Introduction to Chiral Perturbation Theory

Feng-Kun Guo

Institute of Theoretical Physics, CAS

Lectures at the Summer School on Perturbative Quantum Field Theory and its
Applications
Jinan, 06-21 July 2025

Feng-Kun Guo (fkguo@itp.ac.cn) CHPT 14 July 2025 1/81



o Chiral symmetry

e Chiral perturbation theory
o Effective field theory in a nut shell
@ Transformation properties
@ CHPT at leading order

@ Including quark masses
@ Effects of virtual photons
@ Pion-pion scattering at LO

@ CHPT with matter fields
@ Baryon CHPT at LO

@ CHPT at the next-to-leading order

© Exercises
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Light vector and pseudoscalar mesons

Light meson SU(3) [u, d, s] multiplets (octet + singlet):

e Vector mesons
as

meson quark content  mass (MeV)
pt/p~ ud /du 775
o° (utt — dd)//2 775
K*t/K*~ us /st 892
K*0/K*0 ds /sd 896
w (ut + dd)/+/2 783
= ’ﬂ ¢ 55 1019

= agpproximate SU(3) symmetry

= very good isospin SU(2) symmetry

Mo —mye = (—0.740.8) MeV, mywo — myes = (6.7 + 1.2) MeV
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Light vector and pseudoscalar mesons

Light meson SU(3) [u, d, s] multiplets (octet + singlet):

e Pseudoscalar mesons

> meson quark content mass (MeV)
at/m™ ud /du 140
w0 (uti — dd)/v/2 135
KT/K~ us /st 494
K°/K° ds /sd 498
n ~ (uti + dd — 2s5)//6 548
S ot n ~ (uti + dd + s5)/\/3 958

= very good isospin SU(2) symmetry
Myt —mgo = (4.5936 £0.0005) MeV, mgo —mg+ = (3.937+0.028) MeV

= Why are the pions so light? Pseudo-Nambu-Goldstone bosons of the
spontaneous breaking of chiral symmetry: SU(2);, x SU(2)r — SU(2)y

Feng-Kun Guo (fkguo@itp.ac.cn) CHPT 14 July 2025 3/81



symmetries

S 4 1 920 oo
EQCD = q‘f(lp - mf>qf — ZGZVGMV7(1 + 6471'2 P GZVGzG'
f_u,d7s,
T ebt

o Exact: Lorentz-invariance, SU(3). gauge, C (and P, T for 8 = 0 w/ real my)

o Approximate: | u d s G b t
ST e oo < G | e |
Light cI;uarks Heavy Iquarks
= Spontaneously broken chiral 1= Heavy quark spin symmetry (HQSS)
sym(n;\e;tr)y: ) ssB = Heavy quark flavor symmetry (HQFS)
SU f)L X SuU f)R — . .
SU(N;)y = Heavy aiquark-diquark symmetry

(HADS)
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Chiral symmetry
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Chiral symmetry (1)

o Masses of the three lightest quarks v, d, s are small
= approximate chiral symmetry

e Chiral decomposition of fermion fields:
1 1
Y= 5(1 — Y)Y + 5(1 +v)Y =Py + Prp = Y +9r

w5 Properties: (5)% = 1, {v5,7.} = 0
w P ? =P, Pr? = Pp,
P, Pr = PrPr, =0, Pr+Pr=1
o For massless fermions, left-/right-handed fields do not interact with each other

LY, Yr) =i P + ibrPvr — m(Vrbr + YribL)

gluon mass

ey

YR YR YR vy,

Feng-Kun Guo (fkguo@itp.ac.cn) 14 July 2025



Chiral symmetry (2)

e Decompose Lqcp into L¢p, the QCD Lagrangian in the 3-flavor chiral limit
m, = mg = mg = 0, and the light quark mass term:

£QCD = ‘C%CD - qu y 4= (u’ d) S)Ta M= dlag(mua mgq, mS)

° ‘C%CD =14, Pqy +iqrPar + -

is invariant under U(3), xU(3) » transformations:

Lyen(Guvs @' Dud') = LY (Guv, ¢ Dug)
¢ =RPrq+ LPLq=Rqr+ Lq,
ReUB)r, LeUB)L
o Parity:  q(t, %) 5 40q(t, —7F)
= qg(t,7) 5 Pry’q(t, —&) = 1°Pra(t, %) = 1°qL(t, )
4, (1, 7) 5 1 qr(t, —)

° U(3)L X U(3)R = SU(S)L X SU(S)R X U(l)L X U(l)R
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Chiral symmetry (3)

224 %= o eﬁ”zm

Y= AC
e+ =9

\l

%: Tt %

aaTe
L_(Q—L&LTQ-‘L&L_‘( Q, +¢ o

2

e oo 'l:ulaTA (,:“\U\TQ‘
L%Tépﬁ)?*%eg el o g

=L (z— BOT i, - PR 194G ( L&ZT‘WQL'L&QZTWR)E"

:<[—L§\£ —wl\/)?Jr ('l&: “”&A wﬁ*
|

( 0
(o+aR) ) L(oa-93) L oa-a0)
= W R Y T g
= ~— T U Y
SUNN Uy ookl (1),

e U3)L x UB)r= SUB)L x SUB)r x Uy x U(l)a
o {e7aT" 51 (a9 € R) do not form a group (the closure property not satisfied).
Baker-Compbell-Hausdorff formula: eXeY = eX+Y+a[X YT+ (792 —
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Chiral symmetry (4)

e Decompose U(3)r x U(3)r = SU(3)r x SU(3)r x U(l)y x U(1)4 :
18 conserved (Noether) currents for massless QCD at the classical level

a
, _ 0 - .
JiR = qL,R'YM?qL’R » JER =T rY R (A : Gell-Mann matrices)

o rewritten in terms of vector (V. = L + R) and axial vector (A = R — L) currents
A o - A®
Vit = 5a, AN ="
oVt =0, 0,A"" =0
e U(1)y: baryon or quark number conservation
Vi =gy.q, 0,V*0 =0
e U(1).4: explicitly broken by quantum effects, anomaly
- N 92 vpo a a
A0 = qsa O AN = TG G,
= the f-term, |9 < 1071° (§ = 0 + arg det M) = strong CP problem

o Is SU(3), x SU(3)p realized in hadron spectrum?
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Wigner—Weyl v.s. Nambu-Goldstone

o Noether’s theorem: continuous symmetry =- conserved currents
Let Q“ be symmetry charges: Q° = [d3% J*O(t, &), 0,J"" =
o Q% is the symmetry generator: g = ¢’*"?" | H: Hamiltonian, thus

gHg ' =H = [Q* H] =0,

(Q*, H]|0) = Q“H|0) — HQ"|0) =0
~—~—
=0
o Wigner-Weyl mode: Q“|0) = 0 or equivalently ¢|0) = |0)
degeneracy in mass spectrum
o Nambu-Goldstone mode: ¢|0) # |0), spontaneously broken (hidden)
Q*10) # 0: new states degenerate with vacuum (HQ®|0) = 0), massless
Goldstone bosons
= spontaneously broken continuous global symmetry = massless GBs
= the same quantum numbers as Q|0) = spinless
= #(GBs) = #(broken generators)
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Fate of SU(3)., xSU(3)r (1)

Vector and axial charges:

Qv =QL + Q% Q4=0Q%r— Q%L [QVa Hoel =0
here H3.p: QCD Hamiltonian in the chiral limit.

Under parity transformation: ¢z — 7°qr, qr. — 7'qr
I = Jf s Jpt = Jt
= PQYP'=Q}, PQYP'=-Q4%

For an eigenstate of H3ap, |¥a) = b},|0): Hop|ta) = E|1a) with
Plia) = npltha), then

HaepQ4lYa) = Qi Hocolta) = E Qalva),
PQ%va) = PQZP71P|'¢)a> = —npQ%[Ya)
Parity doubling: Q4|va) = Q4bf,|0) = [Q%,bL] |0) +b,Q%|0) has the same mass

=(t*) 45} _10)
but opposite parity
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Fate of SU(3);, xSU(3)% (2)

e But, in the hadron spectrum:

MMNucleon, P=+ = 939 MeV < 'I'n]\]*(1535)7 pP=— = 1535 MeV,

M, pe = 139 MeV < 14, (080), p—t = 980 MeV

o No parity doubling in hadron spectrum =

Q40) #£0, or € @4|0) £ |0)

Nambu—Goldstone mode (hidden symmetry):

In QCD, SU(3) 1, xSU(3)r is spontaneously broken down to SU(3)y |

e GBs should have J* = 0~
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SSB in linear o model (1)

o Linear o model with an O(4) symmetry

Lism = %BNCPTWCI) —-V(®),

A
V(@) = (@78 —0*)", with &7 = (0,71, ™2, )

e 0 =m, = 0is nota minimum of V(&) for v? > 0
There is a continuum of degenerate vacua: &L & . = v?

Choose ®pin = (v, 0,0,0), vacuum is only invariant underO( ) rotations

| spontaneous symmetry breaking: O(4) |

e Perturb around @, = (v, 0), let ® = @y + (07, 71, T2, m3) T, then
Lisy = %dmaa“ﬂ'a + %@p'&‘“a’ — % (0'2 + TaTa + 200')2
1= Goldstone bosons (GBs): 7,’s are massless
w o' is massive:  m2, = 2\v?

= m, and 5 interaction terms described by only 2 parameters
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SSB in linear o model (2)

1 1 A
Lism = §8p7ra8”7ra + iaua’a“o’ 1 (0'2 + TaTq + 21}(7')2

Only 2 parameters, important for cancellation!

Examples: tree-level scattering amplitudes

o m3(p1)m3(p2) — 7w3(p3)ms(pa) (individually large terms!)
id= w4 et 4 [ + <
_ ey 4 i(—2i\v)? i(—2i\v)? i(—2i)\v)22
s — (220?) t — (2Mv?) u— (2 0?)

Il

Q
RS
QS%‘F»
N——

. 7 s+t+u p4
= —ibA 220)? [ 3+ —F— o=
oA 2>\'02( v) ( + 20?2 ) + (mﬁ)
Ppr: ageneric momentum of GBs
Mandelstam variables: s = (p1 +p2)2, t=(p1— p3)2, u=(p1 — P4)2s

S+t+u:§:ip?
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SSB in linear o model (3)

o w30 — w30’
Exercise: Show that at tree-level
A(rgo’ — m30’) = O (p—i)
Lessons from the linear o model:
= SSB happens when there is a degeneracy of the vacuum
= nonvanishing VEV of some Hermitian operator, here (o) = v
= SSB = massless GBs (7,), # =dim(O(4)) —dim(O(3)) =3

1= GBs decouple at vanishing momenta!
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Derivative coupling

Symmetry implies a derivative coupling for GBs, i.e.,

| GBs do not interact at vanishing momenta |

» Consider GB 7 “|QA|O = [ d®z (r*|Ag(2)]0) # 0

Lorentz invariance = (7%(q)|A%(0)[0) = —igq, Fyx
e Consider the matrix element Al
A
i i Py 7 )
a _ _‘_
(| AL(O)|y2) = — — +
1
= R + Pt T

Current conservation = q“AZ = 0, thus
M Ra a __ H a __
"R, + T =0 = quglOT =0

o = GBs couple in a derivative form !!
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SSB in QCD

¢ Hamiltonian invariant under a group G = SU(Ny )1, x SU(Ny)g,

vacuum invariant under its vector subgroup H = SU(Ny)y.

Qvl0) =0, Q40)#0
o Nonvanishing chiral condensate: (Gq) = (0|(grgr + drqr)| 0) # 0
e SSB =- massless pseudoscalar Goldstone bosons
#(GBs) = dim(G) —dim(H) = N} — 1
for Ny = 3,8GBs: 7+, 70, K+ K% K% n
for Ny = 2,3GBs: 7+, 7°

Pions get a small mass due to explicit symmetry

K°(498) K*(494)

7+ (140)

breaking by tiny m,, 4 (a few MeV)
Mw < Mother hadron
also, mg > myq = Mg > M,

o Mechanism for SU(Ny)y, x SU(Ny)r — SU(Ny)y in QCD not well understood
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Chiral perturbation theory
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Low-energy effective field theory (EFT)

S. Weinberg, “Phenomenological Lagrangians”, Physica 96A (1979) 327

been proven, but which I cannot imagine could be wrong. The “theorem” says
that although individual quantum field theories have of course a good deal of
content, quantum field theory itself has no content beyond analyticity, uni-
tarity, cluster decomposition, and symmetry. This can be put more precisely
in the context of perturbation theory: if one writes down the most general
possible Lagrangian, including all terms consistent with assumed symmetry
principles, and then calculates matrix elements with this Lagrangian to any
given order of perturbation theory, the result will simply be the most general
possible S-matrix consistent with analyticity, perturbative unitarity, cluster
decomposition and the assumed symmetry principles. As I said, this has not

Translation:
== The most general effective Lagrangian, up to a given order, consistent with the
symmetries of the underlying theory
= results consistent with the underlying theory (with unitarity satisfied only
perturbatively)!
= The degrees of freedom can be different from those of the underlining theory
= we can work with hadrons directly for low-energy QCD, really effective!
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Low-energy EFT (2)

However, the “most general” means
e an infinite number of parameters = intractable (?)
e nonrenormalizable (in contrast to, e.g., QED and QCD)
Solution: systematic expansion with a power counting
e only a finite number of parameters at a given order, can be determined from
= experiments
1= |attice calculations for QCD
e renormalize order by order
e existence of a small (dimensionless) quantity, e.g.,
separation of energy scales, E < A = expansion in powers of (E/A)
Neutron decay (n — pe~%.): weak interactions for |¢*| < M3, (decoupling EFT)

e? 1 U e e U e Ve
2sin? Oy M3, — ¢2 y
el ¢ - - —
=— " (1+-L 4. -
2M2, sin? Oy ( M3, ) w

4GF q> > d d
o i
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Low-energy EFT (3)

e Pro: model-independent, controlled uncertainty
e Con: number of parameters increases fast when going to higher orders
Things need to be remembered for an EFT:

e separation of energy scales:
systematic expansion with a power counting

e symmetry constraints from the full theory
For low-energy QCD, we consider

1= (approximate) chiral symmetry of light quarks
= CHiral Perturbation Theory (non-decoupling EFT)
full theory = EFT via spontaneous symmetry breaking (SSB)

generation of new light degrees of freedom

= heavy quark symmetry: spin and flavor
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Chirl perturbation theory (CHPT) as low-energy EFT for QCD

CHPT: a low energy EFT for QCD:
e an example for a non-decoupling EFT:
degrees of freedom are different from those of the underlying theory
e atheory for the Goldstone bosons of SU(Ny)r, x SU(Nf)r — SU(Ny)v

e most general Lagrangian with the same global symmetries as QCD

How do the Goldstone bosons transform under SU(Ny)r, x SU(Ny)g?
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Nonlinear realization of chiral symmetry (1)

Weinberg (1968); Coleman, Wess, Zumino (1969); Callan, Coleman, Wess, Zumino (1969)

To study the transformation properties of the Goldstone bosons (GBs)
e Assume (& S—SB> H, we have GBs
D = (¢iy...,Pn), n=dim(G)—dim(H)
o Recall for SSB, ¢|0) # |0) produces massless GBs
g|0) = gh|0) since the vacuum is invariant under h € H
GBs are defined up to the equivalence g ~ gh, i.e., GBs live in the coset space
G/H
o Left coset of H with respectto g € G: gH = {ghlh € H}
coset space G/ H: set of all left cosets {gH|g € G}

= Two left cosets either completely overlap or completely disjoint

s \ If g1h1 = goho, then g1hi H = goho H
'\\ ng } —~—~— N~~~ N—— N——
N S €gqH  €g2H =g H =goH

= dim(G/H) = dim(G) — dim(H)
o GBs live in the coset space G/ H:
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Nonlinear realization of chiral symmetry (2)

o Cosets either completely overlap or completely disjoint
= free to choose the set of representative elements / set of coordinates on G/H
E.g., for h1 2 € H, we can choose either gh; or ghs to represent the coset g

o Transformation properties of the GBs uniquely determined
once the set of rep. elements have been chosen:

Parameterizing GBs by v € G/H
transformation under g € G
gu=u'h(g,u)
since any element of the coset {u'h(g, u)|h(g,u) € H} can be used

= Nonlinear transformation of GBs

w'SS = guh=t(g,u)
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Application to QCD (1)

For QCD, G = SU(Ny), x SU(Nj)g =5 H = SU(Ny)y

o g= (gL, gR) S SU(Nf)L X SU(Nf)R for gL € SU(Nf)L,gR S SU(Nf)R
9192 = (901> 9r,)(9L2s 9Rs) = (9L, 912> YR\ IR)

e Choice of a representative element inside each left coset is free

(gL7 gR)H = (ng}rzv ]1) (gR’ gR) H= (ng;g, ]1) H
———
€H=SU(Ny)v

= Goldstone bosons can be parameterized by

N
U= ng}; = exp (ZF/

here, ¢ = >°5_, A, for SU(3), and 7 - 7 for SU(2)

Aq: Gell-Mann matrices, 7;(i = 1,2, 3): Pauli matrices

¢ (m;) : Goldstone boson fields

F : dimensionful constant (to be determined later)
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Application to QCD (2)

e Acting g = (L, R) € G onthe coset (U, 1)H

g(U,1)H = (LU, R)H = (LUR'R, R)H = (LU R",1) (R, R) H
——
ESU(Nf)V
= transformation property of U:

U LURT

One can also parametrize the GBs such that U < RU L. Any one is okay if
used consistently.

o Forge H=SU(Ny)y,wehave R=1L
U—-LUL' = ¢—LoLt
i.e., GB fields transform linearly under SU(Ny)y
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CHPT at leading order
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Construction of the effective Lagrangian for GBs (1)

Aim: reproduce low-energy structure of QCD
e Effective Lagrangian invariant under G = SU(Ny), x SU(Ny)g (and C, P)
v4rLur, uvSur, uviut
e What does "low-energy" mean here?
Goldstone boson fields (contained in U) as the only degrees of freedom
= energy range restricted to well below 1 GeV

(separation of energy scales, more see later)
o Low energies: expand in powers of momenta ( = number of derivatives)
e Lorentz invariance = only even number of derivatives are allowed
L=LO 4L 4 c® 4
o £92 U is unitary, UUT = 1, hence
((UUT)”> = const., (...) = Trpaorl|. -]

= Leading non-trivial term is £(*)
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Construction of the effective Lagrangian for GBs (2)

o Leading term of the effective Lagrangian is £(2)
just one single term (nonlinear o model):

2 .
L3 = %(8#U8“UT> with U = exp (@)

F/
b3 P8 + +
ot it T K
Psup) = Jir—  —m )’ bsup = V2 T —ﬁ\‘}—% + % KO
™ 7T - o _%’

i.e. Qﬁsu(g) = Taﬂ'a, (Z)SU(S) = )\a¢a, with T“(a = 17 2, 3) and )\a(a = 1, 2, ey 8)
the Pauli and Gell-Mann matrices, respectively
o L2 is invariant under SU(N;) 1, x SU(Ny)g:
(0, U0"U"Y — (9,U'8"U')
= (LO,UR'RO"UTLY) = (9,U8"UT)

Note that (U0*UT) = 0, therefore (U9, UT) (UO*UT) is not present.
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The low-energy constant F'

e Expand U in powers of ¢, U:l—l—}—?—?‘}%—i—...
= canonical kinetic terms L2 = 9, 7T otr™ + 0, KTOPK~ + ...
for F'=F

o Calculate the Noether currents L¥, R¥ from £2) =

2
VI = RM4HLF = i%(Aa[aﬂU,UTp

a

2
A¥ = RM M = i%()\a{a“U, Uth)
« Expand the currents in powers of ¢, Al = —F0'¢, + O (¢?)

(0| A% ()| ¢y (p)) = ip" F e b,
= F'is the pion decay constant in the chiral limit

F, = 92.2 MeV measured in the leptonic decay of the pion 77 — (T,
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PCAC

So far, only considered chiral limit m,, = mq = ms = 0.
For non-zero quark masses,
o the singlet vector current still conserved (baryon number conservation)
o*V, =0
e vector currents V,;' conserved when m,, = mg = ms=m (i.e., M =ml)
)\a
a _ 5~ -
oMVE=iq {M, 7 ] q
° AZ not conserved any more: Partially Conserved Axial Current (PCAC)

a N Aa
8MAM :zq{/\/l,?}q
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Explicit symmetry breaking: quark masses

e In the chiral limitm, = mg =ms =0
F2

w2 = T (0,U0UT) contains no terms oc M 2>

1= theory for massless Goldstone bosons, but pions have nonvanishing masses
e In nature, u, d, s quark masses are small (1, 4s < Aqcp), but non-zero

1 chiral symmetry explicitly broken

Ly =—qrmqrL — qLmqr
= if symmetry breaking is weak =
a perturbative expansion in the quark masses

o Effective Lagrangian is still an appropriate tool to systematically derive all

symmetry relations
CHiral Perturbation Theory (CHPT):

double expansion in low momenta and quark masses

Feng-Kun Guo (fkguo@itp.ac.cn) CHPT 14 July 2025 32/81



Explicit symmetry breaking: the spurion trick (1)

Spurion in 3 steps: very useful trick for explicit symmetry breaking

1. Introduce a spurion field (e.g. quark mass, electric charge, v,,, ...) with
a transformation property so that the symmetry breaking term in the full
theory is invariant

2. Write down invariant operators in EFT including the spurion field

3. Set the spurion field to the value which it should take
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Explicit symmetry breaking: the spurion trick (2)

o Apply the spurion trick to quark masses:
L aco = LYo~ Mar — rMiqr
= Treat M as a complex spurion field

M= M = LMR!|

== Then construct Lagrangian invariant under SU(Ny)y, x SU(Ny)g
Lot = Le(U,0U,0°U, ..., M)

= This procedure guarantees that chiral symmetry is broken in exactly the
same way in the effective theory as it is in QCD
F2
Ly = T [(0,U0*UT) + 2B(MUT + MTU)] with U — LUR?

e The spurion trick is very useful to construct EFT operators with a given symmetry
transformation property
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LO chiral Lagrangian with the mass term (1)

2
£3) = FT [(0,U0UT) 4+ 2B(MUT + MTU)]

e AtLO [SU(3)I: GMOR relation on lattice:

1.2 | x?/dof = 19/17 -
Mgi = B(mu + md) CL = 0.30 650

M3 = B(m, + my)

9 3’3 0.8 F
My = B(mg + my) £
e Gell-Mann-Oakes—Renner (GMOR,) relation: oal 280
B =3.90 fit
MC2iB X mq 3 =4.05 fit
{? =3.90 data —e—
1 CHPT can be used to extrapolate lattice re- 0 _ B=405data
. 0 0.05 0.1
sults from large to the physical values of m,, 4 .
(or equivalently pion masses) ETM Col., JHEP08(2010)097

o Unified power counting for derivative and quark mass expansions:

mg =0 (pQ)
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LO chiral Lagrangian with the mass term (2)

2
L3 = FT [(0,UO*UT) + 2B(MUT + MTU)]

e Flavor-neutral states ¢3, ¢g are mixed:

E(%)T( My + My \/Lg(mu_md) )<¢3>
2\ ¢s \/Lg(mu_md) 3 (my +mg + 4my) b

o Diagonalize with

70 COS €0y SiN€roy, b3
n —sine€go, COS€q0y bs

o Exercise: derive the 7°1 mixing angle:

V3(ma —my,) >~ V3 mg—m,

1
€,0, = — arctan ~—_ C Y
™9 2Mg — My — My 2 2Mmg — My — My
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LO chiral Lagrangian with the mass term (3)

o Mass eigenvalues:

M2, = B(m,+mq)—0O ((mu — md)Q)
B
M = g(mu + mq 4+ 4my) + O ((my — maq)?)

e At LO w/o electromagnetic effects,
M2, = M2,
in the isospin limit m,, = my:
M3, = M}, (of coursel)
e Gell-Mann—Okubo (GMO) mass formula for pseudoscalars:
AMj = 3M} + M
= a LO relation, fulfilled in nature at 7% accuracy
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LO chiral Lagrangian with the mass term (4)

Exercise: One possible solution of the strong CP problem is the Peccei-Quinn (PQ)
mechanism which introduces a global U(1) symmetry, called the PQ symmetry. Axion
is the pseudo-Goldstone boson of the spontaneous breaking of this symmetry. Its
properties can be studied in CHPT by changing the quark mass matrix M to
Me?Xa/fa with o the axion field, f, the axion decay constant, and X satisfying

(X) = 1. Consider the LO mass term of the SU(2) version of CHPT with axion,

@ I

@ 7B(A/teiXa/faUT +h.c.),

where h.c. represents the Hermitian conjugated term.
1) show that there will be no a-7° mixing if we choose X = M~1/(M~1);
2) show that the axion mass squared is given by

2 F2M,2r My My
Cf2 0 (my +ma)?

m
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Quark mass ratios

Unknown parameter B prevents quark mass determination
Quark mass ratios:

my _ Mpg. — Mo+ M2,

ma | M2 — M2, + M2,

ms _ Mo + Miee = Miy 22
ma T MZ, ML, M2,

0.67

Q

Sizable m,, /m, but why no large isospin violation in nature?
= (mg —my)/ms (see 77 mixing angle) is small

= (mg — my)/Aqcp is small

Pion mass difference due to mg — my,:

o 2
M2y = a2, {q o e me)”
g 8m(ms — 1)

this leads to M+ — Mo = 0.2 MeV
VS. (Mﬂ_+ — Mﬂo)exp ~ 46 MeV
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Electromagnetic effects

e Two sources of isospin symmetry breaking:
B 1My, 7é mq
v electromagnetic effects, Qu(= 2) # Qa(= —3%) (in units of €)

e Coupling of £(2) to external vector (v,,) / axial vector (a,,) currents via covariant
derivative straightforward:

0,U — DU =0,U —iv,, Ul +i{a,, U}
, :

d
(D, UDHUT) contains "—& but misses, e.g., G‘ﬂ.

o Including photons only through the minimal substitution does not generate the
most general e.m. effects
=> has to include chirally invariant local operators of O (62) for virtual photons
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Virtual photons (1)

o Using the spurion trick for quark electric charge matrix Q = e diag (3, —3,—3)
as for the quark mass term:

Lem=—qQAq — —qrLQrAqL — rQrAgR
15 Pretend ()1, transform as:
QL+ LQLL", Qr+— RQgR'

i Construct terms invariant under SU(3)r, x SU(3)g
i Set Qr, = Qr = Q inthe end

o Power counting: Q1. r = O (p)

e Only one term at O (e2) = O (p?)

£ = C(QLUQRUT)

Feng-Kun Guo (fkguo@itp.ac.cn) CHPT 14 July 2025 41/81



Virtual photons (2)

e Contribution to the meson masses:

2C¢e? 2Ce?
ﬁ, M}2{i :B(mu‘i—ms)"—?

no contributions to neutral meson masses or 7" mixing

M,%i = B(my, +mg) +

Dashen’s theorem:

- (MI2(+ - M12<0)

(Mzy = M) o e

in the chiral limit
F2
Constant C fixed: C= 2—6”2 (MZ, — M2)

Improved quark mass ratio

M2, — M2 o2M2, — M2
My K+ o + 2 Mo 7t — (.56 instead of 0.67

ma MZ, — M%, + M2,
The 7%-n mixing angle can be constructed:

\/g mq — My, N \/5M12{0 - MIQ(:E - Mzo +M,,2ri
2 2mg—my —mq 2 Mz, + M, — M2, — M2,

~ (0.0099

€xop =
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Representation invariance

e Freedom to choose coordinates on coset space G/H
e Haag’s theorem on field redefinition: Haag (1958); Coleman, Wess, Zumino (1969)

If fields ¢ and  are related nonlinearly by a local function as
6=xFx] with F[0] =1,

then the same physical observables (on-shell S-matrices) can be obtained using

either field ¢ with Lagrangian L[] or x with L[xF[x]].
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77 scattering (1)

F2
In the chiral limit, L3 = T@U@HUT )

Amplitude for 7+ (p1)7~ (p2) — 70(p3)7®(pa): A(s, t,u)
o Exponential representation:
i
U=exp—

F
withp =77, 70 =73, & = \/LE (71 F imo) for SU(2).

S
A(Sa t7 ’ZL) = ﬁ
1= parameter-free prediction
== in accordance with Goldstone theorem: vanishes at zero-momentum

e Square-root representation:

1
U=— (\/FQ e +ﬁ.ﬁ’)

F

calculating with 7@’ as the pion fields gives the same scattering amplitude.
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77 scattering (2)

Exercise: Calculate the amplitude and show that the two representations are related
by the following field redefinition:

F 7 o =
7 = 7‘r'|T sin (%) = 7 + nonlinear terms, here |7| = V72
™
Hint: The following relations of Pauli matrices might be useful:
(79, 7% = 2ie*tere, {7, 7b} = 20901,

A7 B=A.Bl+i7 - (Ax B), exp(i7-7) = cos(|7|)1 + z%
Y

T sin(|7|),
Tr(r%) =0, Tr(r%) =26%, Tr(r%r’r¢) = 2t
TI'(TaTbTCTd) _ 2(6ab60d + 5ad6bc _ 5ac(5bd)

e The amplitude with the quark mass term included reads

s — M?
72

A(s, t,u) =

Weinberg (1966)
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77 scattering (3)

e Pions: isospin I = 1. From particle basis to isospin basis (|7, I3)), choosing
phase convention:
|7t) = —|m I = 1,13 = 1), |7°) = |7;1,0), |7 —) = |m; 1, —1), then

e (1| 2,00 + L |rm1,0) + | oo>)
) =— | —=|7m; 2, — |7 1, —|7m; 0, ,
V6 V2 V3
2 1

0.0
Ty =4/ =|mm;2,0) — —|7m; 0,0),
70 = 22,00 — pemso,0)

1
|7T+7T > = _ﬁ (|7T7T; 23 1> + |7T7T; la 1>) )
1
n0%) = — L (w2, 1) — e 1, 1))
V2

e Crossing symmetry (recall s = (p1 + p2)%,t = (p1 — p3)%, u = (p1 — pa)?):
Let T'(s, t,u) denotes the amplitude for A(p1)B(p2) — C(ps)D(p4), then

T(t,s,u):  A(pr)C(—ps) = B(=p2)D(pa)
T(u, t, 8) : A(pl)D(—p4) — C(p3)é(—p2)
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CG coefficients

44. Clebsch-Gordan Coefficients, Spherical Harmonics, and d Functions

|
Note: A square-root sign is to be understood over every coefficient, e.g., for —=8/15 read —/8/15.  Notation: | =
1/2x1/2| ! 3 mym,
+1[ 10 Y0 = /= cost 572 :
[F7z172[ 1] o o ! Am 2x1/2 52| 572 372 my m; | Coefficients
<172 ~172|172 172 1 . 3 e tfare+3re B
12 172017217211 Yi=-\5 singe'? w2—1/2] /5 45| si2 32
— 72 1] " +14172| &/5-1/5)-1/2 <172
yo_ [B(3 2 L +1-1/2| 2/5 3/5| s/2 3/2
> [ 2 T\ F\2 3 0+1/2| 3/5 -2/5|-1/2-1/2
1312 | = 0-1/2| 355 25| 572 372
+1 +1/2] 1124172 yzl =5 sin @ cosf ei® -1 +1/2| 2/5-3/5|-3/2 -372
V 8r 2 1 —1/z| 4/5 1/5[ 572
+1-172[ 143 273 372 172 2%x1/2
0+1/2| 23-113}-172-1/2] 1 (13 ) 3/'_/4; 2 1] [2s1/2] 175 —4s5|-572
vz 1 /1 2902 372 72 1] <1+ ol 1
0-172| 273 173|372 2 T 1V 27
Ry v w32 1/2)14 34 2 1
251 41/241/2[3/4=1/4] 0 0]
ol I arars Lozl 1) 37250 éjz 7 EET ez 12l 2
21| 1|+2 +2 pry; el Bt FEV —1/25172012-172] -1 1
w2 o)1/3 23] 3 2 1 372 0 2/5 3552 32 172 —1/2-1/2| 3/4 1/4| 2
+1+123173] 41 41 41 /2 41| 375 —2s5|visz 11z w12 -3/2 +1/2| 1/4-3/4f-2
+2-111715 1/3 3/5 +3/2-1110 /5 1/2 [=372-172] 1
1x1[2 +1 0815 1/6-3/10[ 3 2 1 +1/2 0| 3/5 115 13[ 522 32 172
22 1 los1|2/5-1/21770) 0 0 o0 —-1/2+1|3/10-8/15 1/6|-1/2 -1/2 -172
et 1 11175 172 3/10 T172-1(3/10 815 1/6
1 ojiz 172[ z 1 0 o035 o0-25 3 2 1 —172 0| 3/5-1/15 -173| 572 372
0+1)ir2-1/2l 0 0 0 14115 =1/2 3/10) -1 -1 -1 -3/2+1(1/10_-2/5 1/2}-3/2 -3/2
+1-1)1/6 172 173 0-1] 2/5 172 1710 |—1fz—1 3/5 2/5| 572
0023 o0-13[2 1 -1 o[8ns-16-3/10[ 3 2 -3/2 0| 2/5 -3/5} 572
-1 +11/6-1/2 1/3]-1 -1 -2 11115-1/3 35| -2 =2 I
o-1)1/2 172 |,1 1|23 173] 3
Y7 = (-1 |2 o212 -2 0]1/3-2/3}3 (rgamima|jijaJ M)
B ypremime 22l = (1752 gy g T

http://pdg.lbl.gov/2018/reviews/rpp2018-rev-clebsch-gordan-coefs.pdf
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77 scattering (4)

o |sospin symmetry: isospin is conserved (for strong interaction with m,, = mgy)

A(s,t,u) = Tyt n— _pogo(s,t,u) = (TIZO(S,t,u) — TI=2(s,t,u)) ,

A(t, s,u) = Tyt o _uptqo (8, t,u) = (TIZl(s, t,u) + T1=2(s,t, u)),

NN — W =

A(u,t,8) = Tyt o _pon+ (8, 8,u) = (TIZQ(s,t,u) - TIZl(s,t,u)) .

e Crossing symmetry + isospin symmetry = isospin amplitudes

T1=0s,t,u) = 3A(s, t,u) + A(t, s,u) + A(u, t, 5)
TI=1(s,t,u) = Alt,5,u) — Alut, )
T1=2(s,t,u) = A(t,s,u) + A(u,t, s)
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77 scattering (5)

1
» S-wave scattering lengths (unit: M;'):  al = —T!(s =4M2 t =u = 0)

327
7M?2 M2
0 fr— s fr— 0.16 2 = — T = —0045
907 3onF2 SR T o7

e How do the LO predictions compare with data?
w Precise measurements from NA48/2 (K4 decays & K+ — 70707+)

B.Bloch-Devaux, Kaon09

ay = 0.2210 + 0.0047 gz & 0.0015¢5
a2 = —0.0429 + 0.0044 1z £ 0.0016yg
ag — ag = 0.2639 & 0.0020stat & 0.0004sys;
1= from DIRAC (life time of 777~ atom) B.Adeva et al., PLB704(2011)24

0 2| _ +0.0080| 40.0078
’ao - a0| = 0.2533Z( 0078 stat—0.0073 | syst
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CHPT with matter fields
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Including matter fields

e So far, EFT for (pseudo-)Goldstone bosons

o Matter fields (fields which are not Goldstone bosons) can be included as well, e.g.
= baryon CHPT:
nucleons [SU(2)] / baryon ground state octet [SU(3)]
= SU(2) kaon CHPT:
kaons treated as matter fields rather than GBs
= heavy-hadron CHPT:
heavy-flavor (charm, bottom) mesons and baryons

o Feature:
a new mass scale: mass of the matter field, non-vanishing in the chiral limit

mN|mq:O =0 (mN|mq:mZhys')

will cause a problem in power counting

o At low-energies, 3-momenta remain small ~ M., derivative expansion is feasible
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Transformation of matter fields

e Proceed as before

1= need to know how matter fields transform under SU(Ny)r x SU(Ny)r
= construct effective Lagrangians according to increasing number of momenta

o Transformation properties of matter fields:

= well-defined transformation rule under the unbroken SU(N )y
= not necessarily form representations of SU(Ny)r, x SU(Ny)g:
transformation of matter fields under SU(N¢)z, x SU(Ny)r

not uniquely defined,
related by field redefinition (again: representation invariance)

Two examples:
@ Baryon CHPT
® Heavy meson CHPT (see backup slides)
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Baryon CHPT at LO
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Baryon CHPT: transformation of baryon fields (1)

Consider the SU(3) case, the baryon ground state octet:

=2 A +
ztw  Z
_ - »° A
B=| % ~ET

transform under the global unbroken H = SU(3)y as

BYYvBvi

o Representation invariance:

free to choose how B transforms under SU(3), x SU(3)x as long as it reduces

to the above under SU(3)y

o Example:

describe the baryons by B; or Bs, under g = (L, R) € SU(3)1, x SU(3)g
By % L By Rt

B, % LB LT,

both transform as an octet under (V, V') € SU(3)y
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Baryon CHPT: transformation of baryon fields (2)

o Example:
describe the baryons by By or Be, under g = (L, R) € SU(3)1, x SU(3)r

B % LB LY, B, LBR!
both transform as an octet under (V, V') € SU(3)y
o Related to each other through field redefinition:
Bs :BlU:B1+%B1¢+..., U = exp (%q&) 4 LU R?
e But B » are inconvenient: not parity (P) “invariant"
L(L") needs to be replaced by R(R') under parity =
Bi(t, %) B UNOBy (t, —%)U % RUT By (¢, —Z)U R}
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Baryon CHPT: transformation of baryon fields (3)

o An elegant/convenient way: y
. 1
introduce = = rw=U
U = exp (2F> or u

it transforms under g € SU(3);, x SU(3)g as (recall U % LU R)
w2 Luhl(L,R,¢)=h(L,R,¢)uR’

h(L, R, ¢): space-time dependent nonlinear function, called compensator field
For for SU(3)y transformations (L = R), reducesto h(L,R,¢) = L = R

o We can construct B = uf Byu, it transforms as
B% hBht

h is invariant under parity, i.e. h(t, Z) 5 h(t, =) =B34 °B

o For the SU(2) case, proton and neutron form an isospin doublet N = (p, n)T

construct N such that NS KN
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Building blocks of the meson-baryon Lagrangian

e Useful to introduce combinations of « whose transformations only involve h:
1
I = 5 [uf (0" — i 1")u + u(@* —ir)ul]
ut =1 [uT(a" — i M)u —u(o" — ir“)uT]
I'#: chiral connection, vector; ut: chiral vielbein, axial vector
S hrent + notnt, w2 hutht
o Introduce a covariant derivative:
D¢B=0"B+ [I'*,B], DN = (0" +TH)N
which transform as the baryon fields under SU(N¢)r x SU(Ny)r
DB % hD*BR!, D*N L hDHN
Note: For matter fields H in anti-fundamental representation of SU(N )y, the
chirally covariant derivative becomes D*H = 0*H — HT'*
e Include the quark mass term x = 2B(s + i p) = 2BM + ... by introducing
x+ =ulxul +uxu,  xi = hxih!

All fields transform in terms of h, convenient to construct the effective Lagrangians
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The leading-order meson—baryon chiral Lagrangian

Egrljz, =N (i%ﬂ)“ —m+ %vu'y5u”) N

_ D, F_
LY} = (B (i, D" —m) B) + 5 (B {u”, B}) + 5 (B,s[u, B))

Remark:
e in meson CHPT, Lagrangian has even powers of momenta (Lorentz invariance)
e here, due to Dirac structures, odd powers possible

New parameters:
e m: nucleon (baryon) mass in the chiral limit
o ga:expandu, =1, —r, + O (¢) = axial vector coupling
known from neutron beta decay, g4 = 1.27

e D/F": two axial vector couplings in SU(3), can be determined from semileptonic
hyperon decays (D = 0.804, F' =~ 0.463), SU(2) constraint
D+F =gy
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Intermediate summary

e Lagrangians need to respect the global symmetries of QCD, explicit symmetry
breaking can be included using the spurion technique

¢ The LO mesonic chiral Lagrangian invariant under SU(Ny)r, x SU(Nyf)r

F? )

T [(0,U0OrUT) + 2B(MUT + MTU)]  with U = /¥

GMOR relation: M2 oc m,

L£2) =

e Physical observables do not change under nonlinear field redefinition satisfying:
¢»=xF[x] with F[0] =1
e Under SU(Ny)r, x SU(Ny) g, matter fields do not have a unique transformation

law, convenient to introduce the compensator field /, and use a field transforming
in the same way under SU(N;)v, e.g.,

it x C<Y V X VT, thenchoose X 9€G b xpt
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CHPT at NLO
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Unitarity of S-matrix

o Probability conservation = unitarity of the S-matrix
SSt=51g=1

T-matrix: S=1+iT = T-Tt=iTTt
thus, unitarity dictates a relation for the partial-wave scattering amplitude %,:

Imty(s) = o(s)[te(s)|”

here o(s): two-body phase space factor
s — M2

o From the LO CHPT, the 77 scattering amplitude A(s,¢,u) = T

no imaginary part! = unitarity is broken
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Going to higher orders

o Perturbative unitarity: imaginary part given by loops
Mt (s) =0, mt{(s) = o(s)|t!P (s)2, ...
e Symmetries do not forbid higher order terms in effective Lagrangians:
more derivatives, more insertion of quark masses

e More derivatives = non-renormalizable

.., if we include in the Lagrangian all of the infinite number of interactions
allowed by symmetries, then there will be a counterterm available to cancel
every ultraviolet divergence. In this sense, ..., non-renormalizable theories
are just as renormalizable as renormalizable theories, as long as we include
all possible terms in the Lagrangian.

S.Weinberg, The Quantum Theory of Fields, Vol.1

e Q: How should we deal with the infinite number of terms?
A: Power counting is needed: organize the infinite number of terms according to
power of the expansion parameter, finite number of terms up to a given order
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Necessity of higher order Lagrangian from renormalization

Consider the example of 77 scattering

o AtLO, O (p*): two derivatives or one quark mass insertion

X —ow)

e One-loop with two (9 vertlces

4 41929344
>@< /" (@~ M2)[(p — q)” — M|

4+4 4) 10} (p4)

e The loop is divergent, divergence absorbed by the counterterms in the O (p4)
Lagrangian

How can we construct the higher order Lagrangian?
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Building blocks

o Powerful to include external fields
= incorporate electroweak interactions, quark masses:
Laco = Laco + " (vu +750,) 4 — G (s + iv5p) g
= L3cp + 4V 1uqr + Gr"*ruqr — Gu(s + ip)qr — qr(s — ip)qr
ly=vy—au, r,=v,+a, left-/right-handed sources
FBEY = okrY — 9Vt —d[rt r¥],  FPY = orlY — 071" — i[l*,1¥]
X =2B(s+ip) =2BM + ... scalar/pseudoscalar sources
o Transformation laws for the building blocks:
U—LUR', y— LxR',
F¥ - LF"L', Fi’ — RFR'R!
o Another set of building blocks: u,,, x+ and f}”.  fi = uF{"ul £ uTFE"u
They all transform as O — h O hf
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Construction of higher order chiral Lagrangian

e We need a counting scheme (more see later):

U ~ 0

small momentum / derivative ~ O (p)

light quark masses x ~ O(p*) <« Mg~mg

external fields [,,, 7, ~ O(p) <«D,U=0,U-il,U+iUr,

e At a given order, write down the most general Lagrangian allowed by symmetries
(for 6 = 0):
chiral symmetry, P, C and T’
most general = be able to absorb all divergences at the same order
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SU(3) chiral Lagrangian at NLO

* SU(3) chiral Lagrangian at O (p*) Gasser, Leutwyler (1985)

LW = L,(D,U'D"U)? + Lo(D,U'D,U)(D*UTDU)
+L3(D,U'D*UD,UTD"U) + Ly(D, U'D*U)(xTU + xUT)
+Ls(DUTDFU (XU 4+ xUT)) + Lo (XU + xUT)?
+Lr(XTU = xUN)? + Ls(xUX'U + xUTxUT)
~i Lo(FF D, UD, U + F' D, U'D,U) + Lio(U'F}I*UFg,,)
+2 contact terms

e Ly . 10:low-energy constants (LECs)

o NLO SU(2) chiral Lagrangian contains 7 terms: ¢; 7 Gasser, Leutwyler (1984)
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Low-energy constants

o One loop diagrams with vertices from £(?) are of O (p?),
divergences should be absorbed by counterterms in £(4),
can be derived using background field method with heat kernel technique, for
detailed derivations, see the attached file chpt_heat kernel_renormalization.pdf
e Low-energy constants generally contain two parts:

L; = L] (n) + T'; x divergence

renormalized LECs L (u) are finite, scale-dependent
e Scale dependence of LECs cancel the one from loop integrals
= physical observables are scale-independent !
o L7’s are independent of light quark masses by construction, parameterize the
short-distance physics
Values not fixed by chiral symmetry:
= extracted using experimental data
= estimated with models such as resonance saturation Ecker et al (1989)
= using lattice simulations Flavour Lattice Averaging Group (FLAG) (2019)
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Chiral Lagrangian at higher orders

Leg = LD + LW 4 £O 4

e Number of terms allowed by the symmetries increases very fast

e How many LECs are contained in these for SU(N), N = (2, 3)?
£ contains 2,2) constants (F', B)
L@ contains  (7,10) constants  Gasser, Leutwyler (1984, 1985)
L£©)  contains (53,90) constants Bijnens, Colangelo, Ecker (1999)

o Why different for SU(2) / SU(3)?
same most general SU(/V) Lagrangian, but
matrix-trace relations [Cayley—Hamilton] render some of the structures redundant.
Example: Cayley—Hamilton relation for 2 x 2 matrices A, B,

{4, B} = A(B) + B(A) + (AB) — (A) (B)
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Weinberg’s power counting

. . . . Weinberg (1979)
e Consider an arbitrary Feynman diagram with L >< )
vy

loops, I internal lines, V; vertices of order d:

—2

1 d'p ~ p*
Ax [ oy L™ :

o The chiral dimension of A

D=4AL-21+) dVy
d
¢ Use topological identity for L to eliminate I, L =1-) ,Vy+1

D= Va(d—2)+2L +2
d

= Lowest order is O (p?),i.e. d > 2 = rhs is a sum of non-negative numbers

= For a given order D, there is only a finite number of combinations of L and
Va

= Each loop is suppressed by two orders in the momentum expansion
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Power counting — example: w7 scattering (1)

D= Va(d—2)+2L+2
d

e D=2
= [, = 0, lowest order tree-level diagram only ><

o D=4

wr [, = (, tree-level diagram with one insertion from LW X ><
Vi=1,Va=a=0

= [, =1, one-loop diagram with only d = 2 vertices >©< §<
Vd>2 = 0
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Power counting — example: w7 scattering (2)

D= Vyd—2)+2L+2
d

e D=6
wr [, = (, tree-level diagram with one insertion from £©
v [, = 0, tree-level diagram with two insertions from £(*
== [ =1, one-loop diagram with one insertion from LW

= [, = 2, two-loop diagram with V; = 2 vertices

XX XX OX
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Chiral symmetry breaking scale A,

P2 1 s . 1 oA
EeffZT<<D”UD“UT+XUT+XTU>+A_3<E( )+A_§<£()+"')

o What is the scale A, ?
= hard energy scale where the momentum expansion definitely fails
¥ uncertainty estimate: higher-order corrections are suppressed by ~ p?/ Ai
= how big?
o Estimate with resonance masses:
The only dynamical degrees of freedom are the GBs, no resonances
= CHPT must fail once the energy reaches the resonance region: a perturbative
momentum expansion cannot generate a pole
Ay = Mg

Lowest narrow resonance M, ~ 770 MeV,
typically M o5 ~ 1 GeV
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Chiral symmetry breaking scale A, (2)

P2 1 s . 1 oA
Eeff:T<<DMUD“UT+XUT+XTU>+A_3<E( )+A_§<£()+"')

o Naturalness argument: Manohar, Georgi (1984)
Compare

- i 2/ d4q 1 dir&reg 1 ﬁlo
F?) | 2t () (4m)2 p2 O8H
F2 p4 ~
o<~ =rli(n)
X =gk

e Scale-dependent LEC @i(u) compensates for log 1« dependence of the loop graph

e If no accidental fine-tuning (naturalness), £;(1) should be at least of similar size
as the shift induced by change in scale p =

Ay = 4ATF ~ 1.2 GeV

e Using the naturalness assumption, the size of L7 in L*): ~ O ((4;)2)
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Meson masses at NLO (1)

Take the pion mass as an example of NLO calculations.
e Mass: pole in the two point correlation function
AtLO, M2 = M?= B(m, +mq)
o Higher orders: self-energy

i 6% A (p) = /d4xe_ipx (o|T [7%(z)7*(0)] |0)

e = e
= —iS(p) 57—

p2—M2+ie+p2—M2+i6[ = )]pQ—M2+ie+
- : = L Zn + non-singular terms
Cp?2— M2 —X(p?) +ie  p?— M2 +ie 9

= )] .: physical pion mass, solution of the equation

M? —M? -%(M2)=0

= Exercise: show that the wave function renormalization constant is
1

T 1-2(M2)

dX(p?)

Z
T dp2 2 pf2

with /(M2) =
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Meson masses at NLO (2)
o Self-energy contains two parts: Q
7, K, 1 tadpole loops and counterterms in £(4) —m— +

Assuming isospin symmetry (m,, = mgq = m), the pion mass at NLO:

2 2 I(M?)  I(M2,) 8M? 24 M7,
M;:=M [l =+ oF2 — 2;2 =+ 72 (2L8 — L5) + FQTI (2L6 — L4)

here M? = 2Br, M, » = 2B(2m + m.)
o Loop is divergent, in dimensional regularization (good for preserving symmetry)

_ d?l 1 M? M?
(M%) = i d/ = log —
(M7) = ip @i 2= M2 +ie  16r2 \\ P18

= % — [log(4m) +T"(1) + 1], divergentford = 4!
T,
On the other hand, L;’s are divergent either L; = LI + D )\
s
1 3 11 5
P4—§, P5—§, PG_m, 8_478

Useful formulae in dim.reg.: the Peskin & Schroeder QFT book, App. A.4, p.807
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Meson masses at NLO (3)
o Self-energy contains two parts: Q
7, K, 1 tadpole loops and counterterms in £(4) —m— +
Assuming isospin symmetry (m,, = mgq = m), the pion mass at NLO:

2y (M2 2 24M?
M2 = M? [1+I(M)— (M) | 8M 2Lg — Ls) + F2"’2

—L

2F2 2F2 7z ( (2Le 4)]
here M? = 2B, M, , = 2B(2m +m.)

e Renormalization: divergences from LECs (i.e., counterterms) and loops cancel
out (as well as the p-dependence)
= the pion mass is finite and p-independent

2 2 1 2 M2 1 2 M'r?,Z
My = MU+ g M08 0~ g Moz log =
8M2 ™ r 24M2 r r
+ =g (2L5 — L5) + F;’Q (2L5 — L)

o M?2 vanishes in chiral limit, loop correction does not generate a non-zero mass

e Chiral logarithm: non-analytic in the light quark masses
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Quark mass ratios revisited (1)

e Calculate pion/kaon masses beyond leading order:
M2, = B(my +ma)|1+ O (m, ms)}

M3z, = B(m, +my) 110 (m,ms)]

e Form dimensionless ratios:

M} mg+m
s [EYRR N (]
M2 my+mgl + A+ 0 (mg)

(Mlz(o - MIQ{+ )strong Mg — My [ 2
e ms_m_1+AM+0(mq)}

8(M3 — M?
Ay = %(2% — L{) + chiral logs

o Double ratio Q2 particularly stable:

2 2 2 2 2
5  mi—m Mz Mz — Mz { 9

_ms—m” My 140 (m ]

@ mZ—m2 M2 (M3, — M3, )srong ( ‘1))
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Quark mass ratios revisited (2)

o Leutwyler’s ellipse: Leutwyler (1996)

e Recall Dashen’s theorem:
(Miy — Myo)em = (M2, — MZo)em + O (€%my)
C'2Dashen =242

e Value extracted from lattice simulations FLAG, arXiv:2411.04268 [hep-lat]

Ny=2+1: 23.3+0.5

Nyp=2+4+1+1: 225405
o Fromn — 3w decays: Q = 22.1 £ 0.7 Anisovich, Leutwyler (1996); Colangelo et al. (2018)
o New proposal: map Dalitz plots of ' — nr ™7, n" — nr~ =" to unit disc, then

using BESIII data can lead to a similar precision  Guevara, FKG, H.-J. Jing, arXiv:2502.02837
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7 scattering beyond LO

o S-wave scattering lengths:

ag ag
LO 0.16 —0.045 Weinberg (1966)
NLO (one-loop) 0.20 £ 0.01 —0.042 4+ 0.002 Gasser, Leutwyler (1983)
NNLO (two-loop)  0.217+... —0.041 £ ... Bijnens et al. (1996)

NNLO + Roy eq.  0.220 +0.005 —0.0444 £ 0.0010  Colangelo et al. (2001)

e Compare again with the modern data from NA48/2
(K eq decays & K+ — 7T07T07Ti) B.Bloch-Devaux, Kaon09

ad = 0.2210 £ 0.0047gz & 0.001 55
ag = —0.0429 £ 0.0044gz & 0.00165ys
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2-5) Derive the 7r017 mixing angle:
1

n=13 arctan

2-6) One possible solution of the strong CP problem is the Peccei-Quinn (PQ) mechanism
which introduces a global U(1) symmetry, called the PQ symmetry. Axion is the pseudo-
Goldstone boson of the spontaneous breaking of this symmetry. Its properties can be
studied in CHPT by changing the quark mass matrix M to Me® X%/ /e with @ the axion
field, fo the axion decay constant, and X satisfying (X) = 1. Consider the LO mass term
of the SU(2) version of CHPT with axion,

€0

< V3(ma —mu) )N\/§ Mma — Mu

2Ms — My —ma ) 2 2ms — My —Ma

F2

£ = 7B(/\/te”“/faUT +h.c),

where h.c. represents the Hermitian conjugated term.
1) show that there will be no a-7° mixing if we choose X = M™*/(M™1);
F2M72r MmyMyg

2) show that the axion mass squared is given by m?2 = T Grma)?
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2-7) Show that the leading order chiral amplitude for 7+ (p1 )7~ (p2) — 7°(p3)7°(p4)

in the chiral limit is given by
S

2
and show that the exponential and square-root representations are related by the

A(s,t,u) =

following field redefinition:

F
2-8) The pion mass is given by the pole of the pion propagator,

7 = 7= sin (m> = 7 + nonlinear terms, here || = V2.

i _ 12y
p2 — M2 — %(p2) +ie  p2— M2 +ie

i0°°AL(p) = + non-singular terms,

where Z(pQ) is the pion self-energy. Show that the wave function renormalization

constant is
1 dE(pZ)

Zp= —— . with Y(M2) =
i) M) = a7 |
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Further Reading: Heavy meson CHPT
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Transformations of heavy meson fields (1)

For SU(3), the charmed meson ground state flavor anti-triplet (a: light flavor index):
P, = (D% D*,D}),, Pi=(D*, D", D), [(ci, cd, c5)]

Let H denote heavy mesons. It transforms under the global unbroken SU(3)y as

o VesSu(3d)y HV

o Representation independence:
free to choose how H transforms under SU(3);, x SU(3)g as long as it reduces
to the above under SU(3)y
o Example:
describe the heavy mesons by H; or Hs, under
g=(L,R) € SU3)L x SUB3)r
H % H LY, Hy % Hy R

both transform as an anti-triplet under (V, V') € SU(3)y
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Transformations of heavy meson fields (2)

o Example:
describe the heavy mesons by H; or Ho, under
g=(L,R) € SU@3)L x SUQB)r
H % H LY, Hy % Hy R
both transform as an anti-triplet under (V, V') € SU(3)y

o Related to each other through field redefinition:
&:HﬂzHﬁ%ﬂ@+m, U:m%%oﬂlUm
e But H, » are inconvenient: complicated parity transformation (P)

L(L'") needs to be replaced by R(R') under parity =
Hy ot ) 5 YO Hy (t, —2)7 Upo - 7O Hy (8, —=2)1°Upo RY

[recall for a spinor: (£, F) = 70t (¢, —7)]
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Transformations of heavy meson fields (3)

o An elegant/convenient way:

uzexp(é?) or wX="U

introduce

it transforms under g € SU(3);, x SU(3)gr as (recall U % LU R)
u Luht(L,R,¢)=h(L, R, ¢)u R

h(L, R, ¢): space-time dependent nonlinear function, called compensator field.
From the above definition, we can express h interms of L, R, U:

h=VLURIRVU' = VRUTLILVU

o For for SU(3)y transformations (L = R = V), reduces to h(L, R, ¢) =V
e We can construct H = Hyu or H = Hou', it transforms as
H % Hhat

Under parity transformation h(t, #) = h(t, —&), and H(t, %) 5 7O H (t, —%)7° .
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Building blocks of the chiral Lagrangian

e Useful to introduce combinations of u whose transformations only involve h:

T+ = % [uT(a" — i Mu+ u(o* —ir“)uf]

ut =1 [uT(a“ — M)y —u(o" — ir”)uT]
I'#: chiral connection, vector; ut: chiral vielbein, axial vector
% hTERT + hoht,  ut S hutht
o Introduce a covariant derivative:
DHH =0*H — HT*
which transform the same way as H under SU(Ny)r x SU(Ny)r
D'H % DFH B
e Include the quark mass term y = 2B(s + ip) = 2BM + ... by introducing
Xt =ulxul +uxu, X = hxhl

All fields transform in terms of h, convenient to construct the effective Lagrangians
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Simplified two-component notation

The superfield for pseudoscalar and vector heavy mesons: ((*) means 4-component)
1
Hc(a4) —;¢ [Pty — Pyvs)

In the rest frame of heavy meson, v* = (1, 0). We take the Dirac basis

1 0 , 0 ot 0 1
7’ = , = . ,
0 -1 ' 0 1 0
1 1 1 0
Simplifications: ¢ = 1+7°
2 T2 0 0
B 0 —(P,+Pr- A 0 0
0 (Pl+PT-o) 0

Thus, it is convenient to simply use the two-component notation
H,=P,+P'-oc, HWY-»_-H, H®Y - H!
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Heavy meson CHPT at LO

The LO Lagrangian [O (p)]:

5&1\2 = —Z’I‘I‘ [HQUN(DNH)Q] + gr:[\r I:HaHb/Y;L’YB] uga

kinetic term+- D7 scattering+-... terms for D* — Dr+...
= jnvariant under Lorentz transformation, chiral symmetry, parity
= Tr: trace in the spinor space, a, b: indices in the light flavor space

o The chirally covariant kinetic term:
—iTr [ﬁg‘%ﬂ(pm)gﬂ] =Ty [H] (8°H, — H,TY,)]
0 *1 T 90 p*i * 0
=2i (PIo°P, + ;TP + m(P P+ P Py) [¢,0%],, +
scattering between (D,D:,,B,B*) and GBs(7,K,n)

Universality of the LO, O (p), scattering amplitudes: completely determined by
chiral symmetry (strength in term of F')! the Weinberg—Tomozawa term
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Axial coupling

o The axial coupling term (u* = —£9%¢ + .. .):
I (A Yy, 55|, = =T [H]Hyo'] i,
= ~Im [(P'To’ + P)) (P + ) o*] ul,
- F PIP;0'g,, + FP;”Pbaid)ba +iF ”kPMTP*]akqb +0 (¢3>

term for D*— D7 D* D* coupling

o Decay amplitude:

. iv?2
A(D +—>D07T+): ng()\)'qﬂ. MD*MD
—_———

and the two-body decay width accounts for NR normalization

Z| 2 _ 92MD|‘J7T|3

I'(D*" — Dz "
( )= 127 F2 M -

8M2

where we used >, 56)5{/\) = 0y;
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Determination of g

o Measured D* widths: PDG2018
[(D*%) <2.1MeV, T(D**)=(83.441.8)keV
B(D*t — D% +) = (67.7 + 0.5)%, B(D*t — DTr%) = (30.7 £ 0.5)%
e The two-body decay width
2M - 3
L(D™ = DPrt) = 1927TFD2|;\14[|)*
For D*°, with measured branching fraction B(D*° — D%7%) = (64.7 4+ 0.9)%,
we can predict:

= |g| ~0.57

I'(D** — D% = 9*Mplax|® = T(D*") = (55.3 + 1.4) keV
247 F2 M p-«
o HQFS: g should be approximately the same in bottom sector with
a relative uncertainty of ~ O (% - Aﬂ%’) ~ O (20%)
Lattice QCD results:
g, = 0.492 £ 0.029 ALPHA Collaboration, Phys. Lett. B 740 (2015) 278
gy = 0.56 &= 0.03 £ 0.07  RBC and UKQCD Collaborations, Phys. Rev. D 93 (2016) 014510
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Mass splittings among heavy mesons (2)

e Light quark mass-dependent terms in two-component notation:
Ly = —=NTe [HH,) oo = N T [HIH,] xo a0
B
here, X+:uTqu+UXTu:4BM_W{¢, {¢,M}}+

== SU(3) mass differences:
MD: — My, =4\ B(ms —mg) = 4X; (Mf{i — Mji)

= A, ~0.11GeV™!
= |sospin splitting induced by mg — my,:

(Mpo — Mp+) = 4\ B(my — mq)
= 4A1 (MIZ(ZE - MIQ(O - M,%j: + M7-2|-0)

= —2.3 MeV

quark mass

Exp. value: M, — M, = —(4.77 £0.08) MeV
= (MDO - MD+)quark mass + (MDO - MD"')e.m.
e L, also contributes to scattering between a heavy meson and the lightest
pseudoscalar mesons (GBs)
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Baryon CHPT at NLO
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Baryon CHPT beyond LO

o CHPT is useful in the low-energy region

T T T T T T T T T _T
o Remember: preliminary fit e A

(unconstrained)

the nucleon mass does not vanish in the a0 | i
chiral limit (M, = 0)

&
3
777,N|1\/I7T:0 ~ mN|M‘":M£rhys. 25 il
((Zlnmbinud fit
ata: Too
~ Ay = O (1Gev) ey ros ot | 8
0 0.5 1 1.5
= a large mass scale > low-momenta, M, (roma)?

G.Bali et al., Lattice2013
e As a result, the power counting of baryon CHPT is different:

w o g? —m? (q +q? +m2)( \/672+m2)=0(p)

w LN = [l —I—E £(3) .. not only even powers
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Weinberg’s power counting for baryon CHPT (1)

o Consider an arbitrary L-loop 1-baryon diagram

VR
. . \ /
with V™ meson—-meson vertices of order d, e SN B
e N
V7N meson-baryon vertices of order d’, / ) N
and I;(Iy) internal meson (baryon) lines. N

e Chiral dimension D is

D=4L 2L —Iy+) Vi"d+ Y ViNd
d dr
= Again, topological relation: L = L. + Iy —> ,VI™ = >, ViV +1
= Baryon number conservation = >, VIN = Iy + 1

o We get

D_2L+1+ZV (d—2) +ZV
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Weinberg’s power counting for baryon CHPT (2)

D=2L+1+Y Vi™(d—2)+» Vi¥(d —1)
d d’

Note again: d > 2,d' >1 = D>1
e Therefore,
O (p'), O (p?): tree-level only
O (p?), O (p): tree-level + one-loop
O (p°), O (p5): tree-level + one-loop + two-loop

e But, the problem is it does not naively work :
eg., O (p2) receives contribution from any loop diagram if we use dimensional
regularization with the MS scheme (subtracting A = -2, — [log(4) + I"(1) + 1])!
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Problem of power counting in baryon CHPT (1)

o In Goldstone boson sector, all masses are small quantities: M ~ p < A,

o With baryons, loop integration picks up momenta of order my ~ A,

e Schematically, Gasser, Sainio, Svarc (1988)
-A7r7r -A7rN . dS
I T I I I I I
8 @ - 8- @ [ J [ ] @
§ F B .S‘ Fr @ [ ] (] @
26 [ J = 26 [ J [ J [ J @
g | - 2le o o o
<S4 [ J — T4 @ [ J [ ] @
=l - Tre e e e
Sar e - Z2re e o @
[ i [ . 4
| | | | | | | |
1 2 3 1 2 3
Number of loops Number of loops

= “One no longer has a one-to-one mapping between the loop and small-
momentum expansion“ Bernard, Kaiser, Kambor, MeiBner (1992)
= Higher-order loops renormalize lower-order couplings
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Problem of power counting in baryon CHPT (2)

o To see the problem, consider the nucleon self-energy .
\

Yy ~ M*Lin(pX) + ... o

ddl 1
2\ _ ,4—d;
Lin(py) = 1 Z/ (2m)e [(py — )2 — m? +ie] (12 — M2 + ie)

_ ! [A \—/1/—1—(9(M)]

1672
=0(1) breaks power counting
YV 2 173
395 M=“m 395 M
= nucleon mass to O (p*): my =m—4e; M” + JA Sy — A .
from Lgflzf from one-loop

e Solutions:
= Heavy baryon CHPT
= Infrared regularization
= Extended on-mass-shell scheme

Jenkins, Manohar (1991); Bernard, Kaiser, Kambor, Mei3ner (1992)
Becher, Leutwyler (1999)

Gegelia, Japaridze (1999); Fuchs et al. (2003)
14 July 2025 16/25
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Heavy baryon CHPT (1)

mpy > M, = in low-momentum region, treat nucleons as heavy

Analogous to heavy quark effective theory, decompose baryon momentum
according to (nearly on-shell)
Py = myv, + ko, V=1, v-k<my
N—— ~~
large residual
Decompose the nucleon field into large (NV,,) and small (n,) components
N(z) = e="™"*[Ny(2) + ny ()],
with N, = ™2 L(1+4)N(z), n, = ™1 (1-§)N(z)
Using the EOM for n, () o< =N, (z), we can eliminate n,.

£ becomes: _
™ ESK, =N (z’v#D“ —m+ g?A’yu'yg)u“) N

= ]\_fv(iv D4 gaS - u)NU + O (m&l)

S, = £750,,v": Pauli-Lubanski spin vector
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Heavy baryon CHPT (2)

e Nucleon mass gone from Efrljz, nucleon propagator becomes
)
v-k+ie
the mass scale m was eliminated!

e 1/my corrections can be constructed systemati- A : heavy baryon

cally on Lagrangian level o T T | ‘ i

Thus, heavy baryon CHPT is a two-fold expansion 8 6‘ ° ®

n n g — -

in P , P (but treated as one) g r L4 1

Ax mn S 4t ° -

ER |

e Power counting works as in the meson sector: 521 : 7
each loop only contributes at one momentum 0 (I) i 21 é

power Number of loops
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Infrared (IR) regularization

k a=k>—M*+ic, b=(P—k)?—m?+ie

p—t——">m>="—p 1/ ddk 1 / /ddk 1
P—k H=-
i [(1—2)a+ zb]?

e The integral can be separated into two parts:

oo o0
H=TI+R, I:/ dz ..., R:—/ dz ...
0 1

= |R singular part I: generated by momenta of order of the pion mass

obeys power counting
contains the chiral physics like chiral logs etc
= |R regular part R: generated by momenta of order of the nucleon mass
violates power counting
polynomial in pion mass and external momenta
= can be absorbed into redefinition of LECs
e Practical recipe: replace any one-loop integral by the IR singular part
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Extended on-mass-shell regularization

o Idea: Perform additional subtractions beyond the MS scheme so that
renormalized diagrams satisfy the power counting

e Method: Expand loop integrand in small quantities, and subtract those power
counting violating terms

e Similar to the IR regularization:
power counting violating terms are analytic in M. and external momenta
= can be absorbed in a renormalization of the counterterms

Azn: MS Axn : IR/EOMS

I I I I I I I I
sFe e o @ - sFe e o @ -
Ere o e @ Ele o e e
Z6r® © O @ Zo-® O @ -
2re e o o 2re e @ 1
S4-0 e e e - c4- @ @ —
Tre e e e - Tre e 1
Z2-0 6 o @ RIS .
O o | O o |

| | | | | | | |
1 2 3 1 2 3

Number of loops Number of loops
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Large N,
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Large IN. (1)

e SU(NV.): N, quark colors, N2 — 1 gluons; N, regarded as a parameter of QCD
proposed by 't Hooft NPB72(1974)461
extension to baryons by Witten NPB160(1979)57 [strongly recommended reading]

o Large N, limit keeping Aqcp independent of N, requires g>N, = A = O (N?):

47
2 b

11N, 2N
1N — 281 log 45

QCD

as(p) =
(

e At leading order, we can approximate N2 — 1 by N2 or SU(NNV,) by U(V.);
double-line representation of gluons:

a
_ _ b
g “—a :
allb
igguggaat b1 ME%%\ 2 3
b —_—
b a b b . s 2 \
p

0
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Large IV, (2)

Planar diagrams: can be mapped on a plane.
Each order contains infinite diagrams, e.g., gluon self-energies

(a) quark loop O(N;1)  (b) gluon loop O(N2) (c) O(NY (d) O(N)

The next-to-leading diagrams (a) and (b) contain a quark loop, topologically a
hole, suppressed by O (N 1)

Nonplanar diagrams: suppressed. E.g., consider the 2-point correlation function:
(j,;l(w)j}d(y)) with jz; = Ga,kq)", Where a: color index, k, I: flavor indices

<= <> P> <G5

(a) O(Ne) (b) O(Nc) (c) O(NC) (dow:h

characterized by a topological invariant: number of handles
General formula of the large N.. behavior for a diagram: N2~ 524
where B: number of holes; H: number of handles
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Mesons in large N,

e The leading diagrams of the 2-point correlation function for a meson contain only
2 quark lines: sum of infinite ordinary mesons, M,, = O (N?), F,, = O (v/N,)

/d4meip'x<j(:v)ﬂ(0)> = Z p2—+g+ze =0 (Ne), Fo=(0ljln)

o Leading three-meson coupling scales as O <NC_1/2>, meson decay width scales

as O (N '): consider a 3-point correlation function

Ny

0
NO

Gie = ¥

N1/2 N1/2 an/z Ncl/z

o Leading meson-meson scattering amplitude scales as O (N ')

N2 N2

N2 N2 N2 N2 N2

N2 NV

’ /2 /2 12 N2
N2 N2 N2 N2 N} N2 N!
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o OZI (Okubo-Zweig-lizuka) rule: drawing only quark lines, any diagrams that can
be separated into color-singlet clusters are suppressed

(w(y)u(y) u(z)u(r)) =
<> @Q

O(Ne) 0N

o For three light quark flavors, mesons generally form nonets of U(3), rather than
octets and singlets separately of SU(3); e.g., w: @u + dd; ¢: 5s

e Meson decays:
¢ decays into K K, amplitude for the decay to 7 is relatively suppressed by
N1 (and by isospin breaking);
widths of ¢c below open-charm thresholds are small since decays into light
hadrons violate the OZI rule

e Meson-meson scattering:
the scattering of mesons with different quark flavors violates the OZI rule;
eg., Dfnt — Dirnt
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