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References
• It is impossible to cover everything in 3 hours.

• Many materials can be found online:

• Wiki: https://cp3.irmp.ucl.ac.be/projects/madgraph/

• MadGraph schools

• Hefei 2018: https://indico.ihep.ac.cn/event/7822/

• Chennai 2019: https://indico.cern.ch/event/829653/

• Launchpad (Q&A) : https://launchpad.net/mg5amcnlo

• aMC@NLO web page : https://amcatnlo.web.cern.ch/ (references)

• Or simply google it or ask questions to ChatGPT/DeepSeek etc

• The best way to understand it is by playing it — like 
playing games in your spare time.

https://amcatnlo.web.cern.ch/
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• A fully automated chain from the (B)SM Lagrangian to events is: 

4

• fLO: fixed-order LO (= tree level and/or loop-induced)

• fNLO: fixed-order NLO

• LO+PS: hard LO events and parton shower (external PSMC)

• NLO+PS: hard NLO events and parton shower (MC@NLO+external PSMC)

• LO merged: merging of  LO multijet samples (MLM/CKKW-L)

• NLO merged: merging of  NLO multijet samples (FxFx/UNLOPS)

LO

NLO

FeynRules MG5_aMC PSMC

FeynRules(+NLOCT) MG5_aMC PSMC

What it can bring to me ?
• A single framework to provide the following types of  

computations

UFO

UFO

LHE

LHE
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• A framework with many useful tools for phenomenology studies
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• MadWidth: width and branching ratio computations

• MadWeight: a phase-space generator for matrix-element method

• MadSpin: spin-entangled decay

• MadDM: dark-matter observable computations in (in)direct searches

• Reweighting/Systematics/Bias
• MadAnalysis5: event analysis and reinterpretation of  collider searches

• A matrix-element provider
• e.g. Pythia8 and MatchBox in Herwig7
• Also your own format with the PLUGIN mode

What it can bring to me ?

• MadSTR: simplified treatments of  resonances at NLO

• MadDump: event generation for beam dump experiments

• e+e- at NLO: (N)LO calculations for e+e- with ISR and beamstrahlung

• UPC at NLO: (N)LO calculations for gamma-gamma collisions in UPC

• aMCfast/PineAPPL: fast-interpolation grids of  cross sections for PDF fits

• MadNIS: Neural multiple-channeling importance sampling
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Plan
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• Lecture 1:

• LO event simulations

• Lecture 2:

• NLO calculations and event simulations at NLO QCD
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LO Event Simulations
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Lecture 1
LO Event Simulations

Introduction
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How To Improve Theoretical Predictions ?

Hard interaction

� = PDF1 ⌦ PDF2 ⌦ �̂

�̂ = �̂0


1 +

↵s

2⇡
�1 +

⇣↵s

2⇡

⌘2
�2 +

⇣↵s

2⇡

⌘3
�3 + . . .

�LO NLO NNLO N3LO
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How To Improve Theoretical Predictions ?

Hard interaction

Parton shower

• Formally leading log and leading colour accuracy
• Beyond depends on some details (evolution variables, recoil schemes, ...)

• Active theoretical developments (NLO kernels, NLL, NLC,...)
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How To Improve Theoretical Predictions ?
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How To Improve Theoretical Predictions ?

Hard interaction

Parton shower

Multi-parton interaction

Beam remnant

Chromo-electric transition

Colour (re)connection

Hadronisation

Decay

Pure perturbative

Mostly non-perturbative

Comments:

• Tough !
• Most are model dependent
• Tuning to data
• Very flexible
• Needs the efforts of experimentalists
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How To Improve Theoretical Predictions ?

Hard interaction

Parton shower

Multi-parton interaction

Beam remnant

Chromo-electric transition

Colour (re)connection

Hadronisation

Decay

Pure perturbative

Mostly non-perturbative

Less details

More details
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How To Improve Theoretical Predictions ?

• Common Principle:
✦ Adopt the advantages of different aspects

Hard interaction Parton shower

Hard and Resolved Soft and/or Collinear

✦ Balance the accuracy over the steps in the simulation chain

✦ Improve not only the single steps but also their merging

• Two main directions:

✦ Merging

✦ Matching
➡ Avoid double counting between NkLO (k>0) MEs and PSs

➡ Include more real radiation MEs (formally higher order, improve kin.)
➡ Subtract double counting of real radiation from MEs and PSs 
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The LHC master formula

<latexit sha1_base64="z3/L7DI9ozp0EECv49Zr63P/IPA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8eI5gHJEmYns8mQ2dllplcISz7BiwdFvPpF3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94jjhfkQHSoSCUbTSQ73n9coVt+rOQJaJl5MK5Kj3yl/dfszSiCtkkhrT8dwE/YxqFEzySambGp5QNqID3rFU0YgbP5udOiEnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2nZEPwFl9eJs2zqndZvbg/r9Ru8jiKcATHcAoeXEEN7qAODWAwgGd4hTdHOi/Ou/Mxby04+cwh/IHz+QPR8Y2C</latexit>

P1
<latexit sha1_base64="EeCsjqvWY/LDgGhDjw9mmDDqwHA=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGieUCyhNnJbDJkdnaZ6RXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrpod6r9kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs1qxbusXNyfl2s3eRwFOIYTOAMPrqAGd1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QPTdY2D</latexit>

P2
<latexit sha1_base64="GeLjeJ3GeCC47QfLzsS1vptzGkI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVB71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz7WM9Q==</latexit>g <latexit sha1_base64="GeLjeJ3GeCC47QfLzsS1vptzGkI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVB71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MHz7WM9Q==</latexit>g

<latexit sha1_base64="qxHGiEgtCvIHDyFq5PVwgsOX074=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knN7gALgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPiiuPHw==</latexit>� <latexit sha1_base64="qxHGiEgtCvIHDyFq5PVwgsOX074=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4CjPidgx68RjBLJAMoafTk7TpZejuEcKQf/DiQRGv/o83/8ZOMgdNfFDweK+KqnpRwpmxvv/tFVZW19Y3ipulre2d3b3y/kHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHyw44SGAg8kixnB1knN7gALgXvlil/1Z0DLJMhJBXLUe+Wvbl+RVFBpCcfGdAI/sWGGtWWE00mpmxqaYDLCA9pxVGJBTZjNrp2gE6f0Uay0K2nRTP09kWFhzFhErlNgOzSL3lT8z+ukNr4OMyaT1FJJ5ovilCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUMmFECy+vEyaZ9Xgsnpxf16p3eRxFOEIjuEUAriCGtxBHRpA4BGe4RXePOW9eO/ex7y14OUzh/AH3ucPiiuPHw==</latexit>�

<latexit sha1_base64="fDp9Q3Hu8/8EJL9Nk2n8BR7BLHU=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVh71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH0TmM9g==</latexit>

h

Parton distribution functions
(from experiments)

Short-distance cross section
(predicted in perturbation theory)

<latexit sha1_base64="dX6KaQxgYzGo0Cpk6Rxo7SlPVdg=">AAAB83icbVBNS8NAEN3Ur1q/qh69BIvgqSTi17HoxWMFawtNKJPtpl26uwm7E6GE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h88miTTlLVoIhLdicAwwRVrIUfBOqlmICPB2tHoduq3n5g2PFEPOE5ZKGGgeMwpoJWCYAiYB4YPJEx61ZpX92Zwl4lfkBop0OxVv4J+QjPJFFIBxnR9L8UwB42cCjapBJlhKdARDFjXUgWSmTCf3TxxT6zSd+NE21LoztTfEzlIY8Yysp0ScGgWvan4n9fNML4Oc67SDJmi80VxJlxM3GkAbp9rRlGMLQGqub3VpUPQQNHGVLEh+IsvL5PHs7p/Wb+4P681boo4yuSIHJNT4pMr0iB3pElahJKUPJNX8uZkzovz7nzMW0tOMXNI/sD5/AF2N5H6</latexit>

�̂

<latexit sha1_base64="EmCDbTwIuJA6ubccvAQ0HhlW660="></latexit>

�(P1P2 ! h+X) =

Z
dx1dx2f

(P1)
g (x1, µ

2
F )f

(P2)
g (x2, µ

2
F )�̂

<latexit sha1_base64="4eMyvuOPJ2WS/kCB1N7kEKFP2/Q="></latexit>

�̂ =
1

2s

Z
d�n|Mn|2

Matrix element: n! diags

Phase space: (3n-4) dims

• The initial condition of the MC simulation
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Lecture 1
LO Event Simulations

Matrix element



SDU Summer School Hua-Sheng Shao14

Helicity Amplitudes



SDU Summer School Hua-Sheng Shao15

Helicity Amplitudes

• The general idea:
✦ Evaluate            for a given helicity of external particles 

<latexit sha1_base64="GPKraTKhl7GQjdLogRv7aElYR68=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjRuhgn1AO5RMmmlDk8yYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3tygpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6DbzW2OqNIvko5nE1Bd4IFnICDZW8rsCmyHBPL2f9mSvXHGr7gxomXg5qUCOeq/81e1HJBFUGsKx1h3PjY2fYmUY4XRa6iaaxpiM8IB2LJVYUO2ns9BTdGKVPgojZZ80aKb+3kix0HoiAjuZhdSLXib+53USE177KZNxYqgk80NhwpGJUNYA6jNFieETSzBRzGZFZIgVJsb2VLIleItfXibNs6p3Wb14OK/UbvI6inAEx3AKHlxBDe6gDg0g8ATP8Apvzth5cd6dj/lowcl3DuEPnM8fD+OSTg==</latexit>

Mn

➡ Multiply with its complex conjugate to get amplitude squared
➡ Loop over helicities, diagrams, and color configurations
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<latexit sha1_base64="UKokHGlTUIjn6Ud11MXBBIjpoqc=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr41QdONGqGAf0I4lk2ba0CQzJBmlDP0PNy4Uceu/uPNvzLSz0OqBwOGce7knJ4g508Z1v5zCwuLS8kpxtbS2vrG5Vd7eaeooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjK4yv/VAlWaRvDPjmPoCDyQLGcHGSvddgc2QYJ7eTHryoleuuFV3CvSXeDmpQI56r/zZ7UckEVQawrHWHc+NjZ9iZRjhdFLqJprGmIzwgHYslVhQ7afT1BN0YJU+CiNlnzRoqv7cSLHQeiwCO5ml1PNeJv7ndRITnvspk3FiqCSzQ2HCkYlQVgHqM0WJ4WNLMFHMZkVkiBUmxhZVsiV481/+S5pHVe+0enJ7XKld5nUUYQ/24RA8OIMaXEMdGkBAwRO8wKvz6Dw7b877bLTg5Du78AvOxzeWm5KV</latexit>

Mn =
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<latexit sha1_base64="UKokHGlTUIjn6Ud11MXBBIjpoqc=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr41QdONGqGAf0I4lk2ba0CQzJBmlDP0PNy4Uceu/uPNvzLSz0OqBwOGce7knJ4g508Z1v5zCwuLS8kpxtbS2vrG5Vd7eaeooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjK4yv/VAlWaRvDPjmPoCDyQLGcHGSvddgc2QYJ7eTHryoleuuFV3CvSXeDmpQI56r/zZ7UckEVQawrHWHc+NjZ9iZRjhdFLqJprGmIzwgHYslVhQ7afT1BN0YJU+CiNlnzRoqv7cSLHQeiwCO5ml1PNeJv7ndRITnvspk3FiqCSzQ2HCkYlQVgHqM0WJ4WNLMFHMZkVkiBUmxhZVsiV481/+S5pHVe+0enJ7XKld5nUUYQ/24RA8OIMaXEMdGkBAwRO8wKvz6Dw7b877bLTg5Du78AvOxzeWm5KV</latexit>

Mn =
<latexit sha1_base64="PP63Jzm7LtzByHrDjSEy1qfVPDI=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBVUnE17LoxmUF+4AmhMnkth06mYSZSaHELPwVNy4UcetvuPNvnKZZaOuBC4dz7p079wQJo1LZ9rextLyyurZe2ahubm3v7Jp7+20Zp4JAi8QsFt0AS2CUQ0tRxaCbCMBRwKATjG6nfmcMQtKYP6hJAl6EB5z2KcFKS755mLnFI5mAMHcDLLJx7ju5b9bsul3AWiROSWqoRNM3v9wwJmkEXBGGpew5dqK8DAtFCYO86qYSEkxGeAA9TTmOQHpZsTq3TrQSWv1Y6OLKKtTfExmOpJxEge6MsBrKeW8q/uf1UtW/9jLKk1QBJ7NF/ZRZKramYVghFUAUm2iCiaD6rxYZYoGJ0pFVdQjO/MmLpH1Wdy7rF/fntcZNGUcFHaFjdIocdIUa6A41UQsR9Iie0St6M56MF+Pd+Ji1LhnlzAH6A+PzBwvLlsY=</latexit>

v̄1
<latexit sha1_base64="647kG3QfZDv1ouQK6zZkBr6o5uU=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuSlJ8LYtuXFawD2hDmExu2qGTSZiZFEron7hxoYhb/8Sdf+M0zUJbD1w4nHPv3LknSDlT2nG+rbX1jc2t7cpOdXdv/+DQPjruqCSTFNo04YnsBUQBZwLammkOvVQCiQMO3WB8P/e7E5CKJeJJT1PwYjIULGKUaCP5tp0PikdyCeEs8xsz3645dacAXiVuSWqoRMu3vwZhQrMYhKacKNV3nVR7OZGaUQ6z6iBTkBI6JkPoGypIDMrLi6UzfG6UEEeJNCU0LtTfEzmJlZrGgemMiR6pZW8u/uf1Mx3dejkTaaZB0MWiKONYJ3geAw6ZBKr51BBCJTN/xXREJKHahFU1IbjLJ6+STqPuXtevHi9rzbsyjgo6RWfoArnoBjXRA2qhNqJogp7RK3qzcuvFerc+Fq1rVjlzgv7A+vwBJg2UAQ==</latexit>u2

<latexit sha1_base64="oEHtgG77Woo2s/lGgbFWbi8BXaY=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiS+l0U3LivYB7QhTCbTduhkEmYmhRLyJ25cKOLWP3Hn3zhNs9DqgQuHc+6dO/cECWdKO86XVVlZXVvfqG7WtrZ3dvfs/YOOilNJaJvEPJa9ACvKmaBtzTSnvURSHAWcdoPJ3dzvTqlULBaPepZQL8IjwYaMYG0k37azQfFIJmmYT/3z3LfrTsMpgP4StyR1KNHy7c9BGJM0okITjpXqu06ivQxLzQineW2QKppgMsEj2jdU4IgqLyuW5ujEKCEaxtKU0KhQf05kOFJqFgWmM8J6rJa9ufif10/18MbLmEhSTQVZLBqmHOkYzWNAIZOUaD4zBBPJzF8RGWOJiTZh1UwI7vLJf0nnrOFeNS4fLurN2zKOKhzBMZyCC9fQhHtoQRsITOEJXuDVyqxn6816X7RWrHLmEH7B+vgGKRmUAw==</latexit>v3
<latexit sha1_base64="UzWSiDQWGi0F77YERrpJ3WnDQd4=">AAAB/3icbVDLSsNAFL3xWesrKrhxEyyCq5JIfSyLblxWsA9oQphMpu3QySTMTIQSs/BX3LhQxK2/4c6/cZpmoa0HLhzOuXfu3BMkjEpl29/G0vLK6tp6ZaO6ubW9s2vu7XdknApM2jhmsegFSBJGOWkrqhjpJYKgKGCkG4xvpn73gQhJY36vJgnxIjTkdEAxUlryzcPMLR7JBAlzN0AiS3O/kftmza7bBaxF4pSkBiVavvnlhjFOI8IVZkjKvmMnysuQUBQzklfdVJIE4TEakr6mHEVEelmxOrdOtBJag1jo4soq1N8TGYqknESB7oyQGsl5byr+5/VTNbjyMsqTVBGOZ4sGKbNUbE3DsEIqCFZsognCguq/WniEBMJKR1bVITjzJy+Szlnduaif3zVqzesyjgocwTGcggOX0IRbaEEbMDzCM7zCm/FkvBjvxsesdckoZw7gD4zPHw7Slsg=</latexit>

ū4

Matrices for given helicity and momenta of external legs
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Helicity Amplitudes

• The general idea:
✦ Evaluate            for a given helicity of external particles 

<latexit sha1_base64="GPKraTKhl7GQjdLogRv7aElYR68=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjRuhgn1AO5RMmmlDk8yYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3tygpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6DbzW2OqNIvko5nE1Bd4IFnICDZW8rsCmyHBPL2f9mSvXHGr7gxomXg5qUCOeq/81e1HJBFUGsKx1h3PjY2fYmUY4XRa6iaaxpiM8IB2LJVYUO2ns9BTdGKVPgojZZ80aKb+3kix0HoiAjuZhdSLXib+53USE177KZNxYqgk80NhwpGJUNYA6jNFieETSzBRzGZFZIgVJsb2VLIleItfXibNs6p3Wb14OK/UbvI6inAEx3AKHlxBDe6gDg0g8ATP8Apvzth5cd6dj/lowcl3DuEPnM8fD+OSTg==</latexit>

Mn

➡ Multiply with its complex conjugate to get amplitude squared
➡ Loop over helicities, diagrams, and color configurations

<latexit sha1_base64="UKokHGlTUIjn6Ud11MXBBIjpoqc=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr41QdONGqGAf0I4lk2ba0CQzJBmlDP0PNy4Uceu/uPNvzLSz0OqBwOGce7knJ4g508Z1v5zCwuLS8kpxtbS2vrG5Vd7eaeooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjK4yv/VAlWaRvDPjmPoCDyQLGcHGSvddgc2QYJ7eTHryoleuuFV3CvSXeDmpQI56r/zZ7UckEVQawrHWHc+NjZ9iZRjhdFLqJprGmIzwgHYslVhQ7afT1BN0YJU+CiNlnzRoqv7cSLHQeiwCO5ml1PNeJv7ndRITnvspk3FiqCSzQ2HCkYlQVgHqM0WJ4WNLMFHMZkVkiBUmxhZVsiV481/+S5pHVe+0enJ7XKld5nUUYQ/24RA8OIMaXEMdGkBAwRO8wKvz6Dw7b877bLTg5Du78AvOxzeWm5KV</latexit>

Mn =
<latexit sha1_base64="PP63Jzm7LtzByHrDjSEy1qfVPDI=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBVUnE17LoxmUF+4AmhMnkth06mYSZSaHELPwVNy4UcetvuPNvnKZZaOuBC4dz7p079wQJo1LZ9rextLyyurZe2ahubm3v7Jp7+20Zp4JAi8QsFt0AS2CUQ0tRxaCbCMBRwKATjG6nfmcMQtKYP6hJAl6EB5z2KcFKS755mLnFI5mAMHcDLLJx7ju5b9bsul3AWiROSWqoRNM3v9wwJmkEXBGGpew5dqK8DAtFCYO86qYSEkxGeAA9TTmOQHpZsTq3TrQSWv1Y6OLKKtTfExmOpJxEge6MsBrKeW8q/uf1UtW/9jLKk1QBJ7NF/ZRZKramYVghFUAUm2iCiaD6rxYZYoGJ0pFVdQjO/MmLpH1Wdy7rF/fntcZNGUcFHaFjdIocdIUa6A41UQsR9Iie0St6M56MF+Pd+Ji1LhnlzAH6A+PzBwvLlsY=</latexit>

v̄1
<latexit sha1_base64="647kG3QfZDv1ouQK6zZkBr6o5uU=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuSlJ8LYtuXFawD2hDmExu2qGTSZiZFEron7hxoYhb/8Sdf+M0zUJbD1w4nHPv3LknSDlT2nG+rbX1jc2t7cpOdXdv/+DQPjruqCSTFNo04YnsBUQBZwLammkOvVQCiQMO3WB8P/e7E5CKJeJJT1PwYjIULGKUaCP5tp0PikdyCeEs8xsz3645dacAXiVuSWqoRMu3vwZhQrMYhKacKNV3nVR7OZGaUQ6z6iBTkBI6JkPoGypIDMrLi6UzfG6UEEeJNCU0LtTfEzmJlZrGgemMiR6pZW8u/uf1Mx3dejkTaaZB0MWiKONYJ3geAw6ZBKr51BBCJTN/xXREJKHahFU1IbjLJ6+STqPuXtevHi9rzbsyjgo6RWfoArnoBjXRA2qhNqJogp7RK3qzcuvFerc+Fq1rVjlzgv7A+vwBJg2UAQ==</latexit>u2

<latexit sha1_base64="oEHtgG77Woo2s/lGgbFWbi8BXaY=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiS+l0U3LivYB7QhTCbTduhkEmYmhRLyJ25cKOLWP3Hn3zhNs9DqgQuHc+6dO/cECWdKO86XVVlZXVvfqG7WtrZ3dvfs/YOOilNJaJvEPJa9ACvKmaBtzTSnvURSHAWcdoPJ3dzvTqlULBaPepZQL8IjwYaMYG0k37azQfFIJmmYT/3z3LfrTsMpgP4StyR1KNHy7c9BGJM0okITjpXqu06ivQxLzQineW2QKppgMsEj2jdU4IgqLyuW5ujEKCEaxtKU0KhQf05kOFJqFgWmM8J6rJa9ufif10/18MbLmEhSTQVZLBqmHOkYzWNAIZOUaD4zBBPJzF8RGWOJiTZh1UwI7vLJf0nnrOFeNS4fLurN2zKOKhzBMZyCC9fQhHtoQRsITOEJXuDVyqxn6816X7RWrHLmEH7B+vgGKRmUAw==</latexit>v3
<latexit sha1_base64="UzWSiDQWGi0F77YERrpJ3WnDQd4=">AAAB/3icbVDLSsNAFL3xWesrKrhxEyyCq5JIfSyLblxWsA9oQphMpu3QySTMTIQSs/BX3LhQxK2/4c6/cZpmoa0HLhzOuXfu3BMkjEpl29/G0vLK6tp6ZaO6ubW9s2vu7XdknApM2jhmsegFSBJGOWkrqhjpJYKgKGCkG4xvpn73gQhJY36vJgnxIjTkdEAxUlryzcPMLR7JBAlzN0AiS3O/kftmza7bBaxF4pSkBiVavvnlhjFOI8IVZkjKvmMnysuQUBQzklfdVJIE4TEakr6mHEVEelmxOrdOtBJag1jo4soq1N8TGYqknESB7oyQGsl5byr+5/VTNbjyMsqTVBGOZ4sGKbNUbE3DsEIqCFZsognCguq/WniEBMJKR1bVITjzJy+Szlnduaif3zVqzesyjgocwTGcggOX0IRbaEEbMDzCM7zCm/FkvBjvxsesdckoZw7gD4zPHw7Slsg=</latexit>

ū4
<latexit sha1_base64="BGVFkH7jQtyIVf6rI4WQf5+7XlU=">AAACAnicbVDLSsNAFJ34rPUVdSVugkVwVRLxtSy6cVnBPqCJZTK9aYfOTMLMRCghuPFX3LhQxK1f4c6/cZp2oa0HLhzOuXfu3BMmjCrtut/WwuLS8spqaa28vrG5tW3v7DZVnEoCDRKzWLZDrIBRAQ1NNYN2IgHzkEErHF6P/dYDSEVjcadHCQQc9wWNKMHaSF17P/OLR7KQpZCD38ec43ufp3nXrrhVt4AzT7wpqaAp6l37y+/FJOUgNGFYqY7nJjrIsNSUMMjLfqogwWSI+9AxVGAOKsiK7blzZJSeE8XSlNBOof6eyDBXasRD08mxHqhZbyz+53VSHV0GGRVJqkGQyaIoZY6OnXEeTo9KIJqNDMFEUvNXhwywxESb1MomBG/25HnSPKl659Wz29NK7WoaRwkdoEN0jDx0gWroBtVRAxH0iJ7RK3qznqwX6936mLQuWNOZPfQH1ucPeX+YIg==</latexit>

e�µ
<latexit sha1_base64="DGu8JEZqv502YJvg5B9L3Q17jmA="></latexit> gµ⌫
(p1 + p2)2 �m2

a + i�ama

Matrices for given helicity and momenta of external legs

Calculations of propagators & vertices
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Helicity Amplitudes

• The general idea:
✦ Evaluate            for a given helicity of external particles 

<latexit sha1_base64="GPKraTKhl7GQjdLogRv7aElYR68=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjRuhgn1AO5RMmmlDk8yYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3tygpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6DbzW2OqNIvko5nE1Bd4IFnICDZW8rsCmyHBPL2f9mSvXHGr7gxomXg5qUCOeq/81e1HJBFUGsKx1h3PjY2fYmUY4XRa6iaaxpiM8IB2LJVYUO2ns9BTdGKVPgojZZ80aKb+3kix0HoiAjuZhdSLXib+53USE177KZNxYqgk80NhwpGJUNYA6jNFieETSzBRzGZFZIgVJsb2VLIleItfXibNs6p3Wb14OK/UbvI6inAEx3AKHlxBDe6gDg0g8ATP8Apvzth5cd6dj/lowcl3DuEPnM8fD+OSTg==</latexit>

Mn

➡ Multiply with its complex conjugate to get amplitude squared
➡ Loop over helicities, diagrams, and color configurations

<latexit sha1_base64="UKokHGlTUIjn6Ud11MXBBIjpoqc=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr41QdONGqGAf0I4lk2ba0CQzJBmlDP0PNy4Uceu/uPNvzLSz0OqBwOGce7knJ4g508Z1v5zCwuLS8kpxtbS2vrG5Vd7eaeooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjK4yv/VAlWaRvDPjmPoCDyQLGcHGSvddgc2QYJ7eTHryoleuuFV3CvSXeDmpQI56r/zZ7UckEVQawrHWHc+NjZ9iZRjhdFLqJprGmIzwgHYslVhQ7afT1BN0YJU+CiNlnzRoqv7cSLHQeiwCO5ml1PNeJv7ndRITnvspk3FiqCSzQ2HCkYlQVgHqM0WJ4WNLMFHMZkVkiBUmxhZVsiV481/+S5pHVe+0enJ7XKld5nUUYQ/24RA8OIMaXEMdGkBAwRO8wKvz6Dw7b877bLTg5Du78AvOxzeWm5KV</latexit>

Mn =
<latexit sha1_base64="PP63Jzm7LtzByHrDjSEy1qfVPDI=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBVUnE17LoxmUF+4AmhMnkth06mYSZSaHELPwVNy4UcetvuPNvnKZZaOuBC4dz7p079wQJo1LZ9rextLyyurZe2ahubm3v7Jp7+20Zp4JAi8QsFt0AS2CUQ0tRxaCbCMBRwKATjG6nfmcMQtKYP6hJAl6EB5z2KcFKS755mLnFI5mAMHcDLLJx7ju5b9bsul3AWiROSWqoRNM3v9wwJmkEXBGGpew5dqK8DAtFCYO86qYSEkxGeAA9TTmOQHpZsTq3TrQSWv1Y6OLKKtTfExmOpJxEge6MsBrKeW8q/uf1UtW/9jLKk1QBJ7NF/ZRZKramYVghFUAUm2iCiaD6rxYZYoGJ0pFVdQjO/MmLpH1Wdy7rF/fntcZNGUcFHaFjdIocdIUa6A41UQsR9Iie0St6M56MF+Pd+Ji1LhnlzAH6A+PzBwvLlsY=</latexit>

v̄1
<latexit sha1_base64="647kG3QfZDv1ouQK6zZkBr6o5uU=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuSlJ8LYtuXFawD2hDmExu2qGTSZiZFEron7hxoYhb/8Sdf+M0zUJbD1w4nHPv3LknSDlT2nG+rbX1jc2t7cpOdXdv/+DQPjruqCSTFNo04YnsBUQBZwLammkOvVQCiQMO3WB8P/e7E5CKJeJJT1PwYjIULGKUaCP5tp0PikdyCeEs8xsz3645dacAXiVuSWqoRMu3vwZhQrMYhKacKNV3nVR7OZGaUQ6z6iBTkBI6JkPoGypIDMrLi6UzfG6UEEeJNCU0LtTfEzmJlZrGgemMiR6pZW8u/uf1Mx3dejkTaaZB0MWiKONYJ3geAw6ZBKr51BBCJTN/xXREJKHahFU1IbjLJ6+STqPuXtevHi9rzbsyjgo6RWfoArnoBjXRA2qhNqJogp7RK3qzcuvFerc+Fq1rVjlzgv7A+vwBJg2UAQ==</latexit>u2

<latexit sha1_base64="oEHtgG77Woo2s/lGgbFWbi8BXaY=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiS+l0U3LivYB7QhTCbTduhkEmYmhRLyJ25cKOLWP3Hn3zhNs9DqgQuHc+6dO/cECWdKO86XVVlZXVvfqG7WtrZ3dvfs/YOOilNJaJvEPJa9ACvKmaBtzTSnvURSHAWcdoPJ3dzvTqlULBaPepZQL8IjwYaMYG0k37azQfFIJmmYT/3z3LfrTsMpgP4StyR1KNHy7c9BGJM0okITjpXqu06ivQxLzQineW2QKppgMsEj2jdU4IgqLyuW5ujEKCEaxtKU0KhQf05kOFJqFgWmM8J6rJa9ufif10/18MbLmEhSTQVZLBqmHOkYzWNAIZOUaD4zBBPJzF8RGWOJiTZh1UwI7vLJf0nnrOFeNS4fLurN2zKOKhzBMZyCC9fQhHtoQRsITOEJXuDVyqxn6816X7RWrHLmEH7B+vgGKRmUAw==</latexit>v3
<latexit sha1_base64="UzWSiDQWGi0F77YERrpJ3WnDQd4=">AAAB/3icbVDLSsNAFL3xWesrKrhxEyyCq5JIfSyLblxWsA9oQphMpu3QySTMTIQSs/BX3LhQxK2/4c6/cZpmoa0HLhzOuXfu3BMkjEpl29/G0vLK6tp6ZaO6ubW9s2vu7XdknApM2jhmsegFSBJGOWkrqhjpJYKgKGCkG4xvpn73gQhJY36vJgnxIjTkdEAxUlryzcPMLR7JBAlzN0AiS3O/kftmza7bBaxF4pSkBiVavvnlhjFOI8IVZkjKvmMnysuQUBQzklfdVJIE4TEakr6mHEVEelmxOrdOtBJag1jo4soq1N8TGYqknESB7oyQGsl5byr+5/VTNbjyMsqTVBGOZ4sGKbNUbE3DsEIqCFZsognCguq/WniEBMJKR1bVITjzJy+Szlnduaif3zVqzesyjgocwTGcggOX0IRbaEEbMDzCM7zCm/FkvBjvxsesdckoZw7gD4zPHw7Slsg=</latexit>

ū4
<latexit sha1_base64="BGVFkH7jQtyIVf6rI4WQf5+7XlU=">AAACAnicbVDLSsNAFJ34rPUVdSVugkVwVRLxtSy6cVnBPqCJZTK9aYfOTMLMRCghuPFX3LhQxK1f4c6/cZp2oa0HLhzOuXfu3BMmjCrtut/WwuLS8spqaa28vrG5tW3v7DZVnEoCDRKzWLZDrIBRAQ1NNYN2IgHzkEErHF6P/dYDSEVjcadHCQQc9wWNKMHaSF17P/OLR7KQpZCD38ec43ufp3nXrrhVt4AzT7wpqaAp6l37y+/FJOUgNGFYqY7nJjrIsNSUMMjLfqogwWSI+9AxVGAOKsiK7blzZJSeE8XSlNBOof6eyDBXasRD08mxHqhZbyz+53VSHV0GGRVJqkGQyaIoZY6OnXEeTo9KIJqNDMFEUvNXhwywxESb1MomBG/25HnSPKl659Wz29NK7WoaRwkdoEN0jDx0gWroBtVRAxH0iJ7RK3qznqwX6936mLQuWNOZPfQH1ucPeX+YIg==</latexit>

e�µ
<latexit sha1_base64="DGu8JEZqv502YJvg5B9L3Q17jmA="></latexit> gµ⌫
(p1 + p2)2 �m2

a + i�ama

<latexit sha1_base64="RswPXVR4TF79s9Yq9cIX8ELBXgs=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAiuQlJbjbuiG5cV7AOSWCbTSTt0ZhJmJkIJ/Qw3LhRx69e482+ctllo9cCFwzn3cu89Ucqo0o7zZa2srq1vbJa2yts7u3v7lYPDjkoyiUkbJyyRvQgpwqggbU01I71UEsQjRrrR+Gbmdx+JVDQR93qSkpCjoaAxxUgbySfBEHGOHgKR9StVx/YaV+eOBx277jVqrmuIMwd0C1IFBVr9ymcwSHDGidCYIaV810l1mCOpKWZkWg4yRVKEx2hIfEMF4kSF+fzkKTw1ygDGiTQlNJyrPydyxJWa8Mh0cqRHatmbif95fqZjL8ypSDNNBF4sijMGdQJn/8MBlQRrNjEEYUnNrRCPkERYm5TKJgR3+eW/pFOz3Qu7cVevNq+LOErgGJyAM+CCS9AEt6AF2gCDBDyBF/BqaevZerPeF60rVjFzBH7B+vgGrUWRiQ==</latexit>

e�⌫

Matrices for given helicity and momenta of external legs

Calculations of propagators & vertices

Evaluation of helicity amplitude (c-number)
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Helicity Amplitudes

• The general idea:
✦ Evaluate            for a given helicity of external particles 

<latexit sha1_base64="GPKraTKhl7GQjdLogRv7aElYR68=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2XRjRuhgn1AO5RMmmlDk8yYZApl6He4caGIWz/GnX9jpp2Fth4IHM65l3tygpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dpo4SRWiDRDxS7QBrypmkDcMMp+1YUSwCTlvB6DbzW2OqNIvko5nE1Bd4IFnICDZW8rsCmyHBPL2f9mSvXHGr7gxomXg5qUCOeq/81e1HJBFUGsKx1h3PjY2fYmUY4XRa6iaaxpiM8IB2LJVYUO2ns9BTdGKVPgojZZ80aKb+3kix0HoiAjuZhdSLXib+53USE177KZNxYqgk80NhwpGJUNYA6jNFieETSzBRzGZFZIgVJsb2VLIleItfXibNs6p3Wb14OK/UbvI6inAEx3AKHlxBDe6gDg0g8ATP8Apvzth5cd6dj/lowcl3DuEPnM8fD+OSTg==</latexit>

Mn

➡ Multiply with its complex conjugate to get amplitude squared
➡ Loop over helicities, diagrams, and color configurations

<latexit sha1_base64="UKokHGlTUIjn6Ud11MXBBIjpoqc=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr41QdONGqGAf0I4lk2ba0CQzJBmlDP0PNy4Uceu/uPNvzLSz0OqBwOGce7knJ4g508Z1v5zCwuLS8kpxtbS2vrG5Vd7eaeooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjK4yv/VAlWaRvDPjmPoCDyQLGcHGSvddgc2QYJ7eTHryoleuuFV3CvSXeDmpQI56r/zZ7UckEVQawrHWHc+NjZ9iZRjhdFLqJprGmIzwgHYslVhQ7afT1BN0YJU+CiNlnzRoqv7cSLHQeiwCO5ml1PNeJv7ndRITnvspk3FiqCSzQ2HCkYlQVgHqM0WJ4WNLMFHMZkVkiBUmxhZVsiV481/+S5pHVe+0enJ7XKld5nUUYQ/24RA8OIMaXEMdGkBAwRO8wKvz6Dw7b877bLTg5Du78AvOxzeWm5KV</latexit>

Mn =
<latexit sha1_base64="PP63Jzm7LtzByHrDjSEy1qfVPDI=">AAAB/3icbVDLSsNAFJ34rPUVFdy4CRbBVUnE17LoxmUF+4AmhMnkth06mYSZSaHELPwVNy4UcetvuPNvnKZZaOuBC4dz7p079wQJo1LZ9rextLyyurZe2ahubm3v7Jp7+20Zp4JAi8QsFt0AS2CUQ0tRxaCbCMBRwKATjG6nfmcMQtKYP6hJAl6EB5z2KcFKS755mLnFI5mAMHcDLLJx7ju5b9bsul3AWiROSWqoRNM3v9wwJmkEXBGGpew5dqK8DAtFCYO86qYSEkxGeAA9TTmOQHpZsTq3TrQSWv1Y6OLKKtTfExmOpJxEge6MsBrKeW8q/uf1UtW/9jLKk1QBJ7NF/ZRZKramYVghFUAUm2iCiaD6rxYZYoGJ0pFVdQjO/MmLpH1Wdy7rF/fntcZNGUcFHaFjdIocdIUa6A41UQsR9Iie0St6M56MF+Pd+Ji1LhnlzAH6A+PzBwvLlsY=</latexit>

v̄1
<latexit sha1_base64="647kG3QfZDv1ouQK6zZkBr6o5uU=">AAAB+XicbVDLSsNAFJ34rPUVdelmsAiuSlJ8LYtuXFawD2hDmExu2qGTSZiZFEron7hxoYhb/8Sdf+M0zUJbD1w4nHPv3LknSDlT2nG+rbX1jc2t7cpOdXdv/+DQPjruqCSTFNo04YnsBUQBZwLammkOvVQCiQMO3WB8P/e7E5CKJeJJT1PwYjIULGKUaCP5tp0PikdyCeEs8xsz3645dacAXiVuSWqoRMu3vwZhQrMYhKacKNV3nVR7OZGaUQ6z6iBTkBI6JkPoGypIDMrLi6UzfG6UEEeJNCU0LtTfEzmJlZrGgemMiR6pZW8u/uf1Mx3dejkTaaZB0MWiKONYJ3geAw6ZBKr51BBCJTN/xXREJKHahFU1IbjLJ6+STqPuXtevHi9rzbsyjgo6RWfoArnoBjXRA2qhNqJogp7RK3qzcuvFerc+Fq1rVjlzgv7A+vwBJg2UAQ==</latexit>u2

<latexit sha1_base64="oEHtgG77Woo2s/lGgbFWbi8BXaY=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiS+l0U3LivYB7QhTCbTduhkEmYmhRLyJ25cKOLWP3Hn3zhNs9DqgQuHc+6dO/cECWdKO86XVVlZXVvfqG7WtrZ3dvfs/YOOilNJaJvEPJa9ACvKmaBtzTSnvURSHAWcdoPJ3dzvTqlULBaPepZQL8IjwYaMYG0k37azQfFIJmmYT/3z3LfrTsMpgP4StyR1KNHy7c9BGJM0okITjpXqu06ivQxLzQineW2QKppgMsEj2jdU4IgqLyuW5ujEKCEaxtKU0KhQf05kOFJqFgWmM8J6rJa9ufif10/18MbLmEhSTQVZLBqmHOkYzWNAIZOUaD4zBBPJzF8RGWOJiTZh1UwI7vLJf0nnrOFeNS4fLurN2zKOKhzBMZyCC9fQhHtoQRsITOEJXuDVyqxn6816X7RWrHLmEH7B+vgGKRmUAw==</latexit>v3
<latexit sha1_base64="UzWSiDQWGi0F77YERrpJ3WnDQd4=">AAAB/3icbVDLSsNAFL3xWesrKrhxEyyCq5JIfSyLblxWsA9oQphMpu3QySTMTIQSs/BX3LhQxK2/4c6/cZpmoa0HLhzOuXfu3BMkjEpl29/G0vLK6tp6ZaO6ubW9s2vu7XdknApM2jhmsegFSBJGOWkrqhjpJYKgKGCkG4xvpn73gQhJY36vJgnxIjTkdEAxUlryzcPMLR7JBAlzN0AiS3O/kftmza7bBaxF4pSkBiVavvnlhjFOI8IVZkjKvmMnysuQUBQzklfdVJIE4TEakr6mHEVEelmxOrdOtBJag1jo4soq1N8TGYqknESB7oyQGsl5byr+5/VTNbjyMsqTVBGOZ4sGKbNUbE3DsEIqCFZsognCguq/WniEBMJKR1bVITjzJy+Szlnduaif3zVqzesyjgocwTGcggOX0IRbaEEbMDzCM7zCm/FkvBjvxsesdckoZw7gD4zPHw7Slsg=</latexit>

ū4
<latexit sha1_base64="BGVFkH7jQtyIVf6rI4WQf5+7XlU=">AAACAnicbVDLSsNAFJ34rPUVdSVugkVwVRLxtSy6cVnBPqCJZTK9aYfOTMLMRCghuPFX3LhQxK1f4c6/cZp2oa0HLhzOuXfu3BMmjCrtut/WwuLS8spqaa28vrG5tW3v7DZVnEoCDRKzWLZDrIBRAQ1NNYN2IgHzkEErHF6P/dYDSEVjcadHCQQc9wWNKMHaSF17P/OLR7KQpZCD38ec43ufp3nXrrhVt4AzT7wpqaAp6l37y+/FJOUgNGFYqY7nJjrIsNSUMMjLfqogwWSI+9AxVGAOKsiK7blzZJSeE8XSlNBOof6eyDBXasRD08mxHqhZbyz+53VSHV0GGRVJqkGQyaIoZY6OnXEeTo9KIJqNDMFEUvNXhwywxESb1MomBG/25HnSPKl659Wz29NK7WoaRwkdoEN0jDx0gWroBtVRAxH0iJ7RK3qznqwX6936mLQuWNOZPfQH1ucPeX+YIg==</latexit>

e�µ
<latexit sha1_base64="DGu8JEZqv502YJvg5B9L3Q17jmA="></latexit> gµ⌫
(p1 + p2)2 �m2

a + i�ama

<latexit sha1_base64="RswPXVR4TF79s9Yq9cIX8ELBXgs=">AAAB8nicbVDLSsNAFJ34rPVVdelmsAiuQlJbjbuiG5cV7AOSWCbTSTt0ZhJmJkIJ/Qw3LhRx69e482+ctllo9cCFwzn3cu89Ucqo0o7zZa2srq1vbJa2yts7u3v7lYPDjkoyiUkbJyyRvQgpwqggbU01I71UEsQjRrrR+Gbmdx+JVDQR93qSkpCjoaAxxUgbySfBEHGOHgKR9StVx/YaV+eOBx277jVqrmuIMwd0C1IFBVr9ymcwSHDGidCYIaV810l1mCOpKWZkWg4yRVKEx2hIfEMF4kSF+fzkKTw1ygDGiTQlNJyrPydyxJWa8Mh0cqRHatmbif95fqZjL8ypSDNNBF4sijMGdQJn/8MBlQRrNjEEYUnNrRCPkERYm5TKJgR3+eW/pFOz3Qu7cVevNq+LOErgGJyAM+CCS9AEt6AF2gCDBDyBF/BqaevZerPeF60rVjFzBH7B+vgGrUWRiQ==</latexit>

e�⌫

Matrices for given helicity and momenta of external legs

Calculations of propagators & vertices

Evaluation of helicity amplitude (c-number)
<latexit sha1_base64="zUKY+ohtTymRMto+J0irqdWrvHI=">AAACCHicbVDLSsNAFJ3UV62vqEsXBotQQUpGfG2EohuXFewDmhAm00k7dCYJM5NCCVm68VfcuFDErZ/gzr9x0mah1QMXDufcy733+DGjUtn2l1FaWFxaXimvVtbWNza3zO2dtowSgUkLRywSXR9JwmhIWooqRrqxIIj7jHT80U3ud8ZESBqF92oSE5ejQUgDipHSkmfuOz4S6Tjz4JXDkRoKngZYZbXYg8fcg0eeWbXr9hTWXwILUgUFmp756fQjnHASKsyQlD1ox8pNkVAUM5JVnESSGOERGpCepiHiRLrp9JHMOtRK3woioStU1lT9OZEiLuWE+7ozP1bOe7n4n9dLVHDppjSME0VCPFsUJMxSkZWnYvWpIFixiSYIC6pvtfAQCYSVzq6iQ4DzL/8l7ZM6PK+f3Z1WG9dFHGWwBw5ADUBwARrgFjRBC2DwAJ7AC3g1Ho1n4814n7WWjGJmF/yC8fEN97GZSw==</latexit>

v̄1 = fct(p1,m1)
<latexit sha1_base64="uuK/gNPcQeFInKyb5bEZA8Y1srw=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEClKS4GsjFN24rGAf0IYwmU7aoTOTMDMRSihu/BU3LhRx61e482+ctF1o9cCFwzn3cu89YcKo0o7zZRUWFpeWV4qrpbX1jc0te3unqeJUYtLAMYtlO0SKMCpIQ1PNSDuRBPGQkVY4vM791j2RisbiTo8S4nPUFzSiGGkjBfZeGniXXY70QPIswnpcSQLvmAfeUWCXnaozAfxL3Bkpgxnqgf3Z7cU45URozJBSHddJtJ8hqSlmZFzqpookCA9Rn3QMFYgT5WeTF8bw0Cg9GMXSlNBwov6cyBBXasRD05kfq+a9XPzP66Q6uvAzKpJUE4Gni6KUQR3DPA/Yo5JgzUaGICypuRXiAZIIa5NayYTgzr/8lzS9qntWPb09KdeuZnEUwT44ABXggnNQAzegDhoAgwfwBF7Aq/VoPVtv1vu0tWDNZnbBL1gf3/5Olog=</latexit>

u2 = fct(p2,m2)
<latexit sha1_base64="QXalge1nbNEOKXr2pk5qpOyuuBg=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEClJmrK+NUHTjsoJ9QFuGTJppQ5PMkGQKZShu/BU3LhRx61e482/MtLPQ6oELh3Pu5d57/IhRpR3ny8otLC4tr+RXC2vrG5tb9vZOQ4WxxKSOQxbKlo8UYVSQuqaakVYkCeI+I01/eJP6zRGRiobiXo8j0uWoL2hAMdJG8uy9kVe56nCkB5InAdaTUuRVjrlXOfLsolN2poB/iZuRIshQ8+zPTi/EMSdCY4aUartOpLsJkppiRiaFTqxIhPAQ9UnbUIE4Ud1k+sIEHhqlB4NQmhIaTtWfEwniSo25bzrTY9W8l4r/ee1YB5fdhIoo1kTg2aIgZlCHMM0D9qgkWLOxIQhLam6FeIAkwtqkVjAhuPMv/yWNk7J7Xj67Oy1Wr7M48mAfHIAScMEFqIJbUAN1gMEDeAIv4NV6tJ6tN+t91pqzspld8AvWxzcEoZaM</latexit>

v3 = fct(p3,m3)
<latexit sha1_base64="VstFZyrip7mNyH9lKGmedN8MI0E=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgpRE4mMjFN24rGAf0IQwmU7aoTNJmJkIJWTpxl9x40IRt36CO//GSduFVg9cOJxzL/feEySMSmVZX0ZpYXFpeaW8Wllb39jcMrd32jJOBSYtHLNYdAMkCaMRaSmqGOkmgiAeMNIJRteF37knQtI4ulPjhHgcDSIaUoyUlnxz3w2QyNLcdy5djtRQ8CzEKq8lvnPMfefIN6tW3ZoA/iX2jFTBDE3f/HT7MU45iRRmSMqebSXKy5BQFDOSV9xUkgThERqQnqYR4kR62eSRHB5qpQ/DWOiKFJyoPycyxKUc80B3FsfKea8Q//N6qQovvIxGSapIhKeLwpRBFcMiFdingmDFxpogLKi+FeIhEggrnV1Fh2DPv/yXtE/q9ln99NapNq5mcZTBHjgANWCDc9AAN6AJWgCDB/AEXsCr8Wg8G2/G+7S1ZMxmdsEvGB/fBBuZUw==</latexit>

ū4 = fct(p4,m4)
<latexit sha1_base64="pr6khV691RCD2ban9TDmQZOdsD8=">AAACFXicbVDLSsNAFJ34rPVVdekmWIQKoSTF10YoutBlBfuApoSb6aQdOpOEmUmhhPyEG3/FjQtF3Aru/Bunj4W2HrhwOOde7r3HjxmVyra/jaXlldW19dxGfnNre2e3sLffkFEiMKnjiEWi5YMkjIakrqhipBULAtxnpOkPbsZ+c0iEpFH4oEYx6XDohTSgGJSWvILV9ODK5aD6gqcBVlnJ9UGkw8xzrMSrWNwDy70FzsGDE69QtMv2BOYicWakiGaoeYUvtxvhhJNQYQZSth07Vp0UhKKYkSzvJpLEgAfQI21NQ+BEdtLJV5l5rJWuGURCV6jMifp7IgUu5Yj7unN8v5z3xuJ/XjtRwWUnpWGcKBLi6aIgYaaKzHFEZpcKghUbaQJYUH2rifsgACsdZF6H4My/vEgalbJzXj67Py1Wr2dx5NAhOkIl5KALVEV3qIbqCKNH9Ixe0ZvxZLwY78bHtHXJmM0coD8wPn8AlOiecQ==</latexit>

Wa = fct(v̄1, u2,ma,�a)
<latexit sha1_base64="X5UeZz4/W7amF0S3gN0dV3HRfXA=">AAACFnicbVDLSsNAFJ34rPUVdekmWIQKtSRaHxuh6MaNUME+oC3hZjpph04mYWZSKCFf4cZfceNCEbfizr9x+lho64GBM+fcy733eBGjUtn2t7GwuLS8sppZy65vbG5tmzu7NRnGApMqDlkoGh5IwignVUUVI41IEAg8Rupe/2bk1wdESBryBzWMSDuALqc+xaC05JrHrQBUDwNL7lKXX41/Ikh8rNL8wD0ttDwQSZy6pULdhSPXzNlFewxrnjhTkkNTVFzzq9UJcRwQrjADKZuOHal2AkJRzEiabcWSRID70CVNTTkERLaT8VmpdaiVjuWHQj+urLH6uyOBQMph4OnK0dpy1huJ/3nNWPmX7YTyKFaE48kgP2aWCq1RRlaHCoIVG2oCWFC9q4V7IAArnWRWh+DMnjxPaidF57x4dl/Kla+ncWTQPjpAeeSgC1RGt6iCqgijR/SMXtGb8WS8GO/Gx6R0wZj27KE/MD5/AEyln28=</latexit>

Mn = fct(v3, ū4,Wa)
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Helicity Amplitudes

M 
diagrams N particles Ex: 2->6

Analytic M2 (N!)2

Helicity M (N!)2N

Recycling M (N-1)! 
2(N-1)

Recursion log(M) 2N2(N-1)

<latexit sha1_base64="gLgo4J8hOyG23tX/s7NI8wHmfuQ=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEq96KXjxWsB/QxrLZbNqlm2zc3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/IQzpR3n2yqsrK6tbxQ3S1vbO7t75f2DphKpJLRBBBey7WNFOYtpQzPNaTuRFEc+py1/eDv1WyMqFRPxgx4n1ItwP2YhI1gbyXPtapcEQiPXebzulSuO7cyAlombkwrkqPfKX91AkDSisSYcK9VxnUR7GZaaEU4npW6qaILJEPdpx9AYR1R52ezoCToxSoBCIU3FGs3U3xMZjpQaR77pjLAeqEVvKv7ndVIdXnkZi5NU05jMF4UpR1qgaQIoYJISzceGYCKZuRWRAZaYaJNTyYTgLr68TJpntlu1L+7PK7WbPI4iHMExnIILl1CDO6hDAwg8wTO8wps1sl6sd+tj3lqw8plD+APr8wego5C5</latexit>

1.6 · 109

<latexit sha1_base64="10fLE0hLtUep5EZnYk8Q6hVKfG8=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4WnZFrceiF48V7Ae0a8lms21oNlmTbKGU/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvTDnTxvO+nZXVtfWNzcJWcXtnd2+/dHDY0DJThNaJ5FK1QqwpZ4LWDTOctlJFcRJy2gwHt1O/OaRKMykezCilQYJ7gsWMYGOlwHe9DomkQb73WOmWyp7rzYCWiZ+TMuSodUtfnUiSLKHCEI61bvteaoIxVoYRTifFTqZpiskA92jbUoETqoPx7OgJOrVKhGKpbAmDZurviTFOtB4loe1MsOnrRW8q/ue1MxNfB2Mm0sxQQeaL4owjI9E0ARQxRYnhI0swUczeikgfK0yMzaloQ/AXX14mjXPXv3Iv7y/K1Zs8jgIcwwmcgQ8VqMId1KAOBJ7gGV7hzRk6L8678zFvXXHymSP4A+fzB5RHkLE=</latexit>

1.0 · 107

<latexit sha1_base64="Lm5x28J3GOyal5elK3Akn/oPHl4=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8lV2x6rHoxWMF+wHtWrLZbBuaTdZktlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvSAQ34Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbATFMcMkawEGwdqIZiQPBWsHwduq3RkwbruQDjBPmx6QvecQpASv5l5Vql4YKsOc+VnulsltxZ8DLxMtJGeWo90pf3VDRNGYSqCDGdDw3AT8jGjgVbFLspoYlhA5Jn3UslSRmxs9mR0/wqVVCHCltSwKeqb8nMhIbM44D2xkTGJhFbyr+53VSiK79jMskBSbpfFGUCgwKTxPAIdeMghhbQqjm9lZMB0QTCjanog3BW3x5mTTPK57N7v6iXLvJ4yigY3SCzpCHrlAN3aE6aiCKntAzekVvzsh5cd6dj3nripPPHKE/cD5/AKDVkLk=</latexit>

6.5 · 105

<latexit sha1_base64="ZGGlydNZHBBTOEsL5tnO8JqId44=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0VwFRKtj2XRjcsK9gFtLJPJpB06ycSZm0IJ/Q43LhRx68e482+ctllo64ELh3Pu5d57/ERwDY7zbRVWVtfWN4qbpa3tnd298v5BU8tUUdagUkjV9olmgsesARwEayeKkcgXrOUPb6d+a8SU5jJ+gHHCvIj0Yx5ySsBI3rl93qWBBOw6j9VeueLYzgx4mbg5qaAc9V75qxtImkYsBiqI1h3XScDLiAJOBZuUuqlmCaFD0mcdQ2MSMe1ls6Mn+MQoAQ6lMhUDnqm/JzISaT2OfNMZERjoRW8q/ud1UgivvYzHSQospvNFYSowSDxNAAdcMQpibAihiptbMR0QRSiYnEomBHfx5WXSPLPdS/vivlqp3eRxFNEROkanyEVXqIbuUB01EEVP6Bm9ojdrZL1Y79bHvLVg5TOH6A+szx+XhZCz</latexit>

3.3 · 104
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Helicity Amplitudes

M 
diagrams N particles Ex: 2->6

Analytic M2 (N!)2

Helicity M (N!)2N

Recycling M (N-1)! 
2(N-1)

Recursion log(M) 2N2(N-1)

<latexit sha1_base64="gLgo4J8hOyG23tX/s7NI8wHmfuQ=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEq96KXjxWsB/QxrLZbNqlm2zc3RRK6O/w4kERr/4Yb/4bt20O2vpg4PHeDDPz/IQzpR3n2yqsrK6tbxQ3S1vbO7t75f2DphKpJLRBBBey7WNFOYtpQzPNaTuRFEc+py1/eDv1WyMqFRPxgx4n1ItwP2YhI1gbyXPtapcEQiPXebzulSuO7cyAlombkwrkqPfKX91AkDSisSYcK9VxnUR7GZaaEU4npW6qaILJEPdpx9AYR1R52ezoCToxSoBCIU3FGs3U3xMZjpQaR77pjLAeqEVvKv7ndVIdXnkZi5NU05jMF4UpR1qgaQIoYJISzceGYCKZuRWRAZaYaJNTyYTgLr68TJpntlu1L+7PK7WbPI4iHMExnIILl1CDO6hDAwg8wTO8wps1sl6sd+tj3lqw8plD+APr8wego5C5</latexit>

1.6 · 109

<latexit sha1_base64="10fLE0hLtUep5EZnYk8Q6hVKfG8=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4WnZFrceiF48V7Ae0a8lms21oNlmTbKGU/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvTDnTxvO+nZXVtfWNzcJWcXtnd2+/dHDY0DJThNaJ5FK1QqwpZ4LWDTOctlJFcRJy2gwHt1O/OaRKMykezCilQYJ7gsWMYGOlwHe9DomkQb73WOmWyp7rzYCWiZ+TMuSodUtfnUiSLKHCEI61bvteaoIxVoYRTifFTqZpiskA92jbUoETqoPx7OgJOrVKhGKpbAmDZurviTFOtB4loe1MsOnrRW8q/ue1MxNfB2Mm0sxQQeaL4owjI9E0ARQxRYnhI0swUczeikgfK0yMzaloQ/AXX14mjXPXv3Iv7y/K1Zs8jgIcwwmcgQ8VqMId1KAOBJ7gGV7hzRk6L8678zFvXXHymSP4A+fzB5RHkLE=</latexit>

1.0 · 107

<latexit sha1_base64="Lm5x28J3GOyal5elK3Akn/oPHl4=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8lV2x6rHoxWMF+wHtWrLZbBuaTdZktlCW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvSAQ34Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbATFMcMkawEGwdqIZiQPBWsHwduq3RkwbruQDjBPmx6QvecQpASv5l5Vql4YKsOc+VnulsltxZ8DLxMtJGeWo90pf3VDRNGYSqCDGdDw3AT8jGjgVbFLspoYlhA5Jn3UslSRmxs9mR0/wqVVCHCltSwKeqb8nMhIbM44D2xkTGJhFbyr+53VSiK79jMskBSbpfFGUCgwKTxPAIdeMghhbQqjm9lZMB0QTCjanog3BW3x5mTTPK57N7v6iXLvJ4yigY3SCzpCHrlAN3aE6aiCKntAzekVvzsh5cd6dj3nripPPHKE/cD5/AKDVkLk=</latexit>

6.5 · 105

<latexit sha1_base64="ZGGlydNZHBBTOEsL5tnO8JqId44=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0VwFRKtj2XRjcsK9gFtLJPJpB06ycSZm0IJ/Q43LhRx68e482+ctllo64ELh3Pu5d57/ERwDY7zbRVWVtfWN4qbpa3tnd298v5BU8tUUdagUkjV9olmgsesARwEayeKkcgXrOUPb6d+a8SU5jJ+gHHCvIj0Yx5ySsBI3rl93qWBBOw6j9VeueLYzgx4mbg5qaAc9V75qxtImkYsBiqI1h3XScDLiAJOBZuUuqlmCaFD0mcdQ2MSMe1ls6Mn+MQoAQ6lMhUDnqm/JzISaT2OfNMZERjoRW8q/ud1UgivvYzHSQospvNFYSowSDxNAAdcMQpibAihiptbMR0QRSiYnEomBHfx5WXSPLPdS/vivlqp3eRxFNEROkanyEVXqIbuUB01EEVP6Bm9ojdrZL1Y79bHvLVg5TOH6A+szx+XhZCz</latexit>

3.3 · 104

✦ We want to compute matrix element
➡ for large number of final states
➡ for any (B)SM theory
➡ for loop(s)
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Lecture 1
LO Event Simulations

Phase space: event generation
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Phase Space Integration

<latexit sha1_base64="4eMyvuOPJ2WS/kCB1N7kEKFP2/Q="></latexit>

�̂ =
1

2s

Z
d�n|Mn|2

• Challenges in numerical integration:
✦ high-dimension phase space
✦ Integrand is a very peaked function
✦ General and flexible
✦ Not only integration but also event generation
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Numerical Integration
<latexit sha1_base64="/kN4Ibf16nsenfgsPoO1kVQxrcw=">AAACF3icbVDLSsNAFJ34rPVVdelmsAh1U5Lia1l047KCfUBTy2Q6aYdOJmHmRlpC/sKNv+LGhSJudeffOG2z0NYDFw7n3Mu993iR4Bps+9taWl5ZXVvPbeQ3t7Z3dgt7+w0dxoqyOg1FqFoe0UxwyerAQbBWpBgJPMGa3vB64jcfmNI8lHcwjlgnIH3JfU4JGKlbKLtcQte+d5LeCLs01IkrmA8l11eEJm7E06SSjlzF+wM4SdNuoWiX7SnwInEyUkQZat3Cl9sLaRwwCVQQrduOHUEnIQo4FSzNu7FmEaFD0mdtQyUJmO4k079SfGyUHvZDZUoCnqq/JxISaD0OPNMZEBjoeW8i/ue1Y/AvOwmXUQxM0tkiPxYYQjwJCfe4YhTE2BBCFTe3YjogJhEwUeZNCM78y4ukUSk75+Wz29Ni9SqLI4cO0REqIQddoCq6QTVURxQ9omf0it6sJ+vFerc+Zq1LVjZzgP7A+vwB5gmgbA==</latexit>Z 1

0
dx cos

⇣⇡
2
x
⌘ <latexit sha1_base64="w/9syzAsARzWQNr1c4OggLG1lSg=">AAACE3icbVC7TsMwFHXKq5RXgZElokIqIKok4jVWMMCCVCT6kJq0clyntWo7wXaQqqj/wMKvsDCAECsLG3+D22aAliPZ9+ice2Xf40eUSGVZ30Zmbn5hcSm7nFtZXVvfyG9u1WQYC4SrKKShaPhQYko4riqiKG5EAkPmU1z3+5cjv/6AhSQhv1ODCHsMdjkJCIJKS+38gUu4StxAQJR07lvOMCnq++im5ey3nENd3CvIGNTGsJ0vWCVrDHOW2CkpgBSVdv7L7YQoZpgrRKGUTduKlJdAoQiieJhzY4kjiPqwi5uacsiw9JLxTkNzTysdMwiFPlyZY/X3RAKZlAPm604GVU9OeyPxP68Zq+DcSwiPYoU5mjwUxNRUoTkKyOwQgZGiA00gEkT/1UQ9qPNROsacDsGeXnmW1JySfVo6uT0ulC/SOLJgB+yCIrDBGSiDa1ABVYDAI3gGr+DNeDJejHfjY9KaMdKZbfAHxucPGhSdCA==</latexit>Z

dq2

(q2 �M2)2 +M2�2

<latexit sha1_base64="N7VreSU+HjqPYLs3FlXzYqYlN3Q=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryORi0dM5BFhQ2aHASbMzm5meo1kw1948aAxXv0bb/6NA+xBwUo6qVR1p7sriKUw6LrfTm5ldW19I79Z2Nre2d0r7h80TJRoxusskpFuBdRwKRSvo0DJW7HmNAwkbwaj6tRvPnJtRKTucRxzP6QDJfqCUbTSQ0coTHtPpDrpFktu2Z2BLBMvIyXIUOsWvzq9iCUhV8gkNabtuTH6KdUomOSTQicxPKZsRAe8bamiITd+Ort4Qk6s0iP9SNtSSGbq74mUhsaMw8B2hhSHZtGbiv957QT7134qVJwgV2y+qJ9IghGZvk96QnOGcmwJZVrYWwkbUk0Z2pAKNgRv8eVl0jgre5fli7vzUuUmiyMPR3AMp+DBFVTgFmpQBwYKnuEV3hzjvDjvzse8NedkM4fwB87nD27mkMY=</latexit>Z
dxC

Simpson MC
3 0.638 0.3
5 0.6367 0.8

20 0.63662 0.6
100 0.636619 0.65

1000 0.636619 0.636

✦ MC

• Relative error:

✦ Simpson

<latexit sha1_base64="lQxc3Sg7dPqbt+/QpvGohtUtTzE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUnE17LoxpVUsA9oQplMJ+3QySTOTMQS8ituXCji1h9x5984bbPQ6oELh3Pu5d57goQzpR3nyyotLa+srpXXKxubW9s79m61reJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfDX1Ow9UKhaLOz1JqB/hoWAhI1gbqW9XvVBikrl55ql7qbObPO/bNafuzID+ErcgNSjQ7Nuf3iAmaUSFJhwr1XOdRPsZlpoRTvOKlyqaYDLGQ9ozVOCIKj+b3Z6jQ6MMUBhLU0KjmfpzIsORUpMoMJ0R1iO16E3F/7xeqsMLP2MiSTUVZL4oTDnSMZoGgQZMUqL5xBBMJDO3IjLCJgxt4qqYENzFl/+S9nHdPauf3p7UGpdFHGXYhwM4AhfOoQHX0IQWEHiEJ3iBVyu3nq03633eWrKKmT34BevjG8QXlO4=</latexit>

1p
N

<latexit sha1_base64="eIwdVIHQw7Sz8H0OYpEHYIAI1uc=">AAAB9HicbVDLSsNAFL2pr1pfVZduBovgqiRSH8uiG1dSwT6gjWUynbRDJ5M4MymUkO9w40IRt36MO//GSZuFth64cDjnXu69x4s4U9q2v63Cyura+kZxs7S1vbO7V94/aKkwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG99kfntCpWKheNDTiLoBHgrmM4K1kdyeLzFJnDS5e6yl/XLFrtozoGXi5KQCORr98ldvEJI4oEITjpXqOnak3QRLzQinaakXKxphMsZD2jVU4IAqN5kdnaITowyQH0pTQqOZ+nsiwYFS08AznQHWI7XoZeJ/XjfW/pWbMBHFmgoyX+THHOkQZQmgAZOUaD41BBPJzK2IjLDJQZucSiYEZ/HlZdI6qzoX1fP7WqV+ncdRhCM4hlNw4BLqcAsNaAKBJ3iGV3izJtaL9W59zFsLVj5zCH9gff4AlxmR/w==</latexit>

1

N4

<latexit sha1_base64="Myr3Kcmiy/fK9XQuulchFknRygM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiydJwDwgWcLspJOMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80g+mHGMfkgHkvc5o8ZKtftuseSW3RnIMvEyUoIM1W7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NAJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/2k+5jBODks0X9RNBTESmX5MeV8iMGFtCmeL2VsKGVFFmbDYFG4K3+PIyaZyVvcvyRe28VLnJ4sjDERzDKXhwBRW4gyrUgQHCM7zCm/PovDjvzse8NedkM4fwB87nD6nRjNw=</latexit>

N

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

<latexit sha1_base64="xs9oxLPZk4z/cdQOKcPHdkMAKzk=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgxbgrvo5BD3oRIpgHJkvoncwmQ2Zml5lZISz5Cy8eFPHq33jzb5wke9DEgoaiqpvuriDmTBvX/XZyC4tLyyv51cLa+sbmVnF7p66jRBFaIxGPVDMATTmTtGaY4bQZKwoi4LQRDK7HfuOJKs0i+WCGMfUF9CQLGQFjpUfvqH0DQsDxXadYcsvuBHieeBkpoQzVTvGr3Y1IIqg0hIPWLc+NjZ+CMoxwOiq0E01jIAPo0ZalEgTVfjq5eIQPrNLFYaRsSYMn6u+JFITWQxHYTgGmr2e9sfif10pMeOmnTMaJoZJMF4UJxybC4/dxlylKDB9aAkQxeysmfVBAjA2pYEPwZl+eJ/WTsndePrs/LVWusjjyaA/to0PkoQtUQbeoimqIIIme0St6c7Tz4rw7H9PWnJPN7KI/cD5/AD9DkAE=</latexit>

1� �/M
<latexit sha1_base64="HaEsbQ1pVs8WfpM/SiwWTYR/Lzg=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoMgCHFXfB2DHvQiRDAPTJbQO5lNhszMLjOzQljyF148KOLVv/Hm3zhJ9qCJBQ1FVTfdXUHMmTau++3kFhaXllfyq4W19Y3NreL2Tl1HiSK0RiIeqWYAmnImac0ww2kzVhREwGkjGFyP/cYTVZpF8sEMY+oL6EkWMgLGSo/eUfsGhIDju06x5JbdCfA88TJSQhmqneJXuxuRRFBpCAetW54bGz8FZRjhdFRoJ5rGQAbQoy1LJQiq/XRy8QgfWKWLw0jZkgZP1N8TKQithyKwnQJMX896Y/E/r5WY8NJPmYwTQyWZLgoTjk2Ex+/jLlOUGD60BIhi9lZM+qCAGBtSwYbgzb48T+onZe+8fHZ/WqpcZXHk0R7aR4fIQxeogm5RFdUQQRI9o1f05mjnxXl3PqatOSeb2UV/4Hz+ADwrj/8=</latexit>

1 + �/M
0.0 0.5 1.0 1.5 2.0

q2/M20

5

10

15

20

25
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Numerical Integration
<latexit sha1_base64="/kN4Ibf16nsenfgsPoO1kVQxrcw=">AAACF3icbVDLSsNAFJ34rPVVdelmsAh1U5Lia1l047KCfUBTy2Q6aYdOJmHmRlpC/sKNv+LGhSJudeffOG2z0NYDFw7n3Mu993iR4Bps+9taWl5ZXVvPbeQ3t7Z3dgt7+w0dxoqyOg1FqFoe0UxwyerAQbBWpBgJPMGa3vB64jcfmNI8lHcwjlgnIH3JfU4JGKlbKLtcQte+d5LeCLs01IkrmA8l11eEJm7E06SSjlzF+wM4SdNuoWiX7SnwInEyUkQZat3Cl9sLaRwwCVQQrduOHUEnIQo4FSzNu7FmEaFD0mdtQyUJmO4k079SfGyUHvZDZUoCnqq/JxISaD0OPNMZEBjoeW8i/ue1Y/AvOwmXUQxM0tkiPxYYQjwJCfe4YhTE2BBCFTe3YjogJhEwUeZNCM78y4ukUSk75+Wz29Ni9SqLI4cO0REqIQddoCq6QTVURxQ9omf0it6sJ+vFerc+Zq1LVjZzgP7A+vwB5gmgbA==</latexit>Z 1

0
dx cos

⇣⇡
2
x
⌘ <latexit sha1_base64="w/9syzAsARzWQNr1c4OggLG1lSg=">AAACE3icbVC7TsMwFHXKq5RXgZElokIqIKok4jVWMMCCVCT6kJq0clyntWo7wXaQqqj/wMKvsDCAECsLG3+D22aAliPZ9+ice2Xf40eUSGVZ30Zmbn5hcSm7nFtZXVvfyG9u1WQYC4SrKKShaPhQYko4riqiKG5EAkPmU1z3+5cjv/6AhSQhv1ODCHsMdjkJCIJKS+38gUu4StxAQJR07lvOMCnq++im5ey3nENd3CvIGNTGsJ0vWCVrDHOW2CkpgBSVdv7L7YQoZpgrRKGUTduKlJdAoQiieJhzY4kjiPqwi5uacsiw9JLxTkNzTysdMwiFPlyZY/X3RAKZlAPm604GVU9OeyPxP68Zq+DcSwiPYoU5mjwUxNRUoTkKyOwQgZGiA00gEkT/1UQ9qPNROsacDsGeXnmW1JySfVo6uT0ulC/SOLJgB+yCIrDBGSiDa1ABVYDAI3gGr+DNeDJejHfjY9KaMdKZbfAHxucPGhSdCA==</latexit>Z

dq2

(q2 �M2)2 +M2�2

<latexit sha1_base64="N7VreSU+HjqPYLs3FlXzYqYlN3Q=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxRHaNryORi0dM5BFhQ2aHASbMzm5meo1kw1948aAxXv0bb/6NA+xBwUo6qVR1p7sriKUw6LrfTm5ldW19I79Z2Nre2d0r7h80TJRoxusskpFuBdRwKRSvo0DJW7HmNAwkbwaj6tRvPnJtRKTucRxzP6QDJfqCUbTSQ0coTHtPpDrpFktu2Z2BLBMvIyXIUOsWvzq9iCUhV8gkNabtuTH6KdUomOSTQicxPKZsRAe8bamiITd+Ort4Qk6s0iP9SNtSSGbq74mUhsaMw8B2hhSHZtGbiv957QT7134qVJwgV2y+qJ9IghGZvk96QnOGcmwJZVrYWwkbUk0Z2pAKNgRv8eVl0jgre5fli7vzUuUmiyMPR3AMp+DBFVTgFmpQBwYKnuEV3hzjvDjvzse8NedkM4fwB87nD27mkMY=</latexit>Z
dxC

Simpson MC
3 0.638 0.3
5 0.6367 0.8

20 0.63662 0.6
100 0.636619 0.65

1000 0.636619 0.636

✦ MC

✦ Simpson

<latexit sha1_base64="lQxc3Sg7dPqbt+/QpvGohtUtTzE=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUnE17LoxpVUsA9oQplMJ+3QySTOTMQS8ituXCji1h9x5984bbPQ6oELh3Pu5d57goQzpR3nyyotLa+srpXXKxubW9s79m61reJUEtoiMY9lN8CKciZoSzPNaTeRFEcBp51gfDX1Ow9UKhaLOz1JqB/hoWAhI1gbqW9XvVBikrl55ql7qbObPO/bNafuzID+ErcgNSjQ7Nuf3iAmaUSFJhwr1XOdRPsZlpoRTvOKlyqaYDLGQ9ozVOCIKj+b3Z6jQ6MMUBhLU0KjmfpzIsORUpMoMJ0R1iO16E3F/7xeqsMLP2MiSTUVZL4oTDnSMZoGgQZMUqL5xBBMJDO3IjLCJgxt4qqYENzFl/+S9nHdPauf3p7UGpdFHGXYhwM4AhfOoQHX0IQWEHiEJ3iBVyu3nq03633eWrKKmT34BevjG8QXlO4=</latexit>

1p
N

• Relative error in d dim:

<latexit sha1_base64="VonpUQPrhnHgmmUalGfZMLjM7TY=">AAACAnicbZDLSgMxFIbPeK31NupK3ASL4KrMSL0si25cSQV7gXYsmUymDc1cSDJCCYMbX8WNC0Xc+hTufBvTy0Jbfwh8/OccTs7vp5xJ5Tjf1sLi0vLKamGtuL6xubVt7+w2ZJIJQusk4Ylo+VhSzmJaV0xx2koFxZHPadMfXI3qzQcqJEviOzVMqRfhXsxCRrAyVtfe74QCE+3m+uZeT7iS6yDP865dcsrOWGge3CmUYKpa1/7qBAnJIhorwrGUbddJlaexUIxwmhc7maQpJgPco22DMY6o9PT4hBwdGSdAYSLMixUau78nNI6kHEa+6Yyw6svZ2sj8r9bOVHjhaRanmaIxmSwKM45UgkZ5oIAJShQfGsBEMPNXRPrY5KBMakUTgjt78jw0TsruWfn0tlKqXk7jKMABHMIxuHAOVbiGGtSBwCM8wyu8WU/Wi/VufUxaF6zpzB78kfX5AyC0l+w=</latexit>

1

N
4
d

<latexit sha1_base64="Myr3Kcmiy/fK9XQuulchFknRygM=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiydJwDwgWcLspJOMmZ1dZmaFsOQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Dho4SxbDOIhGpVkA1Ci6xbrgR2IoV0jAQ2AxGt1O/+YRK80g+mHGMfkgHkvc5o8ZKtftuseSW3RnIMvEyUoIM1W7xq9OLWBKiNExQrdueGxs/pcpwJnBS6CQaY8pGdIBtSyUNUfvp7NAJObFKj/QjZUsaMlN/T6Q01HocBrYzpGaoF72p+J/XTkz/2k+5jBODks0X9RNBTESmX5MeV8iMGFtCmeL2VsKGVFFmbDYFG4K3+PIyaZyVvcvyRe28VLnJ4sjDERzDKXhwBRW4gyrUgQHCM7zCm/PovDjvzse8NedkM4fwB87nD6nRjNw=</latexit>

N

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

<latexit sha1_base64="xs9oxLPZk4z/cdQOKcPHdkMAKzk=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgxbgrvo5BD3oRIpgHJkvoncwmQ2Zml5lZISz5Cy8eFPHq33jzb5wke9DEgoaiqpvuriDmTBvX/XZyC4tLyyv51cLa+sbmVnF7p66jRBFaIxGPVDMATTmTtGaY4bQZKwoi4LQRDK7HfuOJKs0i+WCGMfUF9CQLGQFjpUfvqH0DQsDxXadYcsvuBHieeBkpoQzVTvGr3Y1IIqg0hIPWLc+NjZ+CMoxwOiq0E01jIAPo0ZalEgTVfjq5eIQPrNLFYaRsSYMn6u+JFITWQxHYTgGmr2e9sfif10pMeOmnTMaJoZJMF4UJxybC4/dxlylKDB9aAkQxeysmfVBAjA2pYEPwZl+eJ/WTsndePrs/LVWusjjyaA/to0PkoQtUQbeoimqIIIme0St6c7Tz4rw7H9PWnJPN7KI/cD5/AD9DkAE=</latexit>

1� �/M
<latexit sha1_base64="HaEsbQ1pVs8WfpM/SiwWTYR/Lzg=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoMgCHFXfB2DHvQiRDAPTJbQO5lNhszMLjOzQljyF148KOLVv/Hm3zhJ9qCJBQ1FVTfdXUHMmTau++3kFhaXllfyq4W19Y3NreL2Tl1HiSK0RiIeqWYAmnImac0ww2kzVhREwGkjGFyP/cYTVZpF8sEMY+oL6EkWMgLGSo/eUfsGhIDju06x5JbdCfA88TJSQhmqneJXuxuRRFBpCAetW54bGz8FZRjhdFRoJ5rGQAbQoy1LJQiq/XRy8QgfWKWLw0jZkgZP1N8TKQithyKwnQJMX896Y/E/r5WY8NJPmYwTQyWZLgoTjk2Ex+/jLlOUGD60BIhi9lZM+qCAGBtSwYbgzb48T+onZe+8fHZ/WqpcZXHk0R7aR4fIQxeogm5RFdUQQRI9o1f05mjnxXl3PqatOSeb2UV/4Hz+ADwrj/8=</latexit>

1 + �/M
0.0 0.5 1.0 1.5 2.0

q2/M20

5

10

15

20

25
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Integration Variable Choices

<latexit sha1_base64="34ATJzj3BGaehh1jHxrkm+epaIE=">AAACGHicbVDLSsNAFJ3UV62vqEs3wSLUTU2Kr41QdKO7CvYBTS2T6aQdOpmEmRtpCfkMN/6KGxeKuO3Ov3H6WGjrgQuHc+7l3nu8iDMFtv1tZJaWV1bXsuu5jc2t7R1zd6+mwlgSWiUhD2XDw4pyJmgVGHDaiCTFgcdp3evfjP36E5WKheIBhhFtBbgrmM8IBi21zZO7K5cJaNuPTtIZuCRUicupDwXXl5gkbsTSpJQOXMm6PThO07aZt4v2BNYicWYkj2aotM2R2wlJHFABhGOlmo4dQSvBEhjhNM25saIRJn3cpU1NBQ6oaiWTx1LrSCsdyw+lLgHWRP09keBAqWHg6c4AQ0/Ne2PxP68Zg3/ZSpiIYqCCTBf5MbcgtMYpWR0mKQE+1AQTyfStFulhnQjoLHM6BGf+5UVSKxWd8+LZ/Wm+fD2LI4sO0CEqIAddoDK6RRVURQQ9o1f0jj6MF+PN+DS+pq0ZYzazj/7AGP0AtYig3A==</latexit>

I =

Z 1

0
dx cos

⇣⇡
2
x
⌘

<latexit sha1_base64="mm1EL2rTmG8DHNNdKceo+tNnLNE=">AAACBXicbVDLSsNAFJ3UV62vqEtdBIvgqiTiayMU3dhNqWAf0IQwmU7aoTOTODMRSsjGjb/ixoUibv0Hd/6N0zYLbT1w4XDOvdx7TxBTIpVtfxuFhcWl5ZXiamltfWNzy9zeackoEQg3UUQj0QmgxJRw3FREUdyJBYYsoLgdDK/HfvsBC0kifqdGMfYY7HMSEgSVlnxzv3ZZ8+tuzFx5L1TqhgKitOXXs7SeZb5Ztiv2BNY8cXJSBjkavvnl9iKUMMwVolDKrmPHykuhUARRnJXcROIYoiHs466mHDIsvXTyRWYdaqVnhZHQxZU1UX9PpJBJOWKB7mRQDeSsNxb/87qJCi+8lPA4UZij6aIwoZaKrHEkVo8IjBQdaQKRIPpWCw2gDkLp4Eo6BGf25XnSOq44Z5XT25Ny9SqPowj2wAE4Ag44B1VwAxqgCRB4BM/gFbwZT8aL8W58TFsLRj6zC/7A+PwB4MKY2Q==</latexit>

I = IN ±
r

VN

N
<latexit sha1_base64="WiTHHNoDeoUiL6Vy+Hy0ZJnUYq8=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwFRIfrRuh6EY3UsE+oAllMp20QyeTODMRSsjWjb/ixoUibv0Dd/6N0zYLbT1w4XDOvdx7jx8zKpVtfxuFhcWl5ZXiamltfWNzy9zeacooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH16O/dYDEZJG/E6NYuKFqM9pQDFSWuqa8PrctirHVTcO3UAgnNrWsV3NUlfeC5XeZFnXLNuWPQGcJ05OyiBHvWt+ub0IJyHhCjMkZcexY+WlSCiKGclKbiJJjPAQ9UlHU45CIr108kkGD7TSg0EkdHEFJ+rviRSFUo5CX3eGSA3krDcW//M6iQrOvJTyOFGE4+miIGFQRXAcC+xRQbBiI00QFlTfCvEA6UCUDq+kQ3BmX54nzSPLqVintyfl2kUeRxHsgX1wCBxQBTVwBeqgATB4BM/gFbwZT8aL8W58TFsLRj6zC/7A+PwBfFaY/g==</latexit>

I = 0.637± 0.307p
N
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0.0
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<latexit sha1_base64="zMkAxTmBiJF3tvRelGqqKqrSi8o=">AAACCnicdVDJSgNBEO1xjXGLevTSGoR4CTNxEuMt6MVjBLNAJoSeTk/SpGehu0YMw5y9+CtePCji1S/w5t/YWQQVfVDweK+KqnpuJLgC0/wwFhaXlldWM2vZ9Y3Nre3czm5ThbGkrEFDEcq2SxQTPGAN4CBYO5KM+K5gLXd0MfFbN0wqHgbXMI5Y1yeDgHucEtBSL3fg0FAljmAeFBxPEpo4EU+TUnrrSD4YwnHay+XNolkundglrMkUmlSts4ptY2uu5NEc9V7u3emHNPZZAFQQpTqWGUE3IRI4FSzNOrFiEaEjMmAdTQPiM9VNpq+k+EgrfeyFUlcAeKp+n0iIr9TYd3WnT2CofnsT8S+vE4NX7SY8iGJgAZ0t8mKBIcSTXHCfS0ZBjDUhVHJ9K6ZDogMBnV5Wh/D1Kf6fNEtFq1IsX9n52vk8jgzaR4eogCx0imroEtVRA1F0hx7QE3o27o1H48V4nbUuGPOZPfQDxtsnZ0ybYQ==</latexit>

cos
⇣⇡
2
x
⌘
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<latexit sha1_base64="34ATJzj3BGaehh1jHxrkm+epaIE=">AAACGHicbVDLSsNAFJ3UV62vqEs3wSLUTU2Kr41QdKO7CvYBTS2T6aQdOpmEmRtpCfkMN/6KGxeKuO3Ov3H6WGjrgQuHc+7l3nu8iDMFtv1tZJaWV1bXsuu5jc2t7R1zd6+mwlgSWiUhD2XDw4pyJmgVGHDaiCTFgcdp3evfjP36E5WKheIBhhFtBbgrmM8IBi21zZO7K5cJaNuPTtIZuCRUicupDwXXl5gkbsTSpJQOXMm6PThO07aZt4v2BNYicWYkj2aotM2R2wlJHFABhGOlmo4dQSvBEhjhNM25saIRJn3cpU1NBQ6oaiWTx1LrSCsdyw+lLgHWRP09keBAqWHg6c4AQ0/Ne2PxP68Zg3/ZSpiIYqCCTBf5MbcgtMYpWR0mKQE+1AQTyfStFulhnQjoLHM6BGf+5UVSKxWd8+LZ/Wm+fD2LI4sO0CEqIAddoDK6RRVURQQ9o1f0jj6MF+PN+DS+pq0ZYzazj/7AGP0AtYig3A==</latexit>

I =

Z 1

0
dx cos

⇣⇡
2
x
⌘

<latexit sha1_base64="mm1EL2rTmG8DHNNdKceo+tNnLNE=">AAACBXicbVDLSsNAFJ3UV62vqEtdBIvgqiTiayMU3dhNqWAf0IQwmU7aoTOTODMRSsjGjb/ixoUibv0Hd/6N0zYLbT1w4XDOvdx7TxBTIpVtfxuFhcWl5ZXiamltfWNzy9zeackoEQg3UUQj0QmgxJRw3FREUdyJBYYsoLgdDK/HfvsBC0kifqdGMfYY7HMSEgSVlnxzv3ZZ8+tuzFx5L1TqhgKitOXXs7SeZb5Ztiv2BNY8cXJSBjkavvnl9iKUMMwVolDKrmPHykuhUARRnJXcROIYoiHs466mHDIsvXTyRWYdaqVnhZHQxZU1UX9PpJBJOWKB7mRQDeSsNxb/87qJCi+8lPA4UZij6aIwoZaKrHEkVo8IjBQdaQKRIPpWCw2gDkLp4Eo6BGf25XnSOq44Z5XT25Ny9SqPowj2wAE4Ag44B1VwAxqgCRB4BM/gFbwZT8aL8W58TFsLRj6zC/7A+PwB4MKY2Q==</latexit>

I = IN ±
r

VN

N
<latexit sha1_base64="WiTHHNoDeoUiL6Vy+Hy0ZJnUYq8=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwFRIfrRuh6EY3UsE+oAllMp20QyeTODMRSsjWjb/ixoUibv0Dd/6N0zYLbT1w4XDOvdx7jx8zKpVtfxuFhcWl5ZXiamltfWNzy9zeacooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH16O/dYDEZJG/E6NYuKFqM9pQDFSWuqa8PrctirHVTcO3UAgnNrWsV3NUlfeC5XeZFnXLNuWPQGcJ05OyiBHvWt+ub0IJyHhCjMkZcexY+WlSCiKGclKbiJJjPAQ9UlHU45CIr108kkGD7TSg0EkdHEFJ+rviRSFUo5CX3eGSA3krDcW//M6iQrOvJTyOFGE4+miIGFQRXAcC+xRQbBiI00QFlTfCvEA6UCUDq+kQ3BmX54nzSPLqVintyfl2kUeRxHsgX1wCBxQBTVwBeqgATB4BM/gFbwZT8aL8W58TFsLRj6zC/7A+PwBfFaY/g==</latexit>

I = 0.637± 0.307p
N

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

<latexit sha1_base64="zMkAxTmBiJF3tvRelGqqKqrSi8o=">AAACCnicdVDJSgNBEO1xjXGLevTSGoR4CTNxEuMt6MVjBLNAJoSeTk/SpGehu0YMw5y9+CtePCji1S/w5t/YWQQVfVDweK+KqnpuJLgC0/wwFhaXlldWM2vZ9Y3Nre3czm5ThbGkrEFDEcq2SxQTPGAN4CBYO5KM+K5gLXd0MfFbN0wqHgbXMI5Y1yeDgHucEtBSL3fg0FAljmAeFBxPEpo4EU+TUnrrSD4YwnHay+XNolkundglrMkUmlSts4ptY2uu5NEc9V7u3emHNPZZAFQQpTqWGUE3IRI4FSzNOrFiEaEjMmAdTQPiM9VNpq+k+EgrfeyFUlcAeKp+n0iIr9TYd3WnT2CofnsT8S+vE4NX7SY8iGJgAZ0t8mKBIcSTXHCfS0ZBjDUhVHJ9K6ZDogMBnV5Wh/D1Kf6fNEtFq1IsX9n52vk8jgzaR4eogCx0imroEtVRA1F0hx7QE3o27o1H48V4nbUuGPOZPfQDxtsnZ0ybYQ==</latexit>

cos
⇣⇡
2
x
⌘ <latexit sha1_base64="zMkAxTmBiJF3tvRelGqqKqrSi8o=">AAACCnicdVDJSgNBEO1xjXGLevTSGoR4CTNxEuMt6MVjBLNAJoSeTk/SpGehu0YMw5y9+CtePCji1S/w5t/YWQQVfVDweK+KqnpuJLgC0/wwFhaXlldWM2vZ9Y3Nre3czm5ThbGkrEFDEcq2SxQTPGAN4CBYO5KM+K5gLXd0MfFbN0wqHgbXMI5Y1yeDgHucEtBSL3fg0FAljmAeFBxPEpo4EU+TUnrrSD4YwnHay+XNolkundglrMkUmlSts4ptY2uu5NEc9V7u3emHNPZZAFQQpTqWGUE3IRI4FSzNOrFiEaEjMmAdTQPiM9VNpq+k+EgrfeyFUlcAeKp+n0iIr9TYd3WnT2CofnsT8S+vE4NX7SY8iGJgAZ0t8mKBIcSTXHCfS0ZBjDUhVHJ9K6ZDogMBnV5Wh/D1Kf6fNEtFq1IsX9n52vk8jgzaR4eogCx0imroEtVRA1F0hx7QE3o27o1H48V4nbUuGPOZPfQDxtsnZ0ybYQ==</latexit>

cos
⇣⇡
2
x
⌘

<latexit sha1_base64="Tt1gpkLXXnx+iCfjZkSvlsNQ6Gs=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBItQN2VGfC2LblxWsA9ph5JJM21okhmSjLQM/Qo3LhRx6+e4829M21lo64HA4Zx7yT0niDnTxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRhNZJxCPVCrCmnElaN8xw2ooVxSLgtBkMb6d+84kqzSL5YMYx9QXuSxYygo2VHkcdE6FReXzaLZbcijsDWiZeRkqQodYtfnV6EUkElYZwrHXbc2Pjp1gZRjidFDqJpjEmQ9ynbUslFlT76ezgCTqxSg+FkbJPGjRTf2+kWGg9FoGdFNgM9KI3Ff/z2okJr/2UyTgxVJL5R2HCkU05TY96TFFi+NgSTBSztyIywAoTYzsq2BK8xcjLpHFW8S4rF/fnpepNVkcejuAYyuDBFVThDmpQBwICnuEV3hzlvDjvzsd8NOdkO4fwB87nDxsHj/c=</latexit>

x ! x(y)

<latexit sha1_base64="ryQGReSWxWqGCRqreTtkhKhlGfk=">AAAB7HicdVDLSsNAFJ3UV62vqks3g0VwY0hK+nBXdOOygmkLbSyT6aQdOpmEmYlYQr/BjQtF3PpB7vwbJ20EFT1w4XDOvdx7jx8zKpVlfRiFldW19Y3iZmlre2d3r7x/0JFRIjBxccQi0fORJIxy4iqqGOnFgqDQZ6TrTy8zv3tHhKQRv1GzmHghGnMaUIyUllz77P62OixXLLNZt6xGHVqmtUBGas6540A7VyogR3tYfh+MIpyEhCvMkJR924qVlyKhKGZkXhokksQIT9GY9DXlKCTSSxfHzuGJVkYwiIQuruBC/T6RolDKWejrzhCpifztZeJfXj9RQdNLKY8TRTheLgoSBlUEs8/hiAqCFZtpgrCg+laIJ0ggrHQ+JR3C16fwf9KpmnbdrF07ldZFHkcRHIFjcAps0AAtcAXawAUYUPAAnsCzwY1H48V4XbYWjHzmEPyA8fYJNUmOUQ==</latexit>

1� x2

<latexit sha1_base64="6Polg3f+PCFUbFJqJ0EHwseEBrI="></latexit>

I =

Z 1

0
dx(1� x2)

cos
�
⇡
2x

�

1� x2

<latexit sha1_base64="7pg4Nybe4SQsXN0TWSH7WDbnleg=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBHcWBLrayMU3bisYB/QxjKZTtqhk0mYmWhLzKe4caGIW7/EnX/jtM1CWw9cOJxzL/fe40WMSmXb38bC4tLyympuLb++sbm1bRZ26jKMBSY1HLJQND0kCaOc1BRVjDQjQVDgMdLwBtdjv/FAhKQhv1OjiLgB6nHqU4yUljpmYXQ5PGr7AuFkeF9Ok3LaMYt2yZ7AmidORoqQodoxv9rdEMcB4QozJGXLsSPlJkgoihlJ8+1YkgjhAeqRlqYcBUS6yeT01DrQStfyQ6GLK2ui/p5IUCDlKPB0Z4BUX856Y/E/rxUr/8JNKI9iRTieLvJjZqnQGudgdakgWLGRJggLqm+1cB/pHJROK69DcGZfnif145JzVjq9PSlWrrI4crAH+3AIDpxDBW6gCjXA8AjP8ApvxpPxYrwbH9PWBSOb2YU/MD5/AAcNk94=</latexit>

y = x� x3

3
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<latexit sha1_base64="34ATJzj3BGaehh1jHxrkm+epaIE=">AAACGHicbVDLSsNAFJ3UV62vqEs3wSLUTU2Kr41QdKO7CvYBTS2T6aQdOpmEmRtpCfkMN/6KGxeKuO3Ov3H6WGjrgQuHc+7l3nu8iDMFtv1tZJaWV1bXsuu5jc2t7R1zd6+mwlgSWiUhD2XDw4pyJmgVGHDaiCTFgcdp3evfjP36E5WKheIBhhFtBbgrmM8IBi21zZO7K5cJaNuPTtIZuCRUicupDwXXl5gkbsTSpJQOXMm6PThO07aZt4v2BNYicWYkj2aotM2R2wlJHFABhGOlmo4dQSvBEhjhNM25saIRJn3cpU1NBQ6oaiWTx1LrSCsdyw+lLgHWRP09keBAqWHg6c4AQ0/Ne2PxP68Zg3/ZSpiIYqCCTBf5MbcgtMYpWR0mKQE+1AQTyfStFulhnQjoLHM6BGf+5UVSKxWd8+LZ/Wm+fD2LI4sO0CEqIAddoDK6RRVURQQ9o1f0jj6MF+PN+DS+pq0ZYzazj/7AGP0AtYig3A==</latexit>

I =

Z 1

0
dx cos

⇣⇡
2
x
⌘

<latexit sha1_base64="mm1EL2rTmG8DHNNdKceo+tNnLNE=">AAACBXicbVDLSsNAFJ3UV62vqEtdBIvgqiTiayMU3dhNqWAf0IQwmU7aoTOTODMRSsjGjb/ixoUibv0Hd/6N0zYLbT1w4XDOvdx7TxBTIpVtfxuFhcWl5ZXiamltfWNzy9zeackoEQg3UUQj0QmgxJRw3FREUdyJBYYsoLgdDK/HfvsBC0kifqdGMfYY7HMSEgSVlnxzv3ZZ8+tuzFx5L1TqhgKitOXXs7SeZb5Ztiv2BNY8cXJSBjkavvnl9iKUMMwVolDKrmPHykuhUARRnJXcROIYoiHs466mHDIsvXTyRWYdaqVnhZHQxZU1UX9PpJBJOWKB7mRQDeSsNxb/87qJCi+8lPA4UZij6aIwoZaKrHEkVo8IjBQdaQKRIPpWCw2gDkLp4Eo6BGf25XnSOq44Z5XT25Ny9SqPowj2wAE4Ag44B1VwAxqgCRB4BM/gFbwZT8aL8W58TFsLRj6zC/7A+PwB4MKY2Q==</latexit>

I = IN ±
r

VN

N
<latexit sha1_base64="WiTHHNoDeoUiL6Vy+Hy0ZJnUYq8=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwFRIfrRuh6EY3UsE+oAllMp20QyeTODMRSsjWjb/ixoUibv0Dd/6N0zYLbT1w4XDOvdx7jx8zKpVtfxuFhcWl5ZXiamltfWNzy9zeacooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH16O/dYDEZJG/E6NYuKFqM9pQDFSWuqa8PrctirHVTcO3UAgnNrWsV3NUlfeC5XeZFnXLNuWPQGcJ05OyiBHvWt+ub0IJyHhCjMkZcexY+WlSCiKGclKbiJJjPAQ9UlHU45CIr108kkGD7TSg0EkdHEFJ+rviRSFUo5CX3eGSA3krDcW//M6iQrOvJTyOFGE4+miIGFQRXAcC+xRQbBiI00QFlTfCvEA6UCUDq+kQ3BmX54nzSPLqVintyfl2kUeRxHsgX1wCBxQBTVwBeqgATB4BM/gFbwZT8aL8W58TFsLRj6zC/7A+PwBfFaY/g==</latexit>

I = 0.637± 0.307p
N
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<latexit sha1_base64="zMkAxTmBiJF3tvRelGqqKqrSi8o=">AAACCnicdVDJSgNBEO1xjXGLevTSGoR4CTNxEuMt6MVjBLNAJoSeTk/SpGehu0YMw5y9+CtePCji1S/w5t/YWQQVfVDweK+KqnpuJLgC0/wwFhaXlldWM2vZ9Y3Nre3czm5ThbGkrEFDEcq2SxQTPGAN4CBYO5KM+K5gLXd0MfFbN0wqHgbXMI5Y1yeDgHucEtBSL3fg0FAljmAeFBxPEpo4EU+TUnrrSD4YwnHay+XNolkundglrMkUmlSts4ptY2uu5NEc9V7u3emHNPZZAFQQpTqWGUE3IRI4FSzNOrFiEaEjMmAdTQPiM9VNpq+k+EgrfeyFUlcAeKp+n0iIr9TYd3WnT2CofnsT8S+vE4NX7SY8iGJgAZ0t8mKBIcSTXHCfS0ZBjDUhVHJ9K6ZDogMBnV5Wh/D1Kf6fNEtFq1IsX9n52vk8jgzaR4eogCx0imroEtVRA1F0hx7QE3o27o1H48V4nbUuGPOZPfQDxtsnZ0ybYQ==</latexit>

cos
⇣⇡
2
x
⌘ <latexit sha1_base64="zMkAxTmBiJF3tvRelGqqKqrSi8o=">AAACCnicdVDJSgNBEO1xjXGLevTSGoR4CTNxEuMt6MVjBLNAJoSeTk/SpGehu0YMw5y9+CtePCji1S/w5t/YWQQVfVDweK+KqnpuJLgC0/wwFhaXlldWM2vZ9Y3Nre3czm5ThbGkrEFDEcq2SxQTPGAN4CBYO5KM+K5gLXd0MfFbN0wqHgbXMI5Y1yeDgHucEtBSL3fg0FAljmAeFBxPEpo4EU+TUnrrSD4YwnHay+XNolkundglrMkUmlSts4ptY2uu5NEc9V7u3emHNPZZAFQQpTqWGUE3IRI4FSzNOrFiEaEjMmAdTQPiM9VNpq+k+EgrfeyFUlcAeKp+n0iIr9TYd3WnT2CofnsT8S+vE4NX7SY8iGJgAZ0t8mKBIcSTXHCfS0ZBjDUhVHJ9K6ZDogMBnV5Wh/D1Kf6fNEtFq1IsX9n52vk8jgzaR4eogCx0imroEtVRA1F0hx7QE3o27o1H48V4nbUuGPOZPfQDxtsnZ0ybYQ==</latexit>

cos
⇣⇡
2
x
⌘

<latexit sha1_base64="Tt1gpkLXXnx+iCfjZkSvlsNQ6Gs=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBItQN2VGfC2LblxWsA9ph5JJM21okhmSjLQM/Qo3LhRx6+e4829M21lo64HA4Zx7yT0niDnTxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRhNZJxCPVCrCmnElaN8xw2ooVxSLgtBkMb6d+84kqzSL5YMYx9QXuSxYygo2VHkcdE6FReXzaLZbcijsDWiZeRkqQodYtfnV6EUkElYZwrHXbc2Pjp1gZRjidFDqJpjEmQ9ynbUslFlT76ezgCTqxSg+FkbJPGjRTf2+kWGg9FoGdFNgM9KI3Ff/z2okJr/2UyTgxVJL5R2HCkU05TY96TFFi+NgSTBSztyIywAoTYzsq2BK8xcjLpHFW8S4rF/fnpepNVkcejuAYyuDBFVThDmpQBwICnuEV3hzlvDjvzsd8NOdkO4fwB87nDxsHj/c=</latexit>

x ! x(y)

<latexit sha1_base64="ryQGReSWxWqGCRqreTtkhKhlGfk=">AAAB7HicdVDLSsNAFJ3UV62vqks3g0VwY0hK+nBXdOOygmkLbSyT6aQdOpmEmYlYQr/BjQtF3PpB7vwbJ20EFT1w4XDOvdx7jx8zKpVlfRiFldW19Y3iZmlre2d3r7x/0JFRIjBxccQi0fORJIxy4iqqGOnFgqDQZ6TrTy8zv3tHhKQRv1GzmHghGnMaUIyUllz77P62OixXLLNZt6xGHVqmtUBGas6540A7VyogR3tYfh+MIpyEhCvMkJR924qVlyKhKGZkXhokksQIT9GY9DXlKCTSSxfHzuGJVkYwiIQuruBC/T6RolDKWejrzhCpifztZeJfXj9RQdNLKY8TRTheLgoSBlUEs8/hiAqCFZtpgrCg+laIJ0ggrHQ+JR3C16fwf9KpmnbdrF07ldZFHkcRHIFjcAps0AAtcAXawAUYUPAAnsCzwY1H48V4XbYWjHzmEPyA8fYJNUmOUQ==</latexit>

1� x2

<latexit sha1_base64="6Polg3f+PCFUbFJqJ0EHwseEBrI="></latexit>

I =

Z 1

0
dx(1� x2)

cos
�
⇡
2x

�

1� x2

<latexit sha1_base64="7pg4Nybe4SQsXN0TWSH7WDbnleg=">AAAB+nicbVDLSsNAFL3xWesr1aWbYBHcWBLrayMU3bisYB/QxjKZTtqhk0mYmWhLzKe4caGIW7/EnX/jtM1CWw9cOJxzL/fe40WMSmXb38bC4tLyympuLb++sbm1bRZ26jKMBSY1HLJQND0kCaOc1BRVjDQjQVDgMdLwBtdjv/FAhKQhv1OjiLgB6nHqU4yUljpmYXQ5PGr7AuFkeF9Ok3LaMYt2yZ7AmidORoqQodoxv9rdEMcB4QozJGXLsSPlJkgoihlJ8+1YkgjhAeqRlqYcBUS6yeT01DrQStfyQ6GLK2ui/p5IUCDlKPB0Z4BUX856Y/E/rxUr/8JNKI9iRTieLvJjZqnQGudgdakgWLGRJggLqm+1cB/pHJROK69DcGZfnif145JzVjq9PSlWrrI4crAH+3AIDpxDBW6gCjXA8AjP8ApvxpPxYrwbH9PWBSOb2YU/MD5/AAcNk94=</latexit>

y = x� x3

3

0.0 0.1 0.2 0.3 0.4 0.5 0.6
y0.0

0.2

0.4

0.6

0.8

1.0

<latexit sha1_base64="kR2edM7FMA6yyzpuQhQWL7qhfGk="></latexit>

I =

Z 2
3

0
dy

cos
�
⇡
2x(y)

�

1� x2(y)

<latexit sha1_base64="ijrT/ztjsg6dDB/p89SdoaRkvyQ=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0VwVRKrrRuh6EY3UsE+oAllMp20Q2eSODMRSsjajb/ixoUibv0Cd/6N0zYLbT1w4XDOvdx7jxcxKpVlfRu5hcWl5ZX8amFtfWNzy9zeacowFpg0cMhC0faQJIwGpKGoYqQdCYK4x0jLG16O/dYDEZKGwZ0aRcTlqB9Qn2KktNQ196/PrVKlXHUiDh1fIJxYJatsp4kj74VKbtK0axa1NAGcJ3ZGiiBDvWt+Ob0Qx5wECjMkZce2IuUmSCiKGUkLTixJhPAQ9UlH0wBxIt1k8koKD7XSg34odAUKTtTfEwniUo64pzs5UgM5643F/7xOrPwzN6FBFCsS4OkiP2ZQhXCcC+xRQbBiI00QFlTfCvEA6UCUTq+gQ7BnX54nzeOSXSmd3p4UaxdZHHmwBw7AEbBBFdTAFaiDBsDgETyDV/BmPBkvxrvxMW3NGdnMLvgD4/MHzjeZIg==</latexit>

I = 0.637± 0.031p
N
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<latexit sha1_base64="0whdp4m3PJ2mLyjMEmbvC2y0TJY=">AAAB+3icdVBNS8NAEN3Ur1q/Yj16WSyCp5LUtNZb0YvHCtYWmlA22027dLOJuxtpCfkrXjwo4tU/4s1/47aNoKIPBh7vzTAzz48ZlcqyPozCyura+kZxs7S1vbO7Z+6Xb2WUCEw6OGKR6PlIEkY56SiqGOnFgqDQZ6TrTy7nfveeCEkjfqNmMfFCNOI0oBgpLQ3MshsIhFM7S115J1Q6zbKBWbGqVr126tSgJgto0rTPG44D7VypgBztgfnuDiOchIQrzJCUfduKlZcioShmJCu5iSQxwhM0In1NOQqJ9NLF7Rk81soQBpHQxRVcqN8nUhRKOQt93RkiNZa/vbn4l9dPVND0UsrjRBGOl4uChEEVwXkQcEgFwYrNNEFYUH0rxGOkw1A6rpIO4etT+D+5rVXtRrV+7VRaF3kcRXAIjsAJsMEZaIEr0AYdgMEUPIAn8GxkxqPxYrwuWwtGPnMAfsB4+wRJDZVI</latexit>

1p
x

<latexit sha1_base64="d9GMYeDRNG4opVBNmizApUshmEM="></latexit>

I =

Z 1

0

dxp
x
= 2

p
x
��1
0
= 2

Integrand divergent at x=0

Variance divergent:
<latexit sha1_base64="0AxaBSPCfzF09lx8VrlU8z1rHjk=">AAACFnicbVDLSgMxFM3UV62vqks3g0Woi5aZ4msjFN3oroJ9QGc6ZNJMG5pJhiQjLcN8hRt/xY0LRdyKO//G9LHQ1gOBwzn3cnOOH1EilWV9G5ml5ZXVtex6bmNza3snv7vXkDwWCNcRp1y0fCgxJQzXFVEUtyKBYehT3PQH12O/+YCFJJzdq1GE3RD2GAkIgkpLXr7UuHQIU57VsRMnEBAl3WGaDNO0dNupOJHgkeKmQ3kvKVrHqZcvWGVrAnOR2DNSADPUvPyX0+UoDjFTiEIp27YVKTeBQhFEcZpzYokjiAawh9uaMhhi6SaTWKl5pJWuGXChH1PmRP29kcBQylHo68kQqr6c98bif147VsGFmxAWxQozND0UxNTUUccdmV0iMFJ0pAlEgui/mqgPdTlKN5nTJdjzkRdJo1K2z8qndyeF6tWsjiw4AIegCGxwDqrgBtRAHSDwCJ7BK3gznowX4934mI5mjNnOPvgD4/MH9f2fQA==</latexit>

V =

Z 1

0

dx

x
� I2 / log (0)

Integration Variable Choices
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<latexit sha1_base64="0whdp4m3PJ2mLyjMEmbvC2y0TJY=">AAAB+3icdVBNS8NAEN3Ur1q/Yj16WSyCp5LUtNZb0YvHCtYWmlA22027dLOJuxtpCfkrXjwo4tU/4s1/47aNoKIPBh7vzTAzz48ZlcqyPozCyura+kZxs7S1vbO7Z+6Xb2WUCEw6OGKR6PlIEkY56SiqGOnFgqDQZ6TrTy7nfveeCEkjfqNmMfFCNOI0oBgpLQ3MshsIhFM7S115J1Q6zbKBWbGqVr126tSgJgto0rTPG44D7VypgBztgfnuDiOchIQrzJCUfduKlZcioShmJCu5iSQxwhM0In1NOQqJ9NLF7Rk81soQBpHQxRVcqN8nUhRKOQt93RkiNZa/vbn4l9dPVND0UsrjRBGOl4uChEEVwXkQcEgFwYrNNEFYUH0rxGOkw1A6rpIO4etT+D+5rVXtRrV+7VRaF3kcRXAIjsAJsMEZaIEr0AYdgMEUPIAn8GxkxqPxYrwuWwtGPnMAfsB4+wRJDZVI</latexit>

1p
x

<latexit sha1_base64="d9GMYeDRNG4opVBNmizApUshmEM="></latexit>

I =

Z 1

0

dxp
x
= 2

p
x
��1
0
= 2

Integrand divergent at x=0

Variance divergent:
<latexit sha1_base64="0AxaBSPCfzF09lx8VrlU8z1rHjk=">AAACFnicbVDLSgMxFM3UV62vqks3g0Woi5aZ4msjFN3oroJ9QGc6ZNJMG5pJhiQjLcN8hRt/xY0LRdyKO//G9LHQ1gOBwzn3cnOOH1EilWV9G5ml5ZXVtex6bmNza3snv7vXkDwWCNcRp1y0fCgxJQzXFVEUtyKBYehT3PQH12O/+YCFJJzdq1GE3RD2GAkIgkpLXr7UuHQIU57VsRMnEBAl3WGaDNO0dNupOJHgkeKmQ3kvKVrHqZcvWGVrAnOR2DNSADPUvPyX0+UoDjFTiEIp27YVKTeBQhFEcZpzYokjiAawh9uaMhhi6SaTWKl5pJWuGXChH1PmRP29kcBQylHo68kQqr6c98bif147VsGFmxAWxQozND0UxNTUUccdmV0iMFJ0pAlEgui/mqgPdTlKN5nTJdjzkRdJo1K2z8qndyeF6tWsjiw4AIegCGxwDqrgBtRAHSDwCJ7BK3gznowX4934mI5mjNnOPvgD4/MH9f2fQA==</latexit>

V =

Z 1

0

dx

x
� I2 / log (0)

<latexit sha1_base64="Mk79Ti6eq8Cx27aWYZx1YkKQ43U=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSTi10UoevFYwX5gG8pmu2mXbjZxdyKG0H/hxYMiXv033vw3btsctPpg4PHeDDPz/FhwjY7zZRUWFpeWV4qrpbX1jc2t8vZOU0eJoqxBIxGptk80E1yyBnIUrB0rRkJfsJY/upr4rQemNI/kLaYx80IykDzglKCR7tKLrr5XmD2Oe+WKU3WmsP8SNycVyFHvlT+7/YgmIZNIBdG64zoxehlRyKlg41I30SwmdEQGrGOoJCHTXja9eGwfGKVvB5EyJdGeqj8nMhJqnYa+6QwJDvW8NxH/8zoJBudexmWcIJN0tihIhI2RPXnf7nPFKIrUEEIVN7fadEgUoWhCKpkQ3PmX/5LmUdU9rZ7cHFdql3kcRdiDfTgEF86gBtdQhwZQkPAEL/BqaevZerPeZ60FK5/ZhV+wPr4BFbORNA==</latexit>

y =
p
x

<latexit sha1_base64="pNijlp3eKTKbMlomK1eelHck0Wk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVS9C0YvHCqYttLFstpt26WYTdjdiCP0NXjwo4tUf5M1/47bNQVsfDDzem2Fmnh9zprRtf1uFldW19Y3iZmlre2d3r7x/0FJRIgl1ScQj2fGxopwJ6mqmOe3EkuLQ57Ttj2+mfvuRSsUica/TmHohHgoWMIK1kdynq/Sh1i9X7Ko9A1omTk4qkKPZL3/1BhFJQio04ViprmPH2suw1IxwOin1EkVjTMZ4SLuGChxS5WWzYyfoxCgDFETSlNBopv6eyHCoVBr6pjPEeqQWvan4n9dNdHDpZUzEiaaCzBcFCUc6QtPP0YBJSjRPDcFEMnMrIiMsMdEmn5IJwVl8eZm0alXnvFq/O6s0rvM4inAEx3AKDlxAA26hCS4QYPAMr/BmCevFerc+5q0FK585hD+wPn8Ab0GOdA==</latexit>

x = y2
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y0
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<latexit sha1_base64="hSp+wKGHh5WBU8lOWgaqqoYZP74=">AAAB+HicbVDLSsNAFJ34rPXRqEs3wSK4KknxtRGKbnRXwT6gjWEymbRDJ5MwcyPE0C9x40IRt36KO//GaZuFth64cDjnXu69x084U2Db38bS8srq2nppo7y5tb1TMXf32ipOJaEtEvNYdn2sKGeCtoABp91EUhz5nHb80fXE7zxSqVgs7iFLqBvhgWAhIxi05JmV28t6nwnw7AcnD7KxZ1btmj2FtUicglRRgaZnfvWDmKQRFUA4Vqrn2Am4OZbACKfjcj9VNMFkhAe0p6nAEVVuPj18bB1pJbDCWOoSYE3V3xM5jpTKIl93RhiGat6biP95vRTCCzdnIkmBCjJbFKbcgtiapGAFTFICPNMEE8n0rRYZYokJ6KzKOgRn/uVF0q7XnLPa6d1JtXFVxFFCB+gQHSMHnaMGukFN1EIEpegZvaI348l4Md6Nj1nrklHM7KM/MD5/AONakp0=</latexit>

I = 2

Z 1

0
dy

<latexit sha1_base64="IAA/hAZeMUOn6/QcpF/gEMsFAMc=">AAACA3icbVDLSsNAFJ3UV62vqDvdBIvgqiTF10YoutFNqWAf0IQwmU7aoTOTODMRSgi48VfcuFDErT/hzr9x2mahrQcuHM65l3vvCWJKpLLtb6OwsLi0vFJcLa2tb2xumds7LRklAuEmimgkOgGUmBKOm4ooijuxwJAFFLeD4dXYbz9gIUnE79Qoxh6DfU5CgqDSkm/u3fj1i6obMzcUEKV2lrryXqi0nmW+WbYr9gTWPHFyUgY5Gr755fYilDDMFaJQyq5jx8pLoVAEUZyV3ETiGKIh7OOuphwyLL108kNmHWqlZ4WR0MWVNVF/T6SQSTlige5kUA3krDcW//O6iQrPvZTwOFGYo+miMKGWiqxxIFaPCIwUHWkCkSD6VgsNoA5D6dhKOgRn9uV50qpWnNPKye1xuXaZx1EE++AAHAEHnIEauAYN0AQIPIJn8ArejCfjxXg3PqatBSOf2QV/YHz+ABtHl9s=</latexit>

IN = 2± 0p
N

Integration Variable Choices
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Importance Sampling

<latexit sha1_base64="yBT0UWm26PHpflfkggvO8rnstjg=">AAACE3icbVDLSgMxFM3UV62vqks3g0WoimWm+NoIRRfqQqhgH9CZlkyaaUOTzJhkhDL0H9z4K25cKOLWjTv/xrSdhbYeyOVwzr3c3OOFlEhlWd9GamZ2bn4hvZhZWl5ZXcuub1RlEAmEKyiggah7UGJKOK4ooiiuhwJD5lFc83oXQ7/2gIUkAb9T/RC7DHY48QmCSkut7N71mUO4ih1fQBS375vFQZzX9eCmWdzd18W5hIxBLQ9a2ZxVsEYwp4mdkBxIUG5lv5x2gCKGuUIUStmwrVC5MRSKIIoHGSeSOISoBzu4oSmHDEs3Ht00MHe00jb9QOjHlTlSf0/EkEnZZ57uZFB15aQ3FP/zGpHyT92Y8DBSmKPxIj+ipgrMYUBmmwiMFO1rApEg+q8m6kKdjtIxZnQI9uTJ06RaLNjHhaPbw1zpPIkjDbbANsgDG5yAErgCZVABCDyCZ/AK3own48V4Nz7GrSkjmdkEf2B8/gAFS5z+</latexit>

I =

Z
dq2

(q2 �M2) +M2�2

Question: what is your good integration variable ?
<latexit sha1_base64="xs9oxLPZk4z/cdQOKcPHdkMAKzk=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgxbgrvo5BD3oRIpgHJkvoncwmQ2Zml5lZISz5Cy8eFPHq33jzb5wke9DEgoaiqpvuriDmTBvX/XZyC4tLyyv51cLa+sbmVnF7p66jRBFaIxGPVDMATTmTtGaY4bQZKwoi4LQRDK7HfuOJKs0i+WCGMfUF9CQLGQFjpUfvqH0DQsDxXadYcsvuBHieeBkpoQzVTvGr3Y1IIqg0hIPWLc+NjZ+CMoxwOiq0E01jIAPo0ZalEgTVfjq5eIQPrNLFYaRsSYMn6u+JFITWQxHYTgGmr2e9sfif10pMeOmnTMaJoZJMF4UJxybC4/dxlylKDB9aAkQxeysmfVBAjA2pYEPwZl+eJ/WTsndePrs/LVWusjjyaA/to0PkoQtUQbeoimqIIIme0St6c7Tz4rw7H9PWnJPN7KI/cD5/AD9DkAE=</latexit>

1� �/M
<latexit sha1_base64="HaEsbQ1pVs8WfpM/SiwWTYR/Lzg=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoMgCHFXfB2DHvQiRDAPTJbQO5lNhszMLjOzQljyF148KOLVv/Hm3zhJ9qCJBQ1FVTfdXUHMmTau++3kFhaXllfyq4W19Y3NreL2Tl1HiSK0RiIeqWYAmnImac0ww2kzVhREwGkjGFyP/cYTVZpF8sEMY+oL6EkWMgLGSo/eUfsGhIDju06x5JbdCfA88TJSQhmqneJXuxuRRFBpCAetW54bGz8FZRjhdFRoJ5rGQAbQoy1LJQiq/XRy8QgfWKWLw0jZkgZP1N8TKQithyKwnQJMX896Y/E/r5WY8NJPmYwTQyWZLgoTjk2Ex+/jLlOUGD60BIhi9lZM+qCAGBtSwYbgzb48T+onZe+8fHZ/WqpcZXHk0R7aR4fIQxeogm5RFdUQQRI9o1f05mjnxXl3PqatOSeb2UV/4Hz+ADwrj/8=</latexit>

1 + �/M
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Importance Sampling

<latexit sha1_base64="yBT0UWm26PHpflfkggvO8rnstjg=">AAACE3icbVDLSgMxFM3UV62vqks3g0WoimWm+NoIRRfqQqhgH9CZlkyaaUOTzJhkhDL0H9z4K25cKOLWjTv/xrSdhbYeyOVwzr3c3OOFlEhlWd9GamZ2bn4hvZhZWl5ZXcuub1RlEAmEKyiggah7UGJKOK4ooiiuhwJD5lFc83oXQ7/2gIUkAb9T/RC7DHY48QmCSkut7N71mUO4ih1fQBS375vFQZzX9eCmWdzd18W5hIxBLQ9a2ZxVsEYwp4mdkBxIUG5lv5x2gCKGuUIUStmwrVC5MRSKIIoHGSeSOISoBzu4oSmHDEs3Ht00MHe00jb9QOjHlTlSf0/EkEnZZ57uZFB15aQ3FP/zGpHyT92Y8DBSmKPxIj+ipgrMYUBmmwiMFO1rApEg+q8m6kKdjtIxZnQI9uTJ06RaLNjHhaPbw1zpPIkjDbbANsgDG5yAErgCZVABCDyCZ/AK3own48V4Nz7GrSkjmdkEf2B8/gAFS5z+</latexit>

I =

Z
dq2

(q2 �M2) +M2�2

Question: what is your good integration variable ?
<latexit sha1_base64="xs9oxLPZk4z/cdQOKcPHdkMAKzk=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgxbgrvo5BD3oRIpgHJkvoncwmQ2Zml5lZISz5Cy8eFPHq33jzb5wke9DEgoaiqpvuriDmTBvX/XZyC4tLyyv51cLa+sbmVnF7p66jRBFaIxGPVDMATTmTtGaY4bQZKwoi4LQRDK7HfuOJKs0i+WCGMfUF9CQLGQFjpUfvqH0DQsDxXadYcsvuBHieeBkpoQzVTvGr3Y1IIqg0hIPWLc+NjZ+CMoxwOiq0E01jIAPo0ZalEgTVfjq5eIQPrNLFYaRsSYMn6u+JFITWQxHYTgGmr2e9sfif10pMeOmnTMaJoZJMF4UJxybC4/dxlylKDB9aAkQxeysmfVBAjA2pYEPwZl+eJ/WTsndePrs/LVWusjjyaA/to0PkoQtUQbeoimqIIIme0St6c7Tz4rw7H9PWnJPN7KI/cD5/AD9DkAE=</latexit>

1� �/M
<latexit sha1_base64="HaEsbQ1pVs8WfpM/SiwWTYR/Lzg=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoMgCHFXfB2DHvQiRDAPTJbQO5lNhszMLjOzQljyF148KOLVv/Hm3zhJ9qCJBQ1FVTfdXUHMmTau++3kFhaXllfyq4W19Y3NreL2Tl1HiSK0RiIeqWYAmnImac0ww2kzVhREwGkjGFyP/cYTVZpF8sEMY+oL6EkWMgLGSo/eUfsGhIDju06x5JbdCfA88TJSQhmqneJXuxuRRFBpCAetW54bGz8FZRjhdFRoJ5rGQAbQoy1LJQiq/XRy8QgfWKWLw0jZkgZP1N8TKQithyKwnQJMX896Y/E/r5WY8NJPmYwTQyWZLgoTjk2Ex+/jLlOUGD60BIhi9lZM+qCAGBtSwYbgzb48T+onZe+8fHZ/WqpcZXHk0R7aR4fIQxeogm5RFdUQQRI9o1f05mjnxXl3PqatOSeb2UV/4Hz+ADwrj/8=</latexit>

1 + �/M
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q2/M20
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<latexit sha1_base64="xs9oxLPZk4z/cdQOKcPHdkMAKzk=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgxbgrvo5BD3oRIpgHJkvoncwmQ2Zml5lZISz5Cy8eFPHq33jzb5wke9DEgoaiqpvuriDmTBvX/XZyC4tLyyv51cLa+sbmVnF7p66jRBFaIxGPVDMATTmTtGaY4bQZKwoi4LQRDK7HfuOJKs0i+WCGMfUF9CQLGQFjpUfvqH0DQsDxXadYcsvuBHieeBkpoQzVTvGr3Y1IIqg0hIPWLc+NjZ+CMoxwOiq0E01jIAPo0ZalEgTVfjq5eIQPrNLFYaRsSYMn6u+JFITWQxHYTgGmr2e9sfif10pMeOmnTMaJoZJMF4UJxybC4/dxlylKDB9aAkQxeysmfVBAjA2pYEPwZl+eJ/WTsndePrs/LVWusjjyaA/to0PkoQtUQbeoimqIIIme0St6c7Tz4rw7H9PWnJPN7KI/cD5/AD9DkAE=</latexit>

1� �/M
<latexit sha1_base64="HaEsbQ1pVs8WfpM/SiwWTYR/Lzg=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoMgCHFXfB2DHvQiRDAPTJbQO5lNhszMLjOzQljyF148KOLVv/Hm3zhJ9qCJBQ1FVTfdXUHMmTau++3kFhaXllfyq4W19Y3NreL2Tl1HiSK0RiIeqWYAmnImac0ww2kzVhREwGkjGFyP/cYTVZpF8sEMY+oL6EkWMgLGSo/eUfsGhIDju06x5JbdCfA88TJSQhmqneJXuxuRRFBpCAetW54bGz8FZRjhdFRoJ5rGQAbQoy1LJQiq/XRy8QgfWKWLw0jZkgZP1N8TKQithyKwnQJMX896Y/E/r5WY8NJPmYwTQyWZLgoTjk2Ex+/jLlOUGD60BIhi9lZM+qCAGBtSwYbgzb48T+onZe+8fHZ/WqpcZXHk0R7aR4fIQxeogm5RFdUQQRI9o1f05mjnxXl3PqatOSeb2UV/4Hz+ADwrj/8=</latexit>

1 + �/M
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Importance Sampling

<latexit sha1_base64="yBT0UWm26PHpflfkggvO8rnstjg=">AAACE3icbVDLSgMxFM3UV62vqks3g0WoimWm+NoIRRfqQqhgH9CZlkyaaUOTzJhkhDL0H9z4K25cKOLWjTv/xrSdhbYeyOVwzr3c3OOFlEhlWd9GamZ2bn4hvZhZWl5ZXcuub1RlEAmEKyiggah7UGJKOK4ooiiuhwJD5lFc83oXQ7/2gIUkAb9T/RC7DHY48QmCSkut7N71mUO4ih1fQBS375vFQZzX9eCmWdzd18W5hIxBLQ9a2ZxVsEYwp4mdkBxIUG5lv5x2gCKGuUIUStmwrVC5MRSKIIoHGSeSOISoBzu4oSmHDEs3Ht00MHe00jb9QOjHlTlSf0/EkEnZZ57uZFB15aQ3FP/zGpHyT92Y8DBSmKPxIj+ipgrMYUBmmwiMFO1rApEg+q8m6kKdjtIxZnQI9uTJ06RaLNjHhaPbw1zpPIkjDbbANsgDG5yAErgCZVABCDyCZ/AK3own48V4Nz7GrSkjmdkEf2B8/gAFS5z+</latexit>

I =

Z
dq2

(q2 �M2) +M2�2

Question: what is your good integration variable ?
<latexit sha1_base64="xs9oxLPZk4z/cdQOKcPHdkMAKzk=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgxbgrvo5BD3oRIpgHJkvoncwmQ2Zml5lZISz5Cy8eFPHq33jzb5wke9DEgoaiqpvuriDmTBvX/XZyC4tLyyv51cLa+sbmVnF7p66jRBFaIxGPVDMATTmTtGaY4bQZKwoi4LQRDK7HfuOJKs0i+WCGMfUF9CQLGQFjpUfvqH0DQsDxXadYcsvuBHieeBkpoQzVTvGr3Y1IIqg0hIPWLc+NjZ+CMoxwOiq0E01jIAPo0ZalEgTVfjq5eIQPrNLFYaRsSYMn6u+JFITWQxHYTgGmr2e9sfif10pMeOmnTMaJoZJMF4UJxybC4/dxlylKDB9aAkQxeysmfVBAjA2pYEPwZl+eJ/WTsndePrs/LVWusjjyaA/to0PkoQtUQbeoimqIIIme0St6c7Tz4rw7H9PWnJPN7KI/cD5/AD9DkAE=</latexit>

1� �/M
<latexit sha1_base64="HaEsbQ1pVs8WfpM/SiwWTYR/Lzg=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoMgCHFXfB2DHvQiRDAPTJbQO5lNhszMLjOzQljyF148KOLVv/Hm3zhJ9qCJBQ1FVTfdXUHMmTau++3kFhaXllfyq4W19Y3NreL2Tl1HiSK0RiIeqWYAmnImac0ww2kzVhREwGkjGFyP/cYTVZpF8sEMY+oL6EkWMgLGSo/eUfsGhIDju06x5JbdCfA88TJSQhmqneJXuxuRRFBpCAetW54bGz8FZRjhdFRoJ5rGQAbQoy1LJQiq/XRy8QgfWKWLw0jZkgZP1N8TKQithyKwnQJMX896Y/E/r5WY8NJPmYwTQyWZLgoTjk2Ex+/jLlOUGD60BIhi9lZM+qCAGBtSwYbgzb48T+onZe+8fHZ/WqpcZXHk0R7aR4fIQxeogm5RFdUQQRI9o1f05mjnxXl3PqatOSeb2UV/4Hz+ADwrj/8=</latexit>

1 + �/M
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<latexit sha1_base64="xs9oxLPZk4z/cdQOKcPHdkMAKzk=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgxbgrvo5BD3oRIpgHJkvoncwmQ2Zml5lZISz5Cy8eFPHq33jzb5wke9DEgoaiqpvuriDmTBvX/XZyC4tLyyv51cLa+sbmVnF7p66jRBFaIxGPVDMATTmTtGaY4bQZKwoi4LQRDK7HfuOJKs0i+WCGMfUF9CQLGQFjpUfvqH0DQsDxXadYcsvuBHieeBkpoQzVTvGr3Y1IIqg0hIPWLc+NjZ+CMoxwOiq0E01jIAPo0ZalEgTVfjq5eIQPrNLFYaRsSYMn6u+JFITWQxHYTgGmr2e9sfif10pMeOmnTMaJoZJMF4UJxybC4/dxlylKDB9aAkQxeysmfVBAjA2pYEPwZl+eJ/WTsndePrs/LVWusjjyaA/to0PkoQtUQbeoimqIIIme0St6c7Tz4rw7H9PWnJPN7KI/cD5/AD9DkAE=</latexit>

1� �/M
<latexit sha1_base64="HaEsbQ1pVs8WfpM/SiwWTYR/Lzg=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoMgCHFXfB2DHvQiRDAPTJbQO5lNhszMLjOzQljyF148KOLVv/Hm3zhJ9qCJBQ1FVTfdXUHMmTau++3kFhaXllfyq4W19Y3NreL2Tl1HiSK0RiIeqWYAmnImac0ww2kzVhREwGkjGFyP/cYTVZpF8sEMY+oL6EkWMgLGSo/eUfsGhIDju06x5JbdCfA88TJSQhmqneJXuxuRRFBpCAetW54bGz8FZRjhdFRoJ5rGQAbQoy1LJQiq/XRy8QgfWKWLw0jZkgZP1N8TKQithyKwnQJMX896Y/E/r5WY8NJPmYwTQyWZLgoTjk2Ex+/jLlOUGD60BIhi9lZM+qCAGBtSwYbgzb48T+onZe+8fHZ/WqpcZXHk0R7aR4fIQxeogm5RFdUQQRI9o1f05mjnxXl3PqatOSeb2UV/4Hz+ADwrj/8=</latexit>

1 + �/M

Probability of sampling 
random points over q2 
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<latexit sha1_base64="xs9oxLPZk4z/cdQOKcPHdkMAKzk=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgxbgrvo5BD3oRIpgHJkvoncwmQ2Zml5lZISz5Cy8eFPHq33jzb5wke9DEgoaiqpvuriDmTBvX/XZyC4tLyyv51cLa+sbmVnF7p66jRBFaIxGPVDMATTmTtGaY4bQZKwoi4LQRDK7HfuOJKs0i+WCGMfUF9CQLGQFjpUfvqH0DQsDxXadYcsvuBHieeBkpoQzVTvGr3Y1IIqg0hIPWLc+NjZ+CMoxwOiq0E01jIAPo0ZalEgTVfjq5eIQPrNLFYaRsSYMn6u+JFITWQxHYTgGmr2e9sfif10pMeOmnTMaJoZJMF4UJxybC4/dxlylKDB9aAkQxeysmfVBAjA2pYEPwZl+eJ/WTsndePrs/LVWusjjyaA/to0PkoQtUQbeoimqIIIme0St6c7Tz4rw7H9PWnJPN7KI/cD5/AD9DkAE=</latexit>

1� �/M
<latexit sha1_base64="HaEsbQ1pVs8WfpM/SiwWTYR/Lzg=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoMgCHFXfB2DHvQiRDAPTJbQO5lNhszMLjOzQljyF148KOLVv/Hm3zhJ9qCJBQ1FVTfdXUHMmTau++3kFhaXllfyq4W19Y3NreL2Tl1HiSK0RiIeqWYAmnImac0ww2kzVhREwGkjGFyP/cYTVZpF8sEMY+oL6EkWMgLGSo/eUfsGhIDju06x5JbdCfA88TJSQhmqneJXuxuRRFBpCAetW54bGz8FZRjhdFRoJ5rGQAbQoy1LJQiq/XRy8QgfWKWLw0jZkgZP1N8TKQithyKwnQJMX896Y/E/r5WY8NJPmYwTQyWZLgoTjk2Ex+/jLlOUGD60BIhi9lZM+qCAGBtSwYbgzb48T+onZe+8fHZ/WqpcZXHk0R7aR4fIQxeogm5RFdUQQRI9o1f05mjnxXl3PqatOSeb2UV/4Hz+ADwrj/8=</latexit>

1 + �/M

<latexit sha1_base64="Lh5/Mm+LJeQ94s1KVR2YRnMvgy0=">AAAB7XicdVDLSgMxFM3UV62vqks3wSLUzZCp03aWRTcuK9gHtGPJpJk2NjMZk4xQSv/BjQtF3Po/7vwb04egogcuHM65l3vvCRLOlEbow8qsrK6tb2Q3c1vbO7t7+f2DphKpJLRBBBeyHWBFOYtpQzPNaTuRFEcBp61gdDHzW/dUKibiaz1OqB/hQcxCRrA2UjMp3t2UTnv5ArLLFc+tVCGy0ZnrlF1DPNfxHAQdG81RAEvUe/n3bl+QNKKxJhwr1XFQov0JlpoRTqe5bqpogskID2jH0BhHVPmT+bVTeGKUPgyFNBVrOFe/T0xwpNQ4CkxnhPVQ/fZm4l9eJ9Wh509YnKSaxmSxKEw51ALOXod9JinRfGwIJpKZWyEZYomJNgHlTAhfn8L/SbNkOxW7fOUWaufLOLLgCByDInBAFdTAJaiDBiDgFjyAJ/BsCevRerFeF60ZazlzCH7AevsECIaOzQ==</latexit>

p(q2)



SDU Summer School Hua-Sheng Shao23

Importance Sampling
• MC Integration is performed according to our best 

knowledge of the integrand
✦ Basic cuts include in this knowledge
✦ Custom cuts are ignored
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<latexit sha1_base64="xs9oxLPZk4z/cdQOKcPHdkMAKzk=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgxbgrvo5BD3oRIpgHJkvoncwmQ2Zml5lZISz5Cy8eFPHq33jzb5wke9DEgoaiqpvuriDmTBvX/XZyC4tLyyv51cLa+sbmVnF7p66jRBFaIxGPVDMATTmTtGaY4bQZKwoi4LQRDK7HfuOJKs0i+WCGMfUF9CQLGQFjpUfvqH0DQsDxXadYcsvuBHieeBkpoQzVTvGr3Y1IIqg0hIPWLc+NjZ+CMoxwOiq0E01jIAPo0ZalEgTVfjq5eIQPrNLFYaRsSYMn6u+JFITWQxHYTgGmr2e9sfif10pMeOmnTMaJoZJMF4UJxybC4/dxlylKDB9aAkQxeysmfVBAjA2pYEPwZl+eJ/WTsndePrs/LVWusjjyaA/to0PkoQtUQbeoimqIIIme0St6c7Tz4rw7H9PWnJPN7KI/cD5/AD9DkAE=</latexit>

1� �/M
<latexit sha1_base64="HaEsbQ1pVs8WfpM/SiwWTYR/Lzg=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoMgCHFXfB2DHvQiRDAPTJbQO5lNhszMLjOzQljyF148KOLVv/Hm3zhJ9qCJBQ1FVTfdXUHMmTau++3kFhaXllfyq4W19Y3NreL2Tl1HiSK0RiIeqWYAmnImac0ww2kzVhREwGkjGFyP/cYTVZpF8sEMY+oL6EkWMgLGSo/eUfsGhIDju06x5JbdCfA88TJSQhmqneJXuxuRRFBpCAetW54bGz8FZRjhdFRoJ5rGQAbQoy1LJQiq/XRy8QgfWKWLw0jZkgZP1N8TKQithyKwnQJMX896Y/E/r5WY8NJPmYwTQyWZLgoTjk2Ex+/jLlOUGD60BIhi9lZM+qCAGBtSwYbgzb48T+onZe+8fHZ/WqpcZXHk0R7aR4fIQxeogm5RFdUQQRI9o1f05mjnxXl3PqatOSeb2UV/4Hz+ADwrj/8=</latexit>

1 + �/M
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<latexit sha1_base64="xs9oxLPZk4z/cdQOKcPHdkMAKzk=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgxbgrvo5BD3oRIpgHJkvoncwmQ2Zml5lZISz5Cy8eFPHq33jzb5wke9DEgoaiqpvuriDmTBvX/XZyC4tLyyv51cLa+sbmVnF7p66jRBFaIxGPVDMATTmTtGaY4bQZKwoi4LQRDK7HfuOJKs0i+WCGMfUF9CQLGQFjpUfvqH0DQsDxXadYcsvuBHieeBkpoQzVTvGr3Y1IIqg0hIPWLc+NjZ+CMoxwOiq0E01jIAPo0ZalEgTVfjq5eIQPrNLFYaRsSYMn6u+JFITWQxHYTgGmr2e9sfif10pMeOmnTMaJoZJMF4UJxybC4/dxlylKDB9aAkQxeysmfVBAjA2pYEPwZl+eJ/WTsndePrs/LVWusjjyaA/to0PkoQtUQbeoimqIIIme0St6c7Tz4rw7H9PWnJPN7KI/cD5/AD9DkAE=</latexit>

1� �/M
<latexit sha1_base64="HaEsbQ1pVs8WfpM/SiwWTYR/Lzg=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoMgCHFXfB2DHvQiRDAPTJbQO5lNhszMLjOzQljyF148KOLVv/Hm3zhJ9qCJBQ1FVTfdXUHMmTau++3kFhaXllfyq4W19Y3NreL2Tl1HiSK0RiIeqWYAmnImac0ww2kzVhREwGkjGFyP/cYTVZpF8sEMY+oL6EkWMgLGSo/eUfsGhIDju06x5JbdCfA88TJSQhmqneJXuxuRRFBpCAetW54bGz8FZRjhdFRoJ5rGQAbQoy1LJQiq/XRy8QgfWKWLw0jZkgZP1N8TKQithyKwnQJMX896Y/E/r5WY8NJPmYwTQyWZLgoTjk2Ex+/jLlOUGD60BIhi9lZM+qCAGBtSwYbgzb48T+onZe+8fHZ/WqpcZXHk0R7aR4fIQxeogm5RFdUQQRI9o1f05mjnxXl3PqatOSeb2UV/4Hz+ADwrj/8=</latexit>

1 + �/M

No Cuts Basic Cuts
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Custom Cuts

<latexit sha1_base64="xs9oxLPZk4z/cdQOKcPHdkMAKzk=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgxbgrvo5BD3oRIpgHJkvoncwmQ2Zml5lZISz5Cy8eFPHq33jzb5wke9DEgoaiqpvuriDmTBvX/XZyC4tLyyv51cLa+sbmVnF7p66jRBFaIxGPVDMATTmTtGaY4bQZKwoi4LQRDK7HfuOJKs0i+WCGMfUF9CQLGQFjpUfvqH0DQsDxXadYcsvuBHieeBkpoQzVTvGr3Y1IIqg0hIPWLc+NjZ+CMoxwOiq0E01jIAPo0ZalEgTVfjq5eIQPrNLFYaRsSYMn6u+JFITWQxHYTgGmr2e9sfif10pMeOmnTMaJoZJMF4UJxybC4/dxlylKDB9aAkQxeysmfVBAjA2pYEPwZl+eJ/WTsndePrs/LVWusjjyaA/to0PkoQtUQbeoimqIIIme0St6c7Tz4rw7H9PWnJPN7KI/cD5/AD9DkAE=</latexit>

1� �/M
<latexit sha1_base64="HaEsbQ1pVs8WfpM/SiwWTYR/Lzg=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoMgCHFXfB2DHvQiRDAPTJbQO5lNhszMLjOzQljyF148KOLVv/Hm3zhJ9qCJBQ1FVTfdXUHMmTau++3kFhaXllfyq4W19Y3NreL2Tl1HiSK0RiIeqWYAmnImac0ww2kzVhREwGkjGFyP/cYTVZpF8sEMY+oL6EkWMgLGSo/eUfsGhIDju06x5JbdCfA88TJSQhmqneJXuxuRRFBpCAetW54bGz8FZRjhdFRoJ5rGQAbQoy1LJQiq/XRy8QgfWKWLw0jZkgZP1N8TKQithyKwnQJMX896Y/E/r5WY8NJPmYwTQyWZLgoTjk2Ex+/jLlOUGD60BIhi9lZM+qCAGBtSwYbgzb48T+onZe+8fHZ/WqpcZXHk0R7aR4fIQxeogm5RFdUQQRI9o1f05mjnxXl3PqatOSeb2UV/4Hz+ADwrj/8=</latexit>

1 + �/M
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Importance Sampling

• Summary of key points
✦ The phase-space parametrization is important for an efficient computation

✦ The change of variable ensures that evaluation of integral is done where 
the integrand is largest !

✦ Generate random points in a distribution which is close to the function 
to be integrated

Adaptative Monte Carlo integrator
Creation an approximation of the integrand on the fly
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Algorithm:

Create bins such that each bin 
has the same contribution

Use the approximation for the 
importance sampling method
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The VEGAS Algorithm

Lepage (JCP’78)

VEGAS for multi-dimensional integrations

✦ Use projection on the axis
<latexit sha1_base64="Rf5XSvz5IjGUaIzcPjsOL8HCEsw=">AAACHnicbZBNS8MwGMdTX+d8q3r0EhzCBmO0xakXYejF4wT3AtsoaZptYWkbklQ2yj6JF7+KFw+KCJ7025huPejmAyE//v/nIXn+HmdUKsv6NlZW19Y3NnNb+e2d3b198+CwKaNYYNLAEYtE20OSMBqShqKKkTYXBAUeIy1vdJP6rQciJI3CezXhpBegQUj7FCOlJdes8uLYtctj1yl3mR8pqdEvXXHXTvUSdx19O6UuTj3IXb+Y+q5ZsCrWrOAy2BkUQFZ11/zs+hGOAxIqzJCUHdviqpcgoShmZJrvxpJwhEdoQDoaQxQQ2Utm603hqVZ82I+EPqGCM/X3RIICKSeBpzsDpIZy0UvF/7xOrPqXvYSGPFYkxPOH+jGDKoJpVtCngmDFJhoQFlT/FeIhEggrnWheh2AvrrwMTadin1eqd2eF2nUWRw4cgxNQBDa4ADVwC+qgATB4BM/gFbwZT8aL8W58zFtXjGzmCPwp4+sHTKCgIw==</latexit>

p(x1, x2, . . . , xd) = p1(x1)p2(x2) · · · pd(xd)



SDU Summer School Hua-Sheng Shao26

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

Importance Sampling

Double Gaussian Distribution
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VEGASTruth
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Oscillatory Distribution
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Phase Space Integrator

• An example: dijet production at the LHC

s-channel

t-channel

u-channel

Main pole structure

<latexit sha1_base64="UDxqY0DIpBg6w6RKOmwCAHBtbN8=">AAACHnicbVDLSsNAFJ34rPVVdekmWIS6sCSlVTdC0Y0boYJ9QBPDZDpph04yw8xEKCFf4sZfceNCEcGV/o3TNoi2Hhg4nHMvd87xOSVSWdaXsbC4tLyymlvLr29sbm0XdnZbksUC4SZilImODyWmJMJNRRTFHS4wDH2K2/7wcuy377GQhEW3asSxG8J+RAKCoNKSV6g5IVQDBGlynXqxwwXjijmBgCix0yROz394iXv2MfeqR3eV1CsUrbI1gTlP7IwUQYaGV/hwegzFIY4UolDKrm1x5SZQKIIoTvNOLDGHaAj7uKtpBEMs3WQSLzUPtdIzAyb0i5Q5UX9vJDCUchT6enIcRs56Y/E/rxur4MxNSMRjhSM0PRTE1FTMHHdl9ojASNGRJhAJov9qogHUfSjdaF6XYM9GnietStk+KdduqsX6RVZHDuyDA1ACNjgFdXAFGqAJEHgAT+AFvBqPxrPxZrxPRxeMbGcP/IHx+Q0cyqML</latexit>

Mu / 1

u
=

1

(p1 � p4)2

<latexit sha1_base64="Pl7SYPllEAJTC/UmbY2JRcqLgME=">AAACHnicbVDLSsNAFJ34tr6qLt0Ei1AXlsT3Rii6cSNUsLXQxDCZTtrBSWaYuRFKyJe48VfcuFBEcKV/47QG8XVg4HDOvdw5J5ScaXCcd2tsfGJyanpmtjQ3v7C4VF5eaWmRKkKbRHCh2iHWlLOENoEBp22pKI5DTi/D65Ohf3lDlWYiuYCBpH6MewmLGMFgpKC858UY+gTz7CwPwJNKSBBepDDJ3DyD/OiLV2XgbslgZ/NqOw/KFafmjGD/JW5BKqhAIyi/el1B0pgmQDjWuuM6EvwMK2CE07zkpZpKTK5xj3YMTXBMtZ+N4uX2hlG6diSUeQnYI/X7RoZjrQdxaCaHYfRvbyj+53VSiA79jCUyBZqQz0NRym0Q9rAru8sUJcAHhmCimPmrTfrY9AGm0ZIpwf0d+S9pbdfc/dre+W6lflzUMYPW0DqqIhcdoDo6RQ3URATdonv0iJ6sO+vBerZePkfHrGJnFf2A9fYBF/ujCA==</latexit>

Mt /
1

t
=

1

(p1 � p3)2

<latexit sha1_base64="YHfloQm1FLJmGfTAnKM+PvDfnEA=">AAACHnicbVDLSsNAFJ3UV62vqks3wSJUhJIUq26Eohs3QgX7gCaGyXTSDp1khpmJUEK+xI2/4saFIoIr/RunbRBtPTBwOOde7pzjc0qksqwvI7ewuLS8kl8trK1vbG4Vt3daksUC4SZilImODyWmJMJNRRTFHS4wDH2K2/7wcuy377GQhEW3asSxG8J+RAKCoNKSV6w5IVQDBGlynXrS4YJxxZxAQJTYaSLT8x9e5p59xL3q4V019Yolq2JNYM4TOyMlkKHhFT+cHkNxiCOFKJSya1tcuQkUiiCK04ITS8whGsI+7moawRBLN5nES80DrfTMgAn9ImVO1N8bCQylHIW+nhyHkbPeWPzP68YqOHMTEvFY4QhNDwUxNRUzx12ZPSIwUnSkCUSC6L+aaAB1H0o3WtAl2LOR50mrWrFPKrWb41L9IqsjD/bAPigDG5yCOrgCDdAECDyAJ/ACXo1H49l4M96nozkj29kFf2B8fgMQFqMD</latexit>

Ms /
1

s
=

1

(p1 + p2)2
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Single-diagram enhanced multi-channelling

Maltoni, Stelzer (JHEP’03)• Trick: split the complexity
<latexit sha1_base64="Oy5cXGcv8hF/us9Vt+FjbxivWtw=">AAACHnicbVDLSsNAFL3xWesr6tLNYBEEoSRi1Y1QdONGqGAf0IYwmU7aoZMHMxOhhH6JG3/FjQtFBFf6N07aLPrwwMC559zL3Hu8mDOpLOvXWFpeWV1bL2wUN7e2d3bNvf2GjBJBaJ1EPBItD0vKWUjriilOW7GgOPA4bXqD28xvPlEhWRQ+qmFMnQD3QuYzgpWWXLPSCbDqE8zT+9H1FHfl6XSlZqrENUtW2RoDLRI7JyXIUXPN7043IklAQ0U4lrJtW7FyUiwUI5yOip1E0hiTAe7RtqYhDqh00vF5I3SslS7yI6FfqNBYnZ5IcSDlMPB0Z7aknPcy8T+vnSj/yklZGCeKhmTykZ9wpCKUZYW6TFCi+FATTATTuyLSxwITpRMt6hDs+ZMXSeOsbF+UKw/npepNHkcBDuEITsCGS6jCHdSgDgSe4RXe4cN4Md6MT+Nr0rpk5DMHMAPj5w8icKO/</latexit>

M = Ms +Mt +Mu
<latexit sha1_base64="sbgAtrMsich0YdCO3G/NvHhO7Lg="></latexit>

�̂ =
1

2s

Z
d�2|M|2 =

1

2s

X

i2{s,t,u}

Z
d�2|Mi|2

|M|2

|Ms|2 + |Mt|2 + |Mu|2

✦ Any single diagram is “easy” to integrate (pole structures & good integration 

variables known)

✦ Divide the single integration into multi channels, based on diagrams/topologies

✦ All other peaks taken care of by denominator sum

<latexit sha1_base64="2uy4mQeIQ1powGC92x+CLA8+TLQ=">AAAB7XicbVDJSgNBEK1xjXGLevTSGARPYUbcjsFcPEYwCyRD6On0JG16Gbp7hDDkH7x4UMSr/+PNv7GTzEETHxQ83quiql6UcGas7397K6tr6xubha3i9s7u3n7p4LBpVKoJbRDFlW5H2FDOJG1YZjltJ5piEXHaika1qd96otowJR/sOKGhwAPJYkawdVKza5hAtV6p7Ff8GdAyCXJShhz1Xumr21ckFVRawrExncBPbJhhbRnhdFLspoYmmIzwgHYclVhQE2azayfo1Cl9FCvtSlo0U39PZFgYMxaR6xTYDs2iNxX/8zqpjW/CjMkktVSS+aI45cgqNH0d9ZmmxPKxI5ho5m5FZIg1JtYFVHQhBIsvL5PmeSW4qlzeX5Srt3kcBTiGEziDAK6hCndQhwYQeIRneIU3T3kv3rv3MW9d8fKZI/gD7/MHBkqOyA==</latexit>

⇠ C

✦ Errors in quadrature (no extra computational cost)

✦ Each diagram is calculated only once

✦ Paralle in nature
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Event Generation

• Weighted events
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x0.0

0.2

0.4

0.6

0.8

1.0

✦ Same number of events in areas of phase space with very different probabilities

➡ Events must have different weights
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➡ Events must have different weights

• Un-Weighted events
✦ Number of events proportional to the probability of areas of phase space

➡ Events have the same weight (“unweighted”)
➡ Events distributed as in Nature
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Event Generation

• Weighted events
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• Un-Weighted events
✦ Number of events proportional to the probability of areas of phase space

➡ Events have the same weight (“unweighted”)
➡ Events distributed as in Nature

<latexit sha1_base64="HTlnH/RWZkQ46FVOirPz+9aXqZM="></latexit>Z 1

0
dxf(x) =

1

N

NX

i=1

f(xi) =
1

N

NX

i=1

P (xi)max(f)

Unweight procedure 
(acceptance-rejection method):

<latexit sha1_base64="fdDGMsYTNq4XeFPVtoOgmWTsvoM=">AAACDnicbVDLSsNAFJ3UV62vqEs3wVJoNyURXxuh6MZlBfuAJoTJdNIOnUnCzERaQr7Ajb/ixoUibl2782+cpFlo64GBM+fcy733eBElQprmt1ZaWV1b3yhvVra2d3b39P2DrghjjnAHhTTkfQ8KTEmAO5JIivsRx5B5FPe8yU3m9x4wFyQM7uUswg6Do4D4BEGpJFevtetTlzSubJ9DlPj5J01sBuWYs4TBaVr3G6mrV82mmcNYJlZBqqBA29W/7GGIYoYDiSgUYmCZkXQSyCVBFKcVOxY4gmgCR3igaAAZFk6Sn5MaNaUMDT/k6gXSyNXfHQlkQsyYpyqzPcWil4n/eYNY+pdOQoIoljhA80F+TA0ZGlk2xpBwjCSdKQIRJ2pXA42hCkaqBCsqBGvx5GXSPWla582zu9Nq67qIowyOwDGoAwtcgBa4BW3QAQg8gmfwCt60J+1Fe9c+5qUlreg5BH+gff4AzwKb/g==</latexit>

P (xi) =
f(xi)

max(f)Generate a uniform random 
number x between [0,1]

Generate a second uniform random 
number y between [0,max(f)]

If y < f(x), accept x, otherwise reject 
x and repeat
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Event Generation

MC integrator

Event generator

Acceptance-
Rejection
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Lecture 1
LO Event Simulations

Multi-jet merging techniques
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How To Improve Theoretical Predictions ?

• Common Principle:
✦ Adopt the advantages of different aspects

Hard interaction Parton shower

Hard and Resolved Soft and/or Collinear

✦ Balance the accuracy over the steps in the simulation chain

✦ Improve not only the single steps but also their merging

• Two main directions:

✦ Merging

✦ Matching
➡ Avoid double counting between NkLO (k>0) MEs and PSs

➡ Include more real radiation MEs (formally higher order, improve kin.)
➡ Subtract double counting of real radiation from MEs and PSs 
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A Double-Counting Issue

<latexit sha1_base64="KnN2kCqvcKp+RJTbnAgK8O9to5g=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMgCGFX4uMY9OIxgnlAsoTZyWwyZmZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6305hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxreZ336iSrNIPphJTH2Bh5KFjGCTSZ0z97FfrrhVdwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ67zqXVYv7muV+k0eRxGO4BhOwYMrqMMdNKAJBEbwDK/w5gjnxXl3PuatBSefOYQ/cD5/AFPrjck=</latexit>

X + 0j
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A Double-Counting Issue

Parton shower

<latexit sha1_base64="KnN2kCqvcKp+RJTbnAgK8O9to5g=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMgCGFX4uMY9OIxgnlAsoTZyWwyZmZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6305hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxreZ336iSrNIPphJTH2Bh5KFjGCTSZ0z97FfrrhVdwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ67zqXVYv7muV+k0eRxGO4BhOwYMrqMMdNKAJBEbwDK/w5gjnxXl3PuatBSefOYQ/cD5/AFPrjck=</latexit>

X + 0j
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A Double-Counting Issue

Parton shower

<latexit sha1_base64="KnN2kCqvcKp+RJTbnAgK8O9to5g=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMgCGFX4uMY9OIxgnlAsoTZyWwyZmZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6305hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxreZ336iSrNIPphJTH2Bh5KFjGCTSZ0z97FfrrhVdwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ67zqXVYv7muV+k0eRxGO4BhOwYMrqMMdNKAJBEbwDK/w5gjnxXl3PuatBSefOYQ/cD5/AFPrjck=</latexit>

X + 0j
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A Double-Counting Issue

Parton shower

<latexit sha1_base64="KnN2kCqvcKp+RJTbnAgK8O9to5g=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMgCGFX4uMY9OIxgnlAsoTZyWwyZmZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6305hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxreZ336iSrNIPphJTH2Bh5KFjGCTSZ0z97FfrrhVdwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ67zqXVYv7muV+k0eRxGO4BhOwYMrqMMdNKAJBEbwDK/w5gjnxXl3PuatBSefOYQ/cD5/AFPrjck=</latexit>

X + 0j
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A Double-Counting Issue

Parton shower

...<latexit sha1_base64="KnN2kCqvcKp+RJTbnAgK8O9to5g=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMgCGFX4uMY9OIxgnlAsoTZyWwyZmZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6305hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxreZ336iSrNIPphJTH2Bh5KFjGCTSZ0z97FfrrhVdwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ67zqXVYv7muV+k0eRxGO4BhOwYMrqMMdNKAJBEbwDK/w5gjnxXl3PuatBSefOYQ/cD5/AFPrjck=</latexit>

X + 0j
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A Double-Counting Issue

Parton shower
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<latexit sha1_base64="KnN2kCqvcKp+RJTbnAgK8O9to5g=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMgCGFX4uMY9OIxgnlAsoTZyWwyZmZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6305hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxreZ336iSrNIPphJTH2Bh5KFjGCTSZ0z97FfrrhVdwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ67zqXVYv7muV+k0eRxGO4BhOwYMrqMMdNKAJBEbwDK/w5gjnxXl3PuatBSefOYQ/cD5/AFPrjck=</latexit>

X + 0j
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A Double-Counting Issue

Parton shower

...
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<latexit sha1_base64="KnN2kCqvcKp+RJTbnAgK8O9to5g=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMgCGFX4uMY9OIxgnlAsoTZyWwyZmZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6305hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxreZ336iSrNIPphJTH2Bh5KFjGCTSZ0z97FfrrhVdwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ67zqXVYv7muV+k0eRxGO4BhOwYMrqMMdNKAJBEbwDK/w5gjnxXl3PuatBSefOYQ/cD5/AFPrjck=</latexit>

X + 0j

<latexit sha1_base64="DZBbDvAt3+oiRMjQs2Rn6GLDVBY=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMgCGFX4uMY9OIxgnlAsoTZyWwyZmZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6305hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxreZ336iSrNIPphJTH2Bh5KFjGCTSZ0z77FfrrhVdwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ67zqXVYv7muV+k0eRxGO4BhOwYMrqMMdNKAJBEbwDK/w5gjnxXl3PuatBSefOYQ/cD5/AFVwjco=</latexit>

X + 1j
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A Double-Counting Issue

Parton shower
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<latexit sha1_base64="KnN2kCqvcKp+RJTbnAgK8O9to5g=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMgCGFX4uMY9OIxgnlAsoTZyWwyZmZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6305hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxreZ336iSrNIPphJTH2Bh5KFjGCTSZ0z97FfrrhVdwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ67zqXVYv7muV+k0eRxGO4BhOwYMrqMMdNKAJBEbwDK/w5gjnxXl3PuatBSefOYQ/cD5/AFPrjck=</latexit>

X + 0j

<latexit sha1_base64="DZBbDvAt3+oiRMjQs2Rn6GLDVBY=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMgCGFX4uMY9OIxgnlAsoTZyWwyZmZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6305hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxreZ336iSrNIPphJTH2Bh5KFjGCTSZ0z77FfrrhVdwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ67zqXVYv7muV+k0eRxGO4BhOwYMrqMMdNKAJBEbwDK/w5gjnxXl3PuatBSefOYQ/cD5/AFVwjco=</latexit>

X + 1j
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A Double-Counting Issue

Parton shower
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<latexit sha1_base64="KnN2kCqvcKp+RJTbnAgK8O9to5g=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMgCGFX4uMY9OIxgnlAsoTZyWwyZmZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6305hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxreZ336iSrNIPphJTH2Bh5KFjGCTSZ0z97FfrrhVdwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ67zqXVYv7muV+k0eRxGO4BhOwYMrqMMdNKAJBEbwDK/w5gjnxXl3PuatBSefOYQ/cD5/AFPrjck=</latexit>

X + 0j

<latexit sha1_base64="DZBbDvAt3+oiRMjQs2Rn6GLDVBY=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMgCGFX4uMY9OIxgnlAsoTZyWwyZmZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6305hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxreZ336iSrNIPphJTH2Bh5KFjGCTSZ0z77FfrrhVdwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ67zqXVYv7muV+k0eRxGO4BhOwYMrqMMdNKAJBEbwDK/w5gjnxXl3PuatBSefOYQ/cD5/AFVwjco=</latexit>

X + 1j

<latexit sha1_base64="J1hf45/ADujm7OyShBMabDFcJEM=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMgCGE3+DoGvXiMYB6QLGF2MpuMmZldZmaFsOQXvHhQxKs/5M2/cTbZgyYWNBRV3XR3BTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8W3mt5+o0iySD2YSU1/goWQhI9hkUues9tgvV9yqOwNaJl5OKpCj0S9/9QYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPvp7NYpOrHKAIWRsiUNmqm/J1IstJ6IwHYKbEZ60cvE/7xuYsJrP2UyTgyVZL4oTDgyEcoeRwOmKDF8YgkmitlbERlhhYmx8ZRsCN7iy8ukVat6l9WL+/NK/SaPowhHcAyn4MEV1OEOGtAEAiN4hld4c4Tz4rw7H/PWgpPPHMIfOJ8/VvWNyw==</latexit>

X + 2j
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A Double-Counting Issue

Parton shower
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kT > Qcut kT > Qcut

kT < Qcut

kT < Qcut

kT < Qcut

kT < Qcut

<latexit sha1_base64="KnN2kCqvcKp+RJTbnAgK8O9to5g=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMgCGFX4uMY9OIxgnlAsoTZyWwyZmZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6305hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxreZ336iSrNIPphJTH2Bh5KFjGCTSZ0z97FfrrhVdwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ67zqXVYv7muV+k0eRxGO4BhOwYMrqMMdNKAJBEbwDK/w5gjnxXl3PuatBSefOYQ/cD5/AFPrjck=</latexit>

X + 0j

<latexit sha1_base64="DZBbDvAt3+oiRMjQs2Rn6GLDVBY=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMgCGFX4uMY9OIxgnlAsoTZyWwyZmZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6305hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxreZ336iSrNIPphJTH2Bh5KFjGCTSZ0z77FfrrhVdwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ67zqXVYv7muV+k0eRxGO4BhOwYMrqMMdNKAJBEbwDK/w5gjnxXl3PuatBSefOYQ/cD5/AFVwjco=</latexit>

X + 1j

<latexit sha1_base64="J1hf45/ADujm7OyShBMabDFcJEM=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMgCGE3+DoGvXiMYB6QLGF2MpuMmZldZmaFsOQXvHhQxKs/5M2/cTbZgyYWNBRV3XR3BTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8W3mt5+o0iySD2YSU1/goWQhI9hkUues9tgvV9yqOwNaJl5OKpCj0S9/9QYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPvp7NYpOrHKAIWRsiUNmqm/J1IstJ6IwHYKbEZ60cvE/7xuYsJrP2UyTgyVZL4oTDgyEcoeRwOmKDF8YgkmitlbERlhhYmx8ZRsCN7iy8ukVat6l9WL+/NK/SaPowhHcAyn4MEV1OEOGtAEAiN4hld4c4Tz4rw7H/PWgpPPHMIfOJ8/VvWNyw==</latexit>
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A Double-Counting Issue

Parton shower

...

M
at

rix
 E

lem
en

t

...

... ... ...

kT > Qcut kT > Qcut

kT < Qcut

kT < Qcut

kT < Qcut

kT < Qcut

... ... ...

<latexit sha1_base64="KnN2kCqvcKp+RJTbnAgK8O9to5g=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMgCGFX4uMY9OIxgnlAsoTZyWwyZmZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6305hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxreZ336iSrNIPphJTH2Bh5KFjGCTSZ0z97FfrrhVdwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ67zqXVYv7muV+k0eRxGO4BhOwYMrqMMdNKAJBEbwDK/w5gjnxXl3PuatBSefOYQ/cD5/AFPrjck=</latexit>

X + 0j

<latexit sha1_base64="DZBbDvAt3+oiRMjQs2Rn6GLDVBY=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMgCGFX4uMY9OIxgnlAsoTZyWwyZmZ2mZkVwpJf8OJBEa/+kDf/xtlkD5pY0FBUddPdFcScaeO6305hZXVtfaO4Wdra3tndK+8ftHSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxreZ336iSrNIPphJTH2Bh5KFjGCTSZ0z77FfrrhVdwa0TLycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDot9RJNY0zGeEi7lkosqPbT2a1TdGKVAQojZUsaNFN/T6RYaD0Rge0U2Iz0opeJ/3ndxITXfspknBgqyXxRmHBkIpQ9jgZMUWL4xBJMFLO3IjLCChNj4ynZELzFl5dJ67zqXVYv7muV+k0eRxGO4BhOwYMrqMMdNKAJBEbwDK/w5gjnxXl3PuatBSefOYQ/cD5/AFVwjco=</latexit>
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<latexit sha1_base64="J1hf45/ADujm7OyShBMabDFcJEM=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoMgCGE3+DoGvXiMYB6QLGF2MpuMmZldZmaFsOQXvHhQxKs/5M2/cTbZgyYWNBRV3XR3BTFn2rjut1NYWV1b3yhulra2d3b3yvsHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8W3mt5+o0iySD2YSU1/goWQhI9hkUues9tgvV9yqOwNaJl5OKpCj0S9/9QYRSQSVhnCsdddzY+OnWBlGOJ2WeommMSZjPKRdSyUWVPvp7NYpOrHKAIWRsiUNmqm/J1IstJ6IwHYKbEZ60cvE/7xuYsJrP2UyTgyVZL4oTDgyEcoeRwOmKDF8YgkmitlbERlhhYmx8ZRsCN7iy8ukVat6l9WL+/NK/SaPowhHcAyn4MEV1OEOGtAEAiN4hld4c4Tz4rw7H/PWgpPPHMIfOJ8/VvWNyw==</latexit>
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Multi-jet Merging

• Solve double-counting issue by dividing phase space in hard and soft regions 
✦ Generating ME samples with different jet multiplies with Qcut

✦ Qcut is called merging scale (arbitrary but rule-of-thumb guidance)

✦ Making exclusive by reweighting with no-emission probabilities
➡ Also reweighing strong coupling and PDF ratios

✦ Using normal parton shower in “soft region” below Qcut

• Different multi-jet merging algorithms (will not go into details here)

✦ CKKW(-L) merging scheme Catani, Krauss, Kuhn, Webber  (JHEP’01); Lonnblad (JHEP’02)

✦ MLM merging scheme Mangano  (2002);  Mangano, Moretti, Piccinini, Treccani (JHEP’07)

• Possible issues:

✦ Merging scale dependence

✦ Merging scale might not be defined in terms of shower evolution variable

✦ Might break unitarity of shower
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Multi-jet Merging
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Try to play/run MadGraph5_aMC@NLO according to 2 tutorials

1. Basic LO runs
https://indico.ihep.ac.cn/event/7822/contributions/98094/attachments/52130/60094/Tutorial_MG5aMC_Hefei2018_Basics.pdf

2. Multi-jet merging
https://indico.ihep.ac.cn/event/7822/contributions/98061/attachments/52120/60084/Tutorial_MG5aMC_Hefei2018_Merging.pdf

MG5aMC installation instruction
https://indico.ihep.ac.cn/event/7822/page/1116-tool-installation
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NLO Calculations &  
Event Simulations at NLO QCD
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NLO Calculations &  
Event Simulations at NLO QCD

A NLO example

Zq q̄
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• Let us calculate NLO QCD of  Z -> q qbar decay

For simplicity, we assume quarks are massless

ABorn = ��cqcq̄"µ(pZ)ū(pq).�
µ
Zqq̄.v(pq̄)

�µ
Zqq̄ = ie

✓
Iq

cos ✓w sin ✓w
�Qq

sin ✓w
cos ✓w

◆
�µPL � ieQq

sin ✓w
cos ✓w

�µPR

• Writing down Born amplitude according to Feynman rules

• Squaring amplitude, summing over colours and spins, and 
averaging the spin of  the initial state
X

|ABorn|2 = 8⇡↵m2
Z

 
2Q2

q

✓
sin ✓w
cos ✓w

◆2

� 2
IqQq

cos2 ✓w
+

I2q
cos2 ✓w sin2 ✓w

!

• Phase-space integration

�Born(Z ! qq̄) =
1

2mZ

Z
(2⇡)4�4(pZ � pq � pq̄)

1

(2⇡)3⇥2

d3pq
2Eq

d3pq̄
2Eq̄

X
|ABorn|2

= ↵mZ

 
Q2

q
sin2 ✓w
cos2 ✓w

� QqIq
cos2 ✓w

+
I2q

2 cos2 ✓w sin2 ✓w

!

↵ =
e2

4⇡

A NLO Example: Born



SDU Summer School Hua-Sheng Shao40

• Let us calculate NLO QCD of  Z -> q qbar decay
• Writing down one-loop amplitude according to Feynman rules

For simplicity, we assume quarks are massless

A1loop = ig⌫⇢"µ(pZ)ū(pq).
⇣
�igs�⌫T

a
cqc

⌘
.

Z
dd l̄

(2⇡)d
l̄/.�µ

Zqq̄.
�
l̄/� p/Z

�

l̄2
�
l̄ � pq

�2 �
l̄ � pZ

�2 .
⇣
�igs�⇢T

a
ccq̄

⌘
.v(pq̄)

• Need to evaluate two tensor integrals

Iµ1 =

Z
dd l̄

(2⇡)d
l̄µ

l̄2
�
l̄ � pq

�2 �
l̄ � pZ

�2 Iµ⌫2 =

Z
dd l̄

(2⇡)d
l̄µ l̄⌫

l̄2
�
l̄ � pq

�2 �
l̄ � pZ

�2

according to Lorentz structures

Iµ1 = pµqB1 + pµZB2 Iµ⌫2 = gµ⌫B00 + pµq p
⌫
qB11 + pµZp

⌫
ZB22 +

�
pµq p

⌫
Z + pµZp

⌫
q

�
B12

Solving the coefficients B, e.g.
pq · I1 = p2qB1 + pq · pZB2 = pq · pZB2 pZ · I1 = pq · pZB1 + p2ZB2 = pq · pZB1 +m2

ZB2

A NLO Example: Virtual Correction
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• Let us calculate NLO QCD of  Z -> q qbar decay
• Need to evaluate two tensor integrals

B2 =
pq · I1
pq · pZ

Solving the coefficients B, e.g.

B1 =
pZ · I1 �m2

ZB2

pq · pZ

pq · I1 =

Z
dd l̄

(2⇡)d
pq · l̄

l̄2
�
l̄ � pq

�2 �
l̄ � pZ

�2

=
1

2

Z
dd l̄

(2⇡)d
l̄2 �

�
l̄ � pq

�2

l̄2
�
l̄ � pq

�2 �
l̄ � pZ

�2

=
1

2

Z
dd l̄

(2⇡)d
1

�
l̄ � pq

�2 �
l̄ � pZ

�2 � 1

2

Z
dd l̄

(2⇡)d
1

l̄2
�
l̄ � pZ

�2

=
1

2

Z
dd l̄

(2⇡)d
1

l̄2
�
l̄ � pq̄

�2 � 1

2

Z
dd l̄

(2⇡)d
1

l̄2
�
l̄ � pZ

�2

A NLO Example: Virtual Correction
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• Let us calculate NLO QCD of  Z -> q qbar decay
• Need to evaluate two tensor integrals

Evaluating the scalar integrals, e.g.
Z

dd l̄

(2⇡)d
1

l̄2
�
l̄ � pq̄

�2 =

Z 1

0
dx

Z
dd l̄

(2⇡)d
1

h
xl̄2 + (1� x)

�
l̄ � pq̄

�2i2 Feynman parameterization !

Using on-shell condition !=

Z 1

0
dx

Z
dd l̄

(2⇡)d
1

�
l̄ � (1� x)pq̄

�4

=

Z 1

0
dx

Z
dd l̄

(2⇡)d
1

�
l̄2
�2 Translational invariance !

=

Z
dd l̄

(2⇡)d
1

�
l̄2
�2 Integration over x !

=

Z
dl̄0dd�1~̄l

(2⇡)d
1

⇣
l̄20 � |~̄l|2

⌘2

A NLO Example: Virtual Correction
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• Let us calculate NLO QCD of  Z -> q qbar decay

43

• Need to evaluate two tensor integrals
Evaluating the scalar integrals, e.g.
Z

dd l̄

(2⇡)d
1

l̄2
�
l̄ � pq̄

�2
l̄0!il̄0=

i

(2⇡)d

Z
d⌦d

Z +1

0
d|l̄||l̄|d�5 Wick rotation & 

spherical coordinate !

=
i2⇡d/2

�(d/2)(2⇡)d

Z +1

0
d|l̄||l̄|d�5 Integration over solid angle !

=
i2⇡d/2

�(d/2)(2⇡)d

✓Z 1

0
d|l̄||l̄|d�5 +

Z +1

1
d|l̄||l̄|d�5

◆

A NLO Example: Virtual Correction
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• Let us calculate NLO QCD of  Z -> q qbar decay

43

• Need to evaluate two tensor integrals
Evaluating the scalar integrals, e.g.
Z

dd l̄

(2⇡)d
1

l̄2
�
l̄ � pq̄

�2
l̄0!il̄0=

i

(2⇡)d

Z
d⌦d

Z +1

0
d|l̄||l̄|d�5 Wick rotation & 

spherical coordinate !

=
i2⇡d/2

�(d/2)(2⇡)d

Z +1

0
d|l̄||l̄|d�5 Integration over solid angle !

=
i2⇡d/2

�(d/2)(2⇡)d

✓Z 1

0
d|l̄||l̄|d�5 +

Z +1

1
d|l̄||l̄|d�5

◆

(IR): the integral is divergent when |l̄| ! 0 d  4

|l̄| ! +1(UV): the integral is divergent when d � 4

A NLO Example: Virtual Correction
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• Let us calculate NLO QCD of  Z -> q qbar decay

43

• Need to evaluate two tensor integrals
Evaluating the scalar integrals, e.g.
Z

dd l̄

(2⇡)d
1

l̄2
�
l̄ � pq̄

�2
l̄0!il̄0=

i

(2⇡)d

Z
d⌦d

Z +1

0
d|l̄||l̄|d�5 Wick rotation & 

spherical coordinate !

=
i2⇡d/2

�(d/2)(2⇡)d

Z +1

0
d|l̄||l̄|d�5 Integration over solid angle !

=
i2⇡d/2

�(d/2)(2⇡)d

✓Z 1

0
d|l̄||l̄|d�5 +

Z +1

1
d|l̄||l̄|d�5

◆

(IR): the integral is divergent when |l̄| ! 0 d  4

|l̄| ! +1(UV): the integral is divergent when d � 4

Regularisations:

d = 4� 2✏UV, ✏UV ! 0+
d = 4� 2✏IR, ✏IR ! 0�

A NLO Example: Virtual Correction
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• Let us calculate NLO QCD of  Z -> q qbar decay
• Need to evaluate two tensor integrals

Evaluating the scalar integrals, e.g.
Z

dd l̄

(2⇡)d
1

l̄2
�
l̄ � pq̄

�2 =
i2⇡d/2

�(d/2)(2⇡)d

✓
� 1

2✏IR
+

1

2✏UV

◆

• Squaring with Born amplitude, summing over colours and spins, 
and averaging the spin of  the initial state

�2

3

✓
5� ⇡2 � log

m2
Z

4⇡2µ2
R

+ log2
m2

Z

4⇡2µ2
R

◆�

• The UV divergence needs renormalisation
X

2<{AUVA⇤
Born} =

(4⇡)✏

�(1� ✏)

✓X
|ABorn|2

◆
↵s

⇡


� 2

3✏UV
+

2

3✏IR

�

X
2<{A1loopA⇤

Born} =
(4⇡)✏

�(1� ✏)

✓X
|ABorn|2

◆
↵s

⇡


2

3✏UV
� 4

3✏2IR
� 4

3✏IR

✓
1� log

m2
Z

4⇡2µ2
R

◆

↵s =
g2s
4⇡

A NLO Example: Virtual Correction
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• Let us calculate NLO QCD of  Z -> q qbar decay
• Need to evaluate two tensor integrals

Evaluating the scalar integrals, e.g.
Z

dd l̄

(2⇡)d
1

l̄2
�
l̄ � pq̄

�2 =
i2⇡d/2

�(d/2)(2⇡)d

✓
� 1

2✏IR
+

1

2✏UV

◆

• Squaring with Born amplitude, summing over colours and spins, 
and averaging the spin of  the initial state

�2

3

✓
5� ⇡2 � log

m2
Z

4⇡2µ2
R

+ log2
m2

Z

4⇡2µ2
R

◆�

• The UV divergence needs renormalisation
X

2<{AUVA⇤
Born} =

(4⇡)✏

�(1� ✏)

✓X
|ABorn|2

◆
↵s

⇡


� 2

3✏UV
+

2

3✏IR

�

• The virtual matrix element is:

V =
X

2<{A1loopA⇤
Born}+

X
2<{AUVA⇤

Born}

X
2<{A1loopA⇤

Born} =
(4⇡)✏

�(1� ✏)

✓X
|ABorn|2

◆
↵s

⇡


2

3✏UV
� 4

3✏2IR
� 4

3✏IR

✓
1� log

m2
Z

4⇡2µ2
R

◆

↵s =
g2s
4⇡

A NLO Example: Virtual Correction



SDU Summer School Hua-Sheng Shao45

• Let us calculate NLO QCD of  Z -> q qbar decay
• Writing down real amplitude according to Feynman rules

• Squaring amplitude, summing over colours and spins, and 
averaging the spin of  the initial state

s24 = (pq + pg)
2, s34 = (pq̄ + pg)

2

X
|Areal|2 =

✓X
|ABorn|2

◆
↵s

8⇡(d� 2)

3m2
Zs24s34

⇥
⇥
(d� 2)s224 + 2(d� 4)s24s34 + (d� 2)s234 � 4m2

Z(s24 + s34) + 4m4
Z

⇤

A NLO Example: Real Emission
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• Let us calculate NLO QCD of  Z -> q qbar decay
• 3-body phase-space integration

�real =
1

2mZ

Z
(2⇡)d �d (pZ � pq � pq̄ � pg)

1

(2⇡)3(d�1)

dd�1~pq
2Eq

dd�1~pq̄
2Eq̄

dd�1~pg
2Eg

X
|Areal|2

y =
s34
m2

Z

, 1� y � z =
s24
m2

Z

d�(2)(pZ ! pq, pq̄) = (2⇡)d�d(pZ � pq � pq̄)
1

(2⇡)2(d�1)

dd�1~pq
2Eq

dd�1~pq̄
2Eq̄

d�(3)(pZ ! pq, pq̄, pg) = (2⇡)d�d(pZ � pq � pq̄ � pg)
1

(2⇡)3(d�1)

dd�1~pq
2Eq

dd�1~pq̄
2Eq̄

dd�1~pg
2Eg

=
(4⇡)2✏

8(2⇡)2
1

m2✏
Z

d⌦d

=
(4⇡)3✏

32(2⇡)4�(1� ✏)
(m2

Z)
1�2✏d⌦d

⇥
Z 1

0
dzz�✏

Z 1�z

0
dyy�✏(1� z � y)�✏

= d�(2)(pZ ! pq, pq̄)⇥
(4⇡)✏

16⇡2�(1� ✏)
(m2

Z)
1�✏

⇥
Z 1

0
dzz�✏

Z 1�z

0
dyy�✏(1� z � y)�✏

A NLO Example: Real Emission
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• Let us calculate NLO QCD of  Z -> q qbar decay
• 3-body phase-space integration
X

|Areal|2 =

✓X
|ABorn|2

◆
↵s

8⇡(d� 2)

3m2
Zy(1� z � y)

⇥
(d� 2)(1� z)2 + 4y2 � 4y(1� z) + 4z

⇤

The integration over y is divergent when d  4 (✏ � 0)

y ! 0 (s34 ! 0)

y ! 1� z (s24 ! 0) on shell

on shell

pg ! 0

pg ! 0

pg||pq

pg||pq̄

(1)

(2)

(1)

(2)

(z ! 0)

(z ! 0)

soft singularity

collinear singularity

soft singularity

collinear singularity

A NLO Example: Real Emission
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• Let us calculate NLO QCD of  Z -> q qbar decay
• 3-body phase-space integration

�virtual =
1

2mZ

Z
d�(2)(pZ ! pq, pq̄)V

�real =
1

2mZ

Z
d�(3)(pZ ! pq, pq̄, pg)

X
|Areal|2

=
1

2mZ

Z
d�(2)(pZ ! pq, pq̄)

✓X
|ABorn|2

◆

+
1

3

✓
2 log2

m2
Z

4⇡2µ2
R

� 2 log
m2

Z

4⇡2µ2
R

� 2⇡2 + 13

◆�
⇥ (4⇡)✏

�(1� ✏)

↵s

⇡


4

3✏2IR
+

2

3✏IR

✓
1� 2 log

m2
Z

4⇡2µ2
R

◆

�virtual + �real =
1

2mZ

Z
d�(2)(pZ ! pq, pq̄)

✓X
|ABorn|2

◆
(4⇡)✏

�(1� ✏)

↵s

⇡

• Sum real and virtual

A NLO Example: Real Emission
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• Let us calculate NLO QCD of  Z -> q qbar decay
• Sum real and virtual

�virtual + �real =
1

2mZ

Z
d�(2)(pZ ! pq, pq̄)

✓X
|ABorn|2

◆
(4⇡)✏

�(1� ✏)

↵s

⇡

All remaining IR poles cancel (in general KLN theorem)
Kinoshita Lee Nauenberg

✏!0
= �Born(Z ! qq̄)

↵s

⇡

�NLO(Z ! qq̄ +X) = �Born(Z ! qq̄)
⇣
1 +

↵s

⇡

⌘

We finally get a well-known result !

A NLO Example: NLO
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Filling all the gaps 
that I did not show !

In general, NLO calculations are 
complex (and tedious, error-prone). 

Let us work with the aid of a computer 
and MadGraph5_aMC@NLO.
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• Three parts need to be computed in a NLO calculation

�NLO =

Z
d�(n)B +

Z
d�(n)V +

Z
d�(n+1)R

O(↵b
s) O(↵b+1

s ) O(↵b+1
s )

Born
cross section

Virtual
correction

Real
correction

Finite Divergent Divergent

MadEvent MadLoop MadFKS

NLO Anatomy
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NLO Calculations &  
Event Simulations at NLO QCD

Virtual=Loop+UV
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One-Loop Diagram Generation
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One-Loop Integral Evaluation
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One-Loop Integral Evaluation
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Tensor Integral Reduction
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Tensor Integral Reduction
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Tensor Integral Reduction
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• The decomposition to the 
basis scalar integrals 
works at the level of the 
integrals

• Knowing a relation directly at 
the integrand level, we would 
be able to manipulate the 
reduction without doing the 
the integrals

TIR OPP
Ossola, Papadopulos, Pittau  (NPB’06)

Integrand Reduction
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Integrand Reduction
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• Take Box (4-point) coefficients as an example

Integrand Reduction
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• In general:

Integrand Reduction
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• The previous expression should in fact be written in d 
dimensions Z

dd l̄

(2⇡)d
N(l̄, ✏)

D̄0D̄1D̄2 · · · D̄m�1

D̄i =
�
l̄ + pi

�2 �m2
i , p0 = 0

D-dimensional Complex
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(2⇡)d
N(l̄, ✏)

D̄0D̄1D̄2 · · · D̄m�1

D̄i =
�
l̄ + pi

�2 �m2
i , p0 = 0

• In numerical calculations, it is very convenient to perform 
the following decomposition

l̄µ = lµ + l̃µ

d� dim

µ = 0, 1, 2, 3, · · · , 3� 2✏{
4� dim

(�2✏)� dim 4d spacetime {

physical
(�2✏)d space

abstract

lµ = 0, µ 2 (�2✏)d space l̃µ = 0, µ 2 4d spacetime
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• The previous expression should in fact be written in d 
dimensions Z

dd l̄

(2⇡)d
N(l̄, ✏)

D̄0D̄1D̄2 · · · D̄m�1

D̄i =
�
l̄ + pi

�2 �m2
i , p0 = 0

• In numerical calculations, it is very convenient to perform 
the following decomposition

l̄µ = lµ + l̃µ

d� dim

µ = 0, 1, 2, 3, · · · , 3� 2✏{
4� dim

(�2✏)� dim 4d spacetime {

physical
(�2✏)d space

abstract

lµ = 0, µ 2 (�2✏)d space l̃µ = 0, µ 2 4d spacetime

N(l̄, ✏) = N(l) + Ñ(l, l̃, ✏)

Suitable for numerical calc. Complement with special CT R2  

D-dimensional Complex
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• Compute the remaining loop part in terms of  rational 
functions of  external momentum invariants and masses

R2 = lim
✏!0

Z
dd l̄

(2⇡)d
Ñ(l, l̃, ✏)

D̄0D̄1 · · · D̄m�1

• For example, a gluon self-energy diagram:

• After performing some Dirac algebra, we have

• Using the integration
Z

dd l̄

(2⇡)d
l̃2�

l̄2 �m2
t

� �
(l̄ + pg)2 �m2

t

� = �
i

32⇡2

 
2m2

t �
p2g
3

!
+O(✏)

• We have R2 term

D-dimensional Complex
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• It has been proven that R2 is only UV related. Therefore, 
like renormalisation counterterms, they can be 
reexpressed into R2 Feynman rules

Draggiotis, Garzelli, Papadopoulos, Pittau (JHEP’09); HSS, Zhang, Chao (JHEP’11)

QCD R2 Feynman Rules

D-dimensional Complex
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• In integrand reduction, additional rational terms R1 are 
needed !

integration of this piece 
gives rise R1

• Can be included in OPP reduction

• Not needed in TIR reduction

D-dimensional Complex
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Real
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• Three parts need to be computed in a NLO calculation

�NLO =

Z
d�(n)B +

Z
d�(n)V +

Z
d�(n+1)R

Born
cross section

Virtual
correction

Real
correction
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Virtual = �A

✏2
� B

✏
+ V
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Real =
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B

✏
+R

NLO Anatomy
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Branching: To Be or Not To Be
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• In order to have meaningful fixed-order predictions in 
perturbation theory, observables must be IR-safe, i.e. not 
sensitive to the emission of  soft/collinear partons

• For example,

• The number of  gluons is NOT IR safe.

• The transverse energy sum is IR safe.

• The leading pT/energy particle is NOT IR safe (soft or collinear unsafe ?).

• The colour in a given cone is NOT IR safe (soft or collinear unsafe ?).

Infrared Safety
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• Assuming the phase space integration can be casted into 
a one-dimensional case                   :

IR safety

A Toy Example
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Dimensionally regularise in x !

• We have used:

A Toy Example
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• In general, the phase-space integration over real matrix 
element is very hard. Dedicated general approaches are 
developed !

• Phase-space slicing

Phase Space Slicing
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• In general, the phase-space integration over real matrix 
element is very hard. Dedicated general approaches are 
developed !

• Phase-space slicing

Power    terms are suppressed !
Large numerical cancellations !

Phase Space Slicing
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• In general, the phase-space integration over real matrix 
element is very hard. Dedicated general approaches are 
developed !

• Subtraction method
• Find a generic simple function S has exactly same IR singularity as real matrix element

• ... but much easier to integrate analytically.

Local IR Subtraction
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• In general, the phase-space integration over real matrix 
element is very hard. Dedicated general approaches are 
developed !

• Subtraction method
• Find a generic simple function S has exactly same IR singularity as real matrix element

• ... but much easier to integrate analytically.

Finite Finite

Analytically known Integrating numerically 
in 4d 

Local IR Subtraction
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• In general, the phase-space integration over real matrix 
element is very hard. Dedicated general approaches are 
developed !

• Subtraction method

Local IR Subtraction
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element is very hard. Dedicated general approaches are 
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• Subtraction method
• In above toy example
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Local IR Subtraction
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• In general, the phase-space integration over real matrix 
element is very hard. Dedicated general approaches are 
developed !

• Subtraction method
• In above toy example

• Let us use

No approximation !
Numerical cancellations mitigated !

Local IR Subtraction
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�NLO =

Z
d�(n)B +

Z
d�(n)V +

Z
d�(n+1)R

• Master formula:

• The subtraction counterterm S should be chosen:
• It exactly matches the singular behaviour of  real ME
• It can be integrated numerically in a convenient way
• It can be integrated exactly in d dimension
• It is process independent (overall factor times Born ME)

• In gauge theory, the singular structure is universal

Local IR Subtraction
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Two Widely-Used Subtraction Schemes
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• The real ME singular as

• Partition the phase space in order to have at most one soft 
and/or one collinear singularity

• Use plus prescriptions to subtract the divergences

FKS Subtraction Scheme
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• Counterevents:

FKS Subtraction Scheme
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NLO Calculations &  
Event Simulations at NLO QCD

NLO QCD + PS
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How To Improve Theoretical Predictions ?

• Common Principle:
✦ Adopt the advantages of different aspects

Hard interaction Parton shower

Hard and Resolved Soft and/or Collinear

✦ Balance the accuracy over the steps in the simulation chain

✦ Improve not only the single steps but also their merging

• Two main directions:

✦ Merging

✦ Matching
➡ Avoid double counting between NkLO (k>0) MEs and PSs

➡ Include more real radiation MEs (formally higher order, improve kin.)
➡ Subtract double counting of real radiation from MEs and PSs 
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• Matching to parton showers: avoid double counting

82

Another Double-Counting Issue
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Parton shower

... Born+
Virtual

Another Double-Counting Issue
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• Matching to parton showers: avoid double counting

82

Parton shower

... Born+
Virtual

... RealRe
al 

em
iss

io
n

• Double counting between real emission and parton shower

• Double counting between virtual corrections and the non-
emission probability via the Sudakov factor in parton shower

Another Double-Counting Issue
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• Like LO, let us wrongly generate events separately 
from Born, virtual and real parts, and then pass these 
events to a parton shower:

Another Double-Counting Issue
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• Like LO, let us wrongly generate events separately 
from Born, virtual and real parts, and then pass these 
events to a parton shower:

Parton shower operators

Another Double-Counting Issue
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• Like LO, let us wrongly generate events separately 
from Born, virtual and real parts, and then pass these 
events to a parton shower:

• Because of  unitarity of  parton shower, we should get 
full NLO cross section after expanding PS operators

Another Double-Counting Issue
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full NLO cross section after expanding PS operators

• Let us check ...

Another Double-Counting Issue
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• In the MC@NLO formalism, double counting can be 
cured by the so-called Monte Carlo counterterms

Frixione, Webber (JHEP’02)

• The MC@NLO cross section is:

• Expanding the Sudakov up to NLO:

The MC@NLO Method
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• The MC counterterm has remarkable properties:

• Avoiding double counting

• Matching the IR singular behaviour of  the real ME, making it 
possible to generate unweighted events (up to a sign though)

• A smooth matching between PS and ME: in the IR (hard) region, 
same shape as PS (ME)

The MC@NLO Method
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• The MC counterterm has remarkable properties:

• Avoiding double counting

• Matching the IR singular behaviour of  the real ME, making it 
possible to generate unweighted events (up to a sign though)

• A smooth matching between PS and ME: in the IR (hard) region, 
same shape as PS (ME)

• However, the MC counterterm is PS dependent.

• Two type of  events:

S-event H-event
Without showering, NLO events from LHE file is  NOT physical.

The MC@NLO Method
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• In the POWHEG formalism, it modifies the Sudakov for 
the first emission.

Nason (JHEP’04)

The POWHEG Method
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• In the POWHEG formalism, it modifies the Sudakov for 
the first emission.

Nason (JHEP’04)

• The POWHEG cross section is:

The POWHEG Method
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• In the POWHEG formalism, it modifies the Sudakov for 
the first emission.

Nason (JHEP’04)

• The POWHEG cross section is:

• Verifying there is no double counting.

t integration goes to 1

The POWHEG Method
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global K factor modified Sudakov
for 1st emission

The POWHEG Method
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• The two methods can be cast into a single formula

singular finite

MC@NLO vs POWHEG



SDU Summer School Hua-Sheng Shao88

• The two methods can be cast into a single formula

singular finite

MC@NLO vs POWHEG
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MC@NLO vs POWHEG
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Try to play/run MadGraph5_aMC@NLO according to the tutorial

3. NLO runs

MG5aMC installation instruction
https://indico.ihep.ac.cn/event/7822/page/1116-tool-installation

https://indico.ihep.ac.cn/event/7822/contributions/98095/attachments/52139/60103/Tutorial_MG5aMC_Hefei2018_NLO.pdf

The code becomes too large that no one can understand everything.
 If you have any questions, please post your questions on the launchpad !

https://launchpad.net/mg5amcnlo


