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Introduction

➢ Among the various production modes of a single top quark, the associated production of a top quark with a 

𝑊 boson has the second-largest cross section at Large Hadron Collider (LHC).

➢ The cross section is directly proportional to the square of the Cabibbo-Kobayashi-Maskawa (CKM) matrix 

element 𝑉𝑡𝑏.

➢ Inclusive and differential cross sections for 𝑡𝑊 production have been measured extensively.

Progress toward complete NNLO QCD correction for 𝑡𝑊 production:

✓ Two-loop hard function. [2106.12093][2111.14172][2211.13713][2204.13500][2208.08786][2212.07190]

✓ Two-loop 𝑁-jettiness soft function. [1611.02749][1804.06358]

✓ Two-loop threshold soft function. [2502.18648]

✓ NNNLL soft gluon resummation.



𝑏/ ᪄𝑏 𝑝1 + 𝑔 𝑝2 → 𝑡/᪄𝑡 𝑝3 + 𝑊−/𝑊+ 𝑝4 .

Ƹ𝑠 = 𝑝1 + 𝑝2
2 partonic invariance mass

𝑠 = 𝑃1 + 𝑃2
2 hadronic energy of the collider
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Introduction

The LO partonic scattering channel for this process is

The inclusive associated production of top quark and 𝑊 boson at the LHC is 

𝑝 𝑃1 + 𝑝 𝑃2 → Τ𝑡 𝑡 𝑝3 + Τ𝑊− 𝑊+ 𝑝4 + 𝑋 𝑝𝑋 .

𝑄2 = 𝑝3 + 𝑝4
2 𝑡𝑊 invariance mass

𝜏 = 𝑄2/𝑠  hadronic threshold variable

z = 𝑄2/ Ƹ𝑠 partonic threshold variable



𝒮: soft function

𝐻: hard function

𝑓𝑖: parton distribution functions 𝑦 = cos𝜃
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Introduction
In the hadronic threshold limit, the cross section takes a factorization form:

𝑑𝜎

𝑑𝑄2𝑑𝛷2
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2𝑄2 𝐻 𝜇, 𝛽𝑡, 𝑦 𝒮 1 − 𝑧, 𝜇, 𝛽𝑡, 𝑦
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𝜏

𝑧
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Τ𝜏 𝑧

1 𝑑𝑥

𝑥
𝑓𝑏 𝑥, 𝜇 𝑓𝑔

𝜏

𝑥𝑧
, 𝜇 + 𝑓𝑔 𝑥, 𝜇 𝑓𝑏

𝜏

𝑥𝑧
, 𝜇 .

𝛽𝑡: the velocity of the top quark

𝜃: the polar angle of the momentum of the top quark



2𝑄2𝑠𝑑 ෤𝜎

𝑑𝑄2𝑑𝛷2
= ሚℒ 𝑡, 𝜇𝑓 𝐻 𝜇𝑓, 𝛽𝑡, 𝑦 ሚ𝒮 𝑡, 𝜇𝑓, 𝛽𝑡, 𝑦 .
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Fixed-order

Performing the Laplace transformation, which converts the cross section to a product of the PDFs, hard function 

and soft function:

𝑑 ሚ𝑓𝑖 𝑡, 𝜇

𝑑ln𝜇
= 2𝐓𝑖

2𝛾cuspln𝑡 + 2𝛾𝑓
𝑖 ሚ𝑓𝑖 𝑡, 𝜇 .

𝑑 ሚ𝒮

𝑑ln𝜇
= 𝛾𝑠

ሚ𝒮,
𝑑𝐻

𝑑ln𝜇
= 𝛾ℎ𝐻.

The approximate N3LO results for hard and soft functions are obtained by solving the Renormalization 

Group (RG) evolution equations: 

The RG evolution of the PDFs in the threshold limit is diagonal
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Fixed-order

𝑑ln𝐻

𝑑ln𝜇
+

𝑑ln ሚ𝑓𝑞

𝑑ln𝜇
+

𝑑ln ሚ𝑓𝑔

𝑑ln𝜇
+

𝑑ln ሚ𝒮

𝑑ln𝜇
= 0,

The total physical cross section must be independent of the factorization scale 𝜇 :

The soft anomalous dimension is

and hard anomalous dimension can be driven as
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Fixed-order
The cross section in momentum space can be written as

The fixed-order partonic cross section in the threshold limit contains a series of logarithmically enhanced terms 

arising from soft and collinear gluon radiation, which can be written as
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Fixed-order
The approximate N𝑛LO fixed-order cross section are obtained by matching it with full NLO corrections:
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Fixed-order

𝜇 = 𝜇𝑓 = 𝜇𝑟

Scale uncertainty ∼ 𝑂(𝛼𝑠
𝑛+1)

𝑔𝑏 channel’s scale uncertainty ∼ 𝑂(𝛼𝑠
2)

Scale uncertainty ∼ 𝑂(𝛼𝑠
2)

𝑔𝑔 and 𝑑𝑑 channels’ scale uncertainty ∼ 𝑂(𝛼𝑠
2)

Scale uncertainty ≪ 𝑂(𝛼𝑠
2)

cancel with
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Resummation

Mellin transform and its inverse are defined by

ሚ𝑓 𝑁 = ℳ 𝑓 𝑁 = න

0

1

𝑑 𝑥𝑥𝑁−1𝑓 𝑥 , 𝑓 𝑥 = ℳ−1 ሚ𝑓 𝑥 =
1

2𝜋𝑖
න

𝑐−𝑖∞

𝑐+𝑖∞

𝑑 𝑥𝑥−𝑁 ሚ𝑓 𝑁 .

2𝑄2𝑠𝑑 ෤𝜎 𝑁, 𝜇𝑓

𝑑𝑄2𝑑𝛷2
= ሚℒ 𝑁, 𝜇𝑓 𝐻 𝜇𝑓, 𝛽, 𝑦 ሚ𝒮 𝑁, 𝜇𝑓, 𝛽, 𝑦

Then the differential cross section in Mellin space can be written as

= ሚℒ 𝑁, 𝜇𝑓 𝐻 𝜇ℎ, 𝛽, 𝑦 ෩𝑈 𝜇ℎ, 𝜇𝑠, 𝜇𝑓
ሚ𝒮 𝑁, 𝜇𝑠, 𝛽, 𝑦 .

where
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Resummation

The differential cross section in momentum space can be obtain by Mellin inverse 

2𝑄2𝑠𝑑𝜎

𝑑𝑄2𝑑𝛷2
=

1

2𝜋𝑖
න

𝜏

∞
𝑑𝑧

𝑧
ℒ

𝑄2

𝑠𝑧
, 𝜇𝑓 න

𝑐−𝑖∞

𝑐+𝑖∞

𝑑𝑁 𝑧−𝑁𝐻 𝜇𝑓, 𝛽, 𝑦 ሚ𝒮 𝑁, 𝜇𝑓, 𝛽, 𝑦 .

Obtaining NLO + N𝑛LL resummed cross section by performing phase space integration in large-𝑁 limit, 

and then matching it to full NLO result 

෩𝑈 𝜇ℎ, 𝜇𝑠, 𝜇𝑓  is the evolution factor and absorbs all the large logarithms caused by soft gluon effects,

෩𝑈 𝜇ℎ, 𝜇𝑠, 𝜇𝑓 = exp
4𝜋

𝛼𝑠 𝜇ℎ
𝑔1 𝜆𝑓, 𝜆𝑠 + 𝑔2 𝜆𝑓, 𝜆𝑠 +

𝛼𝑠 𝜇ℎ

4𝜋
𝑔3 𝜆𝑓, 𝜆𝑠 + ൥ ቉

𝛼𝑠 𝜇ℎ

4𝜋

2

𝑔4 𝜆𝑓, 𝜆𝑠 + ⋯ .

𝜆𝑖 =
𝛼𝑠

2𝜋
𝛽0ln

𝜇ℎ

𝜇𝑖
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Resummation
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Resummation

𝜇 = 𝑁𝜇𝑠 = 𝜇ℎ = 𝜇𝑓



➢Calculated the approximate NNNLO cross section for 𝑡𝑊 production at LHC.

➢Compared the approximate fixed-order predictions with measured cross sections.

➢Analyzed the main source of scale uncertainty in approximate fixed-order predictions.

➢Calculated the NNNLL soft gluon resummation.

➢Compared the RG-improved predictions with measured cross sections.
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Summary



16

Thanks for your attention!
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