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Understanding Physics using Colliders
• Recent advancements in Machine Learning (ML)  allow us to fully exploit all 

available information, including raw-level data such as detector responses. 

MP et.al. (Reviews of Modern Physics 2023)



• Data-driven approaches without theoretical bias to 
fully exploit all possibilities. 
(2) Event reconstruction using Quantum Algorithm

• Precise expectations from a simulation is required 
(1) Monte Carlo integration using ML 

High multiplicity in High Energy collisions



Importance of Precision
• For Machine Learning which requires "training", the big amount of 

well-understood data is necessary.
(CMS-SMP-21-006)

• At large jet multiplicities, all generators tend to deviate from the 
data, indicating that our current simulations still lack sufficient 
precision in this complex region



Importance of Theory
• We need HUGE "training data" to feed the "data hungry" Neural Net.


• One can dream of "data-driven" machine learning.  
 
- We cannot guarantee the estimation out of Controlled samples. 
  : NO magic can do "Exploration".  
  : Domain knowledge is strongly required.

A Practitioner’s Guide to Machine Learning (Blog by Franziska Horn)



(1) Monte Carlo Integration            

• σ =
1
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• For an observable  , we need to calculate the differential 
distribution of  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• Precise numerical Integration in high dimensional 
phase space that may contain nontrivial singularities 



Monte Carlo Integration: Domain vs Value Partitioning

from MadNIS (Theo Heimel et.al. arXiv:2311.01548)

• Riemann-style: VEGAS • Lebesgue-style

• Alternative approach: Integrate by function values 
instead of coordinates. 


• Lebesgue integration: group by  rather than . 
- More efficient when the integrand has a singular 
or sharply peaked structure. 
 

- A classical example:       

f(x) x

f(x) = {1 if x ∈ P
0 if x ∈ Q

• Stratified Sampling: Divide domain into sub-
domains. 
For example, if we divide the domain into  

divisions,   instead of 


• VEGAS: Adaptive importance sampling 
- divides the domain along coordinates.

N
σ ∝

1
N

σ ∝
1

N



Our approach: Lebesgue

• Divide the space of integrand (classes)  
 
Φj = { ⃗x | lj < f( ⃗x) ≤ lj+1}

• The integral :  

 
 : Volume of  . 


• We recast the problem of integration  classification problem

IΦ[f( ⃗x)] = ∫Φ
ddx f( ⃗x) =

n
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VΦj
⟨ f⟩Φj

VΦj
Φj

→
MP. et al, Computational Physics Communication 319 (2026) 109907



Monte Carlo with ML

• here, if we can "correctly" decide  , we can calculate  
 

 ,    with large sample 

⃗x ∈ Φj

VΦj
≃

Nj

Ntotal
Vtotal ⟨ f⟩Φj

≃
1
Nj

Nj

∑
i=1

f(xi) Ntotal

• It is crucial to estimate . With iterative ML algorithm, VΦj



example
•  : We are testing "fine-tuning" function of  ∞ − ∞ = finite

Divisions for equal "absolute" contributions 

with gaussians, and 

Two large peaks which are canceled each other, and one small contribution from broad distribution

∫ f( ⃗x)dxdy ≃ 0.1

σ+ = σ− = 0.3
σ0 = 1.0



× 107× 107

LeStrat-Net VEGAS
• LeStrat-Net achieves comparable precision with significantly fewer function 

evaluations and exhibits improved statistical stability compared to VEGAS.



Generating MC samples with NN

• Weight of a phase space point  is 


• Apply acceptance/rejection to unweight the events. 

p ω(p) = Πj f(xj, μ) |Mni→nf
(p) |2 |J(p) |



+
Z γ*

2

 process with interference2 → 2



|M |2

high-dimensional  
phase space

Projection into  
collider observable x

dσ
dx

x



Sample as long as we want

• As we divide phase-space region 
according to importance, we can 
zoom into "rare events"



(2) Event reconstruction on an event-by-event basis 
     using Quantum Computations 
     - to identify a physics behind complicated data



Combinatorial problem
• At the level of particle reconstruction 

• Utilizing sub-detectors,  
Muons, electrons/photons,  , ,  ...π K p



• At the level of object reconstruction 

Combinatorial problem

• Utilizing particle information,  
(1) isolated (good) leptons/photons,  
(2) jet objects  
      (  jet charge, particle ID can be used for jet properties)→



• At the level of "mother particle" reconstruction 

Combinatorial problem

jbjb

j

j j

j

• Guided by kinematic/QCD information, 

t(t̄)
t(t̄)

t(t̄)

H

For example, see arXiv:2311.116674  
(Exploring the Synergy of Kinematics and Dynamics for Collider Physics)

• If we know (assume) the decay structure, mass / color charge.



But, we need (should) not 
assume anything from  
High Energy Collider.

• Of course, nobody stops you to check what you want to see.



Event Reconstruction  
without prejudices 

• As the Colliders (including the current LHC) have killed various 
favorable new physics models, providing us a precise details of 
the Standard Model (SM). 


• If we see something beyond the expectation from the SM,  
- We need to reconstruct the "event-topology", to identify a physics 
behind the signal. 
- To minimize assumptions, we start from unsupervised (or 
weakly supervised) methods



Combinatorial problem

from A

from A
from B

from B

from A

pp → A, B → nA + nB

• It would be natural to start with two particles 
- Particle–antiparticle creation ensured by CPT and gauge symmetries 
-  symmetry to ensure the stability of (possible) dark matterZ2

(number of particles from the decay of A or B)



A Classic algorithm
• Hemisphere method: a seed-based method (iterative and converge) 

- Take two particles and clustering other particles based on these two.

A particle with largest Energy 

A particle with  
largest distance from a seed

With a proper metric ,  one decides which hemisphere a particle belongs to.d

"seed" particle



Combinatorial problems at the LHC
2

PP � {vi} PP � {vi} � {vj} PP � A � B

(a) (b) (c)

FIG. 1. (a) n-observed particles (b) Dividing n particles into
two groups for 2 ! 2 process (c) Identified event-topology
with A and B.

QUBO for Event-topology classification. Our only
assumption on abnormal events in collider data is that
observed particles are produced through 2 ! 2 process.
More specifically, two new particles A and B are pro-
duced and they decay into observed ones. Thus identi-
fying an event-topology becomes a binary classification,
whose computing complexity increases exponentially as
O(2n) with n observed particles. A schematic description
is presented in Fig. 1. As we have no further assump-
tions, we need to set a guiding rule to assign observed
particles into decay products of either A or B. Moti-
vated by general “energy minimum principle” in various
fields of physics, one attempts to minimize the total in-
variant mass (P1 + P2)2. But unlike the case of signals
with missing energy which have been studied extensively
in the literature, we will have a trivial partonic center of
energy

p
ŝ when all the final particles are visible without

missing energy-momenta.
The next trial we can take is to minimize a mass dif-

ference between A and B. With the four-momentum of
i-th particle as pi, momentums of A and B are;

P1 =
X

i

pi xi, P2 =
X

i

pi (1� xi), (1)

where pi is the constituent of A (P1) if xi = 1 or B (P2)
if xi = 0 [11]. Unlike a jet clustering algorithm, we don’t
require any structure or a seed in clustering particles. By
focusing on the kinematics, we minimize the following
function H, the mass di↵erence of A and B;

H =
�
P

2

1
� P

2

2

�2
(2)

for all possible combinations of {xi}. The dimension of
H, [H] = M

4 is chosen to address our problem as a
QUBO problem with an Ising model form;

HQUBO =
X

ij

Jijsisj +
X

i

hisi, (3)

where {si} is spin set with only ±1 values for spin "

and #, and Jij , hi are the coupling strength and biases,
respectively. We cast our minimization problem on H

into that on HQUBO through a change of variables xi =

(1 + si)/2 to express;

Jij =
X

k`

PikPj`, (4)

hi = 2
X

j

[
X

k`

(PikPj` � Pk`Pij)], (5)

with Pij = pi · pj . Our target function H in Eq. (2) is
optimized to the case of MA = MB , which is the case
of most conventional new physics searches at the LHC.
Thus this functionH can be a starting point, but we need
to generalize this function to handle situations including
(1) various new physics scenarios with asymmetric pro-
duction of MA 6= MB , and (2) o↵-shell e↵ect from the
decay width of unstable particles or smearing from a de-
tector responses. We add an additional constraint term
to deal with above issues;

HQUBO ! HQUBO + �(P 2

1
+ P

2

2
)

= HQUBO + �

X

ij

Pij [sisj + (1� si)(1� sj)]

=
X

ij

J
0
ijsisj +

X

i

h
0
i si, (6)

with J
0
ij = Jij + 2�Pij and h

0
i = hi � 2�

P
j Pij . Here

we remove constant terms. To maintain a hierarchy be-
tween the minimum for mass di↵erence and the minimum
in total mass sum during a minimization procedure, we
set � = min(Jij)/max(Pij). This choice is based on em-
pirical studies as in the case of choosing hyperparameters
in conventional ML algorithms. Finally, we swap A and
B if the number of particles assigned to A is less than
the number of particles clustered into B. We maintain
the ordering between numbers of constituent particles in
A and B over all events.

In order to demonstrate the performance of our QUBO
algorithm, we take three examples: (1) Top quark pair
production, (2) Higgs and Z boson production and (3)
four top-quark production via the pair of color octet õ

scalar where each scalar decays into a top-quark pair [19].
Here we take the mass of õ as 600GeV for a benchmark.
All these particles decay hadronically;

pp ! t, t̄ ! {j1, j2, j3, j4, j5, j6}, (7a)

pp ! H,Z ! {j1, j2, j3, j4, j5, j6}, (7b)

pp ! õ, õ
⇤
! t, t̄, t, t̄ ! {j1, j2, j3, · · · , j11, j12}. (7c)

Here ji is a reconstructed jet as we deal with fully
hadronic processes. To prepare data for above pro-
cesses at the LHC@13TeV, we use the standard chain of
Monte Carlo simulations, MadGraph5, Pythia8 and
Delphes3 with Fastjet [20–23]. As we focus on testing
the feasibility of our QUBO algorithm, we apply it to sig-
nal processes with MPI and ISR/FSR processes turned
o↵. Jets are reconstructed through anti-kT algorithm
with a jet radius R = 0.4. Basic cuts of pT > 25GeV
and rapidity |⌘| < 2.5 are applied to reconstructed jets.
HQUBO in Eq. (6) is calculated with Monte Carlo data
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Minimize the mass difference:

pi is the momentum of constituent of A if xi = 1

pi is the momentum of constituent of B if xi = 0
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for all possible combinations of xi

• Assuming  production 
with subsequent decays, 
identification of an event-
topology becomes a binary 
classification, with  
possibilities. 

• Combinatorial problem: What 
would be an efficient way of 
assigning all observed 
particles in two decay chains? 

2 → 2

2n−1

Leveraging Quantum Annealer to identify an Event-topology at High Energy Colliders, 2111.07806

Hybrid quantum-classical approach for combinatorial problems at hadron colliders, 2410.22417



Minimization using Ising model

• QUBO : Quadratic Unconstrained Binary Optimization  

A generic QUBO problem: HQUBO ≡ ∑
ij

Jijsisj + ∑
k

hksk

• If we replace  with  

  

       with  and 

xi →
1 + si

2
si ∈ {+1, − 1}

HP = (P2
A − P2

B)2 → HP + λ (P2
A + P2

B)

= ∑
ij

Jijsisj +
λ
2 ∑

ij

Pijsisj Pij = pi ⋅ pj Jij = ∑
kl

PikPjl

- We take  λ =
min(Jij)
max(Pij)



• Turn into a combinatorial problem into a graph problem. 
For example, pp → AB → j1, j2, ⋯, j6

• All jets are from A •  from A

•  from B

{j2, j4, j5, j6}
{j1, j3}

•  from A

•  from B

{j3, j5, j6}
{j1, j2, j4}

• Edges connecting nodes from the same parent particle ( ) contribute  

positively to  and are shown as solid (blue) lines


• Edges connecting nodes from different parent particles ( ) contribute  

negatively to  

• The task of finding the correct combinatorics is equivalent to identifying the graph 

configuration that minimizes 

sisj = + 1
HP

sisj = − 1
HP

HP

Hp = ∑
ij

Jijsisj +
λ
2 ∑

ij

Pijsisj
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FIG. 3. The reconstructed masses (left) and jet-assignment (right) for parton-level events using the true ground state of the H2.
The circles contain the specified percentage of events within their circumference. The circles contain the specified percentage
of events within their circumference (solid for 99%, dashed for 90% and dotted for 80%). The overall e!ciency of resolving the
combinatorial problem is about 79%.

FIG. 4. The same as Fig. 3 but for the hemisphere method. The overall e!ciency (matching accuracy) is about 50%.

their circumference (solid for 99%, dashed for 90% and
dotted for 80%). As expected, most events are populated
at the correct mass with very little spread due to the
o!shell e!ects of top quark and W boson (left-panel).
Our study shows that 99.2% of the time the ground state
is given by the symmetric configuration (3 for top and 3
for anti-top), while 0.8% of the time, 2 or 4 particles
make up top quark (4 or 2 for anti-top quark) due to the

finite width e!ects, as shown in the right panel of Fig.
3. The overall e"ciency of resolving the combinatorial
problem is about 79%. Explicitly, the Hamiltonian H2

has, as its ground state, the bitstring that resolves the
combinatorial problem 79% of the time.

We also show results in Fig. 4 for the standard hemi-
sphere method [17, 18], when applied to our event topol-
ogy. In the hemisphere method, one clusters the visi-
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Our study shows that 99.2% of the time the ground state
is given by the symmetric configuration (3 for top and 3
for anti-top), while 0.8% of the time, 2 or 4 particles
make up top quark (4 or 2 for anti-top quark) due to the

finite width e!ects, as shown in the right panel of Fig.
3. The overall e"ciency of resolving the combinatorial
problem is about 79%. Explicitly, the Hamiltonian H2

has, as its ground state, the bitstring that resolves the
combinatorial problem 79% of the time.

We also show results in Fig. 4 for the standard hemi-
sphere method [17, 18], when applied to our event topol-
ogy. In the hemisphere method, one clusters the visi-

Parton-level truth and hemisphere method
parton-level truth

Hemisphere method

mt

mt̄

mt̄
mt

79% overal efficiency 

50% overal efficiency 

0   1   2    3    4   5   6

0   1   2    3    4   5   6

Reconstructed mass

Jet assignmentReconstructed mass

Jet assignment

Hybrid quantum-classical 
approach for combinatorial 
problems at hadron colliders:  
2410.22417

No mass information 
used.

No mass information 
used.



Issue 
Difficulty in finding the ground state of 

an Ising Hamiltonian



Combinatorial complexity

↑ ↑ ↑ ↑ ↑ ↑ → ↑ ↑ ↑ ↑ ↑ ↓ → ⋯ → ↓ ↓ ↓ ↓ ↓ ↓ (nspin = 212 = 4096)

Landscape of energy distribution

• Due to the rapidly changing 

shape of the potential, any 

classical algorithm would fail.  

(except the brute-force scanning) 

 

- This example is from an event 

of 12 particles from a collision



-  : The initial Hamiltonian whose ground state is easy to prepare.H0

-  : The problem Hamiltonian whose ground state is a solution to 
the optimization problem.

HP

H(t) = (1 −
t
T ) H0 + ( t

T ) HP from  to t = 0 t = T

: Thus at , we will have a solution for a hamiltonian t = T H(T) = HP

Minimization with  
an adiabatic process



Utilizing Gate Quantum Circuit

• with  and HM = ∑ σX
i HP = HQUBO = ∑ Jijσz

i σz
j + λ∑ Pijσz

j σz
j

• Starting from the ground state of  : ,  
evolve to the ground state of  : 

HM |ψ0⟩ = | − ⟩
HP |ψ⟩ = U(T,0) |ψ0⟩

• Starting from a well-known QAOA (arXiv:1411.4028) 
(Quantum Approximation Optimization Algorithm) 



|ψ⟩ ≡

• Evolution operator U(T,0)

• With Suzuki-Trotter decomposition, lim
p→∞

(eiAt/peiBt/p)p = ei(A+B)t

Works in the adiabatic limit or p → ∞

| − ⟩
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∑
�

|��

∑
�

ei�1C(�) |��

∑
�

�C(�) |��

ei�1HC

ei�1HM

ei�2HC

ei�2HM

∑
�

ei�2C(�)�C(�) |��

ei�pHM

ei�pHC

…

…
…

…

C(�)

�

QAOA  

FIG. 4. Interference process of QAOA. QAOA is an interference-based algorithm such that non-target states interfere
destructively while the target states interfere constructively. Here we illustrate this interference process by presenting
the evolution of the quantum state of the parameters (black bar graphs on the yellow plane) alongside with the
QAOA operations (blue and pink boxes on circuit lines, representing the Phase encoding and Mixers respectively).
The starting state

q
◊

|◊Í (omitting the normalization factor) is the even superposition state of all possible parameter
configurations. After the first Phase encoding operation, the state becomes

q
◊

e≠i“1C(◊)|◊Í for which we use opacity
of the bars indicate the value of the phase, the magnitudes of the amplitudes in the state remains unchanged. After
the first Mixer, the state becomes

q
◊

�C(◊)|◊Í in which the magnitudes of the amplitudes in the state has changed.
Similar process happens to the following operations, until the amplitudes of the optimal parameter configurations
are amplified significantly (the furthest bar graph). The grey bar graph in the right corner is the cost function being
optimized by QAOA.

The alternating operations can be illustrated as in Fig. 5. Finally a measurement in the computational basis
is performed on the state. Repeating the above state preparation and measurement, the expected value of
the cost function,

ÈCÍ = È�,�| HC |�,�Í ,

can be estimated from the samples produced from the measurements.

The above steps are then repeated altogether, with updated sets of time parameters “1, . . . , “p, —1, . . . , —p.
Typically a classical optimization loop (such as gradient descent) is used to find the optimal parameters
that maximize(or minimize) the the expected value of the cost function ÈCÍ. Then measuring the resulting
state of the optimal parameters provide an approximate solution to the optimization problem.

There has been a lot of progress on QAOA recently on both the experimental and theoretical fronts. There
is evidence suggesting that QAOA may provide a significant quantum advantage over classical algorithms
[42, 43], and that it is computationally universal [44, 45]. Despite these advances, there are limitations
of QAOA. The performance improves with circuit depth, but circuit depth is still limited in near-term
quantum processors. Moreover, deeper circuits translate into more variational parameters, which introduces
challenges for the classical optimizer in minimizing the objective function. Ref. [46] show that the locality
and symmetry of QAOA can limit its performance. These issues can be attributed to the form of the QAOA
ansatz. A short-depth ansatz that is further tailored to a given combinatorial problem could therefore

QAOA

γ1

β1

γ2

β2

γp

βp

Maximum Likelihood detection 
Traveling salesman problem 

Scheduling management 
Unstructured search 

Graph coloring 
Max-cut

U(γ1) = exp (−iγ1HP)

U(β1) = exp (−iβ1HM)

U(γ2) = exp (−iγ2HP)
U(β2) = exp (−iβ2HM)

U(γp) = exp (−iγpHP)

U(βp) = exp (−iβpHM)



Machine Learning (to make QAOA more efficient)

• Find the minimum of a given hamiltonian . 
- The state  

-  

 will have a minimum when 

H
|ψ(β, γ)⟩ = U(β, γ) |0⟩

L(β, γ) ≡ ⟨ψ(β, γ) |HP |ψ(β, γ)⟩ ≃
1
Ns ∑ HP(s0, ⋯, sn−1)

|ψ(β*, γ*)⟩ = U(β*, γ*) |0⟩ ≃ |ψmin⟩

• Finding the  with  a classical optimizer 
method. (For example, Gradient Descent Method)

(β*, γ*) = argmin L(β, γ)

L(β, γ) ≡ ⟨ψ(β, γ) |HP |ψ(β, γ⟩
Measurement:

Using "classical optimizer"

(β, γ) → (β*, γ*)
update 

s0

s1

sn−1

q0 = |1⟩

q2 = |1⟩

qn−1 = |1⟩
⋮ ⋮



Variations of QAOA
• Multi Angle (MA)-QAOA: What if each qubit has its own free parameter? 

(increase degree of freedom, shifting burdens from QC to Optimizer)

RZ(γi(st))

Different parameters for each qubit in HM

Different parameters for each pair of two qubits in HP
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FIG. 6. The same as Fig. 5 but for ma-QAOA with p = 8. The overall e!ciency (matching accuracy) is 79%.

use

U(ωj , HP ) = exp
[

→i

n∑

k<ω=1

ωjkωε
Z

k
ε
Z

ω

]
. (17)

Here, ϑji and ωjkω are the adjustable parameters. For
the Ising model Hamiltonian (QUBO type), we expect

m =
(
n

2

)
as every pair of qubits will have a 2-qubit

gate. The expressibility of each qubit is enahnced by ma-
QAOA, enabling greater flexibility to explore its Bloch
sphere, which in turn allows the circuit to cover a larger
portion of the Hilbert space. Fig. 6 shows results which
are greatly improved. The jet assignment changed from
80% (QAOA) to ↑99% (ma-QAOA), thus improving the
resolution of the reconstructed masses.

C. Expressive QAOA

Expressive QAOA (XQAOA) [75] builds upon ma-
QAOA by adding another mixer Hamiltonian of Y gates
such that

|ε,ϑ,ω↓ =
p∑

j=1

U(εj , HX)U(ϑj , HM )U(ωj , HP ) (18)

where

U(εj , HX) = exp
[

→i

n∑

i=1

ϖjiε
Y

i

]
. (19)

Here ε
Y

i
= Yi is the Pauli-Y gate operating on the ith

qubit. This increases the number of adjustable parame-
ters to (2n+m)p. The motivation for XQAOA is that it

o!ers a higher expressibility still than ma-QAOA due to
the addition of a Y gate rotation on top of the X gate
with ma-QAOA being recovered when ε = 0.

The original QAOA is equivariant under the parity,
P =

∑
n

i=1
Xi, making the model learn the data better

than non-equivariant models [56, 57, 76]. Inclusion of
Y gates breaks equivariance of the quantum circuit but
increases the expressivity [77]. As a result, a smaller
depth leads to a better optimization for p ↔ n. How-
ever, in our exercise, we have obtained results showing a
worse performance of XQAOA versus ma-QAOA. Quali-
tatively, although XQAOA often converges quickly to an
eigenstate, a behavior we see with ma-QAOA as well, this
eigenstate is not necessarily the minimum eigenstate of
the Hamiltonian.

D. Feedback-based ALgorithm for Quantum
OptimizatioN (FALQON)

Feedback-based ALgorithm for Quantum Optimiza-
tioN [78] (FALQON) di!ers from the algorithms above as
it eschews the use of the classical optimizer. The circuit
layers are built recursively wherein, with each layer being
parameterized by a single number, the layer’s parameter
is determined by the previous layers, inspired by quan-
tum Lyapunov control [79]. In this algorithm, we begin
with a Hamiltonian of the form H(t) = HP + ϑ(t)HM

where ϑ(t) is called the control function. As before, we
wish to find the minimum energy eigenstate of HP and

Results from Quantum Optimization Algorithm
Jet assignment

mt̄

mt

pp → tt̄ → 6j

79% overal efficiency 

0   1   2    3    4   5   6

Reconstructed mass

No mass information 
used.

 (QCD backgrounds)pp → 6j



Comparison

• Hybrid Quantum Methods are strong with smearing by detector.  
(SPANet is a supervised learning algorithm, “SPANet: Generalized 
permutation-less set assignment for particle physics using symmetry 
preserving attention,” SciPost Phys. 12, 178 (2022), arXiv:2106.03898"



Conclusion
• Lebesgue‑style Monte Carlo with LeStrat‑Net:  

Comparable precision with far fewer evaluations and stable 
uncertainties, enabling targeted sampling of rare regions in 
high‑dimensional phase space. 

• Model‑agnostic event‑topology reconstruction:  
Formulating the combinatorial assignment as an Ising/QUBO 
optimization problem, solved by QAOA and its variants, enables robust, 
unsupervised reconstruction of event topologies on an event-by-event 
basis, without relying on model assumptions. 

• Outlook: integrate with CEPC simulation chain (generator → detector), 
benchmark on CEPC‑like processes (e⁺e⁻→ZH/WW/ZZ), and explore 
hardware‑aware quantum algorithms (FALQON/ma‑QAOA) for near-term 
quantum devices.



Back-up



Nature Communications volume 12, Article number: 6961 (2021) by Samson Wang et.al.

• With increasing size of a circuit, the gradient vanishes exponentially.

https://www.nature.com/ncomms


• FALQON (Feedback-Based Quantum Optimization): Purely QC

→i
d
dt

|ψ(t)⟩ = (HP + β(t)HM) |ψ(t)⟩

dEP

dt
= ⟨ψ(t) | i [HP + β(t)HM, HP] |ψ(t)⟩ = β(t) ⟨ψ(t) | i [HM, HP] |ψ(t)⟩

≡ A(t)β(t) < 0 if we take β(t) = − A(t − τ)

Alicia B. Magann et.al., PRL 129, 250502 (2022)

H(t) = HP + β(t)HM


