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Nucleus Neutron

QUARKS

ks

The explosive release of nuclear
energy is the result of the strong force

test of slectrowsak thsory

Carners of the
weak force

Folt by
quarks and leptons

Feit by.
quarha and charged leptons

Electricity, magnetism and chemistry Some forms of radio-activity are the All the weight we experience is the

are all the results of electro-magnetic result of the weak force
force
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result of the gravitational force

GRAFVICS PETER CROWTHIR



Discovery of Strong Interaction

Nuclei

Atoms || 107°m

Gold foil

L L

Source of

o particles

1908-1913: Rutherford gold foil experiments
It shows nucleus is positively charged. Most of the positive charge and mass
concentrate at the tiny center of atom, which we call nucleus

1932: Chadwick discovers the neutron

Strong nuclear force, the force binding proton and neutron



Finding of Internal Structure of Proton

Immanuel Estermann and
Otto Stern (1933) measured
the proton’s anomalous
magnetic moment

eh
Hp =92 \ o,
p

gp = 2.792847356(23) # 2!

Otto Ster_n
Nobel Prize 1943 Ly, = — ] 913 (2 ) ?é 0'
P

Proton is not pointlike and has internal structure!
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The Naive quark model Murray Gell-Mann
* Flavor SU(3) - assumption:

Physical states for u, d, s, neglecting any mass difference, are
represented by 3-eigenstates of the fund’l rep’n of flavor SU(3)

* Good quantum numbers to label the states:

(1 0 0 | 10 0
J3 = — 0 —1 0 Jg = —= 01 O
Lo 0 o 2v3\ g 0 —2
. 2
Isospin: [, = J, Hypercharge: Y = —J
\/§ 8

* Basis vectors - Eigenstates:

1 0
01(0):{>u ) Ug(l)z{wi—é,é) v =
0

Slide from Jianwei Qiu, 2018
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The Naive auark model
d Group theory says:

q(u,d,s) =3, q¢(u,d,s) =3,
33=8a1

of flavor SU(3)
—> 1 flavor singlet + 8 flavor octet states

3

Yll
d N A

7

S

Y a 5 Y

:

UU,J
R

— &

suL—-(sd

I3
) gl N7

There are three states with I; =0, Y = 0: uu, dcf, SS

 Physical meson states (L=0, S=0):

<> Octet states: A=

B =

< Singlet states:
Slide from Jianwei Qiu, 2018

C =

(utt — dd) —> 70

(vt + dd — 2s5) => 7y

}n;n’

(vt +dd+s3) = 1M
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d Group theory says:

< Flavor:

The Naive quark model

3R3©3=105®8, ®8y, D14

S: symmetric in all 3 q, Mg : symmetric in 1 and 2,

MA .
< Spin:

 Physical baryon states:

\

p
| $o(uds) \ /3

(uud)

. n(
Spin-1/2: ,
Z-(duls)

< Flavor-8 Y4
(s
(

L/
N0

="(dss)

o
Q@

Slide from Jianwei Qiu, 2018

Proton

Neutron

(uds) / Z*(’uus)

=O(uss)

G o
QD

)

2Q02Q02=45D 2y, D20, = S:%

antisymmetric in 1 and 2, A : antisymmetric in all 3

11
1272

' A*(uud) A**(uuu)

< Flavor-10  A<(ddd) A%(udd)Y’

Spin-3/2:

\

7

\Z*D(uds) I

5*-(dds)

=~ (dss)

A**(uuu), ...

T / ¥*(uus)
="O(uss)

é{sss)

Violation of Pauli exclusive principle

Need another quantum number - color!



How many colors?

m° - 2y decay

10° | J/Y | yp(28)

10° @
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Experimental Search for Quarks in the Quark Model
In e*e collisions (e.g., at SLAC), no single quark has

i —onlvi — 00000004~
ev'er be(’en qbserved in the final state onlngts. Q000000000000
Millikan’s oil drop experiment always found integer —40000000 — 40000000, —~ )
electric charges; no particles with fractional charge 0000000000000~ —~ 0000000000000~ ~

have been detected.
Rutherford-like scattering off protons: high-energy

e-p collisions probe internal structure. | Hadron Jet |

Jets are composed of mesons and baryons, which c I ol V() — e
are all color-neutral. ornell potential:  V(r) = —— + or

] r
PRL34.369
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Deep Inelastic Scattering: Evidence of Internal Structure for Proton

_ _ P @ E ! =
e +p—e + X - AtlowQregion, the data Z‘;"; — e
points agree with elastic ®/vorr |- i
o(K Mott scattering. - " |
O M —
e(k) / . . A 90 eiestc i arvitrary units =
" At high Q region, the P\ & -
data pOintS’ B \\ - Inelastic :
corresponding to . B N
¥(q) inelastic scattering, 3 OTE ) ; : E
indicating the internal - L : s
Hadrons structure of proton. - N Elastic B
p(p) 1073 | \\\ =
— SN -
\ — Sw o
Mott scattering: N - ~g
Scattering of Dirac electron on a point charge e | ! | .
with infinite mass and charge Ze. 0/ 0 05 10 s 20 23

Q2 [(G ev/c )2]



Bjorken scalling

d*o o’

dQdE'  4FE?sin*(0/2)

E: incoming electron energy

0: electron scattering angle

Q? = —¢*: momentum transfer squared

o v = E — FE’: energy transferred to the proton

o W7, Wy: structure functions (functions of Q2 and v)
Wi (Q% v) — Fi(x)
vWo(Q%, v) — Fy(x)

The SLAC data show that, vW3 is
approximately constant over a wide range
of Q2 at fixed x. It suggest the high energy
photo found approximate free pointlike
particle inside proton.

vW,

_ 2W1(Q2, v) sin?(6/2) + Wi(Q?, v) cos?(6/2)]

0.5 —
0.4 -
e ¢
ol Bt ese W
+
0.2 — l
0.1}
w=4
0 | | I | | ] | |
4] 1 2 3 4 b 6 7 8

Q? (GeV/c)? .Nobel Prize, 1990




Parton Model

Proton Quark

i

The fi(x) represent the probability

to find a parton i carries a fraction /\\ i xp
x of the proton's momentum p dP, —1

(leading order perspective). filx) = == === _J (1-x)p
What holds the quarks together? \f

The birth of QCD (1973) % fdxxf(x) =1

14

Figures from Halzem&Martin

Quark Model + Yang-Mill gauge theory
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DIS experiment

« Approximate scaling in middle x region.

* Scale violation in small x region (~ log Q*2)

SLAC (Stanford Linear Accelerator Center)

« ee*/ep(fixed target)
» Dates of operation: 1966-2006
* Maximum energy: 50 GeV

HERA(Hadron—Electron Ring Accelerator)

- e(e’)p

» Dates of operation: 1992-2007

* Ecm=320 GeV

R

- DESY, Hamburg, Germ

o

Q* (GeV

' [ ZEUSBPT1997
E BB ZEUSSVX1995
F 3O H1199497

| I HISVX1995
_ NMC

F BCDMS
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What kind of interaction between quarks?

* The n0 = 2y decay and the e*e~ - hadrons / p*u- ratio
— reveal that quarks carry three color charges.

— According to Noether’s theorem, conservation laws imply the existence of an internal
symmetry.

= This motivates the idea of a gauge symmetry associated with color.

* The discovery of the A** (uuu) baryon
— requires 3 identical quarks to carry different colors, due to the Pauli exclusion principle.
— This means quarks can change color, and color exchange occurs locally in interactions.
= Therefore, the gauge symmetry must be local, not global.

» Bjorken scaling suggests that partons behave as approximately free particles at high energies.

But small logarithmic deviations (scaling violation) are observed, especially in small-x region.

— These deviations imply a running coupling constant.
= Only non-Abelian gauge theories predict this behavior.

These facts collectively imply that the strong interaction between
quarks is best described by a local non-Abelian gauge theory! 16



Experimental Evidence for QCD
Three-jet event observed by TASSO at PETRA (1979)

R

CEEEER

Non-abliean

Sl Skl

The observation of 3-jet events(PETRA, 1979) confirmed the
existence of the gluon and supported the idea that QCD is a
local gauge theory.

ooooo0

q The angular distributions and cross sections in 4-jet
events(PETRA, 1981-1984) revealed the presence of gluon
self-interactions, consistent only with a non-Abelian gauge
theory.

17



Evidence of SU(3) as Gauge Group of Strong Interaction

[T‘i : TJ] :?;Zfijk _Tk

Z nm’a’ = 8apCF 2

ijkmfjkn = §mnC, a
1.k

ZT VT3, =6™Tp |a

a

For example: SU(N.)
CA - NC1
Cr=(Nc? — 1)/ 2Nc

T|: =1/2

For QCD, SU(3), N. =3
hence Ca= 3, Cr = 4/3.

18
Figures from Z.Phys.C59(1993)357-368



Evidence of SU(3) as Gauge Group of Strong Interaction
At ee collider like LEP:

The differential cross section can be

expressed as a sum of three terms in
which the colour factors appear only

as coefficients accompanying group-
independent kinematic functions

1 C,
qqgg-_O-O [F (ylj)+(1_2 C) F (yl_])

C
+C—j~ Fc (yij)] ;

T 1 C
Gaqq5= %0 l:E;i FD(yij)+ (1 ) C_j:> FE(yij)]
4 7wo?
S0~ 35 Ne kZ1 ¢  Tx=T
qd (2jets), qqg (3jets) and
qd.9 ' q ' (4jets), qggg (4jets) 19

Figure from F. JEGERLEHNER, 2008



Evidence of SU(3) as Gauge Group of Strong Interaction

L, ‘ ' ' 1 | T
@) 25 F
;‘1 | * SUG) QCD i . [1 Combined result % ] _ _ ‘
R ® ALEPH DELPHI 3]ts. ’ * SU(3) QCD ‘ ] :
1 I SU@) \ OPALN. |
. OPAL B-fl]llCtiOIl \DELPHI gl
SO(N) i F 1
L i L OPAL 4-jet
| 1 CF L
SO(4)Sp(6)” W ’. SU(2),5p(2) [ — — Event Shape
T 4 1 et
gluinos o ; ] /
& SUN) [ B sue)
0.5 | SOGMFSp) g / 0.5 & vy
3/8 | E7 ] w 86% CL Hip: |
E m 0 PR - ||||||||||||||||||||||||
' oot 24t e LEP 4 jets event
A
C'a
— = 2.20 4+ 0.09 (stat) + 0.13 (syst)
Cr
0 bl .
Ty
— = 0.29 4+ 0.05 (stat) + 0.06 (syst)

9/4 CA/Ck Cr
Figures from F. JEGERLEHNER, 2008 CERN-OPEN-97-015(1997)



Quantum Chromo-dynamics (QCD)

= A quantum field theory of quarks and gluons =

d Fields: f Quark fields: spin-'2 Dirac fermion (like electron)
vi (%) color triplet: i=1,2,3=N,
Flavor: f=u,d, s, cb,t

A‘u’a(;[;) Gluon fields: spin-1 vector field (like photon)
Coloroctet: a=1,2,...8=N"~-1
dQCD Lagrangian density
Locp(y, A Z?ﬁ (10,0 — gAualta)ig)y" — mydy) !
— [a Apa = 0 Aua — 9CaeAupA)’
+ gauge fixing + ghost terms
1 QED - force to hold atoms together:

— 1
Loen(6.4) = T [0, - eA)r —m/] ! = 1 10,4, = 0,4,

. _ o QCD is much richer in dynamics than QED
Slide from Jianwei Qiu, 2018

Gluons are dark, but, interact with themselves, NO free quarks and gluons

21



Gauge property of QCD
O Gauge Invariance:
vi(z) — i(z) = Ulx)i () Z.
Au(z) — Al (z) = U(z) Au(z) U (@) + — [0,U ()] U™ (2)

g
where A (z)i; = A a(z)(ta)i;
U(x)i; = [e'*®te|  Unitary [det=1, SU(3)]

v]

1 Color matrices:
Generators for the fundamental

[ta: tb] =1 Cgpe Le representation of SU3 color
L A\ )
0 Gauge Fixing: Loquge = —5(3,,5145)(&/14@)

Allow us to define the gauge field propagator: v.» . 14a

Oq k,.k, 1
G;w(k)ab - ’ _g;w + — k’z (1 - )\)]
22

k2

with )\ = 1 the Feynman gauge Slide from Jianwei Qiu, 2018




Quantum Chromo-dynamics (QCD)

J Interactions:

_QJ/”)'”’ A,u ,a la U«{"

1 _
2 QC"a be(Ou Au. a
By Ay 0)AFAY

9'2
- _1 Cabccab’c’

i ’l
E A;} A: A“.bu4,,‘cr

8;1 Na (qcﬂbr‘fig l Tle

Slide from Jianwei Qiu, 2018

W od

_ig(ta.)ijp}'u

_gCabc [guv(pl - p2)“f‘

. i gm(Pz - p;ﬂ)p
-+ g'j-'p(p3 =2 )u]

L
=g [Cca L GZCCGJ ay

% (Gu1u3Fuzpa

— Gurua9uzps)

]

9Cabe k.u 23



Slide from Jianwei Qiu, 2018 Asymptotic freedom!

Renormalization Group
1 Physical quantity should not depend on renormalization
scale 1 ==m) renormalization group equation:

2

d 9 A(n) (2 2 s i
Mgd—ugaphy (%,g(u),ﬂ) =0 = Uphy(Q)—;a”(Qau)(a;:))

1 Running coupling constant:

dg(p) g (w)
MW = 3(9) as(ﬂ) — A
O QCD B function:
%, _ 4
5(g) :ﬂ%(/f) :+931§7sz + O(g°) 51*—3]\7 3?;f <0 forn; <6

0 QCD running coupling constant:

s (ti1) ~ =0_ as us — oo for B <0
— ﬁces(p,l)ln (—%) 24

o (p2) =

=




Renormalization Group
value of strong coupling o, depends on distance (i.e. energy)

s T T &Y
'screening” of the charge "aﬁTi-scréening"
+_ +_ + + ¥ 4 non.
+ -_@ __++ +:+C:> ++++ abelian
+ ~+ r + T+ p
I rr
as(r) 7 ifr ] as(r) | ifr|
~ /
2
: 2 g 47
?| a — = ~ 1/r
Who wins: s(Q°) = Ax (11 —ng)In(QQ//\Q) Q /

25
Slide from Marco Stratmann, 2005 coupling at some reference scale Q,



Asymptotic Freedom

Flgure from PDG 2024
0.35 |

T decay (N3LO)
low Q2 cont. (N3LO)
Heavy Quarkonia (NNLO) e
HERA jets (NNLO) ++
e*e” jets/shapes (NNLO+NLLA) —+
e*e” Z0 pole fit (N3LO) +e—
)
)
)

03 F

0.25

pp/pp jets (NLO) +&—
pp top (NNLO) +e—
pp TEEC (NNLO

5asymptotic freedom

confinement “
Non-Perturbative ﬁ Perturbatlve -

Nobel Prize 2024 . 005 | (M7 ) o 1180 £0.0009
7[_ M L e | L L il "
aS(Q) — ﬁ[] IH(Q/AQCD) August 20123 10 Q [Ge\j]oo 1000
Landau pole @ ~ 39920 MeV Perturbative calculation is valid in
Ay =~ 309.560 MeV i i -
AacsMO(Ny) = Aij L~ fm high energy region (= 1 GeV)
v 26

Ag ~ 93270 MeV Everything you wanted to know about Lambda-QCD but were afraid to ask
Randall J. Scalise and Fredrick I. Olness



N~
(Q\




Hadron decay

Final state radiation
(parton shower)

Initial state radiation

Hadronization

Hard Scattering

28



Infrared and collinear divergences

1 Consider a general diagram: k/
p?* =0, k? =0 foramassless theory -
) P p—k \
2 2
¢ k=0 = (p—k)"—=p =0 Singularity

— Infrared (IR) divergence

S kM| pt = kP =P with 0< A< 1
= (p—k)?2—(1-A)2p>=0
— Collinear (CO) divergence

IR and CO divergences are generic problems
slide from Jianwei Qiu, 2018  Of @ massless perturbation theory
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IR Safe in the Final State - Inclusive cross section
0 e*e =» hadron total cross section - not a specific hadron!

e— 2
tot ;. Hadrons
Oe¢+e— —hadrons X >0 . “n?
e+
Partons “m”

If there is no quantum interference between partons and hadrons,

tot
O = " P P = P =
e"e” —hadrons e e —n ete”—=m m—n ete —m m—)n 1
T 1 1

o' < 3P, Unitarity

et e” —=partons ete” —=m
O = O™ «—— Finite in perturbation
¢” ¢ —~hadrons ¢ ¢ —>partons theory — KLN theorem

O e*e =» parton total cross section:

2 mn
0% o~ partons (S Za(”) (Q%, 12 (as( )) Calculable in pQCD 30
Slide from Jianwei Qiu, 2018



IR Divergence in Initial State - DIS revisit

Light cone cor. _ S
h — (t,x1,$2,x3) J » xH = (x+,x ,.XJT)

1
V2

+ _—

(t+2) light-fronttime 2~ = —(t—2) conjugate light-fronttime z, = (!, 22

S

k'

In a reference frame where the proton moves very fast and
Q>>m is big

4-vector hadron rest frame | Breit fr'ame \
(p+s D :pT) E(mhs mh, 0) \/5( h 0) >

*.q7,@)| 7 S 6 | 5(-Q Q o |
(q vq QT) _\/_5(_mh$: m_ha:, ) \/5 y &5 .

Slide from Marco Stratmann, 2005



IR Divergence in Initial State - DIS revisit

simple estimate for typical time-scale of interactions
among the partons inside a fast-moving hadron:

rest frame: Aa:+ ~ NA\r~ ~ i

1
Breit frame: Azt ~ 1@ — Q

Ax ~ —— =

Interactions between partons are spread out inside a
fast moving hadron.

4-vector hadron rest frame | Breit fr‘amze\
+ - i - 1 .Q zmj -
(p s P :pT) \/i(mh:mhao) \/5(2:’ Q ,0)
0+, a @) | mue, 26 | —=(—-@,Q,0) |
99917 o8 My’ | 2 T World line of parton 32
Slide from Marco Stratmann, 2005

Figures from Davison E. Soper, 2000



IR Divergence in Initial State - DIS revisit

The space-time picture suggests the possibility of separating

short and long-distance physics

X~ struck quark Xt
kicked into
X - direction

virtual photon
Wy (—Q.Q,0)

interaction localized
to within Ax+~ 1/Q

colinear gluon &

Slide from Marco Stratmann, 2005

k|

33
Figures from Davison E. Soper, 2000



Factorization \{/

» Let’s consider leading order QCD effect to DIS

Splitting function Collinear -
X 50 (Probability of qqg) i x dlvergence F
dé
F(x,Q)=x) e {qg (X +-=] —4a (5){13( )1n(—)+C( )
Teo| w2l g w0 :
Nal'\ac Quark-Parton Model .
. S e
else that can pe
» Factorize at scale In( Q_2 ) = Q 2 ,I.IF2 ) e
K HE
Q*|/
F(xQ")=xXe, j A 1) X 8- D)+ 2 P(Dfin—54C)
S S| My
K-Z -0 . Arbitrary

choice to split

2 ds ! X y7s i
— P(O))In&Z=1+C C btw F , and
A =+~ [ G@OPE5+C) on




Factorization

» Arbitrary choice on “C” - Factorization scheme
-- MS, DIS schemes, efc.

» PDF absorbs collinear divergence
-- Cannot be fully calculated

-- However, its variation with pg 1s given by DGLAP evolution equation
oq,(x, ut°) _ g (1dé X
=5 [ 2q,(& 1. )P()
Take derivative Oln . 25°% ¢ &
with In p
Qz
5 1
Fz(XaQ (f H ) {5(1—_) S P( )11’1—2-+C}
& S| M
2 =50 Arbitrary
aqu . choice to split

| | 5 as 1 X
_ L+ Zs P() el C btw F, and
PDF is universall q(X, ;") =qy(x) . Lq“@){ (5) : K’ } PDF

35



The DGLAP evolution equations

The Dokshitzer—Gribov—-Lipatov—Altarelli-Parisi (DGLAP) equations

d q )\ _ Pgq Pqeg 2 q
dinQ? \ g Pgeq Pgg g
Tk (1= 2F
Pae) = To[2+ (1= 2F],  Pale) = G | 2]
Z =4 (11Ca — 4nf TR)
P —2C 1 — (1 —
pe(2) = 2Ca | [+ 2 (1= 2)| 401 - ) A
Pog, Pgg: symmetricz <+ 1 — z (except virtuals)
Poq, Pgg: diverge for z — 1 soft gluon emission
Pgg, Pgq: diverge for z — 0 Implies PDFs grow for x — 0 36
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AN

The QCD-

€

valence quark

Improved parton model

Quark

—qg? large

As the probe energy increases, more details of
guantum fluctuations, such as sea quarks and
gluons, become visible.

37




What do we know by far?

Hadrons, like baryons and mesons, are composed of quarks and gluons.

The strong interaction between quarks is described by QCD, a SU(3) local
gauge theory.

Physical observables must be IR safe, such as inclusive cross sections and jet
observables.

Initial-state infrared singularities are absorbed into the Parton Distribution
Functions (PDFs).

The PDFs evolve with energy scale, governed by the DGLAP equation.

The PDFs have a dual role:
- They describe the internal structure of hadrons (quarks and gluons).
- They are an essential, universal input for calculating any hadron collision process.

How can we extract such non-perturbative, yet universal
and essential functions for hadron collisions?

38



The collision is characterized by
low-energy Parton Distribution Functions (PDFs) and
high-energy

39



o :fa(xlnuz) ®fb(x2"u2)®

[Collins, Soper, Sterman, 1989]

6ab (Auz )

40



6 = fulx1,u%) Ofy(x2,1°)®  Gap ()
do

=0
d1n u?

afa xﬂuz
ainyz) = ) _Pa/j(x,,uz) R fip (x, %)
j=8:9:

41



6 = fulx1,u%) Ofy(x2,1°)®  Gap ()
do _ 0
dlnu?

afa xﬂuz
ainyz) = ) _Pa/j(x,,uz) R fip (x, %)
j=8:9:

xfy(x,Qo,{ar,as,...}) = x4 (1 —x)Py4(x)

* PDFs evolve with energy scale.
* With a given parametrized PDFs at specific energy
scale Qo scale, the PDFs f(x,u?) is determined 42




6 =falx1, %) ®fp(x2,4°)Q  Eap(u?)

How can we extract such non-perturbative, yet universal
and essential functions for hadron collisions?

43



6 =falx1, %) ®fp(x2,4°)Q  Eap(u?)

|

[\

Experiments

a

theoretical prediction

44



DIS
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d?c/dp_ dy (pb/GeV)

G =fa(x1,1%) ®fp(x2, 17 Oap\H
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afa(xuuz)
oln 2

— Z Pa/j(xnuz)@ﬁ/p(xnuz)

J=8:9,4
xfy(x,Qo,{ai,as,...}) = x4 (1 —x)?Py(x)

* With a given parametrized PDFs at specific energy
scale Qo scale, the PDFs f(x,u?) is determined

But....where? Top down or Bottom up?
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Evolution of PDFs: valence quark

1.0 1 Ll i I I 1 1 I
CT14NNLO u,(x,Q), 90%C.L.
0ghk “1Q= 13GeV
B J— Q= 2.6GeV
Q= 52GeV
06k  Q=10.4GeV
' 21 Q=20.8 GeV
''''''''''''''''' Q=41.6GeV
0.4
0.2
0.0%
10

0.5

1 | a I I L] L] I

CTI4NNLO d,(x,Q), 90%C.L.
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Evolution of PDFs: sea quark and gluon
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Content of Proton

What PDF flavors to fit?

Many virtual
quark anti-quark pairs
(sea quarks)

Many gluons
(carriers of the
strong force)

Naive quark model QCD-improved quark model
uyalencg, dyalence, g].uon, sea quarkS....

If we consider flavor SU(3) symmetry, i.e., m, = mg = ms are massless.
Useq = Ugeq = dsea = dseq = Ssea = Ssea

But further experiement shows that,

Useq F dsea F Ssea
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A quark
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Valence quark

bound valence quarks
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Valence quark and Sea Quark
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Parametrization of PDFs

The choice of input Qo scale is tricky:

* Qoneed to be large enough to away from Aqco »

* Qoneed to be smaller enough to reduce input PDF
flavors

CTEQ 1.3 GeV
MSHT 1.0 GeV
NNPDF 1.65 GeV

dw S, L_‘ts — Ug,

Where u = u, + u,, and d = d, + d;.

Notice that, u, d and s are considered to have different
PDF momentum fraction.

We will back to this later....

[]

my
my

1Py = 5(3)
= 22708 Mev [ =+%
[mg = 0.38-0.58

Charge = % e

[]

mg

1Py =134

_ 05 _ 1 _ 1
=4.770% MeV Charge= L e I,=-1%

ms/mg = 17-22
M= (my+mg)/2 = 35707 Mev

[

1Py = 03™)

mg = 95J_r§ MeV  Charge = 7:1{ e Strangeness = —1
mg | ((my + mg)/2) =273 +07

me
me
mp
mp

1Py =0 ™)

=1.27 + 0.03 GeV
Jmg = 11724+ 0.25
/m¢ =453 4005
—m¢ = 3.45 £ 0.05 GeV

Charge = % e Charm = +1

L]

1Py = o)

Charge = —% e Bottom = -1
mp(M3) = 4.13+ 003 Gev
mp(1S) = 4.66 7004 Gev
[t] I0P) = o)
Charge = %— e Top = +1

Mass (direct measurements) m = 173.21 £ 0.51 + 0.71 GeV [3’b55
Mass (MS from cross-section measurements) m = IGOfi GeV @
Mass (Pole from cross-section measurements) m= 174.2 + 14

GeV



Parametrization of PDFs

xf(x,{ay,a9,...}) =x“1(1 —-x)2P(x)
e x — 0: f «<x“, Regge-like behavior

* x - 1: f o (1-x)%, quark counting rules

® P(x;as,as,...): smooth function for intermediate x range, ex: Bern-
stein polynomial. )

S
X
S
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8
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S
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Requirements for PDF parametrization
® Valence quark number sum rule

1 1 _
/O[“(X)—Et(x)]dx=2,[o ld(x) —d(x)]dx =1

/ 1500 —3(0)]dx = 0
0

Where u = u, +ii, d = d, +d. (s(x) —5(x)) can be non-zero.

® Momentum sum rule

|
Z /0 xfa/p(xa Q)dx: 1

a=q,q,8
CT18 NNLO gluon u_v dv dbar+ubar

momentum fraction(1.3GeV, %)  38.4 32.5 13.4 12.9

S7



More Requirements for Fitting

® A valid PDF set must not produce unphysical predictions for
observables
® Any concievable hadron cross section ¢ must be non-negative: ¢ > 0.
This is typically realized by requiring f,,,(x, Q) > 0.
® Any cross section asymmetry A must lie in the range —1 <A < 1.
This constrains the range of allowed PDF parametrizations.

® PDF parametrization for f;/,(x, Q) must be "flexible just enough” to
reach agreement with the data, without reproducing random

fluctuation.
FQ(LE,QQ) Fg(aijQ)

¢ bad fit
¢ good fit

» » T
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Experimental Data Access to Proton Structure
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DIS data

® Deep-inelastic lepton-hadron scattering (e p, e*

n, vp, up, ...)

# Kinematic variables
s momentum transfer Q% = —¢

2

quark » Bijorken variable z = Q*/(2p - q)
» Gauge boson exchange
o neutral current: ~, Z
s charged current: W+

o Cross section o ~ L""W,,,
» leptonic tensor L, for neutral/charged current

» hadronic tensor parametrized through structure functions

1 2 1 2\ | - paqﬁ 2
Wi = euI/%FL(x: Q")+ dMV%FQ(fEa Q")+ 1Euua6fF3(93a Q) 61
Slide from Sven-Olaf Moch, 2007



DIS data

NC (neutral-current)

® NC e*p cross section

2 NC/ + 2
Ao (e7p) _ 2ma (1+ (1 =) Fe — v Fr F (1 — (1 —y)*)aF3]

drdQ? oz
o Vvalence/sea parton distributions ¢ + ¢
2
o 2 Q
Fy =73, Agz (q+ q) with Aq :eq_'_O(QQ—I—M%)
. Q*
Fs = Zqum(q—q) with B, = O(Q2—|—Mg)

Slide from Sven-Olaf Moch, 2007
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DIS data
NC (neutral-current)

® NC e*p cross section
d2crNC(eip) 2ma’
dzdQ?  xQ*

o valence/sea parton distributions ¢ & ¢

[(14+(L—9)*)Fo — v Fp F (1 — (1 — y)*)xFy]

N Q*
F2:Zqua:(q+q)WlthAq:eg—I—O(QQ_'_M%)
5, Ba (q— ) with (L)
=Y Byz(q—q) with By = O(——%—

q Q2_|_M%

CC (charged-current)

® CC e*p cross section — flavour separation:

d2c%C(etp) G4 M%V 20 . _
dde2 - s (MI%V—FQQ) [U+C—|—(1—y) 8)]
dzacc(e_

2 2
p) _GF ( My )2 207 -
= (©F e+ (1= )*(d+3)
Slide from Sven-Olaf Moch. 2007 42d@? 21 M3, + Q2



Final combined DIS cross sections at HERA

41 data sets on NC and CC DIS from H1 and ZEUS are combined into 1 set. 2927 data
points are combined into 1307 data points. 165 correlated systematic errors are
reanalyzed and calibrated.

H1 and ZEUS H1 and ZEUS

- Q
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Drell-Yan Process

The Sidney Drell and Tung-Mow Yan( EllZR/% ) proposed the process at 1970.
Drell-Yan process is “clean” in hadron collider.

do” 4 1. - -

d_y o< 9 (uaiip + iaug| + 9 (dadp +dadp| + ...
do"" _

& o< usdp+diug—+ ...
do"

e o< Usdp+daitg+ ...

65



Drell-Yan Process

s deW

__dy dy
Ach (y) A
7 SRR Y

Acn(y) constrains PDF ratio at Q ~ m,,;:
® d/uatx— 1 at Tevatron 1.96 TeV (pp)
® d/uatx>0.1and d/uat x ~0.01 at the LHC 7TeV(pp)
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Subprocess fraction

o
o

Inclusive jet production

pp --> jet +X

Js =1800 GeV CTEQBM u=E /2 0<|n|<.5

— CTEQ&M
e CTEQS5M
qq
S
[ o ’/’4/:
b ey ‘ ////,////
— s s 7--7--7--77--7-_-7_-7_ gg
50 100 150 200 250 300 350 400 450

E, (GeV)

» Jet process is IR safe by including all

final state hadron in a jet.

High-E+ jets are mostly produced in qq
scattering; yet most of the PDF
uncertainty arises from qg and gg
contributions.

Typical x is of order 2E+/ Vs = 0.1;
e.g. X = 0.2 for Er =200 GeV, Vs = 1.8
TeV. At such x, u quark and d quark
are known very well, uncertainty arise
mostly from gluon.
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Inclusive jet production in pp — jet + X

i CMS 1 ol I|y|l< 6.é(x 10%) o]
il O 05<|y|<1.0(x10*) _|
il 's=7TeV B 10<|y|<15(x10?) _]
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et p_ (GeV)

* The cross sections span 12 orders of
magnitude

» Almost negligible statistical error

e Systematic uncertainties dominate, both
from the experiment (up to 90 correlated
sources of uncertainty) and NLO theoretical
cross section (QCD scale dependence

T

- T T T T T T T T T
N - lyl<05 Exp. Unoestainty CMS ]
a 16~ "o Data D s=7Tev ]
o - =——CT10 771 Theo. Uncertainty L=5.0fb" g
=z -  -.-.= HERA1.5 anti-k; R =0.7 T
Z 14 .. msTwao08 ]
o - == ABKMO9 .
o [ ]
o B i 1
VS i vaue i sussise s -
-
5
0.8 =

0.6

200 300 400



Criteria for determining PDFs

2
2 1Di — Y MBri — Ti({a})] 2
Xglobal — Z 2 + Z 7\'k'
i O; k

Where
D; 1s the central value of data,
T;({a}) is the theoretical prediction of the data,
0'1-2 1s the qudratic sum of the statistical error and uncorrelated error,
B is the matrix for correlated error,

and A are the nuisance parameters.

The PDF is obtained by minimizing the global % function respect to
shape parameters {a} and nuisance parameters {A}.
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Source of PDF uncertainty

Factorization Theorem:

Data =

4

Experimental errors:

» Statistical

» Systematic

= uncorrelated

= correlated

> x?definition
(experimental or ty)

» Possible tensions
amona data sets

Slide from C.-P. Yuan, 2023

PDFs @ Hard part cross sections (Wilson coeff.)

1

Extracted with errors,
dependent of
methodology of analysis

» Non-perturbative parametrization
forms of PDFs

» Additional theory prior

» Choice of Tolerance ( T?) value

\

Theoretical errors:

» Which order: (NLO, NNLO, ...,
resummation — BFKL, qT, threshold)

» Which scale: (ug, ug)

» Which code: (antenna subtraction,
sector decomposition,..., qT, N-
jettiness,,...)

» Monte Carlo error: (most efficient

implementation,...) 20



PDFs Uncertainty: Hessian Method
One of the main method to estimate the uncertainty of PDFs is the Hessian method.
1 82x2

2 2
X =%y + ) Hiyiyi, Hiji==|s——) ,
0 % yystr] 1 2 a}’ia}’j 0

Where y; = a; —a with a to be the parameters at minimal .

2-dim (i,j) rendition of d-dim (~16) PDF parameter space

contours ofconstant ngfobal

u;: eigenvector in the [-direction
p(i): point of largest a; with tolerance T <]
(i) 8, global minimum

diagonalization and
>
Ve

rescaling by
the iterative method

« Hessian eigenvector basis sets

(a) (b) 71

Original parameter basis Orthonormal eigenvector basis



PDFs Uncertainty: Hessian Method

Let X = X({a;}) to be the observable as a function of fitting parameter.

Using the linear approximation of parameter {z;} , the symmetry
uncertainty of X is,

N 1/2
AX = (2 X({z ) X({zimz) ,

i=1

Where {z;"} = {£T,0....}, {z; } = {0,4T,0....} and s0 on.
The asymmetry uncertainty of X is,

S

I

X = | [max (Xl.(Jr)—XO,X(_)—XO,O)]z,

|
-
1

5 X = \ i‘i [maX (XO ~x7.x, —X(_),O)] g

i

o~
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Application of Hessian method : Correlation
cos p ~ 1 cosp ~ () cosp ~ —1
oY 4 oY 4 oY

/N N
/ 0X KJ/M %:\5)(

In the framework of the Hessian, the correlation between two variables X
and Y can be worked out as.

VXYY 1 o O () o)
©OS® = AXAY ~ JAXAY X (a7 -xe) (v - ve)

where the AX and AY are their symmetric uncertainties. By this
correlation angle @, the tolerance ellipse is defined by
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Application of Hessian method : Sensitivity
® The correlation cosine between PDF f(x,u) and theoretical
prediction 7; contains no information of the experimental
uncertainty.

® The correlation cosine Cr(x;,u;) between PDF f(x,u) and residual r;
contains no information of the experimental uncertainty in practice

Vi (xi i) - Vri

h
Af G pi)Ars

Cf(xiayi) —

N . . T.
=Y A YR (= 2 mba Tilla)
i k

G;

* Instead, we concern the “sensitivity” Sr(x;, ;)

Sf(xialui) — Cf(xiﬂui) T =
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Application of Hessian method : Sensitivity

The sensitivity Sq(xi , pi ) help us to visualize the potential impact on PDF in x — Q plane.

u(x, )
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Application of Hessian method : Sensitivity
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Application of Hessian method : Hessian Updating

ePump
error PDF Update Method Package

Update PDF by yourself! https://epump.hepforge.org/

Theory Files:

Theory predictions for each
of 56 eigenvectors

New PDF set

ePump | 56 eigenvectors

Data Files:

Standard Data file, including
Correlated errors
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Application of Hessian method : Hessian Updating
. New best-fit PDF : £’ =f +Af-z

new

. New error PDFs: " =f" +_L_Af-U"

where /() and ) are the eigenvalues and eigenvectors of matrix M

. Extensions :

. Best choices for A f within the linear approximation
. Dynamical tolerances : +e' 2 i(Tﬂ/ T) e’
- Inclusion of diagonal quadratic terms in expansion of X (Z)

- Direct update of other observables :

Y' =Y +AY -z . [AY|=AY-(1+M) -AY

new

/8



Lagrange Multiplier Method

Conaider a particular physical quantity, say X ({a;}), which is a function
of PDFs.

F(h{ai}) =x*({ai}) + MX({ai}) - X({a}))
By minimizing this function with various fixed A value, say Aj,...Aj..., A,
we will obtain n parameter sets {a;(A;) } and corresponding X ({a;(A;) })
and x*({a;(A;)}). With suitable choice of Ax?, we obtain the uncertainty
of the physical quantity X({a;}).
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PDF Ratio to CT138pre

PDF Ratio to CT18

CT18 parametrization

20 L i, Ll T L T L T T T T ].5 T i il L] T T T
x,Q)at Q=1.3 GeV 90%C.L. 14k u(x,Q) at Q =1.3 GeV 90%C.L. 14k d(x,Q) at Q =1.3 GeV 90%C.L.
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3.0 T . | i L] 1 T 1 T 1.6 L i | 1 T L] L] T ].6 T i | i L] T 1 i
s(x,Q) at Q =1.3 GeV 90%C.L. u(x,Q) at Q =1.3 GeV 90%C.L. i d(x,Q) at Q =1.3 GeV 90%C.L. |
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@] o
(=] o
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2 Z
00 ( ) E 0.8 . [_QL 08F .
~h S X,Q 1 & A
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* CT18 — sample result of exploring various non-perturbative parametrization forms. gq
* There is no data to constrain very large or very small x region.



X*u_(x,Q)

CT18 PDFS

u(xQ)atQ—lSGeV 68%C.L.

1.0
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PDF Ratio to CTI4AHERA2NNLO

CT18 PDFs
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g(x Q)/IO at Q =1.3 GeV, 68%C.

0.6

04

x*g(x,Q)

0.2F

CT14HERA2NNLO
22 CT18NNLO

000107107 102 107 02 05 09
g(X QatQ=1. 3 GeV, 68%C. L
S U " CTI14HERA2NNLO
% / ~~1 CT18NNLO %
S12 //
- /
409 / // ,,/////
208
a7
(A
g W%
10°10™ 10 05 09

CT18 PDFs
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CT18 PDFs
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CT18 PDFs
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PDF Ratio to CTI4HERA2NNLO

PDF Ratio to CTI4AHERA2NNLO
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Flavor Ratio

CT18 PDFs

5 o(s+8)/(u+d)(x,Q) at Q = 1.3 GeV, 68%C.L.

7

_

p—
N

—
)

-
)

7

CT14HERA2NNLO
27 CTISNNLO

707

s
7

./

%

7 ////W}};;;}//;”//
000107 100 102 07 02 05 09

X

Flavor Ratio

(du)(x,Q) at Q= 1.3 GeV, 68%C.L.

= CT14HERA2NNLO f

~7 CTI8NNLO /
2.0f // /
1.5} /I/‘ ......""Ié‘
1.0 1
0.5

88



<x>

Momentum Fractlon evolutlon with Q
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Summary

B The parton distribution functions (PDFs) play an essential role in hadron collisions — they
are both a description of the proton’s internal structure and a necessary input for predicting
cross sections in QCD processes.

B One of the primary methods for determining PDFs 1s global analysis, which uses regression
techniques to fit a wide range of infrared-safe experimental data.

B The uncertainty of the PDFs is quantified using statistical frameworks, among which the

Hessian method remains widely used due to its efficiency and interpretability.
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