
Introduction to 
Parton Distribution Function

Tie-Jiun Hou
侯铁君

微扰量子场论及其应用前沿讲习班
2025.0713, 济南



Reference
● Jianwei Qiu, Introduction to Quantum Chromodynamics, 2018
● Marco Stratmann, Lectures on Perturbative QCD or from basic principles to 

current applications, 2005
● Davison E. Soper, Basics of QCD Perturbation Theory, hep-ph/0011256
● Francis Halzen and Alan D. Martin, Quark and Leptons: An introductory 

Course in Modern Particle Physics. 

Other Reference
● R. Keith Ellis, W. J. Stirling, B. R. Webber, QCD and Collider Physics
● John Collins, Foundations of Perturbative QCD
● Particle Data Group 2



3



Discovery of Strong Interaction

1908-1913: Rutherford gold foil experiments 
It shows nucleus is positively charged. Most of the positive charge and mass 
concentrate at the tiny center of atom, which we call nucleus

1932: Chadwick discovers the neutron

Strong nuclear force, the force binding proton and neutron 4



Proton is not pointlike and has internal structure!

Immanuel Estermann and 
Otto Stern (1933) measured 
the proton’s anomalous 
magnetic moment

Otto Stern
Nobel Prize 1943

Finding of Internal Structure of Proton
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Isidor I. Rabi asked: who order that?
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The Naive quark model
● Flavor SU(3) – assumption:

Physical states for u, d, s, neglecting any mass difference, are 
represented by 3-eigenstates of the fund’l rep’n of flavor SU(3)

● Good quantum numbers to label the states:

● Basis vectors – Eigenstates:

Isospin: Hypercharge:

Slide from Jianwei Qiu, 2018

Murray Gell-Mann
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The Naive quark model

Slide from Jianwei Qiu, 2018
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The Naive quark model

Slide from Jianwei Qiu, 2018
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How many colors?

Slide from Fabio Maltoni, 2020

π0 → 2 γ decay
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Experimental Search for Quarks in the Quark Model
● In e+e- collisions (e.g., at SLAC), no single quark has 

ever been observed in the final state—only jets.
● Millikan’s oil drop experiment always found integer 

electric charges; no particles with fractional charge 
have been detected.

● Rutherford-like scattering off protons: high-energy 
e-p collisions probe internal structure.

● Jets are composed of mesons and baryons, which 
are all color-neutral. 
Quark confinement  Color confinement.→

Cornell potential:
 Phys.Rep.343(2001)1-136

PRL34.369
SLAC 3jets event
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Modern Rutherford experiment – 
Deep Inelastic Scattering

Mott scattering:
Scattering of Dirac electron on a point charge 
with infinite mass and charge Ze.

Deep Inelastic Scattering: Evidence of Internal Structure for Proton

● At low Q region, the data 
points agree with elastic 
Mott scattering. 

● At high Q region, the 
data points, 
corresponding to 
inelastic scattering, 
indicating the internal 
structure of proton.

12



Bjorken scalling

The SLAC data show that,             is 
approximately constant over a wide range 
of Q2 at fixed x. It suggest the high energy 
photo found approximate free pointlike 
particle inside proton.

Nobel Prize, 1990



Parton Model

What holds the quarks together?
The birth of QCD (1973)
Quark Model + Yang-Mill gauge theory

The fi(x) represent the probability 
to find a parton i carries a fraction 
x of the proton’s momentum p 
(leading order perspective).

Figures from Halzem&Martin
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DIS experiment
● Approximate scaling in middle x region.
● Scale violation in small x region (~ log Q^2)
SLAC (Stanford Linear Accelerator Center)
● e-e+/e-p(fixed target) 
● Dates of operation: 1966-2006
● Maximum energy: 50 GeV
HERA(Hadron–Electron Ring Accelerator)
● e-(e+)p 
● Dates of operation: 1992-2007
● Ecm = 320 GeV

Figures from PDG,2024

DIS expt.

HERA
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What kind of interaction between quarks?
● The π0  2γ decay and the e⁺e⁻  hadrons / μ⁺μ⁻ ratio→ →

→ reveal that quarks carry three color charges. 
→ According to Noether’s theorem, conservation laws imply the existence of an internal          

            symmetry.
⇒ This motivates the idea of a gauge symmetry associated with color.

● The discovery of the Δ⁺⁺ (uuu) baryon
→ requires 3 identical quarks to carry different colors, due to the Pauli exclusion principle.
→ This means quarks can change color, and color exchange occurs locally in interactions.
⇒ Therefore, the gauge symmetry must be local, not global.

● Bjorken scaling suggests that partons behave as approximately free particles at high energies.
    But small logarithmic deviations (scaling violation) are observed, especially in small‑x region.

→ These deviations imply a running coupling constant.
⇒ Only non-Abelian gauge theories predict this behavior.

These facts collectively imply that the strong interaction between 
quarks is best described by a local non-Abelian gauge theory! 16



Experimental Evidence for QCD
Three-jet event observed by TASSO at PETRA (1979)

The observation of 3-jet events(PETRA, 1979) confirmed the 
existence of the gluon and supported the idea that QCD is a 
local gauge theory.

The angular distributions and cross sections in 4-jet 
events(PETRA, 1981-1984) revealed the presence of gluon 
self-interactions, consistent only with a non-Abelian gauge 
theory.

Non-abliean
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For example: SU(Nc)

CA = NC, 

CF = (NC
2 – 1)/ 2NC

TF = 1/2

For QCD, SU(3), Nc = 3, 
hence CA = 3, CF = 4/3.

Evidence of SU(3) as Gauge Group of Strong Interaction

Figures from Z.Phys.C59(1993)357-368
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Evidence of SU(3) as Gauge Group of Strong Interaction

qq̄ (2jets), qq̄g (3jets) and 
qq̄,q ′ q̄ ′ (4jets), qq̄gg (4jets)

At ee collider like LEP: The differential cross section can be 
expressed as a sum of three terms in 
which the colour factors appear only 
as coefficients accompanying group-
independent kinematic functions

Figure from F. JEGERLEHNER, 2008
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Evidence of SU(3) as Gauge Group of Strong Interaction

Figures from F. JEGERLEHNER, 2008 CERN-OPEN-97-015(1997)

LEP 4 jets event

9/4

3/8
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Quantum Chromo-dynamics (QCD)

Slide from Jianwei Qiu, 2018 21



Gauge property of QCD

Slide from Jianwei Qiu, 2018
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Quantum Chromo-dynamics (QCD)

Slide from Jianwei Qiu, 2018
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Renormalization Group

Slide from Jianwei Qiu, 2018
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Renormalization Group

Slide from Marco Stratmann, 2005
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Asymptotic Freedom

Nobel Prize 2024

Figure from PDG 2024

Perturbative calculation is valid in 
high energy region (  1 GeV)≳

asymptotic freedomconfinement

PerturbativeNon-Perturbative

ΛQCD
N4LO(Nf) = 

Everything you wanted to know about Lambda-QCD but were afraid to ask
Randall J. Scalise and Fredrick I. Olness

~ 1 fm
Landau pole
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Hard Scattering

Final state radiation
(parton shower)

Hadronization
Hadron decay

Initial state radiation
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Infrared and collinear divergences

Slide from Jianwei Qiu, 2018
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Slide from Jianwei Qiu, 2018

IR Safe in the Final State – Inclusive cross section
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IR Divergence in Initial State – DIS revisit
Light cone cor.

light-front time conjugate light-front time

In a reference frame where the proton moves very fast and 
Q>>mh is big

Slide from Marco Stratmann, 2005
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IR Divergence in Initial State – DIS revisit

simple estimate for typical time-scale of interactions
among the partons inside a fast-moving hadron:

World line of parton

Interactions between partons are spread out inside a 
fast moving hadron.

Slide from Marco Stratmann, 2005 Figures from Davison E. Soper, 2000
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IR Divergence in Initial State – DIS revisit

struck quark
kicked into
x - direction

interaction localized
to within Δx+  1/Q∼

virtual photon

colinear gluon

The space-time picture suggests the possibility of separating
short and long-distance physics

Slide from Marco Stratmann, 2005 Figures from Davison E. Soper, 2000
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Factorization

PDF is universal! 35



The DGLAP evolution equations

The Dokshitzer–Gribov–Lipatov–Altarelli–Parisi (DGLAP) equations
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The QCD-improved parton model

Q2

As the probe energy increases, more details of 
quantum fluctuations, such as sea quarks and 
gluons, become visible.

37valence quark



● Hadrons, like baryons and mesons, are composed of quarks and gluons.
● The strong interaction between quarks is described by QCD, a SU(3) local 

gauge theory.
● Physical observables must be IR safe, such as inclusive cross sections and jet 

observables.
● Initial-state infrared singularities are absorbed into the Parton Distribution 

Functions (PDFs).
● The PDFs evolve with energy scale, governed by the DGLAP equation.
● The PDFs have a dual role:

– They describe the internal structure of hadrons (quarks and gluons).
– They are an essential, universal input for calculating any hadron collision process.

What do we know by far?

How can we extract such non-perturbative, yet universal 
and essential functions for hadron collisions? 38



The collision is characterized by 
low-energy Parton Distribution Functions (PDFs) and 
high-energy hard-core interactions. 39



 [Collins, Soper, Sterman, 1989] 

40
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● PDFs evolve with energy scale. 
● With a given parametrized PDFs at specific energy 

scale Q0 scale, the PDFs f(x,μ2) is determined 42
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How can we extract such non-perturbative, yet universal 
and essential functions for hadron collisions?
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● With a given parametrized PDFs at specific energy 
scale Q0 scale, the PDFs f(x,μ2) is determined

But….where? Top down or Bottom up?

47



Evolution of PDFs: valence quark
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Evolution of PDFs: sea quark and gluon
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Content of Proton
What PDF flavors to fit?

Naive quark model QCD-improved quark model

If we consider flavor SU(3) symmetry, i.e., mu = md = ms are massless.

But further experiement shows that, 
50
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Parametrization of PDFs

The choice of input Q0 scale is tricky:
● Q0 need to be large enough to away from ΛQCD，
● Q0 need to be smaller enough to reduce input PDF 

flavors
CTEQ 1.3   GeV
MSHT 1.0   GeV
NNPDF 1.65 GeV

Notice that, u, d and s are considered to have different 
PDF momentum fraction.

We will back to this later…. 55



Parametrization of PDFs

56



Requirements for PDF parametrization
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More Requirements for Fitting
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Experimental Data Access to Proton Structure
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DIS data

Slide from Sven-Olaf Moch, 2007
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DIS data

Slide from Sven-Olaf Moch, 2007
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DIS data

Slide from Sven-Olaf Moch, 2007
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Final combined DIS cross sections at HERA
41 data sets on NC and CC DIS from H1 and ZEUS are combined into 1 set. 2927 data 
points are combined into 1307 data points. 165 correlated systematic errors are 
reanalyzed and calibrated.
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Drell-Yan Process
The Sidney Drell and Tung-Mow Yan(颜东茂 ) proposed the process at 1970. 
Drell-Yan process is “clean” in hadron collider.

Z, w
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Drell-Yan Process

Z, w
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Inclusive jet production

● Jet process is IR safe by including all 
final state hadron in a jet.

● High-ET jets are mostly produced in qq 
scattering; yet most of the PDF 
uncertainty arises from qg and gg 
contributions.

● Typical x is of order 2ET / √s  0.1; ≳
e.g. x ≈ 0.2 for ET = 200 GeV, √s = 1.8 
TeV. At such x, u quark and d quark 
are known very well, uncertainty arise 
mostly from gluon.  
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Inclusive jet production in pp → jet + X
● The cross sections span 12 orders of 

magnitude
● Almost negligible statistical error
● Systematic uncertainties dominate, both 

from the experiment (up to 90 correlated 
sources of uncertainty) and NLO theoretical 
cross section (QCD scale dependence)
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Criteria for determining PDFs
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Source of PDF uncertainty

Slide from C.-P. Yuan, 2023
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PDFs Uncertainty: Hessian Method
One of the main method to estimate the uncertainty of PDFs is the Hessian method. 
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PDFs Uncertainty: Hessian Method
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Application of Hessian method : Correlation
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Application of Hessian method : Sensitivity
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Application of Hessian method : Sensitivity
The sensitivity Sf(xi , μi ) help us to visualize the potential impact on PDF in x − Q plane.
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Application of Hessian method : Sensitivity
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Application of Hessian method : Hessian Updating
ePump

error PDF Update Method Package

https://epump.hepforge.org/
Update PDF by yourself!
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Application of Hessian method : Hessian Updating
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Lagrange Multiplier Method
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Experimental data in CT18 PDF analysis

● HERAI+II'15

■ BCDMSp'89

◆ BCDMSd'90

▲ NMCrat97

▼ CDHSW-F2'91

○ CDHSW-F3'91

□ CCFR-F2'01

◇ CCFR-F3'97

△ NuTeV-nu'06

▽ NuTeV-nub'06

× CCFR SI nu'01

⊖ CCFR SI nub'01

★ HERAc'13

● E605'91

■ E866rat'01

◆ E866pp'03

▲ CDF1Wasy'96

▼ CDF2Wasy'05

○ D02Masy'08

□ ZyD02'08

◇ ZyCDF2'10

△ HERAb'06

▽ HERA-FL'11

× CMS7Easy'12

⊖ ATL7WZ'12

★ D02Easy2'15

● CMS7Masy2'14

■ CDF2jets'09

◆ D02jets'08

▲ ATLAS7jets'15

▼ LHCb7ZWrap'15

○ LHCb8Zee'15

□ CMS8Wasy'16

◇ LHCb8WZ'16

△ ATL8ZpT'16

▽ CMS7jets'14

× CMS8jets'17

⊖ CMS8ttb-pTtyt'17

★ ATL8ttb-pTt-mtt'15

● ATL7ZW'16

Taking CT18 as Example
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CT18 parametrization

● CT18 – sample result of exploring various non-perturbative parametrization forms.
● There is no data to constrain very large or very small x region.
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CT18 PDFs
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CT18 PDFs
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CT18 PDFs
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CT18 PDFs
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CT18 PDFs
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CT18 PDFs
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CT18 PDFs
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Momentum Fraction evolution with Q
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αS Extraction from LM Method

LHCb8WZ

ATL8ZpT

CMS7 jets

ATLAS7 jets

CMS8 jets

BCDMS p

E866pp

CDF2 jets

D02 jets

Total
HERAI+II

0.110 0.112 0.114 0.116 0.118 0.120 0.122 0.124
-20

0

20

40

60

80

100

αs(MZ)

(Δ
χ
2 )
ex
pt
.

CT18 NNLO

αs(MZ)=0.1164±0.0026 at 68%CL

Total

DIS

DY
Jets+top

0.110 0.115 0.120 0.125
-20

0

20

40

60

80

100

αs(MZ)

(Δ
χ
2 )
ex
pt
.

CT18 NNLO

αs(MZ)=0.1164±0.0026 at 68% CL
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CMS PAS SMP-22-010

ATLAS, 2309.12986

CDF 2022

Nature 590, 561–565 (2021)

αs

W Boson mass
sin2θl

eff

σD/(2σH)

Higgs Production

Lucian, DIS2024



Summary

 The parton distribution functions (PDFs) play an essential role in hadron collisions — they 
are both a description of the proton’s internal structure and a necessary input for predicting 
cross sections in QCD processes.

 One of the primary methods for determining PDFs is global analysis, which uses regression 
techniques to fit a wide range of infrared-safe experimental data.

 The uncertainty of the PDFs is quantified using statistical frameworks, among which the 
Hessian method remains widely used due to its efficiency and interpretability.
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