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When Precision is a crucial tool: deciphering the nature of the Higgs boson
Is the scalar resonance observed at the LHC the Standard Model Higgs boson ?

15/02/24, 01:13Fig. 2: Observed and predicted Higgs boson production cross-sections and branching fractions. | Nature
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Fig. 2: Observed and predicted Higgs boson
production cross-sections and branching
fractions.

From: A detailed map of Higgs boson interactions by the ATLAS experiment ten

years after the discovery

a, Cross-sections for different Higgs boson production processes are measured

assuming standard model (SM) values for the decay branching fractions. b,

Branching fractions for different Higgs boson decay modes are measured

assuming SM values for the production cross-sections. The lower panels show the

ratios of the measured values to their SM predictions. The vertical bar on each

point denotes the 68% confidence interval. The p value for compatibility of the
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15/02/24, 01:10Fig. 1: Examples of Feynman diagrams for Higgs boson production and decay. | Nature
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Fig. 1: Examples of Feynman diagrams for

Higgs boson production and decay.

From: A detailed map of Higgs boson interactions by the ATLAS experiment ten

years after the discovery

a–e, The Higgs boson is produced via gluon–gluon fusion (a), vector boson fusion

(VBF; b) and associated production with vector bosons (c), top or b quark pairs (d),

or a single top quark (e). f–i, The Higgs boson decays into a pair of vector bosons

(f), a pair of photons or a Z boson and a photon (g), a pair of quarks (h), and a pair

of charged leptons (i). Loop-induced Higgs boson interactions with gluons or

photons are shown in blue, and processes involving couplings to W or Z bosons in

green, to quarks in orange, and to leptons in red. Two different shades of green

(orange) are used to separate the VBF and VH (  and tH) production processes.
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ATLAS, Nature 607 (2022) 52

Quantum corrections up to third order needed 

for a significant (accurate and precise) comparison 

with the Higgs production cross sectionsWhy do we need precise theory predictions? 10
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Motivations and open questions

• Open questions (dark matter/energy, matter-antimatter asymmetry, EW phase transition) investigated at high-energy colliders:

       the EW sector of the SM offers many opportunities as a portal towards new physics 

       (Higgs and gauge boson properties, new gauge bosons, CKM phases)
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• Scrutiny of physical observables: 

       1) can we get a consistent description (i.e. SM cross sections) of scattering processes from 10 GeV to 10 TeV ?

• Extraction of the lagrangian parameters from the data and comparison with their theoretical prediction: 

       2) do we have control over the theoretical systematic of the fitting procedures ?

       3) are the current theoretical predictions sufficiently precise?

• Extending the SM: 

        4) are we able to prepare a statistical test of the SM and of its extension, both with comparable theoretical accuracy ?



Alessandro Vicini - University of Milano                                                                                                                                                                                                                                                            CEPC2025, Guangzhou, November 6th 2025

Scrutiny of

physical observables



Cross sections: status at the LHC and challenges at the HL-LHC
High invariant masses (before our calculations)

4

mass window 
[GeV]

stat. unc. 
140fb-1

stat. unc. 
3ab-1

600<mµµ<900 1.4% 0.2%

900<mµµ<1300 3.2% 0.6%

arXiv:2103.02708

• Modelling of the SM background crucial for 
new physics searches 

• Measurement  of the dilepton invariant mass 
spectrum expected at  at !(1%) mℓℓ ∼ 1 TeV
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Zhiqing Zhang (IJCLab, Orsay) /14LHCP2025, Taipei, May 5-9, 2025

  2. First measurement of W Cross-Section at High Mass         

9

➣ Main differences wrt to the first measurement just presented: 
➣ Use nominal high pileup data samples @13 TeV, 140 fb-1 
➣ Different phase space: pT,! > 65 GeV, pT," > 85 GeV, |#!| < 2.4,  mT,W > 200 GeV 
➣ Validation region for top background, given its important contribution 
➣ Multijet background is data-driven by using a matrix method

arXiv:2502.21088
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bin range (GeV) % error 140 fb⁻¹ % error 3 ab⁻¹ 

91-92 0.03 6 10⁻³

120-400 0.1 0.02

400-600 0.6 0.13

600-900 1.4 0.30

900-1300 3.2 0.69

• sub-percent precision in the TeV region → sensitivity to quantum effects, possibly BSM

• sub-permille precision in the 120-400 GeV interval → stringent test of the SM energy dependence

statistical error only
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Cross sections: challenges at the CEPC / FCC-ee

sqrt(S)  (GeV) luminosity (ab⁻¹) σ (fb) % stat error
91 150 2.17595 10⁶ 0.0002

240 5 1870.84 ± 0.612 0.03
365 1,5 787.74 ± 0.725 0.09

• muon-pair production cross sections, at FCC-ee, with design luminosities, at different cms energies

• 4-fermion production:

   at        →   12 ab−1 s = 157.5, 162.5 GeV ΔmW ∼ (0.5 MeV)stat

Eur. Phys. J. C (2019) 79 :474 Page 37 of 161 474
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Fig. 3.2 Production cross section of W boson (left) and top-quark pairs
(right) in the vicinity of the production thresholds, with different values
of the masses and widths. In the left panel, the pink and green bands
include variations of the W mass and width by ± 1 GeV. In the right

panel, the grey and green bands include variations of the top-quark mass
and width by ± 0.2 and ± 0.15 GeV. The dots with error bars indicate
the result of a 10-point energy scan in steps of 1 GeV, with 0.02 ab−1

per point

of the hadron collider measurements. More importantly, such a window is needed to accurately map out the full shape of
the threshold, including the 1S resonance (Fig. 3.2, right panel). In addition, the tt̄ cross section depends on the top Yukawa
coupling, arising from the Higgs boson exchange at the tt̄ vertex (Sect. 4.2.2). This dependence can be fitted away with
supplementary data at centre-of-mass energies slightly above the tt̄ threshold. The non-tt̄ background, on the other hand,
needs to be evaluated from data at centre-of mass energies slightly below the tt̄ threshold.

With a luminosity of 25 fb−1 recorded at eight different centre-of-mass energies (340, 341, 341.5, 342, 343, 343.5, 344,
and 345 GeV), the top-quark mass and width can be determined with statistical precisions of ± 17 MeV and ± 45 MeV,
respectively. The uncertainty on the mass improves to less than 10 MeV if the width is fixed to its SM value. Each of the
centre-of-mass energies can be measured with a precision smaller than 10 MeV from the final state reconstruction [42] of
e+e− → W+W−, ZZ, and Zγ events and from the knowledge of the W and Z masses, which causes a 3 MeV uncertainty
on the top-quark mass. Today, the uncertainty on the theoretical value due to missing higher orders QCD corrections in the
e+e− → tt̄ process is at the 40 MeV level for the top quark mass and width.

To conclude on the top, an uncertainty of 17 (45) MeV is achievable for the top-quark mass (width) measurement at the
FCC-ee, with 0.2 ab−1 accumulated around the tt̄ threshold. The corresponding parametric uncertainties on the SM predictions
of sin2 θeff

W and mW are accordingly reduced to 6 × 10−7 and 0.11 MeV, respectively.

3.2.5 Summary and demands on theoretical calculations

Table 3.1 summarises some of the most significant FCC-ee experimental accuracies and compares them to those of the present
measurements.

Some important comments are in order:

– FCC-ee will provide a set of ground breaking measurements of a large number of new-physics sensitive observables,
with improvement with respect to the present status by a factor of 20-50 or even more; moreover it will improve input
parameters, mZ of course, but also mtop, αs(mZ) and, for the first time a direct and precise measurement of αQED(mZ).
Consequently, parametric uncertainties in the electroweak predictions will be reduced considerably. Once, and only when,
all the above measurements are performed, the total parametric uncertainty on the W mass and on sin2 θeff

W predictions
(0.6 MeV and 10−5, respectively), dominated by the in-situ precision on αQED(m2

Z), will match the uncertainty on their
direct determination (0.5 MeV and 5 × 10−6, respectively). The FCC-ee is the only future e+e− collider project able to
accomplish this tour-de-force, a prerequisite for an optimal sensitivity to new physics.

– Table 3.1 is only a first sample of the main observables accessible. Work on the future projections of experimental and
theory requirements are, and will need to be, the subject of further dedicated studies within the FCC-ee design study groups.
Important contributions are expected from b, c and τ physics at the Z pole, such as forward–backward and polarisation

123

• a reduction by a factor O(15-20) for the error on         →           AFB(m2
Z) Δ sin2 θℓ

eff ∼ (0.6 ⋅ 10−5)exp

6

     arXiv:2206.08326σ(e+e− → μ+μ− + X)
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Size of the main subsets of electroweak corrections

QED radiation
couplings redefinition
EW Sudakov logarithms

 (α log
m2

Z

m2
e )

n

∼ (0.176)n

 (α log
m2

Z

m2
μ )

n

∼ (0.098)n

  ρ ∼ 1.01

 α log2 ( (1000 GeV)2

m2
W ) ∼ 0.185

resummation of the initial state
collinear log solving the
DGLAP equations ?

resummation of the soft/collinear logs
via Parton Shower + matching ?

complete 3-loop EW form factors
at the Z resonance 
+ leading 4-loop terms

complete NNLO-EW corrections
to the differential cross sections



Factorisation theorems and the cross section in the partonic formalism

Particles  can be protons (→ Drell-Yan @ LHC) or leptons (→ CEPC / FCC-ee, muon collider)

The partonic content of the scattering particles can be expressed in terms of PDFs   both for protons and leptons

The partonic scattering can be computed in perturbation theory, in the full QCD+EW theory, 

Factorisation theorems guarantee the validity of the above picture up to power correction effects

P1,2

�(P1, P2;mV ) =
X

a,b

Z 1

0
dx1dx2 fh1,a(x1,MF )fh2,b(x2,MF ) �̂ab(x1P1, x2P2,↵s(µ),MF )

V

Xa

b

P1

P2

μ+

μ−
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Factorisation theorems and the cross section in the partonic formalism

�(P1, P2;mV ) =
X
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Leading QED contributions can be resummed to all perturbative orders by solving the DGLAP equations

The DGLAP formalism is clearly mature (from QCD up to N3LO) and available also for  collisionse+e−
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Initial state QED radiation in the PDF language

Impact of NLL

0.5 0.6 0.7 0.8 0.9 1.0
ømin

0.9975

1.0000

1.0025

1.0050

1.0075

1.0100

1.0125

1.0150

NLO, NLL [¢, MS] / NLO, LL [MS]

NLO, NLL [¢, Æ(MZ)] / NLO, LL [Æ(MZ)]

e+e° ! tt̄, pure QED, 500 GeV

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
ømin

0.995
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1.015

NLO, NLL [¢, MS] / NLO, LL [MS]

NLO, NLL [¢, Æ(MZ)] / NLO, LL [Æ(MZ)]

NLO, NLL [¢, Gµ] / NLO, LL [Gµ]

e+e° ! W+W°, 500 GeV

Non trivial pattern, impossible to account in some universal manner.

NLL-accurate PDFs are phenomenologically important for precision studies.
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V.Bertone, M.Cacciari, S.Frixione, G.Stagnitto, M.Zaro, X.Zhao, arXiv:2207.03265

Sizeable initial state logarithms,  beyond those included at fixed NLO

The lepton PDF are needed at N3LL to match the precision needs of CEPC / FCC-ee
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1 Introduction

In order to attain the precision goals of future e+e− colliders programmes [1–4], compu-
tations in perturbative QED play a paramount role, since results obtained at increasingly
large orders in the coupling constant α help reduce the theoretical uncertainties that affect
them. A key aspect of this kind of predictions is that, on top of being inherently accurate,
they give one the ability to assess in a quantitative manner the errors that one makes by
identifying them with actual measurements; in fact, such an ability is an integral part of
any precision-physics studies.

The calculation of matrix elements of O(αp) relative to Born, with p = 1, 2 (i.e. next-
to-leading order, NLO, and next-to-next-to-leading order, NNLO) and possibly even larger,
is a necessary ingredient of accurate results, but not a sufficient one. When integrated over
the phase space, such matrix elements give rise to terms of the type αp lognQ, with Q a
small number whose precise nature may depend on the definition of the observable one
is looking at, and/or on the characteristics of QED. Depending on Q, one typically has
n ≤ p; thus, the terms above spoil the good behaviour of the perturbative series,1 and
must be resummed. A prominent example of observable-independent logarithmic terms is
that for which Q = m2/E2, with m the electron mass and E a hard scale typical of the
process (e.g. the center-of-mass energy). These terms are present even for fully-inclusive
observables, and arise from the collinear emissions off initial- and final-state particles.2
Here, we shall concentrate on the initial-state case, in view of the fact that the associated
logarithms (which we call collinear logarithms, a.k.a. mass singularities in the literature)
are ubiquitous, and that those relevant to final-state emissions can be treated in a fully
analogous manner. The resummation is carried out in the context of collinear-factorisation
formulae [5, 6]; alternative resummation techniques, in particular YFS [7, 8] (that addresses
the resummation of soft logarithms) and parton shower [9–12], will not be discussed here.

By writing the collider-level cross section dΣe+e− for a generic e+e− → X production
process as follows:

dΣe+e−(Pe+ , Pe−) =
∑

kl

∫
dy+dy− Bkl(y+, y−) dσkl(y+Pe+ , y−Pe−) , (1.1)

collinear factorisation amounts to using the following expression:

dσkl(pk, pl) =
∑

ij

∫
dz+dz− Γi/k(z+, µ,m)Γj/l(z−, µ,m)dσ̂ij(z+pk, z−pl, µ) . (1.2)

In eq. (1.1) the functions Bkl account for collective phenomena in beam dynamics, such as
beamstrahlung, which give rise to particles k and l, that will eventually initiate the hard
scattering. Dominant contributions are those for which the identities of these particles

1In fact, the actual behaviour of the series is worse than that, since the coefficient of the αp logn Q term
may also be logarithmically enhanced, by a mechanism different w.r.t. the one that gives rise to logQ —
the most common example of a double logarithmic enhancement is that due to emissions simultaneously
soft and collinear.

2Strictly speaking, in the case of bare-lepton observables such logarithms are observable dependent.
However, they can be resummed with the same techniques as their observable-independent counterparts.

– 1 –

QED PDFs  at LLΓα(z, μ2)
Well-known LL result for , evolving  at scale :Γe− Γ(z, μ2

0) = δ(1 − z) μ2
0 ≃ m2

e

ΓLL
e− (z, μ2) =

exp [(3/4 − γE)η]
Γ(1 + η) η(1 − z)−1+η − 1

2 η(1 + z) + $(α2) , η = α
π

log μ2

m2e
≡ α

π
L

8

Obtained by exploiting  
in -space and then invert back to -space 

z → 1 ⟺ N → ∞
N z

Gribov, Lipatov 1972
All-order large-  bulkz Fixed-order all-  terms (known up to high order)z

Skrzypek, Jadach; Cacciari, Deandrea, Montagna, Nicrosini

Obtained by recursively solving the DGLAP 
equation or by fixed order calculations

Here  fixed, but LL with  
running also available

α α

PDFs are inclusive in photon emissions

(but of course exclusive in the photons from the hard process )d ̂σij

 presented in 
Frixione et al., arXiv:1909.03886, 1911.12040, 2105.06688, 2207.03265, 
ΓNLL

e− (z, μ2)

Gribov, Lipatov, (1972)
Skrzypek, Jadach (1990); 
Cacciari, Deandrea, Montagna, Nicrosini (1992)

all-orders large z bulk fixed-order all z correction
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Factorisation theorems and the cross section in the partonic formalism

�(P1, P2;mV ) =
X

a,b

Z 1

0
dx1dx2 fh1,a(x1,MF )fh2,b(x2,MF ) �̂ab(x1P1, x2P2,↵s(µ),MF )

V

Xa

b

P1

P2

μ+

μ−

11

Significant progress in the last 5 years in the evaluation of the partonic cross sections  ( N3LO QCD and NNLO QCD-EW )

but 

NNLO-EW corrections are still missing !!!
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σ(h1h2 → ℓℓ̄ + X) = σ(0,0)+
αs σ(1,0) + α σ(0,1)+
α2

s σ(2,0) + α αs σ(1,1)+α2 σ(0,2)+
α3

s σ(3,0) + . . .

C.Duhr, B.Mistlberger, arXiv:2111.10379

Hamberg, Matsuura, van Nerveen, (1991)   
Anastasiou, Dixon, Melnikov, Petriello, (2003)

Catani, Cieri, Ferrera, de Florian, Grazzini (2009)

Baur, Brein, Hollik, Schappacher, Wackeroth (2001)

Altarelli, Ellis, Martinelli (1979)

Drell-Yan (1970)

R.Bonciani, L.Buonocore, M.Grazzini, S.Kallweit, N.Rana, F.Tramontano, AV, (2021)
T.Armadillo, R.Bonciani, S.Devoto, N.Rana, AV, (2022)
 F.Buccioni, F.Caola, H.Chawdhry, F.Devoto, M.Heller, A.von Manteuffel, K.Melnikov, R.Röntsch, C.Signorile-Signorile, (2022)

T.Armadillo, R.Bonciani, S.Devoto, N.Rana, AV, (2024)
T.Armadillo, R.Bonciani, L.Buonocore, S.Devoto, M.Grazzini, S.Kallweit, N.Rana, AV, arXiv:2412.16095

still missing
Sudakov high-energy approximations

Neutral Current

           Charged-current 2-loop amplitude
                    Neutral-current NNLO phenomonology

Recent progress in the prediction of the lepton-pair production cross sections
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Different kinds of contributions at second order and corresponding problems

13

double-real contributions
      amplitudes are easily generated with OpenLoops
      IR subtraction 
      challenging numerical convergence when aiming at 0.1% precision

real-virtual contributions
     amplitudes are easily generated with OpenLoops or Recola
     1-loop UV renormalisation and IR subtraction
     challenging numerical convergence when aiming at 0.1% precision

double-virtual contributions
     generation of the amplitudes
      treatment
     2-loop UV renormalization
     solution and evaluation of the Master Integrals
     subtraction of the IR divergences
     numerical evaluation of the squared matrix element
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topic

generation of the amplitudes

 treatment

2-loop UV renormalization

evaluation of the Feynman Integrals

subtraction of the IR divergences

numerical evaluation

γ5

Theoretical challenges in the double-virtual contributions

open issues

 Feynman diagrams → amplitude size in the GB range

chiral couplings in dimensional regularisation → consistent prescriptions CPU intensive

unstable particles (meaning of mass, gauge invariance, unitarity)

increasing number of energy scales → closed form solution not available

separation of IR-finite remainder from IR-enhanced (→ resummation) terms

stability (large cancellations → precision loss) and speed 

𝒪(104)
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Master Integrals evaluation
 The Feynman Integrals  are one of the major challenges in the evaluation of the virtual correctionsℐi

ℐ(pi ⋅ pj; ⃗m ) = ∫
dnk1

(2π)n ∫
dnk2

(2π)n

1
[k2

1 − m2
0]α0 [(k1 + p1)2 − m2

1]α1 … [(k1 + k2 + pj)2 − m2
j ]αj … [(k2 + pl)2 − m2

l ]αl

The complexity of the solution grows with the number of energy scales (masses and invariants) upon which it depends

2 fermion production:  7 masses + 2 invariants,           4 fermion production: 9 masses + 5 invariants

Solution strategies
Numerical

Analytical in closed form

Semi-analytical via series expansions

Monte Carlo integration, Sector decomposition (Fiesta, PySecDec)

            → limited numerical precision, possible issues with rich threshold structures

Generalised Polylogarithms, Symbols, Elliptic multiple Polylogarithms,…

             → mostly developed for QCD massless amplitudes

Solution of the MIs differential equations via series expansion (SeaSyde, AMFlow)

             → no closed form, but arbitrary precision is available

             → solution of a generic integral is available with complex internal masses!

T.Armadillo, R.Bonciani, S.Devoto, N.Rana, AV, 2205.03345
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Progress in the Standard Model predictions
The NNLO-QCD + NLO-EW predictions were a standard in Drell-Yan studies

The theoretical uncertainty estimates in the few TeV region were encouraging

but 

the NNLO QCD-EW corrections combine two large effects, 

with a new large shift of the predictions, 

well outside the previous uncertainty band

(still missing) NNLO-EW corrections introduce additional new structures

featuring “large” effects, 

in the same region where a tiny BSM signal might be present

 → needed to improve the accuracy of the SM prediction

The same comments apply in the CEPC / FCC-ee case: 

 in the [91,365] GeV range    smaller quantum corrections, but 

                                           higher experimental precision

     → NNLO-EW corrections will be needed

10°9

10°8

10°7

10°6

10°5

10°4

10°3

10°2

d
æ
/d

m
µ

µ
[p

b
/G

eV
]

NNLOQCD+NLOEW

NNLOQCD+MIX+NLOEW

500 1000 1500 2000 2500 3000 3500

mµµ [GeV]

°8

°6

°4

°2

0

2

K
-f
ac

to
r

NNLOQCD+NLOEW

NNLOQCD+MIX+NLOEW

δ
=

σ X
/σ

(N
N

LO
_Q

C
D

+
N

LO
_E

W
)

−
1

(%
)

T.Armadillo et al., arXiv:2412.16095
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Progress in the Standard Model predictions

°0.10

°0.05
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NNLO QCD-EW corrections distort the forward-backward asymmetry ,   much more than the pure QCD effects

    with a large potential impact on the weak mixing angle determination at the LHC

These results might help to revise and improve the study of  in  collisions

AFB(mℓℓ)

Ab
FB(m2

Z) e+e−

T.Armadillo et al., arXiv:2412.16095
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Testing the Standard Model with 
its fundamental parameters
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Tests of the Standard Model:  theoretical predictions vs experimental determinations

The SM lagrangian depends on a fixed number of inputs                         

any other quantity can be predicted with a perturbative calculation,  e.g.    

Higher-order corrections are needed for a precise prediction

ℒSM = ℒSM(α, Gμ, mZ, mH; mf, CKM)

(mth
W, sin2 θℓ,th

eff )

                                                                                   vs

The kinematical distributions of the final state particles feature specific patterns  (resonances, asymmetries)

The interpretation of these structures requires a model (e.g. the SM)

Theoretical predictions of the distributions can be fit to the data,   keeping masses / couplings as a free parameter

The templates are computed with     or

                                                   

The best fit value is the experimental determination of  

Higher-order corrections are needed to minimise the theoretical systematics

ℒSM = ℒSM(Gμ, mW, mZ, mH; mf , CKM)

ℒSM = ℒSM(Gμ, sin2 θℓ
eff , mZ, mH; mf , CKM)

(mexp
W , sin2 θℓ,exp

eff )
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Probing extended Higgs sectors with the mass of the W boson, Georg Weiglein, Orsay 2023 W mass workshop, Orsay, 02 / 2023

Prediction for MW and sin2θeff in the SM and MSSM 
vs. experimental accuracies (before new CDF result) 

22

[S. Heinemeyer, W. Hollik, G. W., L. Zeune ’18]

MW and sin2θeff have high sensitivity for model discrimination⇒

MSSM region
SM ``line’’

80.2 80.3 80.4 80.5 80.6
M

W
 [GeV]

0.2300

0.2305

0.2310

0.2315

0.2320

0.2325

0.2330

si
n

2
θ e

ff m
t
 = 170 .. 175 GeV

SM:M
H
 = 125.1 ± 0.7 GeV

MSSM

SM, MSSM
Heinemeyer, Hollik, Weiglein, Zeune et al. ’18

experimental errors 68% CL / collider experiment:

LEP/SLD/Tevatron/LHC: today

ILC/GigaZ

A
FB

 (LEP)

A
LR

 (SLD)

New CDF 
value

Full 2-loop EW and leading 3- and 4-loop results included

J
H
E
P
0
8
(
2
0
1
9
)
1
1
3

formula

sin2 θfeff = s0 + d1LH + d2L
2
H + d3L

4
H + d4∆α + d5∆t + d6∆

2
t + d7∆tLH (3.6)

+ d8∆αs
+ d9∆αs

∆t + d10∆Z

with

LH = log
MH

125.7GeV
, ∆t =

( mt

173.2GeV

)2
− 1,

∆αs
=

αs(MZ)

0.1184
− 1, ∆α =

∆α

0.059
− 1, ∆Z =

MZ

91.1876GeV
− 1

provides a good description of the full result in the parameter region (2.8). Values for the

coefficients are obtained by fitting (3.6) to a grid of 8750 data points.

Table 3 shows the result of a fit to a calculation that includes all known corrections:

• Complete one- and two-loop electroweak corrections,

(see refs. [21, 23, 27, 28, 30–32, 36] for the original references);

• Corrections of order O(ααs) to vector-boson self-energies [64–68], which we have

re-evaluated for this work;

• Non-factorizable O(ααs) Zbb̄ vertex contributions [69–74], which do not cancel in the

ratio vb/ab;

• Higher-loop corrections in the limit of a large top Yukawa coupling yt, of orders

O(αtα2
s ) [75, 76], O(α2

tαs), O(α3
t ) [77, 78], and O(αtα3

s ) [79–81] where αt ≡ y2t /(4π).

As indicated by the last column in the table, the largest deviation of the fit formulae

from the full result is O(few × 10−6), while for most of the parameter region in (2.8) the

agreement is better than 10−6. The careful reader may realize that the parameterization

for sin2 θbeff in table 3 deviates slightly from eqs. (20,22) in [36]. The difference is due to

the larger grid of data points used here. A fit formula is, obviously, not able to reproduce

the data points in a grid perfectly. The fitting aims to find the best average agreement

between the data points (which are generated with our full numerical calculation) and

the fit formula. A larger grid therefore can lead to some shifts of the coefficients. As a

consequence, the formula in [36] will probably be more accurate for input values within

the ranges in table 1 there. On the other hand, while the formula here may be a little less

accurate within these ranges, it covers a much larger range of input values.

It should also be noted that the fit formula for sin2 θ"eff in ref. [28] does not include the

O(αtα3
s ) corrections from refs. [79–81], but they are included in the formula presented here.

In table 4 it is shown that the technical accuracy of our fit formulae is adequate for

the expected experimental precision of several future e+e− colliders, although it will get

modified by anticipated future three-loop electroweak corrections.

– 8 –

I.Dubovyk, A.Freitas, J.Gluza, T.Riemann, J.Usovitsch, arXiv:1906.08815

on-shell scheme       GeV   (Freitas, Hollik, Walter, Weiglein)

MSbar scheme.        GeV   (Degrassi, Gambino, Giardino)

parametric uncertainties  GeV due to the   values

mos
W = 80.353 ± 0.004

mMS
W = 80.351 ± 0.003

δmpar
W = ± 0.005 (α, Gμ, mZ, mH, mt)

Δmth
W

mW
∼ 1 ⋅ 10−4

Δ(sin2 θℓ
eff)th

sin2 θℓ
eff

∼ 3 ⋅ 10−4

not a
dequat

e for
 the C

EPC / FC
C-ee r

equir
ements

20

High-precision theoretical prediction of EW parameters: current status

At the CEPC / FCC-ee we will have (statistical errors)

                  

We need the complete 3-loop EW+QCD and leading 4-loop 

corrections to      ● the muon decay amplitude

                           ● the Z form factors

Δmth
W

mW
∼ 1 ⋅ 10−5

Δ(sin2 θℓ
eff )th

sin2 θℓ
eff

∼ 2 ⋅ 10−5

Alessandro Vicini - University of Milano                                                                                                                                                                                                                                                            CEPC2025, Guangzhou, November 6th 2025
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High-precision experimental determination of  : current statussin2 θℓ
eff

Given the     LEP/SLD precision (17M of Z bosons collected)   and  the computational power available in the ‘90s

      the deconvolution of QED and QCD from the data, 

      the subtraction of non-factorisable effects from the data, 

      the decomposition of the Z resonance in pseudoobservables

were an ingenious procedure to evaluate the Z  EW form factor at    →  the  ratio expressed by  q2 = m2
Z gV /gA sin2 θℓ

eff

 

                                                        

Aexp,deconv
FB (m2

Z) − 𝒜nonfact =
3
4

𝒜e𝒜f = 3
ge

V /ge
A

1 + (ge
V /ge

A)2

gf
V /gf

A

1 + (gf
V /gf

A)2

=
3
4

1 − 4 |Qe |sin2 θe
eff

1 − 4 |Qe |sin2 θe
eff + 8 |Qe |2 sin4 θe

eff

1 − 4 |Qf |sin2 θ f
eff

1 − 4 |Qf |sin2 θ f
eff + 8 |Qe |2 sin4 θ f

eff

The mixing angle is “effective” because it reabsorbs in a tree-level parameter 

       all the SM (+BSM?) quantum corrections (self-energies and vertex → flavour dependent)

       at the Z pole we can define a gauge invariant form factor
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High-precision experimental determination of  : current statussin2 θℓ
eff

At hadron colliders,   is a PDF-weighed combination of elementary asymmetries

                               PDF uncertainties mimic the dependence of  on      

  → the whole distribution is needed to reduce the PDF uncertainty

       a template fit procedure is needed to interpret the data at different invariant masses M.Chiesa, F.Piccinini, AV, arXiv:1906.11569

       the  input scheme  i) allows the fit   

                                                                                        ii) reduces the perturbative theoretical systematic errors in the fit 

AFB(mℓℓ)

AFB(mℓℓ) sin2 θℓ
eff

(Gμ, sin2 θℓ
eff , mZ)

−0.0004
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∆
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δ sin2 θW = +32 · 10−5

701 Page 8 of 30 Eur. Phys. J. C (2018) 78 :701

Fig. 4 Comparison between
data and best-fit AFB
distributions in the dimuon
(upper) and dielectron (lower)
channels. The best-fit AFB value
in each bin is obtained via linear
interpolation between two
neighboring templates. Here, the
templates are based on the
central prediction of the NLO
NNPDF3.0 PDFs. The error
bars represent the statistical
uncertainties in the data
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High-precision experimental determination of  : prospects at CEPC / FCC-eesin2 θℓ
eff

• The LEP/SLD approach is in fact a BSM analysis, for the effective angle is an extra coupling ready to parameterise BSM effects

       → shall we attempt a more systematic approach (e.g. in terms of SMEFT, if we are expecting new heavy physics) ?

                   → we need to develop the SMEFT renormalization program

• Are all the LEP/SLD assumptions still valid at the precision level offered by CEPC / FCC-ee ?

• Is there a bias in the pseudoobservables formulation ?

    How can we deconvolute radiation beyond LL ?                                        → we need quantitative answers

    How can we subtract non-factorizable corrections in a gauge invariant way?

• Shall we exploit the incredible precision of the observables at the CEPC / FCC-ee with a direct template fit approach

     like it is regularly done at the LHC ?

       → high precision cross sections will be available   (with a non negligible effort!)

       → theory error propagation is transparent in a direct template fit approach of the observables
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Towards BSM searches



The weak mixing angle(s)

  • in the classical SM lagrangian the weak mixing angle expresses the amount of mixing between  and 

                                                       

SU(2)L U(1)Y

tan θW =
g′￼

g

25

• the effective leptonic weak mixing angle

                           ℳeff
Zl+l− = ūl γα [𝒢f

v(m2
Z) − 𝒢f

a(m2
Z) γ5] vl εα

Z 4 |Qf |sin2 θ f
eff = 1 −

𝒢f
v

𝒢f
a

• on-shell definition:
    Sirlin, 1980   

• MSbar definition:
    Marciano, Sirlin, 1980; Degrassi, Sirlin, 1991   

sin2 ✓OS = 1� m2
W

m2
Z

definition valid to all orders

Gμ

2
=

g2
0

8m2
W,0

⟶ ̂s2 ̂c2 =
πα

2Gμm2
Z (1 − Δ ̂r)

̂s2 ≡ sin2 ̂θ(μR = mZ)

  • upon renormalisation, various definitions are possible, with sensitivity to different subsets of quantum corrections 
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The  weak mixing angle   as a probe for BSM searchesMS sin2 ̂θ(μR)
• To claim a discrepancy from the SM, it is necessary to define with high precision what is the SM !

• Test of the SM:   ▻ distribution of physical observables   → probe of a range of energies

                            ▻ value of fundamental parameters       → defined at specific energy scales

• The study of running couplings,  e.g. the  weak mixing angle    , opens the scope of the SM tests:

     the same parameter (same formal definition) can be studied from 1 MeV up to few TeV as a function of 

MS sin2 ̂θ(μR)

μR

Clara L. Del Pio - DIS 2023 5
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Several measurements at low 

but no experimental results  
of the running at high energies!

Q2

?
The determination of  at different scales 

        tests the SM prediction 

        (fixed by one boundary condition e.g. at  )

A deviation from the SM might be due to:

      - missing SM higher orders

      - BSM contributions which modify the running

      - BSM constributions entering at tree-level in the xsecs

sin2 ̂θ(mℓℓ)

mZ
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Light new physics and sin2 ̂θ(μR)
New dark parity-violating bosons

A new dark bosons, mixing with the SM Z boson, may modify the strength of the parity-violating couplings

The effects can be completely absent at the Z resonance, where the SM amplitude is purely imaginary.

The presence of the extra boson modifies the asymmetry and, in turn, mimics a change in the running  of , 
       with a modulation due to the assumed boson mass and couplings

The sensitivity to this kind of interaction is quite unique to the low-energy electron-scattering experiments

sin2 ̂θ(μR)

plot by W. Marciano
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Determination of the running of   in the TeV regionsin2 ̂θ(μ2
R)

The sensitivity to determine the running of  at the LHC and HL-LHC has been demonstrated in arXiv: 2302.10782

using POWHEG with NLO-EW corrections in the  input scheme

sin2 ̂θ(μ2
R)
( α̂(μR), sin2 ̂θ(μR), mZ )

Clara L. Del Pio - DIS 2023 12

Results

Inner bars: no PDFs, QCD, EW ho 

 can be fit to the data, bin by bin 

in the invariant mass distribution

sin2 ̂θ(μ2
R = m2

ℓℓ)

28

Missing SM higher orders could be misinterpreted as a BSM signal

 → NNLO-EW crucial  to reduce this risk

the slope of the invariant mass distribution depends 

on several competing factors (QCD, EW Sudakov logs,  running)

→ spread ranging from 1% (at 1 TeV)  to  10%  (at 12 TeV)

α̂(μR)

Eur. Phys. J. C           (2024) 84:539 Page 27 of 39   539 

Fig. 26 Comparison among the predictions for the dilepton invari-
ant mass cross section distribution, obtained by including the full
NLO weak corrections, the fermionic-only and bosonic-only correc-
tions, or the approximation which includes the Sudakov logarithms, the
parameter-renormalization logs and the leading fermionic corrections

stemming from ∆α and ∆ρ. Four schemes are shown: the MS in both
its running- and fixed-scale realizations, the latter one with µ = MZ
(top left), (α0,Gµ,MZ ) (top right), (Gµ,MW ,MZ ) (bottom left) and
(Gµ, sin2 θ le f f ,MZ ) (bottom right)

tines used in [225,226] for the evaluation of the Sudakov
corrections in ALPGEN [227].19 Though it is true that the
Sudakov corrections alone are not a good approximation for
the full NLO weak corrections to neutral-current Drell–Yan

19 For more recent implementations of Sudakov logarithms in other
frameworks, see Refs. [228–231].

(as pointed-out, for instance, in [232]), this is mainly due to
the large cancellations between fermionic and bosonic cor-
rections (as shown in Fig. 26) and to a large UV contribu-
tion from parameter-renormalization logarithms. For the on-
shell renormalization based schemes, like the (α0,Gµ,MZ ),
(Gµ, sin2 θ le f f ,MZ ), and (Gµ,MW ,MZ ) shown in the plot,
the fermionic O(α) corrections are of the order of 10 − 20%

123

M.Chiesa, C.Del Pio, F.Piccinini, arXiv:2402.14659
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Actions to face these challenges

TDLI Institute - Shanghai, October 13-16 2025           in the framework of the ongoing project based at TDLI

      School on Precision Higgs Factory Physics            Precision Calculation for Electron-Positron Colliders

CERN, Geneva,  June 22-26 2026 

      Gearing up for Future Colliders -- School on High-Precision Calculations for Future Lepton Colliders

       followed by

       Gearing up for Future Colliders -- Workshop on Radiative Corrections at  Future Lepton Colliders

https://indico-tdli.sjtu.edu.cn/event/4428/
https://indico.cern.ch/event/1603538/
https://indico.cern.ch/event/1603547/
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Conclusions
Can we exploit the precision offered by future colliders ?

Significant qualitative progress in the last 5 years to improve the SM predictions:

        methodological advances (2-loop Master Integrals, DGLAP for the leptons,  )

        conceptual advances (new renormalization schemes, studies about the mass definition for unstable particles)

        phenomenological results (first NNLO QCD-EW cross sections)

These first steps require a huge amount of work to become standardised procedures

        engineering of the software

        optimisation

        new mathematical advances

The HL-LHC phase offers an excellent testing ground of all these ideas

The precision level of the cross sections at CEPC / FCC-ee requires an extremely robust interpretation framework

        BSM signals should not be confused with the SM quantum corrections

γ5
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Thank you
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Back-up



Quantity FCC-ee Current intrinsic error Projected intrinsic error

MW [MeV] 0.5–1 ‡ 4 (α3,α2αs) 1
sin2 θ!eff [10−5] 0.6 4.5 (α3,α2αs) 1.5

ΓZ [MeV] 0.1 0.4 (α3,α2αs,αα2
s) 0.15

Rb [10−5] 6 11 (α3,α2αs) 5
Rl [10−3] 1 6 (α3,α2αs) 1.5
‡The pure experimental precision on MW is ∼ 0.5 MeV [1, 2], see Sec. 4.2.2 for more details.

Table 1: Estimated precision for the direct determination of several important electroweak
precision observables at FCC-ee [1,2,33] (column two, including systematic and observable-
specific) uncertainties; as well as current intrinsic theory errors for the prediction of these
quantities within the SM (column three). The main sources of theory errors are also in-
dicated. Column four shows the estimated projected intrinsic theory errors when leading
3-loop corrections become available. See text for more details.

Here θ is the scattering angle and Pe is the polarization of the incoming electron beam.4

The asymmetry parameters are commonly written as

Af =
1− 4|Qf | sin2 θfeff

1− 4|Qf | sin2 θfeff + 8(Qf sin
2 θfeff)

2
. (8)

Here Qf denotes the charge of the fermion, and sin2 θfeff is the effective weak (fermionic)
mixing angle. Another important precision observable is the W -boson mass. It is currently
measured most precisely from the lepton p⊥ distribution in pp → #ν at hadron colliders, and
it can be calculated within the SM from the Fermi constant, GF, of muon decay.

The expected precision for the experimental determination of some of these quantities
at FCC-ee is given in the second column of Tab. 1 [1, 2, 33]. The Z-boson quantities can be
determined from a run at

√
s = MZ with several ab−1, and smaller statistics runs at center-

of-mass energies above and below the Z peak for the purpose of MZ and ΓZ measurements.
The W mass can be determined from a run at several values of

√
s near the threshold 2MW

with a combined luminosity of O(ab−1). Note that the number for MW in the table includes
an estimate of the theory error as described in section 4.2.2, since the measurement of MW

requires a full SM prediction (not only QED) for the WW cross-section near threshold as
input.

4.2 Theory uncertainties for EWPO

4.2.1 Intrinsic uncertainties

The quantities listed in Tab. 1 can be predicted within the SM by using GF, α(MZ), αs(MZ),
MZ , MH and mt as inputs. The radiative corrections in these predictions are currently

4Formulas for electron and positron polarization can be found, e.g., in Ref. [8].

7

Quantity FCC-ee future parametric unc. Main source

MW [MeV] 0.5− 1 1 (0.6) δ(∆α)
sin2 θ!eff [10−5] 0.6 2 (1) δ(∆α)

ΓZ [MeV] 0.1 0.1 (0.06) δαs

Rb [10−5] 6 < 1 δαs

R! [10−3] 1 1.3 (0.7) δαs

Table 2: Estimated experimental precision for the direct measurement of several important
electroweak precision observables at FCC-ee [1, 2, 33] (column two, including systematic
uncertainties). Third column: parametric uncertainty of several important EWPO due to
uncertainties of input parameters given in (1), with the main source indicated in the fourth
column.

As discussed above, as total uncertainty for the theoretical prediction of an observable
the (quadratic) sum of parametric uncertainties plus intrinsic uncertainty should be taken6,
as given in the fourth column of Tab. 1 and the second and third columns of Tab. 2. More
generally, for combined fits to several observables, the parametric uncertainties should be
taken into account separately by using the corresponding parameters in the fit.

The above numbers have all been obtained assuming the SM as calculational framework.
The SM constitutes the model in which highest theoretical precision for the predictions of
EWPO can be obtained. As soon as physics beyond the SM (BSM) will be discovered, an
evaluation of the EWPO in any preferred BSM model will be necessary. The corresponding
theory uncertainties, both intrinsic and parametric, can then be larger (see, e.g., [35, 48]
for the Minimal Supersymmetric SM). A dedicated theory effort (beyond the SM) would be
needed in this case.

4.3 Higgs precision observables

For the accurate study of the properties of the Higgs boson, precise predictions for the
various partial decay widths, the branching ratios (BRs) and the Higgs-boson production
cross sections along with their theoretical uncertainties are indispensable.

4.3.1 Higgs-boson production cross-sections

The very narrow width of the Higgs boson allows for a factorization of all cross-sections with
resonant Higgs bosons into production and decay parts to very high precision if the Higgs
boson can be fully reconstructed. In this case, finite-width effects and off-shell contributions
are of relative size ΓH/MH ∼ 0.00003 and thus not relevant; this is in contrast to physics
with Z or W resonances, where Γ/M ∼ 0.03. If the Higgs boson is not fully reconstructable

6It should be noted that the intrinsic theory error is not a Gaussian random variable, which plays a role
in the combination with other error sources.

11

reduction of the theoretical uncertainties by 1 order of magnitude


necessary to cope with the statistical errors estimated at FCC-ee  

full program of higher-loop EW calculations:

 muon decay amplitude (3L),  gauge boson self-energies (4L) and Z-boson decay widths (3L)

Phenomenology challenges: high-precision theoretical prediction of EW parameters

33

arXiv:1906.05379

Alessandro Vicini - University of Milano                                                                                                                                                                                                                                                            CEPC2025, Guangzhou, November 6th 2025



The W boson mass: theoretical prediction

34

effects of higher-order terms on ∆r

0 200 400 600 800 1000

0.03

0.035
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0.045

on-shell scheme: dominant contributions to ∆r

∆r = ∆α− c2w
s2w

∆ρ+∆rrem

∆α = Πγ
ferm(M

2
Z)−Πγ

ferm(0) → α(MZ) =
α

1−∆α

∆ρ = ΣZ(0)
M2

Z

− ΣW (0)
M2

W

= 3GFm2
t

8π2
√
2

[one-loop] ∼ m2
t

v2
∼ αt

beyond one-loop order: ∼ α2, ααt, α2
t , α

2αt, αα2
t , α

3
t , . . .

reducible higher order terms from ∆α and ∆ρ via

1 +∆r →
1

(

1−∆α
)(

1 + c2w
s2w

∆ρ
)

+ · · ·

ρ = 1 +∆ρ →
1

1−∆ρ

Consoli, WH, Jegerlehner 1989(Consoli, Hollik, Jegerlehner)
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Figure 8. Two-dimensional 68% (dark) and 95% (light) probability contours for V and f (from
darker to lighter), obtained from the fit to the Higgs-boson signal strengths and the EWPO.

Result 95% Prob. Correlation Matrix

W 1.00± 0.05 [0.89, 1.10] 1.00

Z 1.07± 0.11 [0.85, 1.27] �0.17 1.00

f 1.01± 0.11 [0.80, 1.22] 0.41 �0.14 1.00

Table 13. SM-like solution in the fit of W , Z , and f to the Higgs-boson signal strengths.

with custodial symmetry. We notice that theoretical predictions are symmetric under

the exchanges {W , f} $ {�W , �f} and/or Z $ �Z , where Z can flip the

sign independent of W , since the interference between the W and Z contributions to the

vector-boson fusion cross section is negligible. Hence we have considered only the parameter

space where both W and Z are positive. In this case, we ignore EWPO in the fit, since

setting W 6= Z generates power divergences in the oblique corrections, indicating that the

detailed information on the UV theory is necessary for calculating the oblique corrections.

We also consider the case in which we only lift fermion universality and introduce

di↵erent rescaling factors for charged leptons (`), up-type quarks (u), and down-type

quarks (d), while keeping a unique parameter V for both HV V couplings. In this case,

from the Higgs-boson signal strengths we obtain the constraints on the scale factors pre-

sented in table 14 and in the top plots of figure 10. By adding the EWPO to the fit, the

constraints become stronger, as shown in table 15 and in the bottom plots of figure 10.

In this case, the Higgs-boson signal strengths are approximately symmetric under the ex-

changes ` $ �`, d $ �d and/or {V , u} $ {�V , �u}. These approximate

symmetries follow from the small e↵ect of the interference between tau and/or bottom-

quark loops with top-quark/W loops in the Higgs-boson decay into two photons, as well

as the relatively small interference between bottom- and top-quark loops in gluon-fusion,

for |V,u,d,`| ⇠ 1. Moreover, we find that negative values of u are disfavoured in the fit.

Hence, in figure 10 we consider only the parameter space where all ’s are positive. Again,
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Figure 2: (Left) 68%, 95%, and 99% probability contours for the dg
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0
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and Ab. (Right)
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at future colliders. Different shades of the same colour correspond to

results including or neglecting the future theoretical uncertainties.

Result Correlation Matrix

dg
b

R
0.016±0.006 1.00

dg
b

L
0.002±0.001 0.90 1.00

Table 4: Results of the fit for the shifts in the left-
handed and right-handed Zbb̄ couplings.

Result Correlation Matrix

dg
b

V
0.018±0.007 1.00

dg
b

A
�0.013±0.005 �0.98 1.00

Table 5: Results of the fit for the shifts in the vector
and axial-vector Zbb̄ couplings.
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Figure 3: (Left) 1D probability distribution for kV derived from EWPD. (Center) Comparison of the 68%
and 95% probability contours for rescaled Higgs couplings to fermions (k f ) and vector bosons (kV ), from
EWPO and Higgs signal strengths (see [1] for details). (Right) Expected sensitivities to kV at future collid-
ers. Different shades of the same colour correspond to results including or neglecting the future theoretical
uncertainties.

We also find a preference for kV > 1, with 90% of probability. This imposes significant constraints
on composite Higgs models, which generate values of kV < 1, unless extra contributions to the
oblique parameters are present. It is noteworthy that, as can be seen in the central panel of Fig. 3,
the EWPO constraints still dominate the LHC run 1 bounds from Higgs signal strengths [1].

Finally, we consider the general parametrization of NP effects using the SM effective field
theory up to dimension 6. Assuming that the fields and symmetries of nature at energies below
a given cutoff L are those of the SM, the most general Lorentz and SM gauge invariant theory

4

A precise measurement of  and  constrains  several dim-6 operators 
contributing to Higgs and gauge interaction vertices.    
 Today still one of the strongest constraints

mW sin2 θeff
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Table 1: Expected sensitivities to Z-lineshape parameters and normalized partial decay widths.
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The dimension-6 SMEFT

• The dimension 6 SMEFT: 

• LO new physics effects “start” at dimension 6  

• With current precision, and assuming Λ~TeV, sensitivity to d>6 is small

Power counting: EFT expansion in canonical dimension of operators
Particles and symmetries of the low-energy theory: SM
Assumes new physics is heavy + decoupling

de Blas et al, arXiv:1608.01509
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The LEP/SLD legacy:  determination; two distinct approaches (1)sin2 θℓ
eff

 ·SM prediction of xsecs and asymmetries computed as a function of 

 ·  and  fit to the data to maximise the agreement

 ·  has then been evaluated in the SM using Zfitter/TOPAZ0 with best  and  values

(α, Gμ, mZ, mH, mt)
mT mH

sin2 θℓ
eff mt mH

A. Freitas, J. Gluza, S. Jadach

Fig. C.1: Construction of EWPOs in data analysis of the LEP

Ref. [193], O(↵1
) QED analytical calculations, and the effective Born amplitudes of the EWPO scheme. As

already noticed and strongly emphasized in Ref. [114], the sticking point was that these scenarios could be
invalidated by the initial–final-state interference (IFI) contributions, for various reasons. For instance, the con-
volution of the ISR structure function involves integration over the effective mass

p
s0 after ISR and before

final-state radiation (FSR). If IFI is switched on, this variable loses its physical meaning. The solution was to
introduce an acollinearity cut, which approximately limited s0, accompanied with a cut-off of the angle of one
of the final fermions, leaving the angle of the other one uncontrolled.

In the (B)!(C) transition in Fig. C.1, an effective Born term is used in the fitter programs instead
of complete EW corrections. The differential distribution of the effective Born term is obtained from spin
amplitudes of the e

�
e
+ ! f f̄ process, with the carefully defined (real) effective coupling constants of � and

Z bosons to electrons and other fermions f = e, µ, ⌧, u, d, s, c, b. In fact, the differential distribution of the
effective Born term in Eq. (1.34) of Ref. [16] is in one-to-one correspondence with the spin amplitudes of
Eq. (C.45), or the Born version of Eqs. (C.70)–(C.71) and (C.72)–(C.75), with adjustable parameters being
MZ, �Z, ↵em(MZ) and Z couplings for each fermion type, af and vf .

This one-to-one correspondence of the parameters of the effective Born term at the amplitude level, that
is, four couplings per fermion, and the mass and width of the Z boson – which will be referred to as EW
‘pseudo-parameters’ (EWPPs)10 – means, in practice, that from their values one easily obtains partial widths
proportional to a2f + v2f , hadronic peak cross-sections, and all possible charge and spin asymmetries, being
simple functions of vf/af (Eqs. (1.37), (1.45), and (1.51)-(1.54) in Ref. [16]), either during the data fitting
procedure or when obtaining final or fitted EWPOs for each experiment.

The list of EWPOs in Ref. [16] representing LEP/SLC data consists of MZ, �Z, �(0)
had, R(0)

f , A(0),f
FB ,

f = e, µ, ⌧, c, b (see Tables 2.5, 2.13, and 5.10 therein). The EWPOs created at stage (C) separately for each
LEP and SLD collaboration were then combined into common EWPOs, with the experimental error reduced
by roughly a factor of two.11 The number of the combined EWPOs was still much greater than the number of

10The prefix ‘pseudo-’ emphasizes the fact that these parameters are different from the Standard Model Lagrangian
parameters.

11In principle, EWPPs can be re-derived from EWPOs after combining over experiments.
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· SM prediction of cross sections and asymmetries and comparison with data (SM test)
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 ·fit of the Z-resonance model to the data   → experimental values of the pseudoobservables

 ·tree-level relation between the experimental Z decay widths (subtracted of QED/QCD effects) and the ratio  
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Eq. (C.45), or the Born version of Eqs. (C.70)–(C.71) and (C.72)–(C.75), with adjustable parameters being
MZ, �Z, ↵em(MZ) and Z couplings for each fermion type, af and vf .

This one-to-one correspondence of the parameters of the effective Born term at the amplitude level, that
is, four couplings per fermion, and the mass and width of the Z boson – which will be referred to as EW
‘pseudo-parameters’ (EWPPs)10 – means, in practice, that from their values one easily obtains partial widths
proportional to a2f + v2f , hadronic peak cross-sections, and all possible charge and spin asymmetries, being
simple functions of vf/af (Eqs. (1.37), (1.45), and (1.51)-(1.54) in Ref. [16]), either during the data fitting
procedure or when obtaining final or fitted EWPOs for each experiment.

The list of EWPOs in Ref. [16] representing LEP/SLC data consists of MZ, �Z, �(0)
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f , A(0),f
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f = e, µ, ⌧, c, b (see Tables 2.5, 2.13, and 5.10 therein). The EWPOs created at stage (C) separately for each
LEP and SLD collaboration were then combined into common EWPOs, with the experimental error reduced
by roughly a factor of two.11 The number of the combined EWPOs was still much greater than the number of

10The prefix ‘pseudo-’ emphasizes the fact that these parameters are different from the Standard Model Lagrangian
parameters.

11In principle, EWPPs can be re-derived from EWPOs after combining over experiments.
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Mixed QCD-EW corrections to the Drell-Yan processes
Strong boost of the activities in the theory community in the last 4 years!  (references not covering the Monte Carlo developments)

 - pole approximation of the NNLO QCD-EW corrections
S.Dittmaier, A.Huss, C.Schwinn, arXiv:1403.3216, 1511.08016, 2401.15682


 - analytical total cross section including NNLO QCD-QED  and NNLO QED corrections
D. de Florian, M.Der, I.Fabre, arXiv:1805.12214


 - ptZ distribution including QCD-QED analytical transverse momentum resummation
L. Cieri, G. Ferrera, G. Sborlini, arXiv:1805.11948


 - fully differential on-shell Z production including exact NNLO QCD-QED corrections
M.Delto, M.Jaquier, K.Melnikov, R.Roentsch, arXiv:1909.08428


 - total Z production cross section in fully analytical form including exact NNLO QCD-EW corrections
R. Bonciani, F. Buccioni, R.Mondini, AV, arXiv:1611.00645, R. Bonciani, F. Buccioni, N.Rana, I.Triscari, AV, arXiv:1911.06200, R. Bonciani, F. Buccioni, N.Rana, AV, arXiv:2007.06518, arXiv:2111.12694


 - fully differential on-shell Z and W production including exact NNLO QCD-EW corrections
F. Buccioni, F. Caola, M.Delto, M.Jaquier, K.Melnikov, R.Roentsch, arXiv:2005.10221, A. Behring, F. Buccioni, F. Caola, M.Delto, M.Jaquier, K.Melnikov, R.Roentsch, arXiv:2009.10386, 2103.02671,


→  on-shell Z and W  production   as a first step towards full Drell-Yan                  

 - 2-loop virtual Master Integrals with internal masses
U. Aglietti, R. Bonciani, arXiv:0304028, arXiv:0401193,  R. Bonciani, S. Di Vita, P. Mastrolia, U. Schubert, arXiv:1604.08581, M.Heller, A.von Manteuffel, R.Schabinger arXiv:1907.00491,   S.Hasan, U.Schubert, arXiv:2004.14908, 

M.Long,R,Zhang,W.Ma,Y,Jiang,L.Han,,Z.Li,S.Wang, arXiv:2111.14130


 - New methods to solve the Master Integrals
M.Hidding, arXiv:2006,05510, D.X.Liu, Y.-Q. Ma, arXiv:2201.11669, T.Armadillo, R.Bonciani, S.Devoto, N.Rana,AV, arXiv: 2205.03345


 - Altarelli-Parisi splitting functions including QCD-QED effects
D. de Florian, G. Sborlini, G. Rodrigo, arXiv:1512.00612


- renormalization
G.Degrassi, AV, hep-ph/0307122,  S.Dittmaier,T.Schmidt,J.Schwarz, arXiv:2009.02229 S.Dittmaier, arXiv:2101.05154

→  mathematical and theoretical developments and computation of universal building blocks
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Mixed QCD-EW corrections to the Drell-Yan processes

→ complete Drell-Yan
                   - neutrino-pair production including NNLO QCD-QED corrections
                                             L. Cieri, D. de Florian, M.Der, J.Mazzitelli, arXiv:2005.01315


                   - 2-loop NC and CC amplitudes
                                             M.Heller, A.von Manteuffel, R.Schabinger, arXiv:2012.05918 , T.Armadillo, R.Bonciani, S.Devoto, N.Rana,AV, arXiv: 2201.01754, 2405.00612 


                  - NNLO QCD-EW corrections to charged-current DY (2-loop contributions in pole approximation).
                                                 L.Buonocore, M.Grazzini, S.Kallweit, C.Savoini, F.Tramontano, arXiv:2102.12539


                  - NNLO QCD-EW corrections to neutral-current DY 
                                                 R.Bonciani, L.Buonocore, M.Grazzini, S.Kallweit, C.Savoini, N.Rana, F.Tramontano, AV, arXiv:2102.12539,  F. Buccioni, F. Caola, H.A.Chawdhry, F.Devoto, M.Heller, A.V.Manteuffel, K.Melnikov, R.Roentsch, C.Signorile-Signorile, arXiv:2203.11237


39

→ mixed QCD-QED resummation
                   - initial-state corrections
                                             L. Cieri,G.Ferrera, G.Sborlini,, arXiv:1805.11948, A.Autieri, L. Cieri,G.Ferrera, G.Sborlini,, arXiv:2302.05403


                    - initial and final state corrections
                                             L.Buonocore, L’Rottoli, P.Torrielli, arXiv:2404.15112


Strong boost of the activities in the theory community in the last 4 years!  (references not covering the Monte Carlo developments)
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The double virtual amplitude: UV renormalization

BFG EW Ward identity     →    cancellation of the UV divergences combining vertex and fermion WF corrections 

Gauge boson renormalised propagators

while �g
Gµ

Z is relevant in the (Gµ, µW , µZ) input scheme
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Analogously, in the case of the �ff̄ vertex, the electric charge renormalization is given by

g0s0 = e0 = e↵ren + �e ⌘ e↵ren (1 + �g↵A) (2.19)

in the (↵, µW , µZ) scheme [73] and by

g0s0 =
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(2.20)

in the (Gµ, µW , µZ) scheme.

2.3.2 Renormalisation of the gauge boson propagators

[General: american or biritsh? Renormalised or renormalized? Both appear.] The renor-

malised 1PI gauge boson self-energies are obtained, at 1-loop, by combining the unrenor-

malised self-energy expressions with the mass and wave function counterterms. In the

full calculation, we never introduce wave function counterterms on the internal lines, be-

cause they would systematically cancel. We exploit instead the relation in the SM between

the wave function and charge counterterms and we directly use the latter to define the

renormalised self-energies. We obtain:

⌃AA
R,T (q

2) = ⌃AA
T (q2) + 2 q2 �gA (2.21)

⌃ZZ
R,T (q

2) = ⌃ZZ
T (q2)� �µ2

Z + 2 (q2 � µ2
Z) �gZ (2.22)

⌃AZ
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T (q2)� q2

�s2

sc
(2.23)

⌃ZA
R,T (q

2) = ⌃ZA
T (q2)� q2

�s2

sc
, (2.24)

where ⌃V V
T and ⌃V V

R,T are the transverse part of the bare and renormalised V V vector bo-

son self-energy. The factors 2 in the AA,ZZ renormalised self-energies take into account

the contributions from both quark and lepton vertices. The AZ and ZA renormalised

self-energies include the �s2 corrections stemming from the quark and the lepton vertices

respectively. The charge counterterms have been defined in Equations (2.17-2.20). At

O(↵↵s) the structure of these contributions does not change: the corrections to the gauge

boson self-energies stem from a quark loop with one internal gluon exchange and, in addi-

tion, from the O(↵s) mass renormalization of the quark lines in the 1-loop self-energies.

We adopt the complex mass scheme [74] to define the renormalised mass of the gauge

bosons and the corresponding counterterms have been introduced in Eq.(2.15). In terms

of gauge boson self-energies, they are defined as follows:

�µ2
V = ⌃V V

T (µ2
V ) . (2.25)

at the pole in the complex plane q2 = µ2
V of the gauge boson propagator.

The expression of the 2-loop Feynman integrals needed to evaluate theO(↵↵s) correction

to the gauge boson propagators and all the needed counterterms can be found in Refs. [57,

71, 72].
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and all the Lorentz indices are considered to be d-dimensional.

The presence of a prescription-dependent term of O(") in the squared matrix element

a↵ects all the coe�cients in the Laurent expansion, with the exception of the highest pole:

in fact, the product of a term of O(") with a singular factor "�k, with k > 0, generates a

contribution of O("�k+1). Such prescription-dependent terms will be generated both in the

unsubtracted squared matrix element and in the subtraction term. The cancellation of the

IR singularities, expected on general grounds, requires that also the prescription-dependent

terms cancel accordingly. In the present calculation, the IR subtraction term is computed

by following the properties of universality of the radiation in the IR limits, combining the

universal divergent structure with the Born and one-loop amplitudes. The construction

of this subtraction term is completely independent with respect to the evaluation of the

two-loop amplitude and it provides a non-trivial check of our algebraic manipulations. We

observe the cancellation of lower orders poles, when combining the full 2-loop amplitude

with the subtraction term, which hints in favour of the consistency of our approch.

2.3 Ultraviolet renormalisation

The renormalization at O(↵↵s) of the neutral current DY process has already been dis-

cussed in detail in Ref. [57]. We report here the basic steps that we implemented to obtain

the complete 2-loop renormalised amplitude.

2.3.1 Charge renormalisation

The bare gauge couplings g0, g00 and the Higgs doublet vacuum expectation value v0 are

expressed in terms of their renormalised counterparts g, g0, v via the introduction of ap-

propriate counterterms. The relation of g, g0, v to a set of three measurable quantities, like

for instance Gµ, µW , µZ (the Fermi constant and the masses of the W and Z bosons) or

↵, µW , µZ (with ↵ the fine structure constant), allows the numerical evaluation of the ampli-

tude. We introduce for convenience two additional bare quantities: the sinus squared of the

on-shell weak mixing angle, which we abbreviate as s20 = sin2 ✓W0 = 1� µ2
W0
µ2
Z0

, c20 = 1� s20,

and the electric charge e0 = g0s0. Clearly only three of these parameters are independent.

We rely on the relation between the Fermi constant and the muon-decay amplitude

Gµp
2
=

g20
8m2

W0

(1 +�r) (2.14)

where the correction �r was introduced in Ref. [70] and its O(↵↵s) corrections were pre-

sented in Ref. [71, 72]. After the introduction of the counterterms

µ2
W0 = µ2

W + �µ2
W , µ2

Z0 = µ2
Z + �µ2

Z , e0 = e+ �e (2.15)

�s2

s2
=

c2

s2

✓
�µ2

Z

µ2
Z

� �µ2
W

µ2
W

◆
(2.16)

we consider the bare couplings which appear at tree-level in the photon- and Z-exchange

Feynman diagrams and work them out. The UV divergent correction factors �g↵Z con-

tributes to the charge renormalization of the Zff̄ vertex in the (↵, µW , µZ) input scheme

g0
c0

=
e

cs


1 +

1

2

✓
2
�e

e
+

s2 � c2

c2
�s2

s2

◆�
⌘ e

cs
(1 + �g↵Z) (2.17)
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Complex mass scheme

The bare couplings of Z and photon to fermions
in the  input scheme
are given by

(Gμ, μW, μZ)

while �g
Gµ

Z is relevant in the (Gµ, µW , µZ) input scheme

g0
c0

=
q

4
p
2Gµµ2

Z


1� 1

2
�r +

1

2

✓
2
�e

e
+

s2 � c2

c2
�s2

s2

◆�
⌘

q
4
p
2Gµµ2

Z

⇣
1 + �g

Gµ

Z

⌘
(2.18)

Analogously, in the case of the �ff̄ vertex, the electric charge renormalization is given by

g0s0 = e0 = e↵ren + �e ⌘ e↵ren (1 + �g↵A) (2.19)

in the (↵, µW , µZ) scheme [73] and by

g0s0 =
q

4
p
2Gµµ2

Ws2
⇥
1 + 1

2

�
��r + 2 �e

e

�⇤
⌘ e

Gµ
ren

⇣
1 + �g

Gµ

A

⌘
(2.20)

in the (Gµ, µW , µZ) scheme.

2.3.2 Renormalisation of the gauge boson propagators

[General: american or biritsh? Renormalised or renormalized? Both appear.] The renor-

malised 1PI gauge boson self-energies are obtained, at 1-loop, by combining the unrenor-

malised self-energy expressions with the mass and wave function counterterms. In the

full calculation, we never introduce wave function counterterms on the internal lines, be-

cause they would systematically cancel. We exploit instead the relation in the SM between

the wave function and charge counterterms and we directly use the latter to define the

renormalised self-energies. We obtain:

⌃AA
R,T (q

2) = ⌃AA
T (q2) + 2 q2 �gA (2.21)

⌃ZZ
R,T (q

2) = ⌃ZZ
T (q2)� �µ2

Z + 2 (q2 � µ2
Z) �gZ (2.22)

⌃AZ
R,T (q

2) = ⌃AZ
T (q2)� q2

�s2

sc
(2.23)

⌃ZA
R,T (q

2) = ⌃ZA
T (q2)� q2

�s2

sc
, (2.24)

where ⌃V V
T and ⌃V V

R,T are the transverse part of the bare and renormalised V V vector bo-

son self-energy. The factors 2 in the AA,ZZ renormalised self-energies take into account

the contributions from both quark and lepton vertices. The AZ and ZA renormalised

self-energies include the �s2 corrections stemming from the quark and the lepton vertices

respectively. The charge counterterms have been defined in Equations (2.17-2.20). At

O(↵↵s) the structure of these contributions does not change: the corrections to the gauge

boson self-energies stem from a quark loop with one internal gluon exchange and, in addi-

tion, from the O(↵s) mass renormalization of the quark lines in the 1-loop self-energies.

We adopt the complex mass scheme [74] to define the renormalised mass of the gauge

bosons and the corresponding counterterms have been introduced in Eq.(2.15). In terms

of gauge boson self-energies, they are defined as follows:

�µ2
V = ⌃V V

T (µ2
V ) . (2.25)

at the pole in the complex plane q2 = µ2
V of the gauge boson propagator.

The expression of the 2-loop Feynman integrals needed to evaluate theO(↵↵s) correction

to the gauge boson propagators and all the needed counterterms can be found in Refs. [57,

71, 72].
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the mass counterterms are defined 
      at the complex pole of the propagator

the weak mixing angle is complex valued  c2 ≡ μ2
W /μ2

Z

G.Degrassi, AV, hep-ph/0307122,  S.Dittmaier,T.Schmidt,J.Schwarz, arXiv:2009.02229 S.Dittmaier, arXiv:2101.05154

After the UV renormalisation, the singular structure is entirely due to IR soft and/or collinear singularities 
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The double virtual amplitude:   treatmentγ5
The absence of a consistent definition of  in  dimensions yields a practical problem

The trace of Dirac matrices and  is a polynomial in 
The UV or IR divergences of Feynman integrals appear as poles 

If  is evaluated in a non-consistent way, 
then poles might not cancel and the finite part of the xsec might have a spurious contribution

γ5 n = 4 − 2ε

γ5 ε
1/ε

Tr(γα . . . γμγ5) × ∫ dnk
1

[k2 − m2
0][(k + q1)2 − m2

1][(k + q2)2 − m2
2]

∼ (a0+a1ε + . . . ) × ( c−2

ε2
+

c−1

ε
+ c0 + . . . )

a1

  - ’t Hooft-Veltman   treat    (anti)commuting in ( )  dimensions   preserving the cyclicity of the traces 
      (one counterterm is needed)  
  -  Kreimer   treats  anticommuting in  dimensions, abandoning the cyclicity of the traces  (→ need of a starting point)

      

  - Heller, von Manteuffel, Schabinger verified that the IR-subtracted squared matrix element are identical in the two approaches

γ5 4 n − 4

γ5 n
γ5 =

i
4!

ϵμνρσγμγνγργσ

Alessandro Vicini - University of Milano                                                                                                                                                                                                                                                            CEPC2025, Guangzhou, November 6th 2025

  - in the Kreimer scheme, residual ambiguities are removed by choosing a 4-dimensional  
       → new hybrid scalar products which lead to the evaluation of Feynman integrals in  and 

ϵμνρσ
6 − 2ε 8 − 2ε



Differential equations and IBPs
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  • Not all the Feynman integrals in one amplitude are independent   
      → exploit Integration-by-parts (IBP) and Lorentz identities to reduce to a basis of independent Master Integrals

∫
dnk1

(2π)n ∫
dnk2

(2π)n

∂
∂kμ

1

(kμ
1 , kμ

2 , pμ
r )

[k2
1 − m2

0]α0 [(k1 + p1)2 − m2
1]α1 … [(k1 + k2 + pj)2 − m2

j ]αj … [(k2 + pl)2 − m2
l ]αl

= 0

∫
dnk1

(2π)n ∫
dnk2

(2π)n

∂
∂kμ

2

(kμ
1 , kμ

2 , pμ
r )

[k2
1 − m2

0]α0 [(k1 + p1)2 − m2
1]α1 … [(k1 + k2 + pj)2 − m2

j ]αj … [(k2 + pl)2 − m2
l ]αl

= 0

  • Henn’s conjecture (2013): if a change of basis exists which leads to                                      
                                      then the solution is expressed in terms of iterated integrals (Chen integral representation)
                                      depending only on the results at previous orders in the  expansion

d ⃗J( ⃗s; ε) = εÃ( ⃗s) ⋅ ⃗J( ⃗s; ε)

ε

  • The independent Master Integrals (MIs) satisfy a system of first-order linear differential equations
       with respect to each of the kinematical invariants / internal masses
     When considering the complete set of MIs, the system can be cast in homogeneous form:     d ⃗I( ⃗s; ε) = A( ⃗s; ε) ⋅ ⃗I( ⃗s; ε)
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where the last equation has been obtained as IBP identity for the tadpole 7.

6.2. Differential equation for J(D, k2)

The master integral J(D, k2) is an analytic function of the argument k2 and it can be viewed as the
solution of a suitable differential equation. Let us see how to build and solve such an equation. For
J(D, k2) the following trivial identity holds,

∂J

∂kµ
=

∂J

∂k2

∂k2

∂kµ
= 2kµ

∂J

∂k2
. (82)

By contracting (82) with the vector kµ we have

kµ
∂J

∂kµ
= 2k2 ∂J

∂k2
. (83)

On the other hand

∂J

∂kµ
=

∫
dDp

(2π)D−2

∂

∂kµ

(
1

D1D2

)

=

∫
dDp

(2π)D−2

2(pµ − kµ)

D1D2
2

, (84)

so

kµ
∂J

∂kµ
=

∫
dDp

(2π)D−2

2(p · k − k2)

D1D2
2

=
︸︷︷︸

2p·k=D1−D2+k2

=

∫
dDp

(2π)D−2

1

D2
2

−
∫

dDp

(2π)D−2

1

D1D2
−
∫

dDp

(2π)D−2

k2

D1D2
2

=

= − − k2 (85)

By substituting Eq. (85) in Eq. (83) we have

d

dk2
=

1

2k2
− 1

2k2
− 1

2
, (86)

which is rewritten, thanks to the second identity of the (77) and to (81), as a non-homogeneous
first-order differential equation for J(D, k2)

d

dk2
+

1

2

[
1

k2
− (D − 3)

(k2 + 4m2)

]

= − (D − 2)

4m2

[
1

k2
− 1

(k2 + 4m2)

]

. (87)

Eq. (87) contains the boundary condition for the solution. In fact, thanks to the analytic properties
of Feynman integrals, we know that J(D, k2) must be a regular function in k2 = 0, that is
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{ f′ (x) + 1
x2 − 4x + 5 f(x) = 1

x + 2
f(0) = 1

fhom(x) = xr
∞

∑
k=0

ckxk

rc0 = 0
1
5 c0 + c1(r + 1) = 0
4
25 c0 + 1

5 c1 + c2(2 + r) = 0

…

fhom(x) = 5 − x − 3
10 x2 + 11

150 x3 + . . .

fpart(x) = fhom(x)∫
x

0
dx′ 

1
(x′ + 2) f −1

hom(x′ )

= 1
2 x − 7

40 x2 + 2
75 x3 + . . .

A Simple Example

Method implemented in the Mathematica package DiffExp for real kinematic 
variables [F.Moriello, arXiv:1907.13234], [M.Hidding, arXiv:2006.05510] 

(see also AMFLOW [X. Liu and Y.-Q. Ma, arXiv: 2201.11669])

f′ hom(x) =
∞

∑
k=0

(k + r) ck x(k+r−1)

SOLVING D.E. B SERIES EXPANSION

f(x) = fpart(x) + C fhom(x)

f(0) = 1 → C = 1
5

Expanded around x′ = 0

Evaluation of the Master Integrals by series expansions
T.Armadillo, R.Bonciani, S.Devoto, N.Rana, AV, 2205.03345
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15

TAYLOR VS LOGARITHMIC EXPANSION
➤ Taylor expansion: avoids the singularities; 
➤ Logarithmic expansion: uses the singularities as expansion points. 
➤ Logarithmic expansion has larger convergence radius but requires longer 

evaluation time. We use Taylor expansion as default.

Evaluation of the Master Integrals by series expansions
T.Armadillo, R.Bonciani, S.Devoto, N.Rana, AV, 2205.03345
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The double virtual amplitude: generation of the amplitude
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�O(1000) self-energies + O(300) vertex corrections +O(130) box corrections + 1loop x 1loop 
     (before discarding all those vanishing for colour conservation, e.g. no fermonic triangles)
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2Re (ℳ(1,1)(ℳ(0,0))†) =
NMI

∑
i=1

ci(s, t, m; ε) ℐi(s, t, m; ε)

Structure of  the double virtual amplitude

The coefficients  are rational functions of the invariants, masses and of 

Their size can rapidly “explode” in the GB range

    → careful work to identify the patterns of recurring subexpressions, keeping the total size in the O(1-10 MB) range

         Abiss Mathematica package

ci ε
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2Re (ℳ(1,1)(ℳ(0,0))†) =
NMI

∑
i=1

ci(s, t, m; ε) ℐi(s, t, m; ε)

The coeffi

Their size can rapidly “explode” in the GB range

    → careful work to identify the patterns of recurring subexpressions, keeping the total size in the O(1-10 MB) range

         Abiss Mathematica package

ci ε
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 The Feynman Integrals  are one of the major challenges in the evaluation of the virtual correctionsℐi

ℐ(pi ⋅ pj; ⃗m ) = ∫
dnk1

(2π)n ∫
dnk2

(2π)n

1
[k2

1 − m2
0]α0 [(k1 + p1)2 − m2

1]α1 … [(k1 + k2 + pj)2 − m2
j ]αj … [(k2 + pl)2 − m2

l ]αl

The complexity of the solution grows with the number of energy scales (masses and invariants) upon which it depends

Structure of  the double virtual amplitude
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2-loop virtual QCD-EW corrections to CC DY: new Master Integrals

Master Integrals with two different internal masses
Master Integrals with 
one W and one internal massive lepton lines

 • All the terms in the amplitude are reduced to Master Integrals with Abiss+KIRA
 • The differential equations are written with LiteRed
 • The Boundary Conditions are computed with AMFlow
 • The Master Integrals are computed with SeaSyde

Automated workflow
useful to tackle NNLO-EW corrections
 → relevant at LHC and later at FCC-ee
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Evaluation of the Master Integrals by series expansions
T.Armadillo, R.Bonciani, S.Devoto, N.Rana, AV, 2205.03345

The Master Integrals satisfy a system of differential equations. 
The MIs are replaced by formal series with unknown coefficients →  eqs for the unknown coefficients of the series.
The package DiffExp by M.Hidding, arXiv:2006.05510 implements this idea, for real valued masses, with real kinematical vars.
But we need complex-valued masses of  W and Z bosons (unstable particles) → we wrote a new package (SeaSyde)
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Complete knowledge about the singular structure of the MI 
can be read directly from the differential equation matrix

The solution can be computed with an arbitrary number of significant digits, 
but not in closed form  → semi-analytical 

We implemented the series expansion approach, for arbitrary complex-valued masses, 
working in the complex plane of each kinematical variable, one variable at a time

°3 °2 °1 0 1 2 3
°3

°2

°1

0

1

2

3

z0

z1

w0

w+

w°
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Evaluation timings and prospects for NNLO-EW studies

50

The evaluation of Feynman integrals is a very active research field  

           →  identification and study of new classes of special functions needed to represent the quantum corrections

           →  semi-analytical approaches = solution of differential equations by series expansions

           →  numerical integration supported by analytical methods to better sample the singular regions

The complexity of the solution/evaluation of these integrals depends 
      1)  on the number of energy scales
                → number of kinematical invariants  (  for a  process)
                → number of internal masses           (at 2-loop we have up to  masses, with  external particles)

      2) on the number of Feynman integrals which have to be solved simultaneously (integral family)

      3) the size of the expression of the differential equations system                

3n − 1 2 → n
k + 3 k

The timing of the evaluation algorithms scales quite violently with these parameters
              → a brute-force approach is not the optimal choice
              → more mathematical and algorithmic developments are needed
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Examples

16

NCDY - 2L 
Mixed

CCDY - 2L 
Mixed

Z on shell - 
2L EW NCDY - 2L EW NCDY - 2L EW NCDY - 2L EW NCDY - 2L EW

Example

Topology

Number of 
masters 36 56 51 47 104 126 140

Reduction

Kira + 
Firefly

12 hours

(32 core)

16 hours

(32 core)

1 day

(32 core)

1.5 m 

(96 core + 
Ratracer)

30 m 

(120 core + 
Ratracer)

8 h

(120 core + 
Ratracer)

54 h 

(120 core + 
Ratracer)

AMFlow

1 point

50 min

(32 core)

75 min

(32 core)

6 h 45 m

(32 core)

15 min

(96 core)

1 hour

(120 core)

4 hours

(120 core) X

Dimension 
equations 700 Kb 2.1 Mb / 4 Mb 45 Mb 350 Mb ??

SeaSyde

3250 
points

5 days 10 days / ?? ?? ?? ??

↳↳
courtesy of T.Armadillo
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key to overcome these problems:  the improvement in the choice of the Master Integrals
                                                   systematic usage of polynomial reconstruction 
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Need for a full NNLO-EW calculation to reduce the uncertainties to sub-percent (per mill) level
The NNLO-EW corrections to scattering processes are still today one of the frontiers in QFT: 
    challenging Feynman integrals

                               
High-energy limit →  enhancement of             caveat: alternating signs serieslog

s
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Figure 1: Separate logarithmic contributions to R(e+e− → qq̄) in % to the Born approximation:
(a) the one-loop LL (ln2(s/M2), long-dashed line), NLL (ln1(s/M2), dot-dashed line) and N2LL
(ln0(s/M2), solid line) terms; (b) the two-loop LL (ln4(s/M2), short-dashed line), NLL (ln3(s/M2),
long-dashed line), NNLL (ln2(s/M2), dot-dashed line) and N3LL (ln1(s/M2), solid line) terms.

section) we obtain in the same notations

RLR(e+e− → QQ̄) = 1− 4.48L(s) + 17.51 l(s)− 13.16 a

− 1.16L2(s) + 15.66L(s) l(s)− 43.50 l2(s) + 44.05 l(s) a ,

RLR(e+e− → qq̄) = 1− 1.12L(s) + 12.05 l(s)− 16.44 a

− 0.81L2(s) + 18.02L(s) l(s)− 130.74 l2(s) + 278.71 l(s) a ,

RLR(e+e− → µ+µ−) = 1− 13.24L(s) + 116.58 l(s)− 148.42 a

− 0.79L2(s) + 23.68L(s) l(s)− 155.46 l2(s)− 116.67 l(s) a .

(66)

Finally, for the left-right asymmetry ÃLR (the difference of the cross sections for the left-
and right-handed initial state particles divided by the total cross section) which differs from
ALR for the quark-antiquark final state we have

R̃LR(e+e− → QQ̄) = 1− 2.75L(s) + 10.60 l(s)− 9.05 a

− 0.91L2(s) + 11.16L(s) l(s)− 33.49 l2(s) + 28.28 l(s) a ,

R̃LR(e+e− → qq̄) = 1− 1.07L(s) + 11.75 l(s)− 16.21 a

− 0.77L2(s) + 17.06L(s) l(s)− 125.18 l2(s) + 267.60 l(s) a .

(67)

The numerical structure of the corrections in the case of e+e− annihilation is shown in
Figs. 1-3. In Fig. 1 the values of different logarithmic contributions to R(e+e− → qq̄) are

22

1-loop 2-loop

           B.Jantzen, J.H.Kühn, A.A.Penin, V.A.Smirnov, hep-ph/0509157

corrections to  
due to EW Sudakov logs

e+e− → qq̄

52
urgently needed to match sub-percent precision in the TeV region, but also to match CEPC / FCC-ee precision 
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