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2.1

Key Themes for This Talk
• The possibility of primordial gravitational waves 

generated from various particle physics dynamics has 
become an exciting area of exploration 

• There exist many creative ideas for novel phenomena 
and dynamics that could have generated GW

• Realizing which, if any, of these ideas was realized in 
nature requires input from additional observables and 
performing the most rigorous theoretical calculations

• The electroweak phase transition provides a unique 
“laboratory” for testing our theoretical methods and 
ideas, with LHC and Higgs factory measurements 
providing key input
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Questions

• Did the early universe undergo symmetry 
breaking through condensation ?

• What are the experimental signatures of 
this process ?

• What theoretical challenges must be met 
to address this question ?
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I. Cosmic Phase Transitions & GW
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Spontaneous Symmetry Breaking

4.4

Higgs Boson potential energy

Tc

1st order 2nd order

Increasing mh 

Barrier

High T

Low T

How did this 
transition occur ?

• Was there an EW 
phase transition ?

• Was it 1st order ?



Phase Transitions

5.1

Ehrenfest classification:

1st order PT: discontinuous first derivative of free energy
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Ehrenfest classification:

1st order PT: discontinuous first derivative of free energy
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•  nth order PT: discontinuous nth derivative of free energy

•  smooth “crossover” transition: no discontinuities in 
derivatives of the free energy
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Thermal History of Symmetry Breaking

Thanks: Yanda Wu SPCS ‘25

Inflation

Higgs 

QCD

• Free quarks & 
gluons à hadrons

• Chiral sym breaking 
à pions…



8

Thermal History of Symmetry Breaking

QCD Phase Diagram à EW Theory Analog ? 
“Dark Sector” ? Cosmological consequences ?
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Thermal History of Symmetry Breaking

Thanks: Yanda Wu SPCS ‘25

Inflation

Higgs 

QCD

• Elementary particle 
masses

SU(2)L x U(1)Y à U(1)EM 



9.2

Thermal History of Symmetry Breaking
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Thermal History of Symmetry Breaking

Thanks: Yanda Wu SPCS ‘25

Inflation

Higgs 

QCD

• Elementary particle 
masses

• Matter-antimatter asym ?

SU(2)L x U(1)Y à U(1)EM 

CPV
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Thermal History of Symmetry Breaking

Thanks: Yanda Wu SPCS ‘25

Inflation

Higgs 

QCD

• Elementary particle 
masses

• Matter-antimatter asym ?

à GW 

SU(2)L x U(1)Y à U(1)EM 
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Thermal History of Symmetry Breaking

Thanks: Yanda Wu SPCS ‘25

Inflation

Higgs 

QCD

Other ?

• Neutrino masses ?
• Cosmic strings ? 
• Dark matter ?
• Primordial black holes ?
• Hubble tension ?
• … 
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Particle Physics & GW: Spontaneous 
Symmetry Breaking

Thanks: Ye-Ling Zhou CPCS ‘24

Thanks: Fa Peng Huang CPCS ‘24

Trapping of heavy 
particles outside bubbles

à Q-Ball dark matter

GW from bubble 
collisions
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A. Addazi, SPCS 2023
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similar
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Many interesting possible 

non-astro sources: Which 

if any realized in nature? 
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11.3

A. Addazi, SPCS 2023

Taiji, Tianqin 
similar

Many interesting possible 

non-astro sources: Which 

if any realized in nature? 

Key theme for this talk: our challenge is to 
make the theory as rigorous as possible in 
order to maximize the credibility of our 
creative ideas and enable a robust 
confrontation with experiment to address 
this question



Gravitational Waves

11.4

Taiji, Tianqin 
similar

A. Addazi, SPCS 2023
• How reliably can we predict GW 

signals from non-astro sources (phase 
transitions, domain walls…) ? 

• How can we determine underlying 
fundamental physics ?

Key theme for this talk: our challenge is to 
make the theory as rigorous as possible in 
order to maximize the credibility of our 
creative ideas and enable a robust 
confrontation with experiment to address 
this question



GW: Electroweak Phase Transition

11.5

EWPT laboratory for GW micro-physics: colliders can probe 
particle physics responsible for non-astro GW sources à test 
our framework for GW microphysics at other scales 

Taiji, Tianqin 
similar

A. Addazi, SPCS 2023
• How reliably can we predict GW 

signals from non-astro sources (phase 
transitions, domain walls…) ? 

• How can we determine underlying 
fundamental physics ?
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II. Theoretical Challenges & Progress

Robust assessment of early universe 
symmetry-breaking and confrontation 
between theory and experiment faces 
significant quantum field theory challenges 



12.2

QFT Robustness

• IR Problem: limits of perturbation theory

• Nucleation @ finite T: gauge invariance

• Wall velocity: microphysics & fluid dynamics



13.1

QFT Robustness

• IR Problem: limits of perturbation theory

• Nucleation @ finite T: gauge invariance

• Wall velocity: microphysics & fluid dynamics

• Enhanced low-momentum finite T bosonic loop contributions 
can break the perturbative expansion à pert theory can’t 
determine first order / crossover boundary

• Combination of lattice computations & thermal EFT essential à 
2005.11332, 2203.05889, 2405.01191, 2409.17554 
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f
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QFT Robustness

• IR Problem: limits of perturbation theory

• Nucleation @ finite T: gauge invariance

• Wall velocity: microphysics & fluid dynamics

• Radiative (gauge sector loops) potential barrier is gauge-
dependent à conventional  nucleation rate computation not 
theoretically robust

• Reorganization of perturbative expansion yields a gauge- 
invariant computation à 2112.05472, 2112.08912

7
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Figure 3. Schematic temperature dependence of the effective potential.

at very high temperatures. The breakdown of the perturbative expansion can be postponed by
resumming the most dangerous thermal corrections by incorporating thermal mass corrections
in the propagators. The net result of such a daisy resummation is to generate an additional term
in the effective potential [32]:
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where the sum runs only over scalars and longitudinal vectors, and m2 is the field-dependent
thermal squared mass:

m2(�) = m2(�) + 5(T ), (13)

with 5(T ) / T 2 the thermal contribution to the mass.
The daisy correction is particularly important for a first-order transition because it affects

primarily the crucial cubic term. For example, suppose the contribution to the cubic term
comes from a scalar with a zero-temperature mass of m2(�) = g�2 with a thermal correction of
5(T ) =  T 2. The would-be cubic term becomes
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When 5(T ) is large relative to m2(�), this corrected expression ceases to behave as a cubic in
� and the phase transition might no longer be first-order.

When the EWPT is first-order, it proceeds by the nucleation of bubbles of the broken
phase within the surrounding plasma of the symmetric phase. Bubble nucleation is governed
by thermal tunneling [33] from the local minimum at � = 0 to a deeper minimum at � 6= 0. In
nucleating a bubble there is a competition between the decrease in free energy, proportional to
bubble volume, with the increase due to the tension of the wall, proportional to bubble area. As
such, there is a minimum radius for which a bubble can grow after it is formed, and this limits
the tunnelling rate. Bubble formation and growth only begins in earnest when this rate exceeds
the Hubble rate, which occurs at some temperature Tn < Tc, called the nucleation temperature.
Once a sufficiently large bubble is formed, it expands until it collides with other bubbles and
the Universe is filled with the broken phase. The typical profile and expansion rate of a bubble
wall can be computed from the effective potential [30, 34, 35], taking into account frictional

New Journal of Physics 14 (2012) 125003 (http://www.njp.org/)

Gauge loops
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QFT Robustness

• IR Problem: limits of perturbation theory

• Nucleation @ finite T: gauge invariance

• Wall velocity: microphysics & fluid dynamics

• Interplay between driving force (vacuum energy difference) and 
friction pressure (particle-wall interactions) decisive for 
obtaining vw  à decisive for GW probe sensitivity

• Rigorous treatment of pNORMAL non-conservation in particle-wall 
interactions via Kadanoff-Baym equations à 2504.13724
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III. The Electroweak Phase Transition



Was There and Electroweak Phase Transition

• Higgs discovery ! What was the thermal 
history of EWSB ?

• Baryogenesis ! Was the matter-antimatter 
asymmetry generated in conjunction with 
EWSB (EW baryogenesis) ?

• Gravitational waves ! If a signal observed in 
in next generation probes, could a 
cosmological phase transition be responsible ?

• Laboratory for testing phase transition physics 
! How reliable is the theory ? 

14.2
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EWSB Transition: St’d Model 
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Was There an Electroweak Phase Transition ?
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How does this picture change 
in presence of new TeV scale 
physics ? What is the phase 
diagram ? SFOEWPT ?



What Was the EWSB Thermal History ?
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Further, in order to facilitate the discussion of two-step
phase transitions, it will be useful to identify regions of
parameter space where the potential exhibits a secondary
local minimum at point!with positive masses. A straight-
forward calculation yields the condition for the existence
of a secondary minimum,
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! > 0 in Eq. (6).

In Fig. 2, we display the regions (shaded yellow and
blue) in the a2-b4 plane for which the vacuum stability
condition in Eq. (7) is satisfied, with the masses m! ¼
150 GeV and mH ¼ 125 GeV held fixed. The blue shaded
region indicates points where the requirement of Eq. (8)
is also satisfied and the potential has a secondary local
minimum at point !. To assist the reader in visualizing the
potential for various regions of parameter space, we pro-
vide illustrative plots in Fig. 3 of the potential for two
cases: (a) Equation (7) alone being satisfied, corresponding
to a representative point in the yellow region in Fig. 2, and
(b) both Eqs. (7) and (8) holding, corresponding to the
blue region in Fig. 2.

FIG. 3 (color online). Qualitative picture of the potential Vðh;"Þ of Eq. (4) in the two different regions of parameter space as
indicated in Fig. 2. Potential A (corresponding to regions A of Fig. 2) displays no critical point along the " direction, whereas Potential
B (corresponding to regions B of Fig. 2) exhibits a metastable minimum along the " direction.
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FIG. 2 (color online). Regions A (yellow striped) plus B (solid blue) indicate where the tree-level electroweak vacuum stability
condition of Eq. (7) is satisfied. Left panel: The m!-b4 plane for fixed mH ¼ 125 GeV, a2 ¼ 1:07. Right panel: the a2-b4 plane for
fixed mH ¼ 150 GeV, m! ¼ 150 GeV. The regions labeled B indicate where Eq. (8) is also satisfied and the tree-level potential
exhibits a metastable minimum along the neutral ! direction. Illustrative representations of the scalar potential for regions A and B are
indicated in the left and right panels of Fig. 3, respectively.
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condition in Eq. (7) is satisfied, with the masses m! ¼
150 GeV and mH ¼ 125 GeV held fixed. The blue shaded
region indicates points where the requirement of Eq. (8)
is also satisfied and the potential has a secondary local
minimum at point !. To assist the reader in visualizing the
potential for various regions of parameter space, we pro-
vide illustrative plots in Fig. 3 of the potential for two
cases: (a) Equation (7) alone being satisfied, corresponding
to a representative point in the yellow region in Fig. 2, and
(b) both Eqs. (7) and (8) holding, corresponding to the
blue region in Fig. 2.

FIG. 3 (color online). Qualitative picture of the potential Vðh;"Þ of Eq. (4) in the two different regions of parameter space as
indicated in Fig. 2. Potential A (corresponding to regions A of Fig. 2) displays no critical point along the " direction, whereas Potential
B (corresponding to regions B of Fig. 2) exhibits a metastable minimum along the " direction.
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indicated in the left and right panels of Fig. 3, respectively.
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Further, in order to facilitate the discussion of two-step
phase transitions, it will be useful to identify regions of
parameter space where the potential exhibits a secondary
local minimum at point!with positive masses. A straight-
forward calculation yields the condition for the existence
of a secondary minimum,
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In Fig. 2, we display the regions (shaded yellow and
blue) in the a2-b4 plane for which the vacuum stability
condition in Eq. (7) is satisfied, with the masses m! ¼
150 GeV and mH ¼ 125 GeV held fixed. The blue shaded
region indicates points where the requirement of Eq. (8)
is also satisfied and the potential has a secondary local
minimum at point !. To assist the reader in visualizing the
potential for various regions of parameter space, we pro-
vide illustrative plots in Fig. 3 of the potential for two
cases: (a) Equation (7) alone being satisfied, corresponding
to a representative point in the yellow region in Fig. 2, and
(b) both Eqs. (7) and (8) holding, corresponding to the
blue region in Fig. 2.

FIG. 3 (color online). Qualitative picture of the potential Vðh;"Þ of Eq. (4) in the two different regions of parameter space as
indicated in Fig. 2. Potential A (corresponding to regions A of Fig. 2) displays no critical point along the " direction, whereas Potential
B (corresponding to regions B of Fig. 2) exhibits a metastable minimum along the " direction.
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fixed mH ¼ 150 GeV, m! ¼ 150 GeV. The regions labeled B indicate where Eq. (8) is also satisfied and the tree-level potential
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Further, in order to facilitate the discussion of two-step
phase transitions, it will be useful to identify regions of
parameter space where the potential exhibits a secondary
local minimum at point!with positive masses. A straight-
forward calculation yields the condition for the existence
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In Fig. 2, we display the regions (shaded yellow and
blue) in the a2-b4 plane for which the vacuum stability
condition in Eq. (7) is satisfied, with the masses m! ¼
150 GeV and mH ¼ 125 GeV held fixed. The blue shaded
region indicates points where the requirement of Eq. (8)
is also satisfied and the potential has a secondary local
minimum at point !. To assist the reader in visualizing the
potential for various regions of parameter space, we pro-
vide illustrative plots in Fig. 3 of the potential for two
cases: (a) Equation (7) alone being satisfied, corresponding
to a representative point in the yellow region in Fig. 2, and
(b) both Eqs. (7) and (8) holding, corresponding to the
blue region in Fig. 2.

FIG. 3 (color online). Qualitative picture of the potential Vðh;"Þ of Eq. (4) in the two different regions of parameter space as
indicated in Fig. 2. Potential A (corresponding to regions A of Fig. 2) displays no critical point along the " direction, whereas Potential
B (corresponding to regions B of Fig. 2) exhibits a metastable minimum along the " direction.
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Further, in order to facilitate the discussion of two-step
phase transitions, it will be useful to identify regions of
parameter space where the potential exhibits a secondary
local minimum at point!with positive masses. A straight-
forward calculation yields the condition for the existence
of a secondary minimum,

1

2
m2

H >
1

2

a2
b4

!
1

2
a2v

2
0 !m2

!

"
; (8)

which requires !2
! > 0 in Eq. (6).

In Fig. 2, we display the regions (shaded yellow and
blue) in the a2-b4 plane for which the vacuum stability
condition in Eq. (7) is satisfied, with the masses m! ¼
150 GeV and mH ¼ 125 GeV held fixed. The blue shaded
region indicates points where the requirement of Eq. (8)
is also satisfied and the potential has a secondary local
minimum at point !. To assist the reader in visualizing the
potential for various regions of parameter space, we pro-
vide illustrative plots in Fig. 3 of the potential for two
cases: (a) Equation (7) alone being satisfied, corresponding
to a representative point in the yellow region in Fig. 2, and
(b) both Eqs. (7) and (8) holding, corresponding to the
blue region in Fig. 2.

FIG. 3 (color online). Qualitative picture of the potential Vðh;"Þ of Eq. (4) in the two different regions of parameter space as
indicated in Fig. 2. Potential A (corresponding to regions A of Fig. 2) displays no critical point along the " direction, whereas Potential
B (corresponding to regions B of Fig. 2) exhibits a metastable minimum along the " direction.
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We revisit the theory and phenomenology of scalar electroweak multiplet thermal dark matter.
We derive the most general, renormalizable scalar potential, assuming the presence of the Standard
Model Higgs doublet, H, and an electroweak multiplet � of arbitrary SU(2)L rank and hypercharge,
Y . We show that, in general, the �-H Higgs portal interactions depend on three, rather than two
independent couplings as has been previously considered in the literature. For the phenomenologi-
cally viable case of Y = 0 multiplets, we focus on the septuplet and quintuplet cases, and consider
the interplay of relic density and spin-independent direct detection cross section. We show that
both the relic density and direct detection cross sections depend on a single linear combination of
Higgs portal couplings, �e↵ . For �e↵ ⇠ O(1), present direct detection exclusion limits imply that
the neutral component of a scalar electroweak multiplet would comprise a subdominant fraction of
the observed DM relic density.
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Figure 3. Schematic temperature dependence of the effective potential.

at very high temperatures. The breakdown of the perturbative expansion can be postponed by
resumming the most dangerous thermal corrections by incorporating thermal mass corrections
in the propagators. The net result of such a daisy resummation is to generate an additional term
in the effective potential [32]:
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where the sum runs only over scalars and longitudinal vectors, and m2 is the field-dependent
thermal squared mass:

m2(�) = m2(�) + 5(T ), (13)

with 5(T ) / T 2 the thermal contribution to the mass.
The daisy correction is particularly important for a first-order transition because it affects

primarily the crucial cubic term. For example, suppose the contribution to the cubic term
comes from a scalar with a zero-temperature mass of m2(�) = g�2 with a thermal correction of
5(T ) =  T 2. The would-be cubic term becomes
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When 5(T ) is large relative to m2(�), this corrected expression ceases to behave as a cubic in
� and the phase transition might no longer be first-order.

When the EWPT is first-order, it proceeds by the nucleation of bubbles of the broken
phase within the surrounding plasma of the symmetric phase. Bubble nucleation is governed
by thermal tunneling [33] from the local minimum at � = 0 to a deeper minimum at � 6= 0. In
nucleating a bubble there is a competition between the decrease in free energy, proportional to
bubble volume, with the increase due to the tension of the wall, proportional to bubble area. As
such, there is a minimum radius for which a bubble can grow after it is formed, and this limits
the tunnelling rate. Bubble formation and growth only begins in earnest when this rate exceeds
the Hubble rate, which occurs at some temperature Tn < Tc, called the nucleation temperature.
Once a sufficiently large bubble is formed, it expands until it collides with other bubbles and
the Universe is filled with the broken phase. The typical profile and expansion rate of a bubble
wall can be computed from the effective potential [30, 34, 35], taking into account frictional
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First Order EWPT: Collider Probes

• G (h à gg )

• Exotic Higgs Decays

• Higgs signal strengths 

• Higgs self-coupling

• Resonant di-Higgs production

• Heavy Higgs à VV

• Associated production (Zh)
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Nucleation @ T>0: Gravitational Waves
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Particle Physics Ingredients @ T>0

Framework: 3-D high-T effective theory 2
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FIG. 1. Scale hierarcy of the finite-T system to which dimen-
sional reduction is based.

B. Three-dimensional e↵ective theories

In the case of ⌃SM , the e↵ective Lagrangian, in Lan-
dau gauge, has the schematic form

L (3)
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where the gauge, ghost and scalar parts have the same
form as in 4-d, see appendix ??, but the couplings are de-
noted with subscripts g3, µ
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The three-dimensional fields and couplings are related
to their four-dimensional counterparts by matching re-
lations presented in appendix A 2. �L (3) is the renor-
malization counterterm in 3-d and is needed for determi-
nation of lattice counterterms. Note that 3-d gluons and
interaction terms for temporal gluon C0 can be neglected,
see Ref. (singlet paper).

Since the temporal scalars A0, B0 and C0 are heavy, we
may integrate them out, leading to a simpler theory via a
matching procedure in the similar fashion as was done for
the superheavy field modes. We denote couplings in this
new theory with a macron ḡ3, µ̄

2
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the Lagrangian has the same schematic form as above.
This chain of dimensional reduction, by successively in-
tegrating out superheavy and heavy field modes, is illus-
trated in Fig. 1.

In particular, the scalar potential, after integrating out
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Matching relations for this theory are presented in Ap-
pendix ??. The triplet field is left as a dynamical degree
of freedom in this theory, and it is this e↵ective theory
that will be studied in part II of this study.

However, it is interesting to assume that triplet mass
parameter is superheavy or heavy, and integrate it out
in first or second step of dimensional reduction. In this
case, the resulting 3-d theory has scalar potential of the
form

V (�) = µ̄
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where information about the superheavy and heavy
scales is encapsulated in the 3-d parameters by matching
relations given in Appendices ??.

This e↵ective theory has the same form as the one
derived from Standard Model, studied in [? ], and ex-
isting lattice results can be applied. Properties of the
electroweak phase transition are described by lattice pa-
rameters
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The transition occurs when the y parameter changes sign
and is first-order when x is su�ciently small, 0 < x <

0.11.
Validity of the dimensional reduction can be estimated

by evaluating the omitted dimension-6 operators and es-
timating their e↵ect to a shift caused to vacuum expec-
tation values of the scalars in the e↵ective theory. In the
case of SM, this analysis is presented in Section 5.4 in
Ref. [? ]. In the case of superheavy and heavy triplet, we
can estimate the e↵ect of dimension-6 (�†

�
3)-operator by

comparing magnitude of triplet contributions to that of
top quark, which gives an e↵ect of order one percent in
the pure SM. Coe�cients for these dimension-6 terms are
given in Appendices ??.

Before turning to results in the case of superheavy or
heavy triplet for remainder of this article, we illustrate
matching procedure in more detail.

C. Matching of the parameters

As an illuminating example of how the mapping be-
tween 4-d and 3-d theories is constructed, we describe
the process in detail for the case of triplet portal cou-
pling a2, assuming that the triplet field is light and will
be left as a dynamical variable in the final theory.

The matching relation for a2,3 obtains contributions
from both the h�†

�⌃a⌃ai correlator and the di↵erent
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B. Three-dimensional e↵ective theories

In the case of ⌃SM , the e↵ective Lagrangian, in Lan-
dau gauge, has the schematic form
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The three-dimensional fields and couplings are related
to their four-dimensional counterparts by matching re-
lations presented in appendix A 2. �L (3) is the renor-
malization counterterm in 3-d and is needed for determi-
nation of lattice counterterms. Note that 3-d gluons and
interaction terms for temporal gluon C0 can be neglected,
see Ref. (singlet paper).

Since the temporal scalars A0, B0 and C0 are heavy, we
may integrate them out, leading to a simpler theory via a
matching procedure in the similar fashion as was done for
the superheavy field modes. We denote couplings in this
new theory with a macron ḡ3, µ̄
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the Lagrangian has the same schematic form as above.
This chain of dimensional reduction, by successively in-
tegrating out superheavy and heavy field modes, is illus-
trated in Fig. 1.
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Matching relations for this theory are presented in Ap-
pendix ??. The triplet field is left as a dynamical degree
of freedom in this theory, and it is this e↵ective theory
that will be studied in part II of this study.

However, it is interesting to assume that triplet mass
parameter is superheavy or heavy, and integrate it out
in first or second step of dimensional reduction. In this
case, the resulting 3-d theory has scalar potential of the
form

V (�) = µ̄
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where information about the superheavy and heavy
scales is encapsulated in the 3-d parameters by matching
relations given in Appendices ??.

This e↵ective theory has the same form as the one
derived from Standard Model, studied in [? ], and ex-
isting lattice results can be applied. Properties of the
electroweak phase transition are described by lattice pa-
rameters
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ḡ4
3

. (5)

The transition occurs when the y parameter changes sign
and is first-order when x is su�ciently small, 0 < x <

0.11.
Validity of the dimensional reduction can be estimated

by evaluating the omitted dimension-6 operators and es-
timating their e↵ect to a shift caused to vacuum expec-
tation values of the scalars in the e↵ective theory. In the
case of SM, this analysis is presented in Section 5.4 in
Ref. [? ]. In the case of superheavy and heavy triplet, we
can estimate the e↵ect of dimension-6 (�†
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3)-operator by

comparing magnitude of triplet contributions to that of
top quark, which gives an e↵ect of order one percent in
the pure SM. Coe�cients for these dimension-6 terms are
given in Appendices ??.

Before turning to results in the case of superheavy or
heavy triplet for remainder of this article, we illustrate
matching procedure in more detail.

C. Matching of the parameters

As an illuminating example of how the mapping be-
tween 4-d and 3-d theories is constructed, we describe
the process in detail for the case of triplet portal cou-
pling a2, assuming that the triplet field is light and will
be left as a dynamical variable in the final theory.

The matching relation for a2,3 obtains contributions
from both the h�†
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The three-dimensional fields and couplings are related
to their four-dimensional counterparts by matching re-
lations presented in appendix A 2. �L (3) is the renor-
malization counterterm in 3-d and is needed for determi-
nation of lattice counterterms. Note that 3-d gluons and
interaction terms for temporal gluon C0 can be neglected,
see Ref. (singlet paper).

Since the temporal scalars A0, B0 and C0 are heavy, we
may integrate them out, leading to a simpler theory via a
matching procedure in the similar fashion as was done for
the superheavy field modes. We denote couplings in this
new theory with a macron ḡ3, µ̄
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the Lagrangian has the same schematic form as above.
This chain of dimensional reduction, by successively in-
tegrating out superheavy and heavy field modes, is illus-
trated in Fig. 1.

In particular, the scalar potential, after integrating out
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ā2,3

2
�
†
�⌃a⌃a

. (3)

Matching relations for this theory are presented in Ap-
pendix ??. The triplet field is left as a dynamical degree
of freedom in this theory, and it is this e↵ective theory
that will be studied in part II of this study.

However, it is interesting to assume that triplet mass
parameter is superheavy or heavy, and integrate it out
in first or second step of dimensional reduction. In this
case, the resulting 3-d theory has scalar potential of the
form

V (�) = µ̄
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where information about the superheavy and heavy
scales is encapsulated in the 3-d parameters by matching
relations given in Appendices ??.

This e↵ective theory has the same form as the one
derived from Standard Model, studied in [? ], and ex-
isting lattice results can be applied. Properties of the
electroweak phase transition are described by lattice pa-
rameters
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The transition occurs when the y parameter changes sign
and is first-order when x is su�ciently small, 0 < x <
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Validity of the dimensional reduction can be estimated

by evaluating the omitted dimension-6 operators and es-
timating their e↵ect to a shift caused to vacuum expec-
tation values of the scalars in the e↵ective theory. In the
case of SM, this analysis is presented in Section 5.4 in
Ref. [? ]. In the case of superheavy and heavy triplet, we
can estimate the e↵ect of dimension-6 (�†
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3)-operator by

comparing magnitude of triplet contributions to that of
top quark, which gives an e↵ect of order one percent in
the pure SM. Coe�cients for these dimension-6 terms are
given in Appendices ??.

Before turning to results in the case of superheavy or
heavy triplet for remainder of this article, we illustrate
matching procedure in more detail.

C. Matching of the parameters

As an illuminating example of how the mapping be-
tween 4-d and 3-d theories is constructed, we describe
the process in detail for the case of triplet portal cou-
pling a2, assuming that the triplet field is light and will
be left as a dynamical variable in the final theory.
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The three-dimensional fields and couplings are related
to their four-dimensional counterparts by matching re-
lations presented in appendix A 2. �L (3) is the renor-
malization counterterm in 3-d and is needed for determi-
nation of lattice counterterms. Note that 3-d gluons and
interaction terms for temporal gluon C0 can be neglected,
see Ref. (singlet paper).

Since the temporal scalars A0, B0 and C0 are heavy, we
may integrate them out, leading to a simpler theory via a
matching procedure in the similar fashion as was done for
the superheavy field modes. We denote couplings in this
new theory with a macron ḡ3, µ̄

2
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the Lagrangian has the same schematic form as above.
This chain of dimensional reduction, by successively in-
tegrating out superheavy and heavy field modes, is illus-
trated in Fig. 1.
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Matching relations for this theory are presented in Ap-
pendix ??. The triplet field is left as a dynamical degree
of freedom in this theory, and it is this e↵ective theory
that will be studied in part II of this study.

However, it is interesting to assume that triplet mass
parameter is superheavy or heavy, and integrate it out
in first or second step of dimensional reduction. In this
case, the resulting 3-d theory has scalar potential of the
form

V (�) = µ̄
2
�,3�

†
� + �̄3(�

†
�)2, (4)

where information about the superheavy and heavy
scales is encapsulated in the 3-d parameters by matching
relations given in Appendices ??.

This e↵ective theory has the same form as the one
derived from Standard Model, studied in [? ], and ex-
isting lattice results can be applied. Properties of the
electroweak phase transition are described by lattice pa-
rameters
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The transition occurs when the y parameter changes sign
and is first-order when x is su�ciently small, 0 < x <
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Validity of the dimensional reduction can be estimated

by evaluating the omitted dimension-6 operators and es-
timating their e↵ect to a shift caused to vacuum expec-
tation values of the scalars in the e↵ective theory. In the
case of SM, this analysis is presented in Section 5.4 in
Ref. [? ]. In the case of superheavy and heavy triplet, we
can estimate the e↵ect of dimension-6 (�†
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3)-operator by

comparing magnitude of triplet contributions to that of
top quark, which gives an e↵ect of order one percent in
the pure SM. Coe�cients for these dimension-6 terms are
given in Appendices ??.

Before turning to results in the case of superheavy or
heavy triplet for remainder of this article, we illustrate
matching procedure in more detail.

C. Matching of the parameters

As an illuminating example of how the mapping be-
tween 4-d and 3-d theories is constructed, we describe
the process in detail for the case of triplet portal cou-
pling a2, assuming that the triplet field is light and will
be left as a dynamical variable in the final theory.

The matching relation for a2,3 obtains contributions
from both the h�†
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, leading to a reduction in Br!H1 !
SMÞ. In addition, models with two Higgs doublets
lead to an additionalCP-odd scalar (A0) and physical
charged Higgses (H#) and one could have exotic
Higgs properties such as vanishing couplings to
matter (‘‘fermiophobia’’).
In contrast, for models containing both an SU!2ÞL
doublet and triplet, mixing between neutral flavor
states is generally suppressed due to constraints aris-
ing from the !-parameter. Consequently, the effect
on EWPO is typically less pronounced than in the
singlet or multiple doublet models, and the modifi-
cation of SM-like Higgs production is not suffi-
ciently large to allow one to evade the LEP II
bounds. On the other hand, the !0 can be stable, as
noted above. In this case, one can expect a relatively
long-lived charged scalar, leading to the possibility
of distinctive charged track events at colliders. When
the neutral tripletlike scalar is not stable, its branch-
ing ratios can differ significantly from those of the
heavier neutral scalar in the singlet or two Higgs
doublet scenarios, due to differences in the couplings
to gauge bosons.

(ii) The complex and real triplet scenarios lead to dis-
tinctive features in both production and decay. For
example, a complex triplet (as in left-right symmet-
ric models [18]), "$ !1; 3; 1Þ, couples to SM lep-
tons leading to the Type-II seesaw mechanism [19]
for neutrino masses. In this case one has the possi-
bility of observing lepton number violation through
the decays Hþþ ! eþi e

þ
j and using the associated

production HþþH& one can distinguish this model
easily [20].

In what follows, we focus on the extension of the SM
with a real triplet, which we denote the ‘‘!SM’’, and
explore all features in detail. The model predicts the ex-
istence of light charged Higgses that can be considered as
pseudo-Goldstone bosons. We find that in the !SM the
predictions for the decay of the SM-like Higgs into two
photons can differ substantially from the predictions in the
StandardModel due to contributions from the light charged
scalar to the one-loop decay amplitude. In the case when
one assumes that the neutral tripletlike Higgs has a vanish-
ing vev and is responsible for a fraction of the cold dark
matter density in the Universe, one expects the charged
scalars to be long-lived, leading to distinctive single or
double charged track plus E6 T events at the LHC. For non-
vanishing triplet vev, the two-photon decays of the triplet-
like neutral scalar can lead to a substantial rate for ""#$
and ""b #b final states in Drell-Yan production of tripletlike
scalar pairs. It may also be possible to discover the!SM by
searching for b #b#þ E6 T events associated with the had-
ronic decays of the tau lepton.

This article is organized as follows: In Sec. II we discuss
the basic structure of the model that underlies these expec-

tations, including the various possibilities it provides for
symmetry-breaking. Section II C gives the model’s phe-
nomenological constraints, including those arising from
EWPO and cosmology. In Secs. III and IV, respectively,
we analyze the features of Higgs decays and production
relevant to both the LHC and Tevatron, including the
dependence of these features on the key parameters of
the model as well as a detailed study of the SM back-
grounds. In particular, we discuss the prominent signatures
of the !SM noted above. In the last section we summarize
the distinctive features of the model in comparison with
other scenarios for EWSB. A few technical details appear
in the Appendices.

II. A TRIPLET EXTENSION OF THE STANDARD
MODEL

In this section we study the main properties of the triplet
extension of the Standard Model, wherein the scalar sector
is composed of the SM Higgs, H$ !1; 2; 1=2Þ, and a real
triplet, !$ !1; 3; 0Þ. The Lagrangian of the scalar sector is
given by

Lscalar ¼ !D%HÞy!D%HÞ þ Tr!D%!Þy!D%!Þ & V!H;!Þ;
(1)

where HT ¼ !&þ;&0Þ is the SM Higgs and the real triplet
can be written as

! ¼ 1

2
!0

!!!
2

p
!þ!!!

2
p

!& &!0

 !
(2)

with !0 being real, !þ ¼ !!&Þ( and

D%! ¼ @%!þ ig½ ~A%;!*; where ~A% ¼
X3

a¼1

Aa
%T

a:

(3)

Here Aa
% and Ta are the gauge bosons and the generators of

the group. The most general renormalizable scalar poten-
tial is

V!H;!Þ ¼ &%2HyH þ '0!HyHÞ2 &M2
! Tr!2 þ '1 Tr!

4

þ '2!Tr!2Þ2 þ (!HyHÞTr!2 þ )Hy!2H

þ a1H
y!H; (4)

where all parameters are real. Notice that Tr!n ¼ 0, with n
odd. We present a more compact form of the potential,

V!H;!Þ ¼ &%2HyH þ '0!HyHÞ2 & 1

2
M2

!Fþ b4
4
F2

þ a1H
y!H þ a2

2
HyHF; (5)
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Simple Higgs portal models:

• Real gauge singlet (SM + 1)

• Real EW triplet (SM + 3)

V          a1 H2f  + a2 H2f2U
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Small

MH1
> 2MH2

, leading to a reduction in Br!H1 !
SMÞ. In addition, models with two Higgs doublets
lead to an additionalCP-odd scalar (A0) and physical
charged Higgses (H#) and one could have exotic
Higgs properties such as vanishing couplings to
matter (‘‘fermiophobia’’).
In contrast, for models containing both an SU!2ÞL
doublet and triplet, mixing between neutral flavor
states is generally suppressed due to constraints aris-
ing from the !-parameter. Consequently, the effect
on EWPO is typically less pronounced than in the
singlet or multiple doublet models, and the modifi-
cation of SM-like Higgs production is not suffi-
ciently large to allow one to evade the LEP II
bounds. On the other hand, the !0 can be stable, as
noted above. In this case, one can expect a relatively
long-lived charged scalar, leading to the possibility
of distinctive charged track events at colliders. When
the neutral tripletlike scalar is not stable, its branch-
ing ratios can differ significantly from those of the
heavier neutral scalar in the singlet or two Higgs
doublet scenarios, due to differences in the couplings
to gauge bosons.

(ii) The complex and real triplet scenarios lead to dis-
tinctive features in both production and decay. For
example, a complex triplet (as in left-right symmet-
ric models [18]), "$ !1; 3; 1Þ, couples to SM lep-
tons leading to the Type-II seesaw mechanism [19]
for neutrino masses. In this case one has the possi-
bility of observing lepton number violation through
the decays Hþþ ! eþi e

þ
j and using the associated

production HþþH& one can distinguish this model
easily [20].

In what follows, we focus on the extension of the SM
with a real triplet, which we denote the ‘‘!SM’’, and
explore all features in detail. The model predicts the ex-
istence of light charged Higgses that can be considered as
pseudo-Goldstone bosons. We find that in the !SM the
predictions for the decay of the SM-like Higgs into two
photons can differ substantially from the predictions in the
StandardModel due to contributions from the light charged
scalar to the one-loop decay amplitude. In the case when
one assumes that the neutral tripletlike Higgs has a vanish-
ing vev and is responsible for a fraction of the cold dark
matter density in the Universe, one expects the charged
scalars to be long-lived, leading to distinctive single or
double charged track plus E6 T events at the LHC. For non-
vanishing triplet vev, the two-photon decays of the triplet-
like neutral scalar can lead to a substantial rate for ""#$
and ""b #b final states in Drell-Yan production of tripletlike
scalar pairs. It may also be possible to discover the!SM by
searching for b #b#þ E6 T events associated with the had-
ronic decays of the tau lepton.

This article is organized as follows: In Sec. II we discuss
the basic structure of the model that underlies these expec-

tations, including the various possibilities it provides for
symmetry-breaking. Section II C gives the model’s phe-
nomenological constraints, including those arising from
EWPO and cosmology. In Secs. III and IV, respectively,
we analyze the features of Higgs decays and production
relevant to both the LHC and Tevatron, including the
dependence of these features on the key parameters of
the model as well as a detailed study of the SM back-
grounds. In particular, we discuss the prominent signatures
of the !SM noted above. In the last section we summarize
the distinctive features of the model in comparison with
other scenarios for EWSB. A few technical details appear
in the Appendices.

II. A TRIPLET EXTENSION OF THE STANDARD
MODEL

In this section we study the main properties of the triplet
extension of the Standard Model, wherein the scalar sector
is composed of the SM Higgs, H$ !1; 2; 1=2Þ, and a real
triplet, !$ !1; 3; 0Þ. The Lagrangian of the scalar sector is
given by

Lscalar ¼ !D%HÞy!D%HÞ þ Tr!D%!Þy!D%!Þ & V!H;!Þ;
(1)

where HT ¼ !&þ;&0Þ is the SM Higgs and the real triplet
can be written as

! ¼ 1

2
!0

!!!
2

p
!þ!!!

2
p

!& &!0

 !
(2)

with !0 being real, !þ ¼ !!&Þ( and

D%! ¼ @%!þ ig½ ~A%;!*; where ~A% ¼
X3

a¼1

Aa
%T

a:

(3)

Here Aa
% and Ta are the gauge bosons and the generators of

the group. The most general renormalizable scalar poten-
tial is

V!H;!Þ ¼ &%2HyH þ '0!HyHÞ2 &M2
! Tr!2 þ '1 Tr!

4

þ '2!Tr!2Þ2 þ (!HyHÞTr!2 þ )Hy!2H

þ a1H
y!H; (4)

where all parameters are real. Notice that Tr!n ¼ 0, with n
odd. We present a more compact form of the potential,

V!H;!Þ ¼ &%2HyH þ '0!HyHÞ2 & 1

2
M2

!Fþ b4
4
F2

þ a1H
y!H þ a2

2
HyHF; (5)
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Real Triplet & EWPT: Novel EWSB

Niemi, R-M, Tenkanen, Weir 2005.11332
• 1 or 2 step
• Non-perturbative
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Further, in order to facilitate the discussion of two-step
phase transitions, it will be useful to identify regions of
parameter space where the potential exhibits a secondary
local minimum at point!with positive masses. A straight-
forward calculation yields the condition for the existence
of a secondary minimum,

1

2
m2

H >
1

2

a2
b4

!
1

2
a2v

2
0 !m2

!

"
; (8)

which requires !2
! > 0 in Eq. (6).

In Fig. 2, we display the regions (shaded yellow and
blue) in the a2-b4 plane for which the vacuum stability
condition in Eq. (7) is satisfied, with the masses m! ¼
150 GeV and mH ¼ 125 GeV held fixed. The blue shaded
region indicates points where the requirement of Eq. (8)
is also satisfied and the potential has a secondary local
minimum at point !. To assist the reader in visualizing the
potential for various regions of parameter space, we pro-
vide illustrative plots in Fig. 3 of the potential for two
cases: (a) Equation (7) alone being satisfied, corresponding
to a representative point in the yellow region in Fig. 2, and
(b) both Eqs. (7) and (8) holding, corresponding to the
blue region in Fig. 2.

FIG. 3 (color online). Qualitative picture of the potential Vðh;"Þ of Eq. (4) in the two different regions of parameter space as
indicated in Fig. 2. Potential A (corresponding to regions A of Fig. 2) displays no critical point along the " direction, whereas Potential
B (corresponding to regions B of Fig. 2) exhibits a metastable minimum along the " direction.
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FIG. 2 (color online). Regions A (yellow striped) plus B (solid blue) indicate where the tree-level electroweak vacuum stability
condition of Eq. (7) is satisfied. Left panel: The m!-b4 plane for fixed mH ¼ 125 GeV, a2 ¼ 1:07. Right panel: the a2-b4 plane for
fixed mH ¼ 150 GeV, m! ¼ 150 GeV. The regions labeled B indicate where Eq. (8) is also satisfied and the tree-level potential
exhibits a metastable minimum along the neutral ! direction. Illustrative representations of the scalar potential for regions A and B are
indicated in the left and right panels of Fig. 3, respectively.
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Real Triplet & EWPT: Novel EWSB

Niemi, R-M, Tenkanen, Weir 2005.11332
• 1 or 2 step
• Non-perturbative

Crossover
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Further, in order to facilitate the discussion of two-step
phase transitions, it will be useful to identify regions of
parameter space where the potential exhibits a secondary
local minimum at point!with positive masses. A straight-
forward calculation yields the condition for the existence
of a secondary minimum,

1

2
m2

H >
1

2

a2
b4

!
1

2
a2v

2
0 !m2

!

"
; (8)

which requires !2
! > 0 in Eq. (6).

In Fig. 2, we display the regions (shaded yellow and
blue) in the a2-b4 plane for which the vacuum stability
condition in Eq. (7) is satisfied, with the masses m! ¼
150 GeV and mH ¼ 125 GeV held fixed. The blue shaded
region indicates points where the requirement of Eq. (8)
is also satisfied and the potential has a secondary local
minimum at point !. To assist the reader in visualizing the
potential for various regions of parameter space, we pro-
vide illustrative plots in Fig. 3 of the potential for two
cases: (a) Equation (7) alone being satisfied, corresponding
to a representative point in the yellow region in Fig. 2, and
(b) both Eqs. (7) and (8) holding, corresponding to the
blue region in Fig. 2.

FIG. 3 (color online). Qualitative picture of the potential Vðh;"Þ of Eq. (4) in the two different regions of parameter space as
indicated in Fig. 2. Potential A (corresponding to regions A of Fig. 2) displays no critical point along the " direction, whereas Potential
B (corresponding to regions B of Fig. 2) exhibits a metastable minimum along the " direction.
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FIG. 2 (color online). Regions A (yellow striped) plus B (solid blue) indicate where the tree-level electroweak vacuum stability
condition of Eq. (7) is satisfied. Left panel: The m!-b4 plane for fixed mH ¼ 125 GeV, a2 ¼ 1:07. Right panel: the a2-b4 plane for
fixed mH ¼ 150 GeV, m! ¼ 150 GeV. The regions labeled B indicate where Eq. (8) is also satisfied and the tree-level potential
exhibits a metastable minimum along the neutral ! direction. Illustrative representations of the scalar potential for regions A and B are
indicated in the left and right panels of Fig. 3, respectively.
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Real Triplet & EWPT: Novel EWSB

Niemi, R-M, Tenkanen, Weir 2005.11332
• 1 or 2 step
• Non-perturbative
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Further, in order to facilitate the discussion of two-step
phase transitions, it will be useful to identify regions of
parameter space where the potential exhibits a secondary
local minimum at point!with positive masses. A straight-
forward calculation yields the condition for the existence
of a secondary minimum,

1

2
m2

H >
1

2

a2
b4

!
1

2
a2v

2
0 !m2

!

"
; (8)

which requires !2
! > 0 in Eq. (6).

In Fig. 2, we display the regions (shaded yellow and
blue) in the a2-b4 plane for which the vacuum stability
condition in Eq. (7) is satisfied, with the masses m! ¼
150 GeV and mH ¼ 125 GeV held fixed. The blue shaded
region indicates points where the requirement of Eq. (8)
is also satisfied and the potential has a secondary local
minimum at point !. To assist the reader in visualizing the
potential for various regions of parameter space, we pro-
vide illustrative plots in Fig. 3 of the potential for two
cases: (a) Equation (7) alone being satisfied, corresponding
to a representative point in the yellow region in Fig. 2, and
(b) both Eqs. (7) and (8) holding, corresponding to the
blue region in Fig. 2.

FIG. 3 (color online). Qualitative picture of the potential Vðh;"Þ of Eq. (4) in the two different regions of parameter space as
indicated in Fig. 2. Potential A (corresponding to regions A of Fig. 2) displays no critical point along the " direction, whereas Potential
B (corresponding to regions B of Fig. 2) exhibits a metastable minimum along the " direction.

100 120 140 160 180 200
0.0

0.5

1.0

1.5

2.0

m
b 4

mH 125 GeV, a2 1.07

EW vacuum
unstable

AB

2 1 0 1 2

0.0

0.5

1.0

1.5

2.0
m

b 4

mH 125 GeV 150 GeV,

a2

EW vacuum
unstable

A B

FIG. 2 (color online). Regions A (yellow striped) plus B (solid blue) indicate where the tree-level electroweak vacuum stability
condition of Eq. (7) is satisfied. Left panel: The m!-b4 plane for fixed mH ¼ 125 GeV, a2 ¼ 1:07. Right panel: the a2-b4 plane for
fixed mH ¼ 150 GeV, m! ¼ 150 GeV. The regions labeled B indicate where Eq. (8) is also satisfied and the tree-level potential
exhibits a metastable minimum along the neutral ! direction. Illustrative representations of the scalar potential for regions A and B are
indicated in the left and right panels of Fig. 3, respectively.
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GW & EWPT Phase Diagram 

Friedrich, MJRM, Tenkanen, Tran 2203.05889

• Single step transition: GW well outside LISA sensitivity
• Second step of 2-step transition can be observable
• Significant GW sensitivity to portal coupling
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GW & Collider : EWPT Phase Diagram
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GW & Collider : EWPT Phase Diagram

• Two-step
• EFT+ Non-perturbative

BMA: mS + hà gg

BMA’ : BMA + S0à ZZ

2nd Step

Lisa

Crossover
1 Step FO

BMA

BMA’

Friedrich, MJRM, Tenkanen, Tran 2203.05889

Significant vw 
dependence

How to compute vw reliably ?

Real triplet extension
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Simple Higgs portal models:

• Real gauge singlet (SM + 1)

• Real EW triplet (SM + 3)
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Gravitational Radiation & Colliders

33.1

LISA sensitivity First order EWPT

HL LHC di-Higgs

MJRM, T.V.I. Tenkanen, V.Q. Tran, 2409.17554



Gravitational Radiation & Colliders

33.2CEPC BSM white paper, 2505.24810 (V.Q. Tran…)
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34.1

V1. Outlook
• The possibility of primordial gravitational waves 

generated from various particle physics dynamics has 
become an exciting area of exploration 

• There exist many creative ideas for novel phenomena 
and dynamics that could have generated GW

• Realizing which, if any, of these ideas was realized in 
nature requires input from additional observables and 
performing the most rigorous theoretical calculations

• The electroweak phase transition provides a unique 
“laboratory” for testing our theoretical methods and 
ideas, with LHC and Higgs factory measurements 
providing key input



34.2

V1. Outlook
• The possibility of primordial gravitational waves 

generated from various particle physics dynamics has 
become an exciting area of exploration 

• There exist many creative ideas for novel phenomena 
and dynamics that could have generated GW

• Realizing which, if any, of these ideas was realized in 
nature requires input from additional observables and 
performing the most rigorous theoretical calculations

• The electroweak phase transition provides a unique 
“laboratory” for testing our theoretical methods and 
ideas, with LHC and Higgs factory measurements 
providing key input

Recent progress with EFT, lattice, 
rigorous QFT…more challenges remain

谢谢！
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VI. Quantum Field Theory Challenges
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Theoretical Robustness

• IR Problem

• Nucleation @ finite T: gauge invariance

• Wall velocity
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EWPT & Perturbation Theory: IR Problem

Bosonic loop at T>0
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EWPT & Perturbation Theory: IR Problem

Bosonic loop at T>0
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Êsph(T ) =
4⇡v̄(T )

g
B(�/g

2
) (6)

'(µ = ⇡/2, ⇠, ✓,�) =
v
p
2
f(⇠)U

1
(µ = ⇡/2)

✓
0

1

◆
(7)

U
1
(µ = ⇡/2) =

1

r

✓
z x+ iy

�x+ iy z

◆
(8)

Ar(µ, r, ✓,�) = 0 (9)

'(µ, r, ✓,�) = [1� h(r)]

✓
0

e
�iµ

cosµ

◆
+ h(r)'

1
(µ, ✓,�) (10)

A{✓,�}(µ, r, ✓,�) = f(r)A
1
{✓,�}(✓,�) (11)

'
1
(µ, ✓,�) =

✓
sinµ sin ✓e

i�

e
�iµ

(cosµ+ i sinµ cos ✓)

◆
(12)

1

I(T ) = g
2

Z
d
3
p

(2⇡)3
fB(E, T )

1

(p2 +m2)n
(1)

fB(E, T ) �!
T

m
(2)

I(T ) �!
g
2
T

m

Z

I.R.

d
3
p

(2⇡)3

1

(p2 +m2)n
(3)

m
2
(', T ) ⇠ C1 g

2
'
2
+ C2 g

2
T

2
⌘ m

2

T
(') (4)

Esph(T = 0) =
4⇡v

g
B(�/g

2
) (5)
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B3.4

EWPT & Perturbation Theory: IR Problem

Bosonic loop at T>0
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Êsph(T ) =
4⇡v̄(T )

g
B(�/g

2
) (6)

'(µ = ⇡/2, ⇠, ✓,�) =
v
p
2
f(⇠)U

1
(µ = ⇡/2)

✓
0

1

◆
(7)

U
1
(µ = ⇡/2) =

1

r

✓
z x+ iy

�x+ iy z

◆
(8)

Ar(µ, r, ✓,�) = 0 (9)

'(µ, r, ✓,�) = [1� h(r)]

✓
0

e
�iµ

cosµ

◆
+ h(r)'

1
(µ, ✓,�) (10)

A{✓,�}(µ, r, ✓,�) = f(r)A
1
{✓,�}(✓,�) (11)

'
1
(µ, ✓,�) =

✓
sinµ sin ✓e

i�

e
�iµ

(cosµ+ i sinµ cos ✓)

◆
(12)

1

I(T ) = g
2

Z
d
3
p

(2⇡)3
fB(E, T )

1

(p2 +m2)n
(1)

fB(E, T ) �!
T

m
(2)

I(T ) �!
g
2
T

m

Z

I.R.

d
3
p

(2⇡)3

1

(p2 +m2)n
(3)

m
2
(', T ) ⇠ C1 g

2
'
2
+ C2 g

2
T

2
⌘ m

2

T
(') (4)

Esph(T = 0) =
4⇡v

g
B(�/g

2
) (5)
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B3.5

EWPT & Perturbation Theory: IR Problem

Bosonic loop at T>0
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• Near phase transition: j ~ 0

• mT (j ) < g T



B4

EWPT & Perturbation Theory

Expansion parameter

SM lattice studies: geff ~ 0.8 in vicinity of EWPT for 
mH ~ 70 GeV *

* Kajantie et al, NPB 466 (1996) 189; hep/lat 9510020 [see sec 10.1]

Infrared sensitive 
near phase trans
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B5.1

Challenges for Theory

• I.R. problem: poor 
convergence

• Thermal resummations

• Gauge Invariance 
(radiative barriers)

• RG invariance at T>0

Perturbation theory Non-perturbative (I.R.) 

• Computationally and labor 
intensive
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Challenges for Theory

• I.R. problem: poor 
convergence

• Thermal resummations

• Gauge Invariance 
(radiative barriers)

• RG invariance at T>0

Perturbation theory Non-perturbative (I.R.) 

• Computationally and labor 
intensive

BSM proposals 



B6

Simplest Model

SM Higgs + BSM Scalar

H f
“Non-perturbative” (lattice) methods

• Discretize space
• H, f take on different values 

at each site
• Vary field values using 

Monte Carlo methods
• Parameters depend on T 
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Theory Meets Phenomenology

A. Non-perturbative

B. Perturbative

• Most reliable determination of character 
of EWPT & dependence on parameters

• Broad survey of scenarios & parameter 
space not viable

• Most feasible approach to survey broad 
ranges of models, analyze parameter 
space, & predict experimental signatures

• Quantitative reliability needs to be verified 
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Theory Meets Phenomenology

A. Non-perturbative

B. Perturbative

• Most reliable determination of character 
of EWPT & dependence on parameters

• Broad survey of scenarios & parameter 
space not viable

• Most feasible approach to survey broad 
ranges of models, analyze parameter 
space, & predict experimental signatures

• Quantitative reliability needs to be verified 

Benchmark pert theory
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III. Theoretical Robustness

• IR Problem

• Nucleation @ finite T: gauge invariance

• Wall velocity
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BSM Scalar:  EWPT & GW

3d SM-like 

EFT

Latent heat

LISA SNRDynamical BSM 
scalars( D

ur
at

io
n)

-1

Collider probes of 
BSM parameters 
in  L full 

h

f

TEW
h

f

Tf TEW

Gould, Kozaczuk, Niemi, R-M, Tenkanen, Weir 1903.11604

Radiative barrier from gauge sector 

Integrate out 
BSM DOF



B10.1

Tunneling @ T>0

Tunneling rate / unit volume:
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Tunneling @ T>0

Tunneling rate / unit volume:
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B10.3

Tunneling @ T>0

Tunneling rate / unit volume:
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B11.1

SSB @ T>0 : Power Counting

T=0 parameter < 0 Thermal corrections > 0

Lofgren, MRM, Tenkanen, 
Schicho 2112.0752 à PRL



B11.2

SSB @ T>0 : Power Counting

T=0 parameter < 0 Thermal corrections > 0

Near cancellation for T ~ TC

µ 2eff ~ O (g2+N T 2 ) < O (g2 T 2 ) 

For a range of T ~ Tnuc : N = 1

Lofgren, MRM, Tenkanen, 
Schicho 2112.0752 à PRL



B12

Power Counting

f  ~  T

 l  ~  g 3 

 µ 2 ~  g 2 T 2

 µeff 
2 ~  g 3 T 2 

Radiative barrier: 
x-independent

Lofgren, MRM, Tenkanen, 
Schicho 2112.0752 à PRL



B13.1

(Re) Organize the Perturbative Expansion
Illustrate w/ Abelian Higgs

Full 3D effective action 

Adopt appropriate power-counting in couplings 

• Lofgren, MRM, Tenkanen, 
Schicho 2112.0752 à PRL

• Hirvonen, Lofgren, MRM, 
Tenkanen, Schicho 2112.08912 



B14.2

(Re) Organize the Perturbative Expansion
Illustrate w/ Abelian Higgs

Full 3D effective action 

Adopt appropriate power-counting in couplings 

G.I. pertubative expansion only valid 
up to NLO à D: higher order 
contributions only via other methods

• Lofgren, MRM, Tenkanen, 
Schicho 2112.0752 à PRL

• Hirvonen, Lofgren, MRM, 
Tenkanen, Schicho 2112.08912 

G.I. pertubative expansion



B15

Tunneling @ T>0: G.I. & Nielsen Identities

Adopt appropriate power-counting in couplings 

Order-by-order consistent with Nielsen Identities

Numerical comparison with 
conventional approach

Conventional: 
0 < x < 4

S3 to O (g-1/2 ) : 
0 < x < 4

Lofgren, MRM, Tenkanen, 
Schicho 2112.0752 à PRL



B16

III. Theoretical Robustness

• IR Problem

• Nucleation @ finite T: gauge invariance

• Wall velocity



B17.1

Computing Wall Velocity

Lwall

m(x) 

Lwall Lwall

Mass variation

Splitting Scattering & annihilation

LISA SNR



B17.2

Computing Wall Velocity

Lwall

m(x) 

Lwall Lwall

Mass variation

Splitting Scattering & annihilation

Total friction pressure m(x)

Splitting + scatt 
& annihilation

MJRM, J. Zhu 2504.13724



B17.3

Computing Wall Velocity

Lwall

m(x) 

Lwall Lwall

Mass variation

Splitting Scattering & annihilation

Total friction pressure m(x)

Splitting + scatt 
& annihilation

MJRM, J. Zhu 2504.13724



B17.4

Computing Wall Velocity

Lwall

m(x) 

Lwall Lwall

Mass variation

Splitting Scattering & annihilation

Total friction pressure m(x)

Splitting + scatt 
& annihilation

Normal momentum non-conservation

MJRM, J. Zhu 2504.13724
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Computing Wall Velocity
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B18.2

Computing Wall Velocity
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EOM Kadanoff-Baym à Boltzmann



B18.3

Computing Wall Velocity
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EOM Kadanoff-Baym à Boltzmann

Lwall
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Lwall



B19.1

Computing Wall Velocity
Kadanoff-Baym “constraint eq”

Project out distribution functions

Gradient expansion except on d fns

MJRM, J. Zhu 2504.13724



B19.2

Computing Wall Velocity
Wigner transformed 
Wightman functions 

“Diamond operator”

Kadanoff-Baym “constraint eq”

Project out distribution functions

Gradient expansion except on d fns

MJRM, J. Zhu 2504.13724



B19.3

Computing Wall Velocity
Wigner transformed 
Wightman functions 

“Diamond operator”

Kadanoff-Baym “constraint eq”

Project out distribution functions

Gradient expansion except on d fns

Collision term: pz non-cons
mass variation

MJRM, J. Zhu 2504.13724



Gravitational Radiation

B20
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hḣ2

ij
i (2)

⌦GW =
⇢GW

⇢TOT

(3)
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the PT is deposited in a thin shell close to the PT front. The energy in each shell is

then assumed to quickly disperse after colliding with another shell such that the energy is

primarily stored in the envelope of uncollided shells 3. Numerical simulations utilizing the

envelope approximation suggest that the GW contribution to the spectrum is given by [16]

h2⌦env(f) = 1.67⇥ 10�5

✓
H⇤

�

◆2 ✓ ↵

1 + ↵

◆2 ✓100

g⇤

◆ 1
3
✓

0.11 v3w
0.42 + v2w

◆
Senv(f) , (7)

where Senv(f) parametrises the spectral shape of the GW radiation. A fit to simulation

data [16] yields

Senv(f) =
3.8 (f/fenv)2.8

1 + 2.8 (f/fenv)3.8
, (8)

with the slopes of the spectrum in the limit of small and large frequencies given respectively

by Senv / f q with q = 2.8 and Senv / f�p with p = 1. Causality implies that at low

frequency the spectral index is q = 3 [28]. This has to be the case at least for frequencies

smaller than the inverse Hubble horizon at GW production, Eq. (11). However, q = 2.8

provides a better fit to the simulated result close to the peak of the spectrum and we adopt

this spectral index in the following.

The peak frequency of the contribution to the spectrum from bubble collisions, fenv, is

determined by the characteristic time-scale of the PT, i.e. its duration 1/� [25, 28]. From

simulations, the peak frequency (at t⇤) is approximately given by [16]

f⇤
�

=

✓
0.62

1.8� 0.1vw + v2w

◆
. (9)

This value is then red-shifted to yield the peak frequency today [14],

fenv = 16.5⇥ 10�3 mHz

✓
f⇤
�

◆ ✓
�

H⇤

◆✓
T⇤

100GeV

◆⇣ g⇤
100

⌘ 1
6
. (10)

In going from Eq. (9) to Eq. (10) we use the value of the inverse Hubble time at GW

production, redshifted to today,

h⇤ = 16.5⇥ 10�3 mHz

✓
T⇤

100GeV

◆⇣ g⇤
100

⌘ 1
6

(11)

along with the assumption that the Universe transitioned directly to a radiation-dominated

phase after the PT and has expanded adiabatically ever since.

3The envelope approximation we adopt here neglects the fact that the scalar field can perform oscillations

as it settles into the true vacuum after wall collisions, as demonstrated e.g. in [27].
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The envelope approximation can be readily applied to the GW contribution arising from

the scalar field itself,

h2⌦�(f) = h2⌦env(f)
��
=�

, (12)

where � denotes the fraction of latent heat transformed into the kinetic energy of the scalar

field. Its size depends on the details of the bubble expansion, as we discuss in Section 2.2.

2.1.2 Sound Waves

Percolation produces bulk motion in the fluid in the form of sound waves. Acoustic produc-

tion of GWs is an area of active research, and a definitive model covering all relevant vw and

↵ is not yet available [17, 20]. For generic values of vw (meaning values more than about

10% away from the sound speed or the speed of light), the numerical results of [20] are fitted

reasonably by

h2⌦sw(f) = 2.65⇥ 10�6
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vw Ssw(f) , (13)

where the e�ciency v denotes the fraction of latent heat that is transformed into bulk

motion of the fluid, and depends on the expansion mode of the bubble (see Section 2.2).

The numerical simulations performed in Ref. [20] indicate that the contribution from

acoustic production can be modelled by a broken power law, with the causal slope q = 3

for values of the frequency below the peak frequency, and a power law �p above the peak,

with p & 3. It can be shown that the signal-to-noise ratios for GW detection are rather

insensitive to the precise value of p if it is greater than 3. For the purposes of this analysis

we take p = 4. We adopt the following spectral shape Ssw(f) in Eq. (13):

Ssw(f) = (f/fsw)
3

✓
7

4 + 3 (f/fsw)2

◆7/2

. (14)

The peak frequency fsw is not yet well understood. The overall scale is set by the

average bubble separation R⇤ = (8⇡)
1
3vw/�, but the peak position is found numerically to

be less than R⇤. A conservative estimate that complies with the above spectral shape is

fsw = (2/
p
3)(�/vw), which, after redshifting, becomes

fsw = 1.9⇥ 10�2 mHz
1

vw
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The parametric dependence of the GW spectrum in Eq. (13) di↵ers by a factor �/H⇤

with respect to the envelope result in Eq. (7). The enhancement of the spectral amplitude by

8

a factor �/H⇤ for long-lasting sources w.r.t to short lasting ones has been predicted on the

basis of analytical arguments in Ref. [25]. Simulations show that the sound waves typically

remain active as a source of GW much longer than the collisions of the bubble walls [20]. We

therefore believe that the �/H⇤ factor is tied to the duration of the source, and is robust. The

same amplification is observed in the case of MHD turbulence which is also a long-lasting

source (it takes several Hubble times to dissipate [25]).

We emphasize that the simulations used to arrive at Eqs. (13)–(15) were restricted to

values of ↵ . 0.1 and the maximum root mean square fluid velocity
p
↵v was about

0.05. The extent to which the results of these simulations can be extrapolated to larger ↵

remains to be investigated. In particular, we expect that the development of weak shocks at

tsh ⇠ (vw/
p
↵v)��1 (see e.g. [29]) will eventually convert the acoustic signal to a turbulent

one, described in the next section. We urge the reader to keep this in mind when interpreting

our results below.

2.1.3 MHD Turbulence

Percolation can also induce turbulence in the plasma, and in particular MHD turbulence

since the plasma is fully ionized. Considering Kolmogorov-type turbulence as proposed in

Ref. [30], its contribution to the GW spectrum in Eq. (6) can be modelled as4 [6, 25]

h2⌦turb(f) = 3.35⇥ 10�4
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◆ 3
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vw Sturb(f) , (16)

where turb denotes the fraction of latent heat that is transformed into MHD turbulence

(note the di↵erent dependence on this parameter w.r.t to the sound wave and scalar field

cases). Similarly to the case of sound waves, one recognizes the amplification by a factor

�/H⇤ which is typical of sources that last longer than the average duration 1/� of the PT.

The spectral shape has been found analytically and is given by [6, 25]

Sturb(f) =
(f/fturb)3

[1 + (f/fturb)]
11
3 (1 + 8⇡f/h⇤)

. (17)

The explicit dependence on the Hubble rate h⇤ (c.f. Eq. (11)) is also a consequence of the

fact the turbulence acts as a source of GW for several Hubble times. The causal slope

4Note that MHD turbulence after a primordial PT can also be helical, as pointed out e.g. in Ref. [23].

Here we neglect the GW signal from a possible helical component, which in the context of eLISA will be the

subject of a subsequent study.
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the PT is deposited in a thin shell close to the PT front. The energy in each shell is

then assumed to quickly disperse after colliding with another shell such that the energy is

primarily stored in the envelope of uncollided shells 3. Numerical simulations utilizing the

envelope approximation suggest that the GW contribution to the spectrum is given by [16]

h2⌦env(f) = 1.67⇥ 10�5
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where Senv(f) parametrises the spectral shape of the GW radiation. A fit to simulation

data [16] yields

Senv(f) =
3.8 (f/fenv)2.8

1 + 2.8 (f/fenv)3.8
, (8)

with the slopes of the spectrum in the limit of small and large frequencies given respectively

by Senv / f q with q = 2.8 and Senv / f�p with p = 1. Causality implies that at low

frequency the spectral index is q = 3 [28]. This has to be the case at least for frequencies

smaller than the inverse Hubble horizon at GW production, Eq. (11). However, q = 2.8

provides a better fit to the simulated result close to the peak of the spectrum and we adopt

this spectral index in the following.

The peak frequency of the contribution to the spectrum from bubble collisions, fenv, is

determined by the characteristic time-scale of the PT, i.e. its duration 1/� [25, 28]. From

simulations, the peak frequency (at t⇤) is approximately given by [16]

f⇤
�

=

✓
0.62

1.8� 0.1vw + v2w

◆
. (9)

This value is then red-shifted to yield the peak frequency today [14],

fenv = 16.5⇥ 10�3 mHz
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In going from Eq. (9) to Eq. (10) we use the value of the inverse Hubble time at GW

production, redshifted to today,

h⇤ = 16.5⇥ 10�3 mHz

✓
T⇤

100GeV

◆⇣ g⇤
100

⌘ 1
6

(11)

along with the assumption that the Universe transitioned directly to a radiation-dominated

phase after the PT and has expanded adiabatically ever since.

3The envelope approximation we adopt here neglects the fact that the scalar field can perform oscillations

as it settles into the true vacuum after wall collisions, as demonstrated e.g. in [27].

7

The envelope approximation can be readily applied to the GW contribution arising from

the scalar field itself,

h2⌦�(f) = h2⌦env(f)
��
=�

, (12)

where � denotes the fraction of latent heat transformed into the kinetic energy of the scalar

field. Its size depends on the details of the bubble expansion, as we discuss in Section 2.2.

2.1.2 Sound Waves

Percolation produces bulk motion in the fluid in the form of sound waves. Acoustic produc-

tion of GWs is an area of active research, and a definitive model covering all relevant vw and

↵ is not yet available [17, 20]. For generic values of vw (meaning values more than about

10% away from the sound speed or the speed of light), the numerical results of [20] are fitted

reasonably by

h2⌦sw(f) = 2.65⇥ 10�6
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v↵

1 + ↵

◆2 ✓100
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3

vw Ssw(f) , (13)

where the e�ciency v denotes the fraction of latent heat that is transformed into bulk

motion of the fluid, and depends on the expansion mode of the bubble (see Section 2.2).

The numerical simulations performed in Ref. [20] indicate that the contribution from

acoustic production can be modelled by a broken power law, with the causal slope q = 3

for values of the frequency below the peak frequency, and a power law �p above the peak,

with p & 3. It can be shown that the signal-to-noise ratios for GW detection are rather

insensitive to the precise value of p if it is greater than 3. For the purposes of this analysis

we take p = 4. We adopt the following spectral shape Ssw(f) in Eq. (13):

Ssw(f) = (f/fsw)
3

✓
7

4 + 3 (f/fsw)2

◆7/2

. (14)

The peak frequency fsw is not yet well understood. The overall scale is set by the

average bubble separation R⇤ = (8⇡)
1
3vw/�, but the peak position is found numerically to

be less than R⇤. A conservative estimate that complies with the above spectral shape is

fsw = (2/
p
3)(�/vw), which, after redshifting, becomes

fsw = 1.9⇥ 10�2 mHz
1
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The parametric dependence of the GW spectrum in Eq. (13) di↵ers by a factor �/H⇤

with respect to the envelope result in Eq. (7). The enhancement of the spectral amplitude by

8

q = 3 is recovered for frequencies smaller than h⇤, but it changes to q = 2 for intermediate

(sub-Hubble) values of the frequency h⇤ < f < fturb, again due to the long duration of the

GW source [25]. At large frequency f � fturb the slope is determined by the Kolmogorov

turbulence model, p = 5/3.

Similarly to the sound wave case, the peak frequency is connected to the inverse charac-

teristic length-scale of the source, the bubble size R⇤ towards the end of the PT. Analytic

arguments show that this is due to the particular time de-correlation properties of the tur-

bulent source [25]. One has fturb ' (3.5/2)(�/vw), which becomes, after redshifting,

fturb = 2.7⇥ 10�2 mHz
1

vw

✓
�

H⇤

◆✓
T⇤

100GeV

◆⇣ g⇤
100
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6
. (18)

Note that, contrary to the envelope and sound wave cases, the spectral shape of the GW

spectrum in Eq. (17) has not been tuned such that fturb exactly corresponds to the maximum

of Sturb(f). Here fturb is inherited from the physical arguments underlying the analytical

evaluation carried out in Ref. [25].

2.2 Dynamics of the Phase Transition: Three Cases

The relative importance of each contribution discussed above w.r.t. GW generation depends

strongly on the features of the PT and its dynamics. The bubble wall velocity plays a key

role in this respect. If the wall velocity is small, the thermal bath can e�ciently absorb the

energy available in the PT, and the GW spectrum is thus suppressed. If the wall velocity

is instead relativistic, a large portion of the energy budget can go into bulk motion or

even in the kinetic energy of the wall itself. Moreover, in the case of relativistic bubble

wall velocities, qualitatively di↵erent scenarios can arise, depending on whether the bubble

wall reaches a terminal velocity or not. In the latter (‘runaway’) case, a further important

distinction is whether or not plasma e↵ects play an important role in bubble expansion.

Below, we consider these di↵erent scenarios in turn 5. We stress that, when analyzing the

GW spectrum predicted in a particular particle physics model, it is important to understand

which of the following scenarios apply.

5We do not analyze the case of non-relativistic wall velocity since it tends to yield GW spectra that are

not detectable in the forthcoming future.
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the PT is deposited in a thin shell close to the PT front. The energy in each shell is

then assumed to quickly disperse after colliding with another shell such that the energy is

primarily stored in the envelope of uncollided shells 3. Numerical simulations utilizing the

envelope approximation suggest that the GW contribution to the spectrum is given by [16]

h2⌦env(f) = 1.67⇥ 10�5
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Senv(f) , (7)

where Senv(f) parametrises the spectral shape of the GW radiation. A fit to simulation

data [16] yields

Senv(f) =
3.8 (f/fenv)2.8

1 + 2.8 (f/fenv)3.8
, (8)

with the slopes of the spectrum in the limit of small and large frequencies given respectively

by Senv / f q with q = 2.8 and Senv / f�p with p = 1. Causality implies that at low

frequency the spectral index is q = 3 [28]. This has to be the case at least for frequencies

smaller than the inverse Hubble horizon at GW production, Eq. (11). However, q = 2.8

provides a better fit to the simulated result close to the peak of the spectrum and we adopt

this spectral index in the following.

The peak frequency of the contribution to the spectrum from bubble collisions, fenv, is

determined by the characteristic time-scale of the PT, i.e. its duration 1/� [25, 28]. From

simulations, the peak frequency (at t⇤) is approximately given by [16]

f⇤
�

=

✓
0.62

1.8� 0.1vw + v2w

◆
. (9)

This value is then red-shifted to yield the peak frequency today [14],

fenv = 16.5⇥ 10�3 mHz
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In going from Eq. (9) to Eq. (10) we use the value of the inverse Hubble time at GW

production, redshifted to today,

h⇤ = 16.5⇥ 10�3 mHz

✓
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100GeV

◆⇣ g⇤
100

⌘ 1
6

(11)

along with the assumption that the Universe transitioned directly to a radiation-dominated

phase after the PT and has expanded adiabatically ever since.

3The envelope approximation we adopt here neglects the fact that the scalar field can perform oscillations

as it settles into the true vacuum after wall collisions, as demonstrated e.g. in [27].
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The envelope approximation can be readily applied to the GW contribution arising from

the scalar field itself,

h2⌦�(f) = h2⌦env(f)
��
=�

, (12)

where � denotes the fraction of latent heat transformed into the kinetic energy of the scalar

field. Its size depends on the details of the bubble expansion, as we discuss in Section 2.2.

2.1.2 Sound Waves

Percolation produces bulk motion in the fluid in the form of sound waves. Acoustic produc-

tion of GWs is an area of active research, and a definitive model covering all relevant vw and

↵ is not yet available [17, 20]. For generic values of vw (meaning values more than about

10% away from the sound speed or the speed of light), the numerical results of [20] are fitted

reasonably by

h2⌦sw(f) = 2.65⇥ 10�6
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where the e�ciency v denotes the fraction of latent heat that is transformed into bulk

motion of the fluid, and depends on the expansion mode of the bubble (see Section 2.2).

The numerical simulations performed in Ref. [20] indicate that the contribution from

acoustic production can be modelled by a broken power law, with the causal slope q = 3

for values of the frequency below the peak frequency, and a power law �p above the peak,

with p & 3. It can be shown that the signal-to-noise ratios for GW detection are rather

insensitive to the precise value of p if it is greater than 3. For the purposes of this analysis

we take p = 4. We adopt the following spectral shape Ssw(f) in Eq. (13):

Ssw(f) = (f/fsw)
3

✓
7

4 + 3 (f/fsw)2

◆7/2

. (14)

The peak frequency fsw is not yet well understood. The overall scale is set by the

average bubble separation R⇤ = (8⇡)
1
3vw/�, but the peak position is found numerically to

be less than R⇤. A conservative estimate that complies with the above spectral shape is

fsw = (2/
p
3)(�/vw), which, after redshifting, becomes
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The parametric dependence of the GW spectrum in Eq. (13) di↵ers by a factor �/H⇤

with respect to the envelope result in Eq. (7). The enhancement of the spectral amplitude by

8

a factor �/H⇤ for long-lasting sources w.r.t to short lasting ones has been predicted on the

basis of analytical arguments in Ref. [25]. Simulations show that the sound waves typically

remain active as a source of GW much longer than the collisions of the bubble walls [20]. We

therefore believe that the �/H⇤ factor is tied to the duration of the source, and is robust. The

same amplification is observed in the case of MHD turbulence which is also a long-lasting

source (it takes several Hubble times to dissipate [25]).

We emphasize that the simulations used to arrive at Eqs. (13)–(15) were restricted to

values of ↵ . 0.1 and the maximum root mean square fluid velocity
p
↵v was about

0.05. The extent to which the results of these simulations can be extrapolated to larger ↵

remains to be investigated. In particular, we expect that the development of weak shocks at

tsh ⇠ (vw/
p
↵v)��1 (see e.g. [29]) will eventually convert the acoustic signal to a turbulent

one, described in the next section. We urge the reader to keep this in mind when interpreting

our results below.

2.1.3 MHD Turbulence

Percolation can also induce turbulence in the plasma, and in particular MHD turbulence

since the plasma is fully ionized. Considering Kolmogorov-type turbulence as proposed in

Ref. [30], its contribution to the GW spectrum in Eq. (6) can be modelled as4 [6, 25]

h2⌦turb(f) = 3.35⇥ 10�4
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where turb denotes the fraction of latent heat that is transformed into MHD turbulence

(note the di↵erent dependence on this parameter w.r.t to the sound wave and scalar field

cases). Similarly to the case of sound waves, one recognizes the amplification by a factor

�/H⇤ which is typical of sources that last longer than the average duration 1/� of the PT.

The spectral shape has been found analytically and is given by [6, 25]

Sturb(f) =
(f/fturb)3

[1 + (f/fturb)]
11
3 (1 + 8⇡f/h⇤)

. (17)

The explicit dependence on the Hubble rate h⇤ (c.f. Eq. (11)) is also a consequence of the

fact the turbulence acts as a source of GW for several Hubble times. The causal slope

4Note that MHD turbulence after a primordial PT can also be helical, as pointed out e.g. in Ref. [23].

Here we neglect the GW signal from a possible helical component, which in the context of eLISA will be the

subject of a subsequent study.
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the PT is deposited in a thin shell close to the PT front. The energy in each shell is

then assumed to quickly disperse after colliding with another shell such that the energy is

primarily stored in the envelope of uncollided shells 3. Numerical simulations utilizing the

envelope approximation suggest that the GW contribution to the spectrum is given by [16]
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where Senv(f) parametrises the spectral shape of the GW radiation. A fit to simulation

data [16] yields

Senv(f) =
3.8 (f/fenv)2.8

1 + 2.8 (f/fenv)3.8
, (8)

with the slopes of the spectrum in the limit of small and large frequencies given respectively

by Senv / f q with q = 2.8 and Senv / f�p with p = 1. Causality implies that at low

frequency the spectral index is q = 3 [28]. This has to be the case at least for frequencies

smaller than the inverse Hubble horizon at GW production, Eq. (11). However, q = 2.8

provides a better fit to the simulated result close to the peak of the spectrum and we adopt

this spectral index in the following.

The peak frequency of the contribution to the spectrum from bubble collisions, fenv, is

determined by the characteristic time-scale of the PT, i.e. its duration 1/� [25, 28]. From

simulations, the peak frequency (at t⇤) is approximately given by [16]

f⇤
�

=

✓
0.62

1.8� 0.1vw + v2w

◆
. (9)

This value is then red-shifted to yield the peak frequency today [14],

fenv = 16.5⇥ 10�3 mHz
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f⇤
�

◆ ✓
�

H⇤

◆✓
T⇤

100GeV

◆⇣ g⇤
100

⌘ 1
6
. (10)

In going from Eq. (9) to Eq. (10) we use the value of the inverse Hubble time at GW

production, redshifted to today,

h⇤ = 16.5⇥ 10�3 mHz

✓
T⇤

100GeV

◆⇣ g⇤
100

⌘ 1
6

(11)

along with the assumption that the Universe transitioned directly to a radiation-dominated

phase after the PT and has expanded adiabatically ever since.

3The envelope approximation we adopt here neglects the fact that the scalar field can perform oscillations

as it settles into the true vacuum after wall collisions, as demonstrated e.g. in [27].

7

The envelope approximation can be readily applied to the GW contribution arising from

the scalar field itself,

h2⌦�(f) = h2⌦env(f)
��
=�

, (12)

where � denotes the fraction of latent heat transformed into the kinetic energy of the scalar

field. Its size depends on the details of the bubble expansion, as we discuss in Section 2.2.

2.1.2 Sound Waves

Percolation produces bulk motion in the fluid in the form of sound waves. Acoustic produc-

tion of GWs is an area of active research, and a definitive model covering all relevant vw and

↵ is not yet available [17, 20]. For generic values of vw (meaning values more than about

10% away from the sound speed or the speed of light), the numerical results of [20] are fitted

reasonably by

h2⌦sw(f) = 2.65⇥ 10�6

✓
H⇤

�

◆✓
v↵

1 + ↵

◆2 ✓100

g⇤

◆ 1
3

vw Ssw(f) , (13)

where the e�ciency v denotes the fraction of latent heat that is transformed into bulk

motion of the fluid, and depends on the expansion mode of the bubble (see Section 2.2).

The numerical simulations performed in Ref. [20] indicate that the contribution from

acoustic production can be modelled by a broken power law, with the causal slope q = 3

for values of the frequency below the peak frequency, and a power law �p above the peak,

with p & 3. It can be shown that the signal-to-noise ratios for GW detection are rather

insensitive to the precise value of p if it is greater than 3. For the purposes of this analysis

we take p = 4. We adopt the following spectral shape Ssw(f) in Eq. (13):

Ssw(f) = (f/fsw)
3

✓
7

4 + 3 (f/fsw)2

◆7/2

. (14)

The peak frequency fsw is not yet well understood. The overall scale is set by the

average bubble separation R⇤ = (8⇡)
1
3vw/�, but the peak position is found numerically to

be less than R⇤. A conservative estimate that complies with the above spectral shape is

fsw = (2/
p
3)(�/vw), which, after redshifting, becomes

fsw = 1.9⇥ 10�2 mHz
1

vw
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�

H⇤
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100GeV

◆⇣ g⇤
100

⌘ 1
6
. (15)

The parametric dependence of the GW spectrum in Eq. (13) di↵ers by a factor �/H⇤

with respect to the envelope result in Eq. (7). The enhancement of the spectral amplitude by

8

q = 3 is recovered for frequencies smaller than h⇤, but it changes to q = 2 for intermediate

(sub-Hubble) values of the frequency h⇤ < f < fturb, again due to the long duration of the

GW source [25]. At large frequency f � fturb the slope is determined by the Kolmogorov

turbulence model, p = 5/3.

Similarly to the sound wave case, the peak frequency is connected to the inverse charac-

teristic length-scale of the source, the bubble size R⇤ towards the end of the PT. Analytic

arguments show that this is due to the particular time de-correlation properties of the tur-

bulent source [25]. One has fturb ' (3.5/2)(�/vw), which becomes, after redshifting,

fturb = 2.7⇥ 10�2 mHz
1

vw

✓
�

H⇤

◆✓
T⇤

100GeV

◆⇣ g⇤
100

⌘ 1
6
. (18)

Note that, contrary to the envelope and sound wave cases, the spectral shape of the GW

spectrum in Eq. (17) has not been tuned such that fturb exactly corresponds to the maximum

of Sturb(f). Here fturb is inherited from the physical arguments underlying the analytical

evaluation carried out in Ref. [25].

2.2 Dynamics of the Phase Transition: Three Cases

The relative importance of each contribution discussed above w.r.t. GW generation depends

strongly on the features of the PT and its dynamics. The bubble wall velocity plays a key

role in this respect. If the wall velocity is small, the thermal bath can e�ciently absorb the

energy available in the PT, and the GW spectrum is thus suppressed. If the wall velocity

is instead relativistic, a large portion of the energy budget can go into bulk motion or

even in the kinetic energy of the wall itself. Moreover, in the case of relativistic bubble

wall velocities, qualitatively di↵erent scenarios can arise, depending on whether the bubble

wall reaches a terminal velocity or not. In the latter (‘runaway’) case, a further important

distinction is whether or not plasma e↵ects play an important role in bubble expansion.

Below, we consider these di↵erent scenarios in turn 5. We stress that, when analyzing the

GW spectrum predicted in a particular particle physics model, it is important to understand

which of the following scenarios apply.

5We do not analyze the case of non-relativistic wall velocity since it tends to yield GW spectra that are

not detectable in the forthcoming future.
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the PT is deposited in a thin shell close to the PT front. The energy in each shell is

then assumed to quickly disperse after colliding with another shell such that the energy is

primarily stored in the envelope of uncollided shells 3. Numerical simulations utilizing the

envelope approximation suggest that the GW contribution to the spectrum is given by [16]

h2⌦env(f) = 1.67⇥ 10�5

✓
H⇤

�

◆2 ✓ ↵

1 + ↵

◆2 ✓100

g⇤

◆ 1
3
✓

0.11 v3w
0.42 + v2w

◆
Senv(f) , (7)

where Senv(f) parametrises the spectral shape of the GW radiation. A fit to simulation

data [16] yields

Senv(f) =
3.8 (f/fenv)2.8

1 + 2.8 (f/fenv)3.8
, (8)

with the slopes of the spectrum in the limit of small and large frequencies given respectively

by Senv / f q with q = 2.8 and Senv / f�p with p = 1. Causality implies that at low

frequency the spectral index is q = 3 [28]. This has to be the case at least for frequencies

smaller than the inverse Hubble horizon at GW production, Eq. (11). However, q = 2.8

provides a better fit to the simulated result close to the peak of the spectrum and we adopt

this spectral index in the following.

The peak frequency of the contribution to the spectrum from bubble collisions, fenv, is

determined by the characteristic time-scale of the PT, i.e. its duration 1/� [25, 28]. From

simulations, the peak frequency (at t⇤) is approximately given by [16]

f⇤
�

=

✓
0.62

1.8� 0.1vw + v2w

◆
. (9)

This value is then red-shifted to yield the peak frequency today [14],

fenv = 16.5⇥ 10�3 mHz

✓
f⇤
�

◆ ✓
�

H⇤

◆✓
T⇤

100GeV

◆⇣ g⇤
100

⌘ 1
6
. (10)

In going from Eq. (9) to Eq. (10) we use the value of the inverse Hubble time at GW

production, redshifted to today,

h⇤ = 16.5⇥ 10�3 mHz

✓
T⇤

100GeV

◆⇣ g⇤
100

⌘ 1
6

(11)

along with the assumption that the Universe transitioned directly to a radiation-dominated

phase after the PT and has expanded adiabatically ever since.

3The envelope approximation we adopt here neglects the fact that the scalar field can perform oscillations

as it settles into the true vacuum after wall collisions, as demonstrated e.g. in [27].

7

The envelope approximation can be readily applied to the GW contribution arising from

the scalar field itself,

h2⌦�(f) = h2⌦env(f)
��
=�

, (12)

where � denotes the fraction of latent heat transformed into the kinetic energy of the scalar

field. Its size depends on the details of the bubble expansion, as we discuss in Section 2.2.

2.1.2 Sound Waves

Percolation produces bulk motion in the fluid in the form of sound waves. Acoustic produc-

tion of GWs is an area of active research, and a definitive model covering all relevant vw and

↵ is not yet available [17, 20]. For generic values of vw (meaning values more than about

10% away from the sound speed or the speed of light), the numerical results of [20] are fitted

reasonably by

h2⌦sw(f) = 2.65⇥ 10�6

✓
H⇤

�

◆✓
v↵

1 + ↵

◆2 ✓100

g⇤

◆ 1
3

vw Ssw(f) , (13)

where the e�ciency v denotes the fraction of latent heat that is transformed into bulk

motion of the fluid, and depends on the expansion mode of the bubble (see Section 2.2).

The numerical simulations performed in Ref. [20] indicate that the contribution from

acoustic production can be modelled by a broken power law, with the causal slope q = 3

for values of the frequency below the peak frequency, and a power law �p above the peak,

with p & 3. It can be shown that the signal-to-noise ratios for GW detection are rather

insensitive to the precise value of p if it is greater than 3. For the purposes of this analysis

we take p = 4. We adopt the following spectral shape Ssw(f) in Eq. (13):

Ssw(f) = (f/fsw)
3

✓
7

4 + 3 (f/fsw)2

◆7/2

. (14)

The peak frequency fsw is not yet well understood. The overall scale is set by the

average bubble separation R⇤ = (8⇡)
1
3vw/�, but the peak position is found numerically to

be less than R⇤. A conservative estimate that complies with the above spectral shape is

fsw = (2/
p
3)(�/vw), which, after redshifting, becomes

fsw = 1.9⇥ 10�2 mHz
1

vw

✓
�

H⇤
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100GeV

◆⇣ g⇤
100
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6
. (15)

The parametric dependence of the GW spectrum in Eq. (13) di↵ers by a factor �/H⇤

with respect to the envelope result in Eq. (7). The enhancement of the spectral amplitude by

8

a factor �/H⇤ for long-lasting sources w.r.t to short lasting ones has been predicted on the

basis of analytical arguments in Ref. [25]. Simulations show that the sound waves typically

remain active as a source of GW much longer than the collisions of the bubble walls [20]. We

therefore believe that the �/H⇤ factor is tied to the duration of the source, and is robust. The

same amplification is observed in the case of MHD turbulence which is also a long-lasting

source (it takes several Hubble times to dissipate [25]).

We emphasize that the simulations used to arrive at Eqs. (13)–(15) were restricted to

values of ↵ . 0.1 and the maximum root mean square fluid velocity
p
↵v was about

0.05. The extent to which the results of these simulations can be extrapolated to larger ↵

remains to be investigated. In particular, we expect that the development of weak shocks at

tsh ⇠ (vw/
p
↵v)��1 (see e.g. [29]) will eventually convert the acoustic signal to a turbulent

one, described in the next section. We urge the reader to keep this in mind when interpreting

our results below.

2.1.3 MHD Turbulence

Percolation can also induce turbulence in the plasma, and in particular MHD turbulence

since the plasma is fully ionized. Considering Kolmogorov-type turbulence as proposed in

Ref. [30], its contribution to the GW spectrum in Eq. (6) can be modelled as4 [6, 25]

h2⌦turb(f) = 3.35⇥ 10�4

✓
H⇤

�

◆✓
turb ↵

1 + ↵

◆ 3
2
✓
100

g⇤

◆1/3

vw Sturb(f) , (16)

where turb denotes the fraction of latent heat that is transformed into MHD turbulence

(note the di↵erent dependence on this parameter w.r.t to the sound wave and scalar field

cases). Similarly to the case of sound waves, one recognizes the amplification by a factor

�/H⇤ which is typical of sources that last longer than the average duration 1/� of the PT.

The spectral shape has been found analytically and is given by [6, 25]

Sturb(f) =
(f/fturb)3

[1 + (f/fturb)]
11
3 (1 + 8⇡f/h⇤)

. (17)

The explicit dependence on the Hubble rate h⇤ (c.f. Eq. (11)) is also a consequence of the

fact the turbulence acts as a source of GW for several Hubble times. The causal slope

4Note that MHD turbulence after a primordial PT can also be helical, as pointed out e.g. in Ref. [23].

Here we neglect the GW signal from a possible helical component, which in the context of eLISA will be the

subject of a subsequent study.
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the PT is deposited in a thin shell close to the PT front. The energy in each shell is

then assumed to quickly disperse after colliding with another shell such that the energy is

primarily stored in the envelope of uncollided shells 3. Numerical simulations utilizing the

envelope approximation suggest that the GW contribution to the spectrum is given by [16]

h2⌦env(f) = 1.67⇥ 10�5
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3
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Senv(f) , (7)

where Senv(f) parametrises the spectral shape of the GW radiation. A fit to simulation

data [16] yields

Senv(f) =
3.8 (f/fenv)2.8

1 + 2.8 (f/fenv)3.8
, (8)

with the slopes of the spectrum in the limit of small and large frequencies given respectively

by Senv / f q with q = 2.8 and Senv / f�p with p = 1. Causality implies that at low

frequency the spectral index is q = 3 [28]. This has to be the case at least for frequencies

smaller than the inverse Hubble horizon at GW production, Eq. (11). However, q = 2.8

provides a better fit to the simulated result close to the peak of the spectrum and we adopt

this spectral index in the following.

The peak frequency of the contribution to the spectrum from bubble collisions, fenv, is

determined by the characteristic time-scale of the PT, i.e. its duration 1/� [25, 28]. From

simulations, the peak frequency (at t⇤) is approximately given by [16]

f⇤
�

=

✓
0.62

1.8� 0.1vw + v2w

◆
. (9)

This value is then red-shifted to yield the peak frequency today [14],

fenv = 16.5⇥ 10�3 mHz
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100
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. (10)

In going from Eq. (9) to Eq. (10) we use the value of the inverse Hubble time at GW

production, redshifted to today,

h⇤ = 16.5⇥ 10�3 mHz

✓
T⇤

100GeV

◆⇣ g⇤
100

⌘ 1
6

(11)

along with the assumption that the Universe transitioned directly to a radiation-dominated

phase after the PT and has expanded adiabatically ever since.

3The envelope approximation we adopt here neglects the fact that the scalar field can perform oscillations

as it settles into the true vacuum after wall collisions, as demonstrated e.g. in [27].

7

The envelope approximation can be readily applied to the GW contribution arising from

the scalar field itself,

h2⌦�(f) = h2⌦env(f)
��
=�

, (12)

where � denotes the fraction of latent heat transformed into the kinetic energy of the scalar

field. Its size depends on the details of the bubble expansion, as we discuss in Section 2.2.

2.1.2 Sound Waves

Percolation produces bulk motion in the fluid in the form of sound waves. Acoustic produc-

tion of GWs is an area of active research, and a definitive model covering all relevant vw and

↵ is not yet available [17, 20]. For generic values of vw (meaning values more than about

10% away from the sound speed or the speed of light), the numerical results of [20] are fitted

reasonably by

h2⌦sw(f) = 2.65⇥ 10�6
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◆2 ✓100
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◆ 1
3

vw Ssw(f) , (13)

where the e�ciency v denotes the fraction of latent heat that is transformed into bulk

motion of the fluid, and depends on the expansion mode of the bubble (see Section 2.2).

The numerical simulations performed in Ref. [20] indicate that the contribution from

acoustic production can be modelled by a broken power law, with the causal slope q = 3

for values of the frequency below the peak frequency, and a power law �p above the peak,

with p & 3. It can be shown that the signal-to-noise ratios for GW detection are rather

insensitive to the precise value of p if it is greater than 3. For the purposes of this analysis

we take p = 4. We adopt the following spectral shape Ssw(f) in Eq. (13):

Ssw(f) = (f/fsw)
3

✓
7

4 + 3 (f/fsw)2

◆7/2

. (14)

The peak frequency fsw is not yet well understood. The overall scale is set by the

average bubble separation R⇤ = (8⇡)
1
3vw/�, but the peak position is found numerically to

be less than R⇤. A conservative estimate that complies with the above spectral shape is

fsw = (2/
p
3)(�/vw), which, after redshifting, becomes

fsw = 1.9⇥ 10�2 mHz
1
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The parametric dependence of the GW spectrum in Eq. (13) di↵ers by a factor �/H⇤

with respect to the envelope result in Eq. (7). The enhancement of the spectral amplitude by

8

q = 3 is recovered for frequencies smaller than h⇤, but it changes to q = 2 for intermediate

(sub-Hubble) values of the frequency h⇤ < f < fturb, again due to the long duration of the

GW source [25]. At large frequency f � fturb the slope is determined by the Kolmogorov

turbulence model, p = 5/3.

Similarly to the sound wave case, the peak frequency is connected to the inverse charac-

teristic length-scale of the source, the bubble size R⇤ towards the end of the PT. Analytic

arguments show that this is due to the particular time de-correlation properties of the tur-

bulent source [25]. One has fturb ' (3.5/2)(�/vw), which becomes, after redshifting,

fturb = 2.7⇥ 10�2 mHz
1

vw

✓
�

H⇤

◆✓
T⇤

100GeV

◆⇣ g⇤
100

⌘ 1
6
. (18)

Note that, contrary to the envelope and sound wave cases, the spectral shape of the GW

spectrum in Eq. (17) has not been tuned such that fturb exactly corresponds to the maximum

of Sturb(f). Here fturb is inherited from the physical arguments underlying the analytical

evaluation carried out in Ref. [25].

2.2 Dynamics of the Phase Transition: Three Cases

The relative importance of each contribution discussed above w.r.t. GW generation depends

strongly on the features of the PT and its dynamics. The bubble wall velocity plays a key

role in this respect. If the wall velocity is small, the thermal bath can e�ciently absorb the

energy available in the PT, and the GW spectrum is thus suppressed. If the wall velocity

is instead relativistic, a large portion of the energy budget can go into bulk motion or

even in the kinetic energy of the wall itself. Moreover, in the case of relativistic bubble

wall velocities, qualitatively di↵erent scenarios can arise, depending on whether the bubble

wall reaches a terminal velocity or not. In the latter (‘runaway’) case, a further important

distinction is whether or not plasma e↵ects play an important role in bubble expansion.

Below, we consider these di↵erent scenarios in turn 5. We stress that, when analyzing the

GW spectrum predicted in a particular particle physics model, it is important to understand

which of the following scenarios apply.

5We do not analyze the case of non-relativistic wall velocity since it tends to yield GW spectra that are

not detectable in the forthcoming future.
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the PT is deposited in a thin shell close to the PT front. The energy in each shell is

then assumed to quickly disperse after colliding with another shell such that the energy is

primarily stored in the envelope of uncollided shells 3. Numerical simulations utilizing the

envelope approximation suggest that the GW contribution to the spectrum is given by [16]

h2⌦env(f) = 1.67⇥ 10�5
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1 + ↵

◆2 ✓100
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◆
Senv(f) , (7)

where Senv(f) parametrises the spectral shape of the GW radiation. A fit to simulation

data [16] yields

Senv(f) =
3.8 (f/fenv)2.8

1 + 2.8 (f/fenv)3.8
, (8)

with the slopes of the spectrum in the limit of small and large frequencies given respectively

by Senv / f q with q = 2.8 and Senv / f�p with p = 1. Causality implies that at low

frequency the spectral index is q = 3 [28]. This has to be the case at least for frequencies

smaller than the inverse Hubble horizon at GW production, Eq. (11). However, q = 2.8

provides a better fit to the simulated result close to the peak of the spectrum and we adopt

this spectral index in the following.

The peak frequency of the contribution to the spectrum from bubble collisions, fenv, is

determined by the characteristic time-scale of the PT, i.e. its duration 1/� [25, 28]. From

simulations, the peak frequency (at t⇤) is approximately given by [16]

f⇤
�

=

✓
0.62

1.8� 0.1vw + v2w

◆
. (9)

This value is then red-shifted to yield the peak frequency today [14],

fenv = 16.5⇥ 10�3 mHz
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. (10)

In going from Eq. (9) to Eq. (10) we use the value of the inverse Hubble time at GW

production, redshifted to today,

h⇤ = 16.5⇥ 10�3 mHz

✓
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100GeV

◆⇣ g⇤
100

⌘ 1
6

(11)

along with the assumption that the Universe transitioned directly to a radiation-dominated

phase after the PT and has expanded adiabatically ever since.

3The envelope approximation we adopt here neglects the fact that the scalar field can perform oscillations

as it settles into the true vacuum after wall collisions, as demonstrated e.g. in [27].

7

The envelope approximation can be readily applied to the GW contribution arising from

the scalar field itself,

h2⌦�(f) = h2⌦env(f)
��
=�

, (12)

where � denotes the fraction of latent heat transformed into the kinetic energy of the scalar

field. Its size depends on the details of the bubble expansion, as we discuss in Section 2.2.

2.1.2 Sound Waves

Percolation produces bulk motion in the fluid in the form of sound waves. Acoustic produc-

tion of GWs is an area of active research, and a definitive model covering all relevant vw and

↵ is not yet available [17, 20]. For generic values of vw (meaning values more than about

10% away from the sound speed or the speed of light), the numerical results of [20] are fitted

reasonably by

h2⌦sw(f) = 2.65⇥ 10�6
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where the e�ciency v denotes the fraction of latent heat that is transformed into bulk

motion of the fluid, and depends on the expansion mode of the bubble (see Section 2.2).

The numerical simulations performed in Ref. [20] indicate that the contribution from

acoustic production can be modelled by a broken power law, with the causal slope q = 3

for values of the frequency below the peak frequency, and a power law �p above the peak,

with p & 3. It can be shown that the signal-to-noise ratios for GW detection are rather

insensitive to the precise value of p if it is greater than 3. For the purposes of this analysis

we take p = 4. We adopt the following spectral shape Ssw(f) in Eq. (13):

Ssw(f) = (f/fsw)
3
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7

4 + 3 (f/fsw)2

◆7/2

. (14)

The peak frequency fsw is not yet well understood. The overall scale is set by the

average bubble separation R⇤ = (8⇡)
1
3vw/�, but the peak position is found numerically to

be less than R⇤. A conservative estimate that complies with the above spectral shape is

fsw = (2/
p
3)(�/vw), which, after redshifting, becomes

fsw = 1.9⇥ 10�2 mHz
1
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The parametric dependence of the GW spectrum in Eq. (13) di↵ers by a factor �/H⇤

with respect to the envelope result in Eq. (7). The enhancement of the spectral amplitude by

8

a factor �/H⇤ for long-lasting sources w.r.t to short lasting ones has been predicted on the

basis of analytical arguments in Ref. [25]. Simulations show that the sound waves typically

remain active as a source of GW much longer than the collisions of the bubble walls [20]. We

therefore believe that the �/H⇤ factor is tied to the duration of the source, and is robust. The

same amplification is observed in the case of MHD turbulence which is also a long-lasting

source (it takes several Hubble times to dissipate [25]).

We emphasize that the simulations used to arrive at Eqs. (13)–(15) were restricted to

values of ↵ . 0.1 and the maximum root mean square fluid velocity
p
↵v was about

0.05. The extent to which the results of these simulations can be extrapolated to larger ↵

remains to be investigated. In particular, we expect that the development of weak shocks at

tsh ⇠ (vw/
p
↵v)��1 (see e.g. [29]) will eventually convert the acoustic signal to a turbulent

one, described in the next section. We urge the reader to keep this in mind when interpreting

our results below.

2.1.3 MHD Turbulence

Percolation can also induce turbulence in the plasma, and in particular MHD turbulence

since the plasma is fully ionized. Considering Kolmogorov-type turbulence as proposed in

Ref. [30], its contribution to the GW spectrum in Eq. (6) can be modelled as4 [6, 25]

h2⌦turb(f) = 3.35⇥ 10�4

✓
H⇤

�

◆✓
turb ↵

1 + ↵

◆ 3
2
✓
100

g⇤

◆1/3

vw Sturb(f) , (16)

where turb denotes the fraction of latent heat that is transformed into MHD turbulence

(note the di↵erent dependence on this parameter w.r.t to the sound wave and scalar field

cases). Similarly to the case of sound waves, one recognizes the amplification by a factor

�/H⇤ which is typical of sources that last longer than the average duration 1/� of the PT.

The spectral shape has been found analytically and is given by [6, 25]

Sturb(f) =
(f/fturb)3

[1 + (f/fturb)]
11
3 (1 + 8⇡f/h⇤)

. (17)

The explicit dependence on the Hubble rate h⇤ (c.f. Eq. (11)) is also a consequence of the

fact the turbulence acts as a source of GW for several Hubble times. The causal slope

4Note that MHD turbulence after a primordial PT can also be helical, as pointed out e.g. in Ref. [23].

Here we neglect the GW signal from a possible helical component, which in the context of eLISA will be the

subject of a subsequent study.
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the PT is deposited in a thin shell close to the PT front. The energy in each shell is

then assumed to quickly disperse after colliding with another shell such that the energy is

primarily stored in the envelope of uncollided shells 3. Numerical simulations utilizing the

envelope approximation suggest that the GW contribution to the spectrum is given by [16]

h2⌦env(f) = 1.67⇥ 10�5

✓
H⇤

�

◆2 ✓ ↵

1 + ↵

◆2 ✓100

g⇤

◆ 1
3
✓

0.11 v3w
0.42 + v2w

◆
Senv(f) , (7)

where Senv(f) parametrises the spectral shape of the GW radiation. A fit to simulation

data [16] yields

Senv(f) =
3.8 (f/fenv)2.8

1 + 2.8 (f/fenv)3.8
, (8)

with the slopes of the spectrum in the limit of small and large frequencies given respectively

by Senv / f q with q = 2.8 and Senv / f�p with p = 1. Causality implies that at low

frequency the spectral index is q = 3 [28]. This has to be the case at least for frequencies

smaller than the inverse Hubble horizon at GW production, Eq. (11). However, q = 2.8

provides a better fit to the simulated result close to the peak of the spectrum and we adopt

this spectral index in the following.

The peak frequency of the contribution to the spectrum from bubble collisions, fenv, is

determined by the characteristic time-scale of the PT, i.e. its duration 1/� [25, 28]. From

simulations, the peak frequency (at t⇤) is approximately given by [16]

f⇤
�

=

✓
0.62

1.8� 0.1vw + v2w

◆
. (9)

This value is then red-shifted to yield the peak frequency today [14],

fenv = 16.5⇥ 10�3 mHz

✓
f⇤
�

◆ ✓
�

H⇤

◆✓
T⇤

100GeV

◆⇣ g⇤
100

⌘ 1
6
. (10)

In going from Eq. (9) to Eq. (10) we use the value of the inverse Hubble time at GW

production, redshifted to today,

h⇤ = 16.5⇥ 10�3 mHz

✓
T⇤

100GeV

◆⇣ g⇤
100

⌘ 1
6

(11)

along with the assumption that the Universe transitioned directly to a radiation-dominated

phase after the PT and has expanded adiabatically ever since.

3The envelope approximation we adopt here neglects the fact that the scalar field can perform oscillations

as it settles into the true vacuum after wall collisions, as demonstrated e.g. in [27].
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The envelope approximation can be readily applied to the GW contribution arising from

the scalar field itself,

h2⌦�(f) = h2⌦env(f)
��
=�

, (12)

where � denotes the fraction of latent heat transformed into the kinetic energy of the scalar

field. Its size depends on the details of the bubble expansion, as we discuss in Section 2.2.

2.1.2 Sound Waves

Percolation produces bulk motion in the fluid in the form of sound waves. Acoustic produc-

tion of GWs is an area of active research, and a definitive model covering all relevant vw and

↵ is not yet available [17, 20]. For generic values of vw (meaning values more than about

10% away from the sound speed or the speed of light), the numerical results of [20] are fitted

reasonably by

h2⌦sw(f) = 2.65⇥ 10�6

✓
H⇤

�

◆✓
v↵

1 + ↵

◆2 ✓100

g⇤

◆ 1
3

vw Ssw(f) , (13)

where the e�ciency v denotes the fraction of latent heat that is transformed into bulk

motion of the fluid, and depends on the expansion mode of the bubble (see Section 2.2).

The numerical simulations performed in Ref. [20] indicate that the contribution from

acoustic production can be modelled by a broken power law, with the causal slope q = 3

for values of the frequency below the peak frequency, and a power law �p above the peak,

with p & 3. It can be shown that the signal-to-noise ratios for GW detection are rather

insensitive to the precise value of p if it is greater than 3. For the purposes of this analysis

we take p = 4. We adopt the following spectral shape Ssw(f) in Eq. (13):

Ssw(f) = (f/fsw)
3

✓
7

4 + 3 (f/fsw)2

◆7/2

. (14)

The peak frequency fsw is not yet well understood. The overall scale is set by the

average bubble separation R⇤ = (8⇡)
1
3vw/�, but the peak position is found numerically to

be less than R⇤. A conservative estimate that complies with the above spectral shape is

fsw = (2/
p
3)(�/vw), which, after redshifting, becomes

fsw = 1.9⇥ 10�2 mHz
1

vw

✓
�

H⇤

◆✓
T⇤

100GeV

◆⇣ g⇤
100

⌘ 1
6
. (15)

The parametric dependence of the GW spectrum in Eq. (13) di↵ers by a factor �/H⇤

with respect to the envelope result in Eq. (7). The enhancement of the spectral amplitude by

8

q = 3 is recovered for frequencies smaller than h⇤, but it changes to q = 2 for intermediate

(sub-Hubble) values of the frequency h⇤ < f < fturb, again due to the long duration of the

GW source [25]. At large frequency f � fturb the slope is determined by the Kolmogorov

turbulence model, p = 5/3.

Similarly to the sound wave case, the peak frequency is connected to the inverse charac-

teristic length-scale of the source, the bubble size R⇤ towards the end of the PT. Analytic

arguments show that this is due to the particular time de-correlation properties of the tur-

bulent source [25]. One has fturb ' (3.5/2)(�/vw), which becomes, after redshifting,

fturb = 2.7⇥ 10�2 mHz
1

vw

✓
�

H⇤

◆✓
T⇤

100GeV

◆⇣ g⇤
100

⌘ 1
6
. (18)

Note that, contrary to the envelope and sound wave cases, the spectral shape of the GW

spectrum in Eq. (17) has not been tuned such that fturb exactly corresponds to the maximum

of Sturb(f). Here fturb is inherited from the physical arguments underlying the analytical

evaluation carried out in Ref. [25].

2.2 Dynamics of the Phase Transition: Three Cases

The relative importance of each contribution discussed above w.r.t. GW generation depends

strongly on the features of the PT and its dynamics. The bubble wall velocity plays a key

role in this respect. If the wall velocity is small, the thermal bath can e�ciently absorb the

energy available in the PT, and the GW spectrum is thus suppressed. If the wall velocity

is instead relativistic, a large portion of the energy budget can go into bulk motion or

even in the kinetic energy of the wall itself. Moreover, in the case of relativistic bubble

wall velocities, qualitatively di↵erent scenarios can arise, depending on whether the bubble

wall reaches a terminal velocity or not. In the latter (‘runaway’) case, a further important

distinction is whether or not plasma e↵ects play an important role in bubble expansion.

Below, we consider these di↵erent scenarios in turn 5. We stress that, when analyzing the

GW spectrum predicted in a particular particle physics model, it is important to understand

which of the following scenarios apply.

5We do not analyze the case of non-relativistic wall velocity since it tends to yield GW spectra that are

not detectable in the forthcoming future.
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Ū(p0)

⇥
(q2

�µ � 6qqµ)�5

⇤
U(p) (44)

Qquqd = ✏jkQ̄
j
uRQ̄

k
dR (45)

YB =
nB

s
= (8.82± 0.23)⇥ 10�11 (46)

mt̃R
⇠ 160 GeV (47)

bb̄�� & 4⌧ (48)

4

Next gen pp

LHC

EWPO

See also: Huang et al, 1701.04442; 
Li et al, 1906.05289 

Resonant di-Higgs

** Perturbative thermal QFT



Singlets: Precision & Res Di-Higgs Prod

Kotwal, No, R-M, Winslow  1605.06123

B26.3

SFOEWPT Benchmarks**: Resonant di-Higgs & precision Higgs studies  

SFOEWPT •  

h-S Mixing 

m2 ⇡ MN (37)

�(N ! `H) 6= �(N ! ¯̀H⇤) (38)

Lmass = yL̄H̃NR + h.c. + mNN̄RN
C

R
(39)

Lmass =
y

⇤
L̄

c
HH

T
L + h.c. (40)

�(NR ! `H) 6= �(NR !
¯̀H⇤) (41)

m⌫ =
m

2
D

MR

(42)

hp
0
| J

EM
µ

|pi = Ū(p0)
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• Pheno: precision Higgs studies may be sensitive to a greater 
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Non-Dynamcial Real Singlet & EWPT: Probes
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Patterns of Symmetry Breaking

B29
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Phase Transitions

B30

Ehrenfest classification:

1st order PT: discontinuous first derivative of free energy
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ĝ
0 2
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