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✦ Summary 

Esym(2ρ0/3)
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Nuclear equation of state and the symmetry energy 
✦ Semi-empirical mass formula (binding energy of a nucleus)：   

            

✦ Nuclear equation of state (  in uniform nuclear matter): 
           
             

✦ Symmetry energy: 
 

 

characterizes the isospin dependence of nuclear equation of state.  

EB = aVA − aSA2/3 − aC
Z(Z − 1)

A1/3
−aA

(N − Z)2

A
±δ(N, Z) .

EB/A

E = E0(ρ)+Esym(ρ)δ2 + O(δ4), δ = (ρn − ρp)/ρ

Esym(ρ) ≡
1
2

∂2E
∂δ2

δ=0

= Esym (ρ0) + L (ρ0)χ +
1
2

Ksym χ2 + 𝒪 (χ3)
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Multifaceted influence of the symmetry energy
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 is important for Esym(ρ)
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B.-A. Li, L.-W. Chen, C.M. Ko, Phys. Rep. 464, 113 (2008). 
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✦Symmetry energy bridges the physics from 
microscopic nuclei (fm scale) to macroscopic 
neutron stars (km scale)



How to constrain the symmetry energy？

✦ The symmetry energy can be indirectly extracted from various probes! 
• Uncertainty propagation/quantification 
• Model dependence 
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A. Sorensen et al. PPNP 134 (2024) 104080



Inter-model uncertainties of nuclear EOS

✦ How to quantify the inter-model uncertainties？

6

C. Drischler et al., arXiv:2405.02748



Model comparison

Determine a weighting factor  for each model.

• Model selection: identify the best model(s) with the largest 

• Model averaging: averaging model predictions by 

 

How to determine ?

ωi

ωi

𝒪MA =
∑i 𝒪iωi

∑i ωi

ωi
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Which model should we trust?

Model Selection and Multimodel Inference: 
A Practical Information Theoretic Approach 
by Burnham & Anderson

✦The virtue of a phenomenological model lies in its simplicity and ability to reproduce data. 



Bayesian model averaging for  from nuclear massesEsym(2ρ0/3)
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M. Qiu, B.-J. Cai, L.-W. Chen, C.X. Yuan and ZZ, PLB 849, 138435 (2024)



✦ Evidence  (a larger evidence indicates a better model)

Z ≡ p(y ∣ M) = ∫ dθL(y |M, θ)π(θ)

≈ L (y ∣ M, θML) (Δθlike/Δθprior)
Nθ

Bayesian inference
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π(θ) =
1

Δθprior
L(y |M, θ)

{

Δθlike

✓infra-model uncertainties

Maximum likelihood No. of parameter, 
model complexity 

Udo von Toussaint, Rev. Mod. Phys. 83, 943 (2011)

(Usually uniform)(Usually Gaussian)



A variant of Bayesian evidence

✦ Limitation of classical evidence: 

• Model calibration and comparison are based on the same data set.

• All data are equally weighted.

✦ Pseudo evidence (posterior predictive distribution):  

• Model calibration and evaluation use different data sets.

• Select  that are closely related to the target observables.

• Posterior from calibration → Prior for evaluation/prediction.

Zi ≡ ∫ L (y ∣ θ, Mi) π(θ |Mi)dθ

Zpseu
i ≡ ∫ L (yev ∣ θ, Mi) p (θ ∣ y, Mi) dθ

yev
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Neufcourt et al., PRL 122, 062502 (2019)

Neufcourt et al., PRC 101, 014319 (2020)

Kejzlar et al., JPG 47, 094001 (2020)

Cirigliano et al., JPG 49, 120502 (2022) 



Bayesian model averaging 

11 V. Cirigliano et al, J. Phys. G 49, 120502 (2022)

✦ Model prior : 
our preference on  before seeing the 
data.

✦ Model likelihood: 
evidence 

✦ Model posterior: 

 

✦ Model averaging for observable : 

π(Mi)
Mi

Zi = p(y |Mi)

p(Mi |y) =
p(y |Mi)π(Mi)

∑j p(y |Mj)π(Mj)

𝒪
p(𝒪 |y) = ∑

i

p(𝒪 |y, Mi)p(Mi |y)



Bayesian model selection

✦ Bayes’ factor :  
 

B12 =
Z1

Z2

12



Effective p-n chemical potential difference Δμ*pn

✦ Effective chemical potential

✦ Proton-neutron chemical potential differences

✦ Semi empirical mass formul

✦ Expected sensitivity

μn =
∂B(N, Z)

∂N
≈

B(N + 2,Z) − B(N − 2,Z)
4

μp =
∂B(N, Z)

∂Z
≈

B(N, Z + 2) − B(N, Z − 2)
4

Δμ*pn =
1
4

[B(N, Z + 2) − B(N, Z − 2) − B(N + 2,Z) + B(N − 2,Z)]

B(N, Z) = avA − asA2/3 − ac
Z2

A1/3
− asymI2A + Emic

Δμ*pn ≃ ac [ 1 − Z
(A − 2)1/3

−
1 + Z

(A + 2)1/3 ] + asym
4A2I

A2 − 4
≃ − 2ac

Z
A1/3

+ 4asymI

Δμ*pu ∝ asymm ≈ Esym (ρr)
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Pawel Danielewicz, Jenny Lee, Nuclear Physics A 922 (2014) 

M. Centelles, Phys. Rev. Lett. 102, 122502 (2009)

L.-W. Chen, Phys. Rev. C 83, 044308 (2011)

N. Wang, L. Ou, and M. Liu, Phys. Rev. C 87, 034327(2013)



 and Esym(2ρ0/3) Δμ*pn

✦ Strong -  correlations predicted by nuclear energy density functionals.

✦ Gaussian processes based on predictions of 50 Skyrme EDFs and 50 covariant EDFs. 

✦ Discrepancy between Skyrme EDF and nonlinear RMF model. Model dependence!

Δμ*pn Esym(2ρ0/3)
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Δμ*pn =
1
4

[B(N, Z + 2) − B(N, Z − 2) − B(N + 2,Z) + B(N − 2,Z)]

M. Qiu, B.-J. Cai, L.-W. Chen, C.X. Yuan and ZZ, PLB 849, 138435 (2024)



 Bayesian inference of Esym(2ρ0/3)
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✦ Posterior：

✦  Bayesian model averaging

M. Qiu, B.-J. Cai, L.-W. Chen, C.X. Yuan and ZZ, PLB 849, 138435 (2024)



Symmetry energy around 2ρ0/3
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M. Qiu, B.-J. Cai, L.-W. Chen, C.X. Yuan and ZZ, PLB 849, 138435 (2024)
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Frequentist model comparison based on covariance analysis

J. Zeng,  M. Qiu and ZZ, in preparation



Frequentist covariance analysis (CA)

✦ Assume 

✦
Likelihood  with 

✦ Optimize parameters  by minimizing  or maximizing 

• Equivalent to Bayesian analysis using uniform prior and Gaussian likelihood

✦ Around the optimal  : 

, with 

✦ Multivariate Gaussian distribution: 

 

𝒪th(θ) − 𝒪exp

Δ𝒪
∼ 𝒩(0,1)

ℒ =
1

(2π)N/2∏N
i Δ𝒪i

exp(−
χ2(θ)

2
), χ2 ≡ ∑

i

(𝒪th
i (θ) − 𝒪exp

i )2

Δ𝒪2
i

θ χ2 ℒ

θ0

χ2(θ) ≈ χ2(θ0) + (θ − θ0)T M(θ − θ0) M =
1
2

∂2χ2

∂θi∂θj
θ0

p(θ) ∝ exp [−
(θ − θ0)T M(θ − θ0)

2 ] .
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J. D. McDonnell et al., Phys. Rev. Lett. 114, 122501 (2015)

C = M−1



Estimate (pseudo-)evidence with covariance analysis
✦Classical evidence:

 

 

        

•

• : data number

• : parameter number

Z = ∫ L(θ |𝓞exp)π(θ)dθ ≈
Np

∏
i

(Δθprior
i )−1 ∫ L(θ)dθ

L(θ |𝓞exp) ≈
1

(2π)
Nd
2 ∏Nd

i Δ𝒪i

exp (−
χ2

0

2
−

(θ − θ0)TM(θ − θ0)
2 ),

ln Z ≈ −
χ2

0

2
−

1
2

ln |M | −
Nd − Np

2
ln(2π) −

Np

∑
i

ln Δθprior
i −

Nd

∑
i

ln Δ𝒪i .

χ2
0 ≡ χ2(θ0)

Nd

Np

19

✦Pseudo-evidence:

 ,   ,  

  is a diagonal matrix with 

Zpseu
i = ∫ L (𝒪exp

ev ∣ θ) p (θ ∣ 𝒪exp) dθ

p(θ |𝓞exp) ≈
|M |1/2

(2π)Np/2 exp [−
(θ − θ0)TM(θ − θ0)

2 ], L (𝒪exp
ev ∣ θ) = ∝ exp [−

n

∑
i

(𝓞th
ev,i − 𝓞exp

ev,i)2

2Δ𝒪2
ev,i ]

Zpseu
i ≈

exp [− 1
2 (𝓞th

ev(θ0) − 𝓞exp
ev )TW−1(𝓞th

ev(θ0) − 𝓞exp
ev )]

(2π)n |W |

W = C + Σ Cij = ∑
k,l

∂𝒪ev,i

∂θk θ0

M−1
kl

∂𝒪ev,j

∂θl
θ0

Σ Σii = (Δ𝒪ev,i)2

✦More efficient for predictions. Typically,  model calculations for  new observables.

✦Covariance analysis has been applied in the construction of many nuclear EDFs (e.g. UNEDF0, FSU2, DDPC-
REX,…).  The corresponding matrices  for these models are available.

3n × Np n

M



Liquid drop model 

 

•

• Wigner term:   with  and  

✦ Symmetry energy term 

•LD1: leptodermous expansion in powers of  
          

•LD2:  droplet model          
          

 as ;   

δ(N, Z) = [(−1)Z + (−1)N]

EW = C0 exp(−W | I | /C0) W = 42 MeV C0 = 10 MeV

A−1/3

asym(A) = α − βA−1/3

asym(A) =
α

1 + κA−1/3
asym(A) → Esym(ρ0) A → ∞ Esym(ρ0) = α
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B(N, Z) = avA − asA2/3 − aC
Z2

A1/3
+ ap

δ(N, Z)
A1/3

− asym(A)
(N − Z)2

A
+ EW .

W. D. Myers and W. J. Swiatecki, NPA 612, 249 (1997).

M. Liu, N. Wang, Z. X. Li and F. S. Zhang, PRC 82, 064306 (2010)
N. Wang, Z. Y. Liang, M. Liu and X. Z. Wu, PRC 82, 044304 (2010) 

W. Myers and W. Swiatecki, Annals of Physics 84, 186 (1974).

P. Danielewicz, Nucl. Phys. A727, 233 (2003)

P. G. Reinhard, M. Bender, W. Nazarewicz, and T.  Vertse, PRC 73, 014309 (2006)



Bayesian vs Frequentist parameter estimation

212457 data from AME2020, Wang et al. CPC 45, 030003 (2021)

LD1 LD2



Estimation of classical evidence
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✦  data from AME 2020

✦MultiNest (MN) sampling results  
  as benchmark Buchner et al. 2014, A&A

✦Bayesian information criterion (BIC) 

  

✦Bayes factor:  

      

✦Covariance analysis (CA) results well agree with 
MN results.

Nd

BIC = − 2 ln L(θ0) + Np ln Nd

ω ∝ exp(−BIC/2)

q =
Z(LD2)
Z(LD1)

 G. Schwarz, The annals of statistics 6, 461 (1978)



Estimation of pseudo evidence

✦   (5 data)

✦ MN results  

✦ A local criterion using maximum likelihood 
estimate (MLE)   

✦ For large ,  the three methods lead to 
almost the same results. 

✦ CA results are in better agreement with MN 
results for limited .

𝓞ev : 131,132,133,134,135Sn

Zpseu
MN =

ZMN [ℒ(𝒪exp
ev + 𝒪exp)]

ZMN [ℒ(𝒪exp)]

θ0
Zpseu

MLE = L(𝓞ev |θ0)

Nd(2457)

Nd
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Quantitative results

✦ LD2  model with  is preferred by AME2020 data. 

✦  and .

asym(A) =
α

1 + κA−1/3

α = 32.21 ± 0.32MeV κ = 2.135 ± 0.078
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Summary and outlook

✦ Bayesian evidence is a proper criterion for model comparison.

•  from BMA analysis of nuclear masses.

✦ Frequentist covariance analysis can effectively estimate Bayesian (pseudo) evidence.

• AME 2020 data prefer  with  and . 

✦ Ongoing work: incorporating more observables into the multi-model analysis.

Esym(2ρ0/3) = 25.6+1.4
−1.3

asym(A) =
α

1 + κA−1/3
α = 32.21 ± 0.32 MeV κ = 2.135 ± 0.078
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Thanks for your attention 



Sources of uncertainty

✦ Statistical error
• Uncertainty propagation:  

• Numerical uncertainty ( e.g., Monte Carlo) 

✦ Systematic error from imperfect modeling.

• Inter-model uncertainties and model dependence.

• Could be estimated by compare different models.
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Data PredictionsParameters

Large statistical error:

Large systematic error:

Dobaczewski,  Nazarewicz and  Reinhard,  JPG41 (2014) 074001



Bayesian vs Frequentist (100 nuclei)
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