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1. Emergence of QCD 

Search for elementary particles: 

Particle Data Group, each year, n000 pages, several 
hundred  hadrons……



Many “elementary” hadrons have been found in experiment. 

Mesons:   Spin=0, 1, 2, 3, …..

Baryons:  Spin=1/2, 3/2, 5/2, …..

They can not be elementary…..

To understand these “elementary” particles, one needs in the 
first step a classification, like in zoology….

1964:  Gellman and Zweig introduced the concept of quarks or states. 
Assuming there are three states or quarks as basic vectors   
forming SU(3) fundamental representation  3

3̄and the complex conjugated representation 



Then, any meson is a vector in the representation of the product  
<latexit sha1_base64="lC4uxi6uF65WImYU2hR7Wdyqwv4=">AAACEXicbZBPS8MwGMbT+W/Of1WPXoJD2Gm0TuYuwsCLxwluE9Yy0izdwtKkJKkwSr+CF7+KFw+KePXmzW9j1vWgmw8EHn7v+/LmfYKYUaUd59sqra1vbG6Vtys7u3v7B/bhUU+JRGLSxYIJeR8gRRjlpKupZuQ+lgRFASP9YHo9r/cfiFRU8Ds9i4kfoTGnIcVIGzS0a6kXhLDhCU0jorwASdiAGbyCOXcLDlvZ0K46dScXXDVuYaqgUGdof3kjgZOIcI0ZUmrgOrH2UyQ1xYxkFS9RJEZ4isZkYCxHZo+f5hdl8MyQEQyFNI9rmNPfEymKlJpFgemMkJ6o5doc/lcbJDps+SnlcaIJx4tFYcKgFnAeDxxRSbBmM2MQltT8FeIJkghrE2LFhOAun7xqeud1t1lv3l5U260ijjI4AaegBlxwCdrgBnRAF2DwCJ7BK3iznqwX6936WLSWrGLmGPyR9fkD6o2byw==</latexit>

3⌦ 3̄ = 1⌦ 8

è

Any baryon is in the representation of the product:  
<latexit sha1_base64="kTzhRLFIIJWqF+3xVMrP6/LHHII=">AAACKHicbZDLSsNAFIYnXmu9RV26GSyCIJREpXYjVty4ESraCzQhTKaTdujkwsxEKCGP48ZXcSOiSLc+iZM0i9p6YJiP/5/DnPO7EaNCGsZEW1peWV1bL22UN7e2d3b1vf22CGOOSQuHLORdFwnCaEBakkpGuhEnyHcZ6bij28zvPBMuaBg8yXFEbB8NAupRjKSSHP06sVwPnluhpD4RM5DCK5h7puEIeArrTnL/mBZwk4HpqMvRK0bVyAsugllABRTVdPQPqx/i2CeBxAwJ0TONSNoJ4pJiRtKyFQsSITxCA9JTGCA1jZ3ki6bwWCl96IVcnUDCXJ3tSJAvxNh31UsfyaGY9zLxP68XS69uJzSIYkkCPP3IixmUIcxSg33KCZZsrABhTtWsEA8RR1iqbMsqBHN+5UVon1XNWrX2cFFp1Is4SuAQHIETYIJL0AB3oAlaAIMX8AY+wZf2qr1r39pk+nRJK3oOwJ/Sfn4BgSaiew==</latexit>

3⌦ 3⌦ 3 = 10s + 8MS + 8MA + 1A

Eight fold way



What are quarks of Gellman & Zweig ?? 

If one takes “quarks” as real objects in Nature with assumed 
interactions between quarks, one can construct quark models
to obtain many “correct- and wrong”  predictions. 

Remarks about quark models: 

• Non-relativistic bound state
• Bound state with fixed constituents.  
• Quantum mechanics.  

Constituent quarks 

If quarks are real objects, they must be fermions 

and they must have an additional quantum numbers, called colors

Each quark has three color è SU(3) global symmetry 

Hadrons observed in the real world are colorless…



Gauging the SU(3) symmetry è Quantum Chromodynmaic (QCD,   1970s)
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q = u, d, s, c, b, t

8 gluon fields (gauge fields):
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Ga,µ(x), a = 1, 2, · · · 8.
The quark masses:

u, d, s: light quarks  mu ⇠ md ⇠ 5MeV, ms ⇠ 120MeV

Heavy quarks: c, b and t: mc ⇠ 1.5GeV, mb ⇠ 4.8GeV, mt ⇠ 175GeV

Proton(uud)  mass: Mp = 938MeV

Coupling constant
<latexit sha1_base64="8bCGJTm2s+mlynJGKvho6dAW+m0=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD6OBGZQrbtVdgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJ jks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6KYd3PhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+2rqler1u6vK416HkcRzuAcLsGDG2jAHTShBQxG8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwBWYo3S</latexit>gs

In high energy scattering involving light hadrons: E > 2 GeV one 
can neglect heavy quarks and masses of light quarks.
In this special case, QCD is of three massless quarks 

+ massless gluons, and has only one 
dimensionless  parameter, the coupling constant. 



The coupling becomes weaker when the distance becomes smaller. 

Asymptotic freedom 

D. Gross, D. Politzer, and F. Wilczek: (1973) 

In general,  it is difficult to solve the theory.

�s(Q) =
g2s
4⇥

Q: Energy scale Q ⇠ 1

r

An intrinsic scale
<latexit sha1_base64="PN6Nhq0w2SIXTzl6IaSGtAB3xLE=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjMi1WWxLlwotGAf0BlKJpNpQ5PMkGSEMvQD3Pgrblwo4tYPcOffmE5noa0HAodzzuXmHj9mVGnb/rYKK6tr6xvFzdLW9s7uXnn/oKOiRGLSxhGLZM9HijAqSFtTzUgvlgRxn5GuP27M/O4DkYpG4l5PYuJxNBQ0pBhpIw3KFffWhAM0SF3JYatxPYWuohw6tp0pd6QzNSm7ameAy8TJSQXkaA7KX24Q4YQToTFDSvUdO9ZeiqSmmJFpyU0UiREeoyHpGyoQJ8pLs2Om8MQoAQwjaZ7QMFN/T6SIKzXhvklypEdq0ZuJ/3n9RIeXXkpFnGgi8HxRmDCoIzhrBgZUEqzZxBCEJTV/hXiEJMLa9FcyJTiLJy+TzlnVqVVrrfNK/SqvowiOwDE4BQ64AHVwA5qgDTB4BM/gFbxZT9aL9W59zKMFK585BH9gff4AjfGaDA==</latexit>

⇤QCD ⇠ 100MeV



Using perturbative theory of QCD to make theoretical predictions? 

E.g.,  predictions of lepton + proton scattering ? 

It seems there are two serious problems preventing from it:

a. The lepton is point-like, but the proton is not. 
We don’t know the inner structure of proton……

b. Perturbative calculations of parton(quarks, gluons) scatterings 
always contain infrared- and collinear divergences like 
those in QED.  But, these divergences cannot be handled like those 
in QED because of confinement…..  



2. Classical Tests of QCD or how QCD works

DIS：electron + proton è electron +X

Consider the case: 

The proton has the large momentum:  
<latexit sha1_base64="p9+7l+R9a07MYDHOoOXUHqTsybE=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahYimJSO2y4MZlBPuAJi2T6aQdOkmGmYlYQsGNv+LGhSJu/Ql3/o3TNgttPZcLh3PuZeYenzMqlWV9G7mV1bX1jfxmYWt7Z3fP3D9oyjgRmDRwzGLR9pEkjEakoahipM0FQaHPSMsfXU/91j0RksbRnRpz4oVoENGAYqS01DOPnK4bJtBFnIv4AZac7nkZWmVdZz2zaFWsGeAysTNSBBmcnvnl9mOchCRSmCEpO7bFlZcioShmZFJwE0k4wiM0IB1NIxQS6aWzGybwVCt9GMRCd6TgTP29kaJQynHo68kQqaFc9Kbif14nUUHNS2nEE0UiPH8oSBhUMZwGAvtUEKzYWBOEBdV/hXiIBMJKx1bQIdiLJy+T5kXFrlaqt5fFei2LIw+OwQkoARtcgTq4AQ5oAAwewTN4BW/Gk/FivBsf89Gcke0cgj8wPn8AEnKVMA==</latexit>

Pµ ⇡ (P+, 0, 0, 0)

( Cross-section is described with structure functions) 

Light-cone coordinate system:
<latexit sha1_base64="0jF06MdHvXHePAIM0345JkqE9kg=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahYi0zxddG6OjGZQX7gHZaMmmmDc08SDJCGbpx46+4caGIW//BnX9jpp2Fth64l8M595Lc44SMCmkY31pmYXFpeSW7mltb39jc0rd36iKIOCY1HLCANx0kCKM+qUkqGWmGnCDPYaThDG8Sv/FAuKCBfy9HIbE91PepSzGSSurq+1an7UXwChasznHR6pwUodUxk1Y+gl09b5SMCeA8MVOSBymqXf2r3Qtw5BFfYoaEaJlGKO0YcUkxI+NcOxIkRHiI+qSlqI88Iux4csUYHiqlB92Aq/IlnKi/N2LkCTHyHDXpITkQs14i/ue1Iule2jH1w0gSH08fciMGZQCTSGCPcoIlGymCMKfqrxAPEEdYquByKgRz9uR5Ui+XzPPS2d1pvnKdxpEFe+AAFIAJLkAF3IIqqAEMHsEzeAVv2pP2or1rH9PRjJbu7II/0D5/ADyGlJM=</latexit>

Aµ = (A+, A�, A1, A2)

<latexit sha1_base64="xLZ7mCDiGj+DoHXWZF454vb2OUU="></latexit>

A+ =
A0 +A3

p
2

, A� =
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p
2

, A1,2 = A1,2, Aµ
? = (A1, A2),

<latexit sha1_base64="Kg8kHRdYpDVDIHbu7vYmS+ImvpA=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaRIdSOUunHZgn1AE8NkMmmHTiZxZiKW0IUbf8WNC0Xc+hHu/BunbRbaeuDC4Zx7ufceP2FUKsv6NlZW19Y3Ngtbxe2d3b198+CwI+NUYNLGMYtFz0eSMMpJW1HFSC8RBEU+I11/dDX1u/dESBrzGzVOiBuhAachxUhpyTNLD14DXkInFAhnrdvqJKs2HRzECt5NPLNsVawZ4DKxc1IGOZqe+eUEMU4jwhVmSMq+bSXKzZBQFDMyKTqpJAnCIzQgfU05ioh0s9kTE3iilQCGsdDFFZypvycyFEk5jnzdGSE1lIveVPzP66cqvHAzypNUEY7ni8KUQRXDaSIwoIJgxcaaICyovhXiIdJ5KJ1bUYdgL768TDrVil2r1Fpn5Xojj6MASuAYnAIbnIM6uAZN0AYYPIJn8ArejCfjxXg3PuatK0Y+cwT+wPj8AT9Slzw=</latexit>

xB =
Q2

2P · q
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e ! e+ �⇤



At tree-level

Scattering:
<latexit sha1_base64="pdoqITZGovGIA8KwN7aRci8iv1s=">AAAB83icbVBNSwMxEM36WetX1aOXYBFEoeyK1B4LXjxWsB/QXctsmm1Dk+yaZIWy9G948aCIV/+MN/+NabsHbX0w8Hhvhpl5YcKZNq777aysrq1vbBa2its7u3v7pYPDlo5TRWiTxDxWnRA05UzSpmGG006iKIiQ03Y4upn67SeqNIvlvRknNBAwkCxiBIyVfH8AQsDDOb7Aj71S2a24M+Bl4uWkjHI0eqUvvx+TVFBpCAetu56bmCADZRjhdFL0U00TICMY0K6lEgTVQTa7eYJPrdLHUaxsSYNn6u+JDITWYxHaTgFmqBe9qfif101NVAsyJpPUUEnmi6KUYxPjaQC4zxQlho8tAaKYvRWTISggxsZUtCF4iy8vk9ZlxatWqndX5Xotj6OAjtEJOkMeukZ1dIsaqIkIStAzekVvTuq8OO/Ox7x1xclnjtAfOJ8/kniQtg==</latexit>

�⇤ + q
<latexit sha1_base64="SsCEfUX1XQYWs1uBK2kpfctINoU=">AAAB+HicbVBNS8NAEJ34WetHox69LBZBLJREpPZY8KDHCvYD2lg22027dDeJuxuhhv4SLx4U8epP8ea/cdvmoK0PBh7vzTAzz485U9pxvq2V1bX1jc3cVn57Z3evYO8fNFWUSEIbJOKRbPtYUc5C2tBMc9qOJcXC57Tlj66mfuuRSsWi8E6PY+oJPAhZwAjWRurZhe4AC4Hvz1AJPaDSdc8uOmVnBrRM3IwUIUO9Z391+xFJBA014VipjuvE2kux1IxwOsl3E0VjTEZ4QDuGhlhQ5aWzwyfoxCh9FETSVKjRTP09kWKh1Fj4plNgPVSL3lT8z+skOqh6KQvjRNOQzBcFCUc6QtMUUJ9JSjQfG4KJZOZWRIZYYqJNVnkTgrv48jJpnpfdSrlye1GsVbM4cnAEx3AKLlxCDW6gDg0gkMAzvMKb9WS9WO/Wx7x1xcpmDuEPrM8fYjuRlw==</latexit>

�⇤ + q +G

At leading power of 1/Q: all partons carry momentum in + direction,  
i.e., the direction of the initial proton

the exchanged gluons are polarized in + direction.  

Contributions from these diagrams can be summed….  

+ ………

(a) (b)

<latexit sha1_base64="ar1jJhBYTEux1QmICUR03gDjfr4=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0Wom5KIVJdFNy4j2Ac0odxMp+3QySTMTMRS+h1u/BU3LhRxJ278G6dpFtp6YbiHc87lzj1hwpnSjvNtFVZW19Y3ipulre2d3T17/6Cp4lQS2iAxj2U7BEU5E7Shmea0nUgKUchpKxxdz/TWPZWKxeJOjxMaRDAQrM8IaEN1bdfnIAacYs83No39EKSfKFZ5OMVZd0zPFM+XmbNrl52qkxVeBm4Oyigvr2t/+r2YpBEVmnBQquM6iQ4mIDUjnE5LfqpoAmQEA9oxUEBEVTDJTpviE8P0cD+W5gmNM/b3xAQipcZRaJwR6KFa1Gbkf1on1f3LYMJEkmoqyHxRP+VYx3iWE+4xSYnmYwOASGb+iskQJBBt0iyZENzFk5dB86zq1qq12/Ny/SqPo4iO0DGqIBddoDq6QR5qIIIe0TN6RW/Wk/VivVsfc2vBymcO0Z+yvn4Aex6f6Q==</latexit>

hP | ̄(x) (0)|P i <latexit sha1_base64="IH+4PspRgtaHsrgqYpJNt7yUbXE=">AAACJnicbVDLSgMxFM34rPVVdekmWIQWpMyIVDdC0YUuR7AP6NRyJ03b0ExmSDJiGfo1bvwVNy4qIu78FNNpF9p6IHA451xu7vEjzpS27S9raXlldW09s5Hd3Nre2c3t7ddUGEtCqyTkoWz4oChnglY105w2Ikkh8Dmt+4PriV9/pFKxUNzrYURbAfQE6zIC2kjt3KXHQfQ4xa5nYhp7PkgvUqzwVMQ3DwmceEE8KgyLqWYX8TTlejKdaufydslOgReJMyN5NIPbzo29TkjigApNOCjVdOxItxKQmhFOR1kvVjQCMoAebRoqIKCqlaRnjvCxUTq4G0rzhMap+nsigUCpYeCbZAC6r+a9ifif14x196KVMBHFmgoyXdSNOdYhnnSGO0xSovnQECCSmb9i0gcJRJtms6YEZ/7kRVI7LTnlUvnuLF+5mtWRQYfoCBWQg85RBd0iF1URQc/oFY3Ru/VivVkf1uc0umTNZg7QH1jfP3/upJM=</latexit>

hP | ̄(x)Ga,µ(y) (0)|P iBlack box:

+…………

+ ……..

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q
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e ! e+ �⇤



<latexit sha1_base64="nIjXDwtEGBKekv+b45DQrm2lRvQ="></latexit>

fq(x, µ) =

Z
d�

4⇡
e�i�xP+

hP |q̄(�n)V †(�n)�+V (0)q(0)|P i,
<latexit sha1_base64="XWI0ymrtluoi+u8/epyGBa8Hrzc="></latexit>

V (x) = P exp

⇢
� gs

Z 1

0
d�n ·G(�n+ x)

�
, nµ = (0, 1, 0, 0), n ·G = G+.

The summed result for one of structure functions of DIS: 
<latexit sha1_base64="d6FcJLlPJ+8AcEjX90OHMZw//+c="></latexit>

F2(x,Q
2) = xfq(x) +O(↵s) +O(1/Q2),

with 

<latexit sha1_base64="R/daqHiENqpxtfHOa/CUtdgkq64=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquSO2x4MVjBfsB7VKyabaNzSZrkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfD3z249UaSbFnZnE1I/wULCQEWys1Ar7D+Wn836x5FbcOdAq8TJSggyNfvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MWHNT5mIE0MFWSwKE46MRLPX0YApSgyfWIKJYvZWREZYYWJsQAUbgrf88ippXVS8aqV6e1mq17I48nACp1AGD66gDjfQgCYQuIdneIU3RzovzrvzsWjNOdnMMfyB8/kD9a+Otg==</latexit>

fq(x) :  The probability of finding in the proton   a quark  with 
the momentum fraction x. ( !! ??)    Distribution   
It is gauge invariant and nonperturbative…………….   

lepton +proton è
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�⇤(q) + q(xP ) ! X
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Beyond tree-level: 

E.g. , the contribution at one-loop from 

It has the divergences:  a. Infrared divergence 
b. Collinear divergence associated with the final quark
c. Collinear divergence associated with the initial quark 

The first two divergences are cancelled after summing all one-loop contribution
because the final states are summed in DIS.  KLN theorem. 

The third divergence is still there after summing all contribution. But it is 
already contained in the tree-level result, i.e., Fig. b.  

Subtraction is needed. After the subtraction
the perturbative result is finite. 



One can show: At any order, the leading region of any diagram is given 
by the reduced diagram



Finally, one can prove the factorization theorem for DIS: 
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= x
X

a

Ca ⌦ fa +O(1/Q2),
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fa(x, µ
2)
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Ca(x,Q
2, µ2)
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F2(x,Q
2) = x

X

a=q,q̄,G

Z 1

x

d⇠

⇠
Cq(

x

⇠
, Q2, µ2)fa(⇠, µ

2) + · · ·

: Parton distribution functions defined with twist-2 operators, 
they can not be calculated with perturbative theory, but are 
determined by properties or structure of proton. 

: Perturbative coefficient functions, they are free from any 
infrared- and collinear divergence, i.e., finite.

What is predicted from QCD ???

if QCD is right, one can extract pdf’s—information about the 
structure of the hadron from measured structure functions !!

Factorization means:  Effects of short-distance are factorized.
The partons here carry the momentum xP, their 
transverse momentum is neglected. 
(Collinear factorization)  



The true prediction is the Q-dependence, which can be compared 
with experiment. 
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Ca(x,Q
2, µ2) = Ca(x,Q

2/µ2) = Ca(x, ln
Q2

µ2
), Ĉa(x) = Ca(x, 0), (µ2 = Q2)
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F2(x,Q
2) = x

X

a=q,q̄,G

Z 1

x
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⇠
Ĉq(

x

⇠
)fa(⇠, Q

2) + · · ·

Dimensionless and QFT:

è

The Q-dependence is determined by that of PDF’s.  It is given by: (DGLAP  Eq.)
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@fg(x, µ)

@ lnµ2
=

↵s

2⇡
(Pgg ⌦ fg(µ) + Pqg ⌦ fq(µ)) ,
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@fq(x, µ)

@ lnµ2
=

↵s

2⇡
(Pqq ⌦ fq(µ) + Pgq ⌦ fg(µ)) ,
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Pqq,qg,gq,gg : Parton splitting functions, can be calculated with 
perturbative theory. 

The perturbative theory predicts the Q-dependence!! 



HERA experiment VS theory: 
Modern days of QCD  

“Scaling violation” 

è QCD is the correct theory



Using experimental results one can extract PDF’s

One-dimensional structure,  in the – direction of space-time   
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P+, x�



For polarized case of DIS, one can also establish a collinear 
factorization and extract from experiment the polarized pdf’s. 

There are interesting and unsolved problems….  One of them: 

The “crisis” of proton spin: 

Unlike constitute quark models predicted……..



Various (collinear) factorization theorems can be established or 
can not be. 
For processes involving large momentum transfers one may expect
factorizations. Well studied cases: 

hA + hB ! `+ + `� +X

e+ + e� ! h+X

hA + hB ! A+X

hA + hB ! jet+X

PDF’s are universal. 



Unprecedented success of QCD +SM at LHC



With experiments QCD as a theory of strong interaction is well tested! 
Further, we learn:

Proton, and all hadrons are bound states of partons(gluons, quarks) and:

• All partons move relativistic! （quark models?? ) 

• The number of partons is not fixed because quantum fluctuation.  
(Gellman’s classification is only by keeping minimum numbers of partons, 
by quantum numbers.)

• No free parton was found! “Quark confinement”??

In comparison with quark models
…….. 

The inner structure of a hadron?? 



k
Ph

P

k'

q

X

• Photon momentum q is in the Bjorken limit.
• Final state hadron h can be characterized by

fraction of parton momentum z and transverse
momentum 

3. Inner structure of proton 

Semi-inclusive DIS:

<latexit sha1_base64="n1gFW2T9ytwAqR2AodrX9JhET7Q=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2A9sQ9lsJ+3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJYPZpqgH9GR5CFn1FjpsTnIxv0EVTIblCtu1V2ArBMvJxXI0RyUv/rDmKURSsME1brnuYnxM6oMZwJnpX6qMaFsQkfYs1TSCLWfLS6ekQurDEkYK1vSkIX6eyKjkdbTKLCdETVjverNxf+8XmrCup9xmaQGJVsuClNBTEzm75MhV8iMmFpCmeL2VsLGVFFmbEglG4K3+vI6aV9VvVq1dn9dadTzOIpwBudwCR7cQAPuoAktYCDhGV7hzdHOi/PufCxbC04+cwp/4Hz+ANLKkQE=</latexit>

Ph?



Three cases for measured Ph┴

A.  
generated from QCD hard scattering, factorization theorem 
exists. (Standard collinear factorization)

B.  
Still perturbative, but resummation is needed.
It is important for many processes.

C.  
Nonperturbative! Ph┴ is generated  from partons inside of hadrons. 

Transverse momenta of partons:  A transparent explanation for SSA 
It gives a possible way to learn  

3-dimensional structure of hadrons!!!!!

A factorization theorem is needed 
for the case Ph┴ ~ΛQCD !
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Ph? ⇠ Q
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Q � Ph? � ⇤QCD
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Ph? ⇠ ⇤QCD
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�⇤ + q ! qHead-head collision:

In DIS, the momentum of the final quark is summed, the transverse 
momentum of the initial quark is neglected…..

In the case c of SIDIS, the transverse momentum of the final quark 
is “detected” (?),  the transverse momentum of the initial quark can not
be neglected, because from it the final transverse momentum comes partly.    

Need: 
TMD parton distribution
TMD  factorization
……. 

The final quark will ”become”  
the hadron observed in the final 
state. 



The first TMD factorization was proposed and proven for 
electron – positron annihilation into two back-to- back jets.

J.C. Collins & D.E. Soper (1981) 

The goal is to convince people that perturbative theory of QCD works!   

In the case of two back-to back jets, the relative transvers momentum
is small.  There are  in perturbative expansion large log terms like:

<latexit sha1_base64="LhnEAY/sxC+eCsV8lkneLVCb2s4=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KIr2XRjcsW7AOaGCbTSTt0MhlnJkIJceOvuHGhiFv/wp1/47TNQlsPXDiccy/33hMKRpV2nG9rYXFpeWW1tFZe39jc2rZ3dlsqSSUmTZywRHZCpAijnDQ11Yx0hCQoDhlph8Prsd9+IFLRhN/qkSB+jPqcRhQjbaTA3vcYv+PQiyTC2X3gCSJFnjVyGNgVp+pMAOeJW5AKKFAP7C+vl+A0JlxjhpTquo7QfoakppiRvOyligiEh6hPuoZyFBPlZ5MPcnhklB6MEmmKazhRf09kKFZqFIemM0Z6oGa9sfif1011dOlnlItUE46ni6KUQZ3AcRywRyXBmo0MQVhScyvEA2TC0Ca0sgnBnX15nrROqu559axxWqldFXGUwAE4BMfABRegBm5AHTQBBo/gGbyCN+vJerHerY9p64JVzOyBP7A+fwCdaJcD</latexit>

lnn
q?
Q

With “transverse momentum dependent(TMD)” factorization, 
such large log terms can be re-summed so that perturbative 
expansion is meaningful….. 



The similar studies have been performed for Drell-Yan processes
in the case the lepton pair has small transverse momentum. 

It takes long time to prove the factorization………

J. Collins, D. Soper & G. Sterman (1982 – 1986) 

”TMD” factorization was shown in physical axis gauge(….) 

The large log terms in perturbative expansion can be re-summed
by using Collins-Soper equation, which now becomes well-known
because   LHC….   

Problems of physical gauge:  gauge invariance 
super leading power contributions
in covariant gauges
……….



After a power-counting analysis, one finds the leading region of  
relevant Feynman diagrams  which can be represented by the 
reduced diagram: (Feynman gauge) 

Quark combined with
collinear gluons

Many soft gluon lines…

For TMD factorization of SIDIS:



The quark lines in the leading region stand for on-shell quark states, 
therefore, one can use Ward identity to factorize collinear- and soft
gluons in a gauge invariant way….. One obtains: 

Double lines stand for various gauge links.



A serious but interesting problem arises. The problem is:
How does one define TMD quark distributions ??

A possible definition motivated by twist-2 PDF:  
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Pµ = (P+, 0, 0, 0), nµ = (0, 1, 0, 0)Light-cone coordinate system:
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V (x) = P exp


�igs

Z 1

0
d�n ·G(�n+ x)

�
,Gauge Link:
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fq/P (x) =
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R
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R
d2k?fq/P (x, k?), x = x�n+ x?



Light-cone singularity: 
From the ligh—cone gauge link one has the eikonal propagator:  
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i

n · k + i"
=

i

k+ + i" divergent at  
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k+ = 0

The divergence is cancelled in twist-2 PDF after integration over transverse
momentum, but not in TMD PDF !!

How to deal with those singularities ???

One way is to introduce gauge links along the direction off the light-cone, 
i.e., along the direction: 

<latexit sha1_base64="o++uyMd6quQ3ltIeCkogwLb0Wm0=">AAACEnicbZC7SgNBFIZn4y3GW9TSZjAICVnDrnhJIwRsLCOYC2STMDs7iUNmZ9e5CCHkGWx8FRsLRWyt7HwbZ5MUmvjDwM93zuHM+f2YUakc59tKLS2vrK6l1zMbm1vbO9ndvbqMtMCkhiMWiaaPJGGUk5qiipFmLAgKfUYa/uAqqTceiJA04rdqGJN2iPqc9ihGyqButqA7XqjhJczrTtGGunNsQ8d2Cjb07jUKDCh6jCW8m805JWciuGjcmcmBmard7JcXRFiHhCvMkJQt14lVe4SEopiRccbTksQID1CftIzlKCSyPZqcNIZHhgSwFwnzuIIT+ntihEIph6FvOkOk7uR8LYH/1Vpa9crtEeWxVoTj6aKeZlBFMMkHBlQQrNjQGIQFNX+F+A4JhJVJMWNCcOdPXjT1k5J7Xjq7Oc1VyrM40uAAHII8cMEFqIBrUAU1gMEjeAav4M16sl6sd+tj2pqyZjP74I+szx83M5oL</latexit>

uµ = (u+, u�, 0, 0), u+ ⌧ u�

<latexit sha1_base64="szgxsQHC1Rzx4+HzVuHkt1T/6U0="></latexit>

Vu(x) = P exp


�igs

Z 1

0
d�u ·G(�u+ x)

�
,

The TMD quark distribution is defined as: 

with the gauge link

<latexit sha1_base64="FyfFpH0TbN1yFvP/OCPezZz3o5E="></latexit>

q(x, k?) =
1
2

R
dx�d2x?

(2⇡)3 e�ixP+x��ik?·x?hP |q̄(x)V †
u (x)�

+Vu(0)q(0)|P i,

<latexit sha1_base64="QKgWTxv1lIzzwzhaiKGpV2hetUg=">AAACBXicbVA9SwNBEN2LUWP8ilpYqLAYBCEY7ixiGiFgYxnBfEDucuxt9pI1e3vL7p4khDQ2/hUbC0Vs/Q92/hq9S1Jo4oOBx3szzMzzBKNKm+aXkVpKL6+sZtay6xubW9u5nd26CiOJSQ2HLJRNDynCKCc1TTUjTSEJCjxGGl7/KvEb90QqGvJbPRTECVCXU59ipGPJzR0O2nYQwUs4aJ9BDgtw4NqCSJGoWTeXN4vmBHCRWDOSrxyJu8J++rvq5j7tToijgHCNGVKqZZlCOyMkNcWMjLN2pIhAuI+6pBVTjgKinNHkizE8iZUO9EMZF9dwov6eGKFAqWHgxZ0B0j017yXif14r0n7ZGVEuIk04ni7yIwZ1CJNIYIdKgjUbxgRhSeNbIe4hibCOg0tCsOZfXiT186JVKpZurHylDKbIgANwDE6BBS5ABVyDKqgBDB7AE3gBr8aj8Wy8Ge/T1pQxm9kDf2B8/AAxEJla</latexit>

xµ = x�n+ xµ
?



The defined TMD quark distribution (unsubtracted) is free from 
light-cone singularities.  

Similarly, one introduces gauge links along the direction:
<latexit sha1_base64="azJPoPG7c2HsQjVd+tFCvjt3Ig4="></latexit>

vµ = (v+, v�, 0, 0), v+ � v�

to define TMD quark fragmentation function,  
free from light-cone trouble

<latexit sha1_base64="b38bM2uqMMG9KNebAPhjfcMcBpE=">AAAB/3icbVDLSsNAFJ3UV1tfUUEEN4NFqCAlEdQui25cVrAPaEKYTKft4CQZZyZijQX9FTcuFBF3/oY7wY9x0nahrQcuHM65l3vv8TmjUlnWl5GZmZ2bX8jm8otLyyur5tp6XUaxwKSGIxaJpo8kYTQkNUUVI00uCAp8Rhr+5WnqN66JkDQKL1SfEzdA3ZB2KEZKS5656fSQgleweLMPuedwIjjcg3nPLFglawg4TewxKVS2br9z9+8nVc/8dNoRjgMSKsyQlC3b4spNkFAUMzLIO7EkHOFL1CUtTUMUEOkmw/sHcFcrbdiJhK5QwaH6eyJBgZT9wNedAVI9Oeml4n9eK1adspvQkMeKhHi0qBMzqCKYhgHbVBCsWF8ThAXVt0LcQwJhpSNLQ7AnX54m9YOSfVQ6PLcLlTIYIQu2wQ4oAhscgwo4A1VQAxjcgUfwDF6MB+PJeDXeRq0ZYzyzAf7A+PgBKR2XOg==</latexit>

q̂(x, p?)

For soft gluon radiation, one introduces the soft factor 
<latexit sha1_base64="uPj/y2IRF8BIeczgMVkCThzitpw=">AAAB+HicbVDLSgMxFM34bOujo24EN8Ei1E2ZEdTiqujGZUX7gHYYMmnahmYyIckI7VDwP9y4UMRtP8Wd4MeYabvQ1gMXDufcy733BIJRpR3ny1pZXVvf2Mxkc1vbO7t5e2+/rqJYYlLDEYtkM0CKMMpJTVPNSFNIgsKAkUYwuEn9xiORikb8QQ8F8ULU47RLMdJG8u38PSwyvy2IFPAUXuV8u+CUnCngMnHnpFA5HH1nnybXVd/+bHciHIeEa8yQUi3XEdpLkNQUMzLOtWNFBMID1CMtQzkKifKS6eFjeGKUDuxG0hTXcKr+nkhQqNQwDExniHRfLXqp+J/XinW37CWUi1gTjmeLujGDOoJpCrBDJcGaDQ1BWFJzK8R9JBHWJqs0BHfx5WVSPyu5F6XzO7dQKYMZMuAIHIMicMElqIBbUAU1gEEMnsEreLNG1ov1bn3MWles+cwB+ANr8gNZT5SP</latexit>

S(l?) : Vacuum expectation value of a product of four gauge links.



The TMD factorization theorem for SIDIS: (Unpolarized case) 

TMD parton distribution, 3-dimensional

TMD parton fragmentation function

The soft-factor

The perturbative part

With the help of the TMD factorization, one is able to extract
from experiment the 3-dim. structure of a hadron.  

<latexit sha1_base64="sDSc7YHt+ELve5aDngZByo+P7yI="></latexit>

d� ⇠ F (x, z,Q, q?) ⇠
Z

d
2~k?d

2
~p?d

2~̀?

q(x, k?)q̂(z, p?)S
�1(`?)H(Q)�2(z~k? + ~p? � ~̀? � ~Ph?)

A compact form can be derived in b-space. 

Ji, Ma and Yuan, 2004



The standard twist-2 PDF’s do not depend on hadron’s momentum. 

But, TMD parton distributions do !  It is through the variable:
<latexit sha1_base64="cKJSWk0DFNP9zrO1d1vb1XPqJ5c=">AAACCnicbZDLSgMxFIYzXmu9jbp0Ey1ChVJmirdl0Y3LCvYC7Thk0tM2NHMxyYh16NqNr+LGhSJufQJ3vo1pOwttPRDy8f/nkJzfiziTyrK+jbn5hcWl5cxKdnVtfWPT3NquyTAWFKo05KFoeEQCZwFUFVMcGpEA4nsc6l7/YuTX70BIFgbXahCB45NuwDqMEqUl19y7zd8XcN9tRSCiAm49gCJufFPS6OvrsIBdM2cVrXHhWbBTyKG0Kq751WqHNPYhUJQTKZu2FSknIUIxymGYbcUSIkL7pAtNjQHxQTrJeJUhPtBKG3dCoU+g8Fj9PZEQX8qB7+lOn6ienPZG4n9eM1adMydhQRQrCOjkoU7MsQrxKBfcZgKo4gMNhAqm/4ppjwhClU4vq0Owp1eehVqpaJ8Uj6+OcuXzNI4M2kX7KI9sdIrK6BJVUBVR9Iie0St6M56MF+Pd+Ji0zhnpzA76U8bnD/hFmIg=</latexit>

q(x, k?, ⇣
2
u, µ

2),
<latexit sha1_base64="19wRU1v55X89308DaAdc/sgDC78=">AAACEHicbVDJSgNBEO2JW4xb1KOXxiBGkDAT3C5C0IvHCGaBzCT0dHqSJj0L3TVCHOYTvPgrXjwo4tWjN//GznLQxAcFj/eqqKrnRoIrMM1vI7OwuLS8kl3Nra1vbG7lt3fqKowlZTUailA2XaKY4AGrAQfBmpFkxHcFa7iD65HfuGdS8TC4g2HEHJ/0Au5xSkBLnfyh/cCAdOJ2GV9i25OEJsVybNNuCLh61C6nibbSY9zJF8ySOQaeJ9aUFNAU1U7+y+6GNPZZAFQQpVqWGYGTEAmcCpbm7FixiNAB6bGWpgHxmXKS8UMpPtBKF3uh1BUAHqu/JxLiKzX0Xd3pE+irWW8k/ue1YvAunIQHUQwsoJNFXiwwhHiUDu5yySiIoSaESq5vxbRPdCqgM8zpEKzZl+dJvVyyzkqntyeFytU0jizaQ/uoiCx0jiroBlVRDVH0iJ7RK3oznowX4934mLRmjOnMLvoD4/MHIXSbYw==</latexit>

⇣2u =
(2u · P )2

u2
,

This gives the possibility to control the energy of the collision parton 
system. 

The dependence is given by Collins-Soper equation. Hence resummation 
can derived in the perturbative region. 



There are 8 TMD distributions in comparison with 3 twist-2 PDF’s
at leading power:   

Quark

Nucleon

Unpol.

Long.

Trans.

Unpol. Long. Trans.

q(x, k┴) qT(x, k┴) (Sivers)

ΔqL(x, k┴) ΔqT(x, k┴)

δq(x, k┴) δqL(x, k┴) δqT(x, k┴) 
δqT'(x, k┴)

These TMD distributions provide more information that 
the 3 twist-2 PDF’s. 



Nucleon partonic structure - 3D imaging           by Andrea Signori 

Unpolarized proton Transverse-polarized proton

Transverse-polarized quark distribution is distorted



Experiments: 

We want to know TMD parton distributions !

Existing experiment facility:  JLab,   12 GeV electron beam, fixed target 

LatticeQCD:  TMD parton distributions can be calculated…..

In future:  Eic (US),  EicC (China),  Jlab-20GeV upgrade…

TMD physics is an important of physics programs of experiments. 



Planned facilities: 



Planned site: 广东惠州



4. Summary

With factorization theorems, one can use perturbative theory of QCD’
to make reliable predictions

With TMD factorization theorems for a class of processes, one can “detect”
the inner structure of hadrons, e.g., proton  



The challenge of QCD:  Confinement 



Thank you !


