,43:2¢) =

60 |
— Ref B_410: 1/e2 ]

—— Ref B_4/0: 1/e i

50+ =
—— Ref B_410: € .

—— QOur B_4/70: 1/eN2 1

40 - =
-—— Qur B_4/70: 1/e .

‘— Our B_410: € i

» 30+ |
(<) L 2
= ,
C§ 2
200 i

10 - ]

N - ]

-10 ; | | | | | | | | | | | | | | | | | | | | | | | | | | | | | | | ;

400 500 600 700 800 900 1000

sqrtS




N3LO massive antenna

oo ,Qfg&é;fg:

* 2 * * 2
MET (10,30,40:25)| ME (10,3045, 2 ) + M5 (10,4434, 2) |

/dq>4 A5 (10,34,40,25) = 3 ‘ /d<I>4 A5 (10,3,,44,2) = = S
M7 (1e:20)| M7 (102

1000 [~
F i —— Ref At_4/0: 1/e"2 1
Lsp0l— RefA_410: 1/en3 ) I ]
—— Ref At_4/0:1
| Ref A_410: 1/e/2 , 800 s 1
L . —— Ref At _410: €° 1
—— Ref A_410: 1/e L 1
r = Our At_4/0: 1/eN2 J
|— Ref A_410: ¢°

600 __ our At_410: 1/e ]
1000/— Our A_4A0: 1/eA3 - i ]
L — Our At_410: € .
= —— Our A_410: 1/eN2 L ]

3 B 8
= |— Our A_4/0: 1/e = 400 7
> > L |
- Our A_470: €° | i
500 N L i
r 200+ N
0r  ' 3 0 j i

| | | ! ! ! ! ! _200L | | | | | | . |

400 500 600 700 800 900 1000 400 500 600 700 800 900 1000

sqrtS sqrtS




N3LO massive antenna

o Qfé&éfé:

*,IC *

My oM
—— A;s (p1,p3,D2) =

M) M

d®; | A3 (p1,p3,p2) =

| (2,0)] _
200 — ‘ ‘ : ‘ e 60 7
oF ////7 1 50" _ RefA_3/1:1fe ]
I ] | — RefA 371: € ]
") 1 401 — OurA_3Al: 1/e ]
I ] [ — OurA_3AL: & ]
—400} ] i 1
[ | 30} e
3 —— Ref A_3/1:1/eM3 1 8 i |
E — 1 - :
£  _600-— Ref A_3A1:1/eA2 1 > i ]
i | i ]
— Ref A_371: 1/e 1 - 1
-800=—— Ref A _371: ¢° . i |
— OurA 3A1: 1/en3 ] Br ]
~1000— Our A_3A1: 1/eA2 . I ]
—— Our A_3/1:1/e 1 0r 7
-1200 —— Our A_371: €° : i 1
I ! ! ! | | ! e ] 107\ | | | | | | L]
400 500 600 700 800 900 1000 r 400 500 600 700 800 900 1000

sqrtS sqrtS




N3LO massive antenna

7l o 71 .
o A3 & A3y

/ ads (43, = sy | My | / Ay [ A = SM /| M ||

uag—rF T — 15—+
| | — Ref AF_3/1: 1/e
i 1 | — Ref AF_371: ¢
0.0
L t—— Our AF_3/1: 1/e
10— Our AF_3A1: ¢ |
—0.1F
= — Ref Af_3/1:1/e/2 >
-0.2i= Ref Af 3/1: 1/e 0.5 ]
— RefAf 371 &
— Our Af_3/1: 1/eA2
-0.3—— Our Af_3/71: 1/
— Our Af_3/1: il |
_0.47“““““““““‘““““““‘ O e
400 500 600 700 800 900 1000 400 500 600 700 800 900 1000

sqrtS sqrtS




Summary & outlook

o* Summary
® Validote massive antenna @ NNLO

e N3LO massive antenna 2. available now

e Outlook

® Full N3LO massive antenna functions

® Massive antenna implemented in NNLOJET

® Fully differential cross section for e"e™ — 17+ X @ N3LO QCD
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