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EPC and top-pair production



TOP-QUARK

v Top quark is heavy

+ The heaviest SM particle - probes the Higgs sector most - plays unique role in
understanding the EW symmetry breaking

+ New physics potential : perfect place to manifest it
v Top quark is short-lived

+ decays before hadronization - the only 'free’ quark -
This unique feature allows for direct measurement of its spin polarization and the study of
spin correlations between the ¢ and ¢ without the complex effects of hadronization.

v High precision will be achieved at the future electron-positron colliders - In order to match
the experimental accuracy, precise predictions are required on the theoretical side as well



Key motivation for Top @ future lepton colliders

v' Precision Top Quark Mass and Width

+ Perform a threshold scan of the cross-section to determine the top quark mass and width
with a precision of tens of MeV.

+ This method allows for a determination of a theoretically well-defined mass scheme (e.g,,
the MS mass) that is less ambiguous than methods used at hadron colliders.

v Precision Electroweak Couplings

+ Measure the tty and ttZ couplings with percent-level precision, which is significantly better
than current or projected LHC capabilities.

+ The possibility of beam polarization allow for a detailed and precise study of differential
cross-sections and spin observables.

v Probing New Physics

+ Precise measurements of the top quark’s couplings and spin correlations act as indirect
probes of BSM physics.



v' The form factors are basic building blocks for many physical quantities

v' They exhibit a universal infrared behavior - leads to information on anomalous
dimensions

v The massive cusp anomalous dimension controls the infrared structure of
massive form factors - studying the form factors helps in better understanding
of the massive cusp

v' Another important motive is to study high energy behavior of the massive form
factors

K



Heavy quark form factors



The process

We consider decay of a color neutral massive particle to a pair of heavy quark of
mass m.

Notation
t X(q) = t(q) + t(q)
285 X =V,A,8,P
i 7 (1—a)?



The general structure

Vector and Axial Vector
V: —i&ij (’}/‘u FV,1 —+ ﬁa‘“’qy FV’2>

A —idijaq (’y”% Faq1+ ﬁq“% FA,Z)

Scalar and Pseudo Scalar
—%5”’ [SQFS + iPQ’YSFP]




The form factors are expanded in the strong coupling constant as

=3 (22)" B

n=0

To obtain FI(”) =- appropriate projector on the amplitudes

i 4, —m 1 q, +m
Py, = —*2 (vugb,i + —(qu — qm)gé,i) e

v 0m 2m m

i 4, —m 1 4, +m
PA,i = — 22 ('7#'7591‘,,1' T 7(111“ P QZ;L)'YSQEAJ’) ] s

aqQ m 2m

v -m +m v —m +m
Ps = f, (gs) 4 , Pp = v fm (i'Y5QP) hrm

2msg  m m 2mpq m m

g1 = g1(s,m, d).



One-loop and beyond
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Fé”, FS) [Braaten, Leveille '80; Sakai '80; Drees, Hikasa '90]
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Féz), F}(f) [Gorishnii et. al. '91; Chetyrkin, Kwiatkowski '95; Harlander, Steinhauser '97]
Two-loop

FI(Z) [Bernreuther, Bonciani, Gehrmann, Heinesch, Leineweber, Mastrolia, Remiddi '04,05]
F\(/z,)i(o(e)) [Gluza, Mitov, Moch, Riemann '09]
F}z)((’)(ez)) [Ablinger, Behring, Blimlein, Falcioni, Freitas, Marquard, Rana, Schneider "17]
Three-loop

F‘(/?:)illargeN [Henn, Smirnov, Smirnov, Steinhauser '16]
F‘(,%)i, Ff’)i, FS), Fl(f) l1arge N4-full n; [Lee, Smirnov, Smirnov, Steinhauser "18]
F‘(,%)i, FS’)I., FS), Fl(f) l1arge N+full n; [Ablinger, Blimlein, Marquard, Rana, Schneider "18]
F‘(f,)i, Ffi)i, FS), Fl(f) | e [Blimlein, Marquard, Rana, Schneider '19]
F‘(,%)i, Fffy)i, FS), Fl(f) [full [Fael, Lange, Schoenwald, Steinhauser '22]



QCD corrections at three loops
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Computational procedure

- In-house FORM routines for algebraic manipulation : Lorentz, Dirac and Color algebra

- Diagrammatic approach -> QGRAF to generate Feynman diagrams

- Projectors: different projectors for different currents
- Decomposition of the dot products to obtain scalar integrals
- ldentity relations among scalar integrals : IBPs (using Crusher [Marquard, Seidel])

- Algebraic linear system of equations relating the integrals

4
Master integrals (MIs)

- Computation of Mis : Method of differential equation (generic)

- UV renormalization and Infrared subtraction
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Solving master integrals

The main challenges are the Mis. We follow the method of differential equations to compute them.
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The method of differential equations

An example of a three-loop scalar integral:

ddl,  dl,  dils

—€ ey 3
T, oo yvm) = ((Aﬂ-)z ¢ E) (@m)d (2m)d (2m)¢ DI

where, the D;.’i can be from the following set of propagators
Q1
1§ —m?, (b =) —m?, (I = b,
a- - L —m?, (I — q)f —m?, (I — b)?,
l% — mz, (I3 — q)Z — mz, (U q1)Z
q2

These Feynman integrals are functions of spacetime dimension d and kinematic invariants z.

J(, .. yvn) = Ji = f(d, x)

The idea is to obtain a differential eqn. for the integral w.r.t. z and solve it.
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The method of differential equations

An example of a three-loop scalar integral:

ddl,  dl,  dils 1
(2m)d (2m)d (2m)d DYV ...Dpn

J(wr, .. vn) = ((zm)z—eemE)a

d L .
d—Ji = some combinations of integrals
X

| IBP identities/reduction

n
=> cid;
=1

ci;'s are rational function of d and «.



The method of differential equations

An example of a three-loop scalar integral:

3 %, di, ddl
J(V‘\,...,Vn) _ ((47\')2_6667E> 1 2 3

(@m)d (2m)d (2m)¢ DI

Jq . . o . o Jq
Jy . . . . . Jy
J3 . . . . . J3
dy Jy — [ 3 [ [ [ Jy
JIn . . o . . JIn
deJ = A(d, z)]
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The method of differential equations

An example of a three-loop scalar integral:

ddl,  dl,  dils 1
(2m)d (2m)d (2m)d DYV ...Dpn

J(wr, .. vn) = ((AW)z—eemE)a

Jq . . . . . . Jq

Jy 0 . . . . . Jy

J3 0 . . . . ° J3

Jy 0 0 0 . . . Jy
dg =

Jn—1 0 0 0 0 . . Jn—1

T, 0o 0o 0 o0 0 e n

The bullets (o) indicate a non-zero rational function of d and z.

To solve such a system, it would be best to organize it in such a way that it diagonalizes, or at least
it takes a block-triangular form. Then, it can be solved using bottom-up approach.

The results are obtained in terms of iterated integrals (HPLs/GPLs).
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Ultraviolet renormalization



We consider a hybrid scheme for UV renormalization.

Heavy quark mass and wave function (Z,,,0s, Z2,0s) : On-shell
QCD strong coupling constant (Zq, ) : MS

The renormalization of F; for these topologies, is straightforward

Fvi = ZrosFv, Fs = Zm,0sZ2,0sFs
Fai= Zr0sFa, Fp = Zm,08Z2,0sFp

where Fy contains the counterterms from mass renormalization.

For non-singlet cases of Axial-Vector and Pseudo-Scalar currents, both the ~s-matrices appear in
the same chain of Dirac matrices, which allows us to use anti-commuting s in D space-time
dimensions.



Ward identities

The UV-renormalized form factors satisfy the Ward identities, which also work as a
check of the computation.

Chiral Ward identity

. 1—z)? . .
2F5 + = (—( . ) >F;;j2:2mF;5

2

Anomalous Ward identity quT%° = 2mIy — 125 Tr(GG) g

(GG)Q denotes the truncated matrix element of the gluonic operator GG between
the vacuum and an on-shell heavy quark pair (QQ).

16



Universal infrared structure



The structure of infrared singularities is universal and multiplicative
[Becher, Neubert '09]

Fi(e, ) = Z(e, @, p)F{ "™ (, )

Z (e, x, p) is universal/independent of current
FI'™ (2, ) isfiniteas e — 0

Renormalization group evolution of Z (e, x, ) provides
as\ [To as\2[1 (T3  Bolo 1 /Ty
74 =14+ (=) |2 = =0 _ = ([ =2
(e @ 1) +(4w)|:26]+<4w> |:62<8 4 +e<4>]
3 3 2
Qs 1 Fo 60F0 BOFO 1 < I B1FO> 1 <F2>:|
+ (4#) [63 (48 8 * = i e \6

T, is the nt" order massive cusp anomalous dimension.

[Korchemsky, Radyushkin '87, '92; Grozin, Henn, Korchemsky, Marquard 14, '15]



Results & Checks
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Results & Checks

- Computational : Automation to solve a single scale and first order factorizable
system of differential equations.

- Phenomenological : We have performed UV renormalization and obtained all the
form factors which are necessary to obtain N>LO QCD corrections to top pair
productions at electron-positron colliders.

3 G PG G PG RHB)
By By Fiq Fayp Fs Fp

V' We agree with the results from Lee et al. obtained using different method
V' The results reproduce the universal infrared structure
v Chiral Ward identity is satisfied between Fﬁ)i and Fj(f)

20



THE FUNCTIONAL STRUCTURE OF THE FORM FACTORS

The form factors contain polynomials of z, HPLs and cyclotomic HPLS.

FO =g, H__, 1], (2, G, G5, Liy (;) nrs (%)

The iterative integrals contribute up to weight 6, where 'weight’ denotes the number of iteration.

For example, a weight 3 HPL is
T dty [t dt L oty dt
H[O,1,{6,1},x}:/ J/ 2 / L
o t1Jo 1—t2Jo T—t3+1

To obtain a numerical implementation for z € [—1,1].

Goal

Qutcome
Fortran routines HPOLY. £ and CPOLY.f

21



Low energy region ¢> < m? or x — 1
High energy region ¢°> > m? or =z —0
Threshold region ¢ ~ 4m? or = — —1



THE FINITE COMPONENT OF THE FORM FACTORS
and THEIR EXPANSIONS IN DIFFERENT REGION

23



Re [(1+x)* Fy,1 0 (x)]

Re [(1+3)* Fy, 230

THE FINITE COMPONENT OF THE VECTOR FORM FACTORS
THRESHOLD EXPANSIONS
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Asymptotic behavior




J. Blimlein, P. Marquard and NR,
The asymptotic behavior of the heavy quark form factors at higher order,
Phys.Rev. D99 (2019) 016013 (arXiv:1810.08943 [hep-phl).
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The three different variant of form factors

Gluon FF Quark FF Massive FF
g U t
EEEE X o X
g i t
massless gluons massless quarks Massive quarks
F o (Qz)ns P o (Qz)ns Ja O F(n)(Qz’m%)

In a first glance, there is no similarity between massless and massive form factors. But
in the asymptotic limit (g7 >> m?), the leading term of massive form factors can be

related to the massless form factors, proving the universality of QCD corrections.
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SUDAKOV BEHAVIOR OF FORM FACTORS

The integro-differential Sudakov equation

[Mueller, Collins, Sen, Sudakov]

) d B A 2 2 1 ~ #ZR o Qz #213
Q@lnFi(asanﬂ):i K; as’? + G, @57F7F

In = the exponentiation of massless two-point correlation function
Q2%Qz = studying each point of Q2 phase-space available to virtual quanta

r.h.s. = factorization of QCD amplitudes

K; = contains all the singularities and universal
G; = finite and contains information of the process

Renormalization group equation :

PR P PO
Rdqu 2 Rdu% 2 R

d
du%

Gi
A;

= —A;(as(1R))

= cusp anomalous dimension
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SUDAKOV BEHAVIOR OF FORM FACTORS

One can systematically solve the Sudakov equation and RGE

o 1 1

O = 7{ _ zAE”} + 7{65”(6)}
PAO) ! Ta® <M Ly )
0437 [+ 51 54 PG (@) + =156 (©)

(3 1 8 2 ,.(1 1/2 nH 8 2) 400
fi()(€)=67{—gBoAE)}-#e—s{;BwAg)ﬁ-gﬁoAE)+gBoGE)(€)}

Points to note :

- K, is exactly known in terms of A;

-+ RGE for G; is solved up to a boundary constant G |p.c. = > oy aQ(QZ)GE"X
The structure of GE") was conjectured in [Ravindran, Smith, van Neerven]
M =2(BM — A+ fM + ¢ + 37 Fglm P
k=1
- All the poles can be predicted

28



SUDAKOV BEHAVIOR OF FORM FACTORS

Anomalous dimensions

Cusp ‘ A; ‘ the Wilson cusp

Collinear ‘ B; ‘ the behavior of a massless collinear parton

Soft | fi | the behavior of a soft gluon

uv | v | the ultraviolet divergences

29



SUDAKOV BEHAVIOR OF FORM FACTORS

Anomalous dimensions

Cusp ‘ A; ‘ the Wilson cusp

Collinear ‘ B; ‘ the behavior of a massless collinear parton

Soft | fi | the behavior of a soft gluon

uv | v | the ultraviolet divergences
Dissection of the divergences

1 collinear (B{™) & soft (™) & UV (™)
% double collinear (B{™ B{")) @ double soft (£ 1) @
soft and collinear (B{™ £(™) @ .. @ cusp (4™)

6% contributions from lower orders in ag
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SUDAKOV BEHAVIOR OF MASSIVE FORM FACTORS

- Does the FF exponentiate?
NO!

- Does the FF exponentiate in high energy limit?
Only the massless QCD corrections!

- Do the divergences factorize in that scenario?
Yes!

30



SUDAKOV BEHAVIOR OF MASSIVE FORM FACTORS

- Does the FF exponentiate?
NO!

- Does the FF exponentiate in high energy limit?
Only the massless QCD corrections!

- Do the divergences factorize in that scenario?
Yes!

Topological difference from massless : massive quark line

(!
Intuitively, some collinear divergences coming from massless quark in massless FF,

will appear as Inmy in case of massive FF

30



SUDAKOV BEHAVIOR OF MASSIVE FORM FACTORS

Now one can write the Sudakov equation for massive case

d . 1 2 2 2 2
w2 n (6, @ 42) = + | K 80, 2, 2B ) 1 G, (4, 2 ER
dm 2 HR o oW HR W

[Mitov, Moch; Ahmed, Henn, Steinhauser; Bliimlein, Marquard, NR]

K; = contains contribution from mg
G, = finite and contains information of the process only

The RGE is still the same

d
du%R

d
d,u%a

,uz LF' =0 = ,uz
Rdqu m R

K = —ph——7 Gm = —Aq(as(4R))

but now, K., can not be solved exactly. Instead, both the differential equations can
be solved up to the boundary constants

oo o

Kmlpe = al(Q)KS and Gmlpe = > al(Q)GL.

n=1 n=1
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SUDAKOV BEHAVIOR OF MASSIVE FORM FACTORS

Solving the Sudakov equation and RGE

n=1

InFp =% a"F™ L= (

|
2
€ [
1 o o) (14 o)+ (- )]

+ L(%Gﬁ,{)) + Lz( - %Ag” - %GS}BO) + L3(%Ag1)ﬁo)

We need Kﬁ,f”) and Gﬁ,?)
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SUDAKOV BEHAVIOR OF MASSIVE FORM FACTORS

G depends only on @2 (no dependence on m?). Hence,

C Gm =Gq=2Bg— )+ fg+Cq+0(&) >

maas

Following soft-collinear effective theory (SCET), it can be shown that the two-loop anomalous
dimension matrix for two heavy parton correlations, which controls the singular structure, contains
a heavy quark anomalous dimension ~q. Hence, we proposed [Bliimlein, Marquard, NR]

CKm =—2(Bg —vq) — fq — 2’7@)

vq is the heavy quark anomalous dimension.
(was known up to two-loop. We obtained it at three-loop level using T';).
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SUDAKOV BEHAVIOR OF MASSIVE FORM FACTORS

Finally, solving the Sudakov equation

Q’ m% ) 2
F (am ) :Cm(as(”’ ))
[T B

R MR as—as(p)

C.», is the matching coefficient.

QARSI Outcome

Inputs :

- Massive form factors at one and two loops in the asymptotic limit
- Massless form factors up to three loops
- Allanomalous dimensions at three loop

Output:

- All the poles of massive form factors at three loops in the asymptotic limit
- Also all the In(Q? /m?) coefficients for finite part

C,,, can only be obtained through exact computation.
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Conclusion




- In the first part of the talk, we presented an overview on the automatization of
solving first order factorizable system of differential equations. This method has
been used to obtain complete color-planar and full light and heavy quark
contributions to the three loop massive form factors.

- In the second part of the talk, we presented a Sudakov equation for massive
form factors in the asymptotic limit, which allowed us to predict all logarithmic
contributions at three loop level and partial four loop results in the
corresponding limit.
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Thank You for your attention!
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